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PREFACE  TO  THE  FIRST  EDITION. 


XT  is  not  -withont  apprehension  that  I  give  to  the  public  my 
-^  elementary  treatise  upon  the  Mechanics  of  Engineering  and 
of  the  Construction  of  Machines.  Although  I  can  say  to  myself 
that,  in  preparing  this  manual,  I  haye  gone  to  work  with  all  pos- 
sible care  and  attention,  yet  I  fear  that  I  have  not  been  able  to 
satisfy  the  wishes  of  every  one.  The  ideas,  wishes  and  require- 
ments of  the  public  are  so  various,  that  it  is  not  possible  to  do 
so.  Some  may  find  the  treatment  of  a  particular  subject  too 
detailed,  others  perhaps  too  short ;  some  will  desire  a  more 
scientific  discussion  of  certain  suf^jects,  while  others  would  prefer 
one  more  popular.  Many  years  of  study,  much  experience  in 
teaching  and  very  varied  observations^  and  experiments  have  led 
me  to  adopt,  as  most  suitable  to  the  object  in  view,  the  method, 
according  to  which  this  work  has  been  arranged.  My  principal 
effort  has  been  to  obtain  the  greatest  simpHcity  in  enxmciation 
and  demonstration,  and  to  treat  all  the  important  laws,  in  their 
practical  applications,  without  the  aid  of  the  higher  mathematics. 
If  we  consider  how  many  subjects  a  technical  man  must  master  in 
order  to  accomplish  any  thing  very  important  in  his  profession, 
we  must  make  it  our  business  as  teachers  and  authors  for  techni- 
cal men  to  faciHtate  the- thorough  study  of  science  by  simpUcity 
of  diction,  by  removing  whatever  may  be  unnecessary,  and  by  em- 
ploying the  best  known  and  most  practicable  methoda  For  this 
reason  I  have  entirely  avoided  the  use  of  the  Calculus  in  this 
work.  Although  at  the  present  time  tiie  opportunities  for  ac- 
quiring a  knowledge  of  it  are  no  longer  rare,  yet  it  43  an  tmde- 
niable  fact  that,  unless  we  are  constantly  making  use  of  it,  we 
soon  lose  that  facility  of  calculation,  which  is  indispensable ;  for 
this  reason  so  many  able  engineers  can  no  longer  employ  the  Cal- 
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cuius  which  they  learned  in  their  youth.  As  I  do  not  agree  with 
those  authors,  who  in  popular  treatises  enunciate  without  proof 
the  more  difficult  laws,  I  have  preferred  to  deduce  or  demon- 
strate them  in  an  elementary/although  sometimes  in  a  somewhat 
roundabout,  manner. 

Formulas  without  proof  will  therefore  seldom  be  found  in  this 
work.  Wo  will  assume  that  the  reader  has  a  general  knowledge 
of  certain  principles  of  natural  philosophy  and  a  thorough  Icnowl- 
e^e  of  the  elements  of  pure  mathematics.  My  attention  has 
been  especially  directed  to  preserving  the  proper  mean  between 
generalization  cEnd  specialization.  Although  I  appreciate  the  ad- 
vantages of  generalization,  yet  it  is  my  opinion  that  in  this  work, 
as  in  all  elementary  treatises,  too  much  generalization  is  to  be 
avoided.  The  simple  is  oftener  met  with  in  practice  than  the 
complex.  It  is  also  imdeniable  that  in  considering  the  general 
case  we  often  fail  to  attain  a  more  profound  knowledge  of  the 
special  one,  and  that  it  is  often  easier  to  deduce  the  complex  from 
the  simple  than  the  simple  from  the  complex.  The  reader  must 
not  expect  to  find  in  this  work  a  treatise  upon  the  construction 
of  machines,  but  only  an  introduction  to  or  preparation  for  it. 
Mechanics  should  bear  the  same  relation  to  the  construction  of 
machines  that  Descriptive  Geometry  does  to  Mechanical  Drawing. 
When  the  pupil  has  acquired  sufficient  knowledge  of  Mechanics 
and  of  Descriptive  Geometry,  it  appears  better  to  combine  the 
course  of  Construction  of  Machines  with  that  of  Mechanical 
Drawing. 

It  may  be  doubted  whether  it  was  advisable  to  divide  my  sub- 
ject into  two  parts,  theoretical  and  applied.  If  we  remember  that 
this  work  is  intended  to  give  instruction  upon  all  the  mechanical 
relations  of  the  construction  and  of  the  theory  of  machines,  the 
advantage,  or  rather,  the  necessity,  of  such  a  division  becomes 
evident  In  order  to  judge  of  a  structure  or  of  a  machine,  wc 
must  have  a  knowledge  of  mechanical  principles  of  a  very  varied 
character,  e.g.,  those  of  friction,  strength,  inertia,  impact,  efflux, 
&C. ;  the  material  for  the  mechanical  study  of  a  structure  or  of  a 
machine  must,  therefore,  be  gathered  from  almost  all  the  divis- 
ions of  mechanics.  Now,  since  it  is  better  to  study  all  the  me- 
chanical principles  of  a  machine  at  once  than  to  collect  them  from 
all  the  different  parts  of  mechanics,  the  advantage  of  such  a  di- 
vision is  apparent. 

Having  practical  application  always  in  view,  I  have  endeav- 
ored, in  preparing  my  work,  to  illustrate  the  principles  laid  down 
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in  it  by  examples  taken  from  everj-day  life.  I  am  justified  in 
asserting  that  this  work  contrasts  favorably  with  any  other  of  the 
same  character  in  the  number  of  appropriate  examples,  which  ore 
solved  in  it  I  also  hope  that  the  great  number  of  carefully-pre- 
pared figures  will  contribute  to  the  object  in  view.  My  thanks 
are  due  to  the  publishers  for  having  given  the  book  in  all  respects 
the  best  appearance.  Particular  care  has  been  taken  to  have  thc) 
calculations  correct ;  generally  every  example  has  been  calculated 
three  times,  and  not  by  the  same  person.  It  is,  therefore,  im- 
probable that  any  gross  errors  will  be  found  in  them.  In  the  ex- 
amples, OS  in  the  formulas,  I  have  employed  the  Prussian  weights 
and  measures,  as  they  are  probably  familiar  to  the  majority  of  my 
readers.  The  printing  (in  this  case  so  difficult)  is  open  to  little 
complaint.  The  mistakes  in  copying,  or  of  impression,  which 
have  been  observed,  are  noted  at  the  end  of  the  book. 

I  do  not  think  that  many  additions  to  this  list  need  be  made. 
An  attentive  examination  of  the  illustrations,  will  show  that  they 
have  been  prepared  vnth  care.  The  larger  illustrations,  particu- 
larly those  representing  bodies  in  three  dimensions,  are  drawn 
according  to  the  metfiod  of  Axonomeiric  Projection,  first  treated  by 
me  (see  Polytechn.  Mittheilungen  Band  L  Tubingen,  1845). 
This  method  of  dravring  possesses  all  the  advantages  of  Isometric 
Projection,  while  in  addition  the  pictures,  which  it  furnishes,  aro 
not  only  more  beautiful  in  themselves,  but  more  easily  awaken  in 
us  distinct  conceptions  of  the  objects  represented.  The  drawings 
in  this  work  are  made  in  such  a  way  that  the  dimensions  of  tho 
width  or  depth  a{>pear  but  one-half  as  large  as  those  of  the  height, 
and  length  of  the  same  size.  I  cannot  omit  thanking  Mr.  Ernest 
Eoting,  student  at  the  academy  in  Freiberg,  whose  revision  has 
essentially  contributed  to  the  accuracy  of  the  work 

It  is  necessary  to  inform  the  reader  that  he  will  find  much 
new  matter,  which  is  peculiar  to  the  author.  Without  stopping  to 
mention  many  small  articles,  which  occur  in  almost  every  chapter, 
I  would  call  attention  to  the  following  comprehensive  discussions : 
A  general  and  easy  determination  of  the  centre  of  gravity  of  piano 
surfaces  and  of  polyhedra,  limited  by  plane  surfaces,  wi]l  be  found 
in  paragraphs  107, 112,  and  113  ;.  an  approximate  formula  for  tho 
catenary  in  paragraph  148 ;  additional  remarks  upon  the  friction 
of  axles  in  paragraphs  I67,  168, 169,  172,  and  173.  Important 
additions  to  the  theory  of  impact  have  been  made,  particularly 
in  paragraphs  277  and  278  ;  for  heretofore  the  impact  of  imper- 
fectly elastic  bodies  has  been  too  little  considered,  and  that  cf  a 
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perfectly  elastic  with  an  iznperfeotlj  elastic  body  has  not  been 
treated  at  alL  Very  important  additions,  and  in  some  cases  en- 
tirely new  laws,  will  be  found  in  the  chapter  npon  hydraulics,  a 
subject  to  which  I  have  for  a  number  of  years  devoted  special 
study.  The  laws  of  incomplete  contraction,  first  observed  by  the 
author,  will  be  found  for  the  first- time  in  a  manual  of  mechanics. 
The  author  has  also  incorporated  in  it  the  principal  results,  so 
important  in  practice,  of  his  experiments  upon  the  efflux  of  water 
through  oblique  short  pipes,  elbows,  curved  and  long  pipes,  etc., 
although  the  third  number  of  his  '^  TJntersuchungen  im  Gebiete 
der  Mechanik  und  Hydraulik  "  has  not  yet  appeared.  The  chap- 
ter upon  running  water,  upon  hydrometry  and  upon  the  impact 
of  water  contains  some  original  matter*  The  theories  of  the  re- 
action of  water  discharging  from  a  vessel  and  of  the  impact  of 
water,  which  are  treated  according  to  the  principle  of  mechanical 
effect,  are  original 

I  cannot^  however,  conceal  from  the  reader  that,  since  the  vol- 
ume has  been  finished,  I  have  wished  that  some  few  subjects  had 
been  treated  differentiy ;  but  I  must  add  that  as  yet  I  have  ob- 
served no  great  imperfections.  If  at  timSs  the  reader  should 
miss  something,  he  is  referred  to  the  second  volume,  which  will 
supply  both  the  accidental  and  the  intentional  omissions,  as  has 
been  noted  in  many  places  in  the  first  volume. 

The  printing  of  the  second  volume  will  now  go  on  without  in- 
terruption, BO  that  we  may  expect  the  complete  work  to  be  in  the 
hands  of  the  reader  before  the  end  of  the  year.  The  pocket-book, 
the  ^  Ingenieur,"  cited  in  the  Mechanics,  which  contains  a  collec- 
tion of  formulas,  rules  and  tables  of  arithmetic,  geometry  and 
mechanics,  will  soon  appear. 

It  will  be  a  source  of  great  pleasure  and  satisfaction  to  me,  if 
I  have  accomplished  the  purposes  for  which  this  work  hoa  been 
undertaken,  namely,  to  give  to  the  practical  man  a  useful  coun- 
sellor in  questions  of  application,  to  the  teacher  of  practical 
mechanics  a  serviceable  text-book  for  instruction,  and  to  the  stu- 
dent of  engineering  a  welcome  aid  in  the  study  of  mechanics. 

JULIUS  WEISBACH. 

FBEmsRG,  March  19th,  1840. 
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^pHE  present  (second)  edition  of  the  Mechanics  of  Engineering 
-^  and  of  the  Constmction  of  Machines  has  nndergone  no  es- 
sential alterations  either  in  method  or  arrangement.  The  inter- 
nal construction  of  the  work  has  been  changed  in  many  places, 
and  its  size  has  been  considerably  increased.  The  author  has 
also  endeavored,  as  much  as  possible,  to  correct  the  errors  and 
omissions  of  the  first  edition.  The  great  increase  in  size  i& 
mainly  duo  to  three  additions.  The  first  consists  of  a  condensed 
Introdnetion  to  the  Calculus,  which  has  been  made  as  popular  as 
possible,  and  has  been  prefixed  to  the  main  work.  The  object*  of 
introducing  it  was  to  avoid  too  complicated  and  too  artificial  de- 
monstrations by  means  of  the  lower  mathematics,  and  also  to- 
render  the  reader  more  independent  in  his  study  of  mechanics, 
and  to  place  him  upon  a  higher  stand-point  in  this  important 
branch  of  science.  By  making  use  of  the  principles  explained  in 
tbe  Introduction,  it  was  possible  to  discuss  many  subjects  of  great 
practical  importance,  which  previously  we  could  not  treat  at  all, 
or,  at  least,  only  imperfectly  with  the  aid  of  elementary  algebra 
and  geometry.  In  order  to  avoid  interruptions  to  those  who- 
have  not  mode  themselves  familiar  with  the  Elements  of  the  Cal- 
culus, prefixed  to  the  work,  all  the  paragraphs,  in  which  it  is  ap- 
plied, are  designated  by  a  parenthesis  (  )• 

The  second  addition  consists  of  a  new  chapter  on  Hydrostatics, 
in  which  the  molecular  action  of  water  is  treated.  Since  a  knowl- 
edge of  the  molecular  forces  (capillarity)  is  of  importance  in  ex- 
periments and  observatipns  in  hydraulics  and  pneumatics,  the 
author  has  thought  it  advisable  to  treat  the  fundamental  princi- 
ples of  these  forces  in  a  separate  chapter.  Finally,  a  chapter  has 
been  added  to  the  work  in  the  form  of  an  appendix,  which  treats 
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of  oscillation  and  wave  motion,  Tho  author  found  himself  com- 
pelled to  do  this  in  consequence  of  the  importance  to  the  engineer 
of  a  more  accurate  knowledge  of  the  theory  of  oscillation.  Tho 
great  influence  of  vibration  upon  the  working  and  durability  of 
machines  is  a  subject  to  which  too  much  attention  cannot  bo 
given.  It  is  also  to  observations  of  oscillations  that  we  owe  tho 
latest  determination  of  the  modulus  of  elasticity,  which  is  of  such 
importance  in  practice.  I  have  mentioned  in  the  Appendix  tho 
magnetic  force,  principally  because  it  is  of  great  use  to  the  engi- 
neer in  determining  directions  in  mines,  where  tho  access  to  day- 
light  is  not  easy.  The  theory  of  water-waves,  which  closes  tho 
volume,  is  a  part  of  hydraulics ;  its  presence  in  this  work  requires, 
therefore,  no  explanation.  Unfortunately,  it  is  far  from  complete. 
The  changes  in  the  other  parts  of  the  work  are  the  following : 
the  chapter  upon  elasticity  and  strength  has  been  much  extended 
and  altered,  the  subject  of  hydraulics  has  been  treated  more  at 
length,  and  some  modifications  in  it  have  been  made,  in  conse- 
quence of  the  continued  experiments  of  the  author. 

I  trust  that  the  present  edition  will  be  received  with  the  same 
favor  as  the  last,  by  which  the  author  was  encouraged  to  continue 
his  preparation  of  the  worL 

JULIUS  WEISBACH. 

FREiBB3ia,  May  loth^  1860. 


PREFACE  TO  THE  THIRD  EDITION. 


n^HE  third  oditiqa  of  the  first  volume  of  my  Mechanics  of  En- 
gineering  and  of  the  ConsCruction  of  Machines,  which  I  now 
give  to  the  puhhc,  has,  compared  with  its  predecessors,  not  only 
been  improved,  but  also  augmented  and  completed.  The  changes 
are  due  principally  to  the  advance  of  science,  and  in  some  cascfs 
to  the  results  of  more  recent  investigations.  When  not  withheld 
by  some  good  reason,  I  have  endeavored,  so  far  as  possible,  to 
satisfy  the  wishes  which  have  been  communicated  to  me  from 
different  quarters  in  regard  to  the  work.  From  the  extraordi- 
narv  favor,  with  W'hich  it  has  been  received  both  in  and  out  of 
Germany,  on  this  as  well  as  on  the  other  side  of  the  Atlantic,  I 
flatter  myself  that  it  has  suited  both  in  method  and  size  the 
greater  portion  of  the  public  for  whom  it  was  intended,  and  my 
efforts  in  preparing  the  new  edition  have  been  naturally  directed  to 
remo\dng  any  errors  or  omissions,  that  have  been  observed,  and 
to  incorporating  in  it  the  latest  experiments,  treated  in  the  same 
manner  and  as  concisely  as  possible.  I  am  sorry  to  bo  obliged  to 
remark  that  the  work  has  been  subjected  to  unjust  criticism. 
Thus,  E.G.,  Professor  Wiebo,  of  Berlin,  in  a  remark  upon  pages 
245  and  246  of  his  work  upon  "  die  Lehre  von  dcr  Bcfestigung 
dcr  Machinenthcile,"  (Berhn,  1854),  states  that  I  have  given 
coefficients  of  torsion  for  square  shafts  in  my  Mechanics  (tirst 
edition),  as  well  as  in  the  "  Ingenicur,''  16  times  gi*eater  than 
those  given  by  Morin.  The  Professor  has  hero  committed  an 
oversight ;  for  in  my  formulas,  as  is  expressly  stated  in  both 
works,  the  fom-th  power*  of  the  half  length  of  the  side  occurs, 
while  the  formulas  of  Morin  and  Wiebe,  as  weli  as  those  of  my 
second  edition,  contain  the  fourth  power  of  the  whole  length  of 
the  side  of  the  cross-section.     Now  since  2*  is  equal  to  16,  the 
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error  observed  bj  Professor  Wiebe  proceeds  from  a  mistake  on 
his  part: 

I  shall  make  no  reply  to  the  partial  criticism  contained  in 
Orunerl's  Archiv  der  Malhematik,  as  I  do  not  wish  to  enter  upon 
a  useless  controversy  here.  Besides,  Professor  Grunert  has 
already  printed  in  his  Archiv  enough  nonsense  about  Physics 
and  Practical  Mechanics  (as  I  can  easily  prove)  to  demonstrate 
his  unfitness  for  criticising  works  on  those  subjects. 

It  would  have  been  easier  for  me  to  have  given  my  book  a 
more  scientific  form ;  but  it  would  then  have  met  with  less  favor, 
as  it  is  intended  for  practical  men. 

From  another  stand-point  also  the  book  can  easily  and  with 
equal  injustice  be  found  fault  with.  Any  one,  who  has  had  some 
practical  experience,  will  have  observed  how  httle  theory  is  made 
use  of,  and  how  often  it  is  put  in  the  back-ground  and  looked 
upon  with  disfavor  by  practical  men.  The  fault  of  this  is  no 
doubt  due  in  great  measure  to  that  method  of  instruction,  which 
condemns  the  study  of  science  for  the  sake  of  its  applications. 

This  edition,  which  has  been  augmented  principally  by  the 
revision  of  the  theory  of  elasticity  and  strength,  and  by  the  in- 
troduction of  the  latest  hydraulic  experiments,  excels  its  prede- 
cessors not  only  in  substance,  but  also  in  appearance,  all  the 
illustrations  being  new.  The  printing  of  the  second  volume  will 
continue  uninterruptedly. 

JULIUS  WEISBACH. 

Fbeibebg,  Jidp,  1856. 
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'T^HE  fourth  edition  of  my  Mechanics  of  Engineering  and  of 
-^  the  Constmction  of  Machines  has  undergone  no  change  eithe> 
in  method  or  arrangement.  As  three  large  editions  have  been  ex- 
hansted  in  a  comparatively  short  time,  as  two  have  been  published 
in  the  English  lai^gaage,  one  in  England  and  one  in  North  Amer- 
ica, and  as  the  work  has  been  translated  into  Swedish,  Polish,  and 
Russian,  I  may  well  hope  that  this  manual  has  met  the  wishes  and 
needs  of  that  great  practical  public  for  whom  it  is  intended.  I 
have,  therefore,  in  preparing  this  edition,  endeavored  simply  to 
remove  any  errors  or  omissions,  which  may  have  been  observed, 
and  to  inb^oduce  the  results  of  the  latest  practically  important 
experiments,  together  with  the  newest  developments  of  theory. 
Thus,  E.a.,  in  the  chapter  upon  friction  I  have  included  the  results 
of  the  latest  experiments  by  Bochet,  and  the  section  upon  elasti- 
city and  strength  has  been  rewritten  in  accordance  with  the 
present  stand-point  of  science,  in  doing  which  I  have  made  use  of 
the  recent  works  of  Lame,  Rankine,  Bresse,  etc.  The  section 
upon  hydraulics  has  been  augmented,  improved  and  completed. 
The  later  researches  of  the  author  are  here  discussed.  I  will  men- 
tion  more  particularly  the  experiments  upon  the  efflux  of  water 
nuder  great  and  very  great  pressures,  as  well  as  upon  the  heights 
of  jets,  those  upon  the  efflux  of  air,  and  the  comparative  experi- 
ments upon  the  impact  of  streams  of  air  and  water.  The  chapter 
upon  the  efflux  of  air  has  been  entirely  rewritten,  as  the  author  is 
of  the  opinion  that  the  ordinary  formulas  for  the  efflux  of  air 
under  high  pressures  do  not  represent  the  law  of  efflux.  The 
formulas  obtained  are  very  simple,  since,  without  materially  affect- 
ing its  accuracy,  I  have  substituted  in  the  well-known  formula 
for  heat 
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6,50  instead  of  the  exponent  0,42,  by  which  I  obtain 

The  practical  value  of  a  formula  does  not  depend  upon  its  cor- 
rectness even  at  extreme  limits,  but  rather  upon  the  fact  that, 
within  given  limits,  it  furnishes  values  which  agree  sufficiently 
well  with  the  results  of  experiment. 

Several  new  paragraphs,  in  which  Phoronomics  and  Aerosta- 
tics are  treated  with  the  aid  of  the  Calculus,  have  been  added.  In 
hydraulics  the  pressure  of  water  flowing  through  pipes,  on  account 
of  its  practical  importance,  has  been  treated  separately  in  two  new 
paragraphs  (§  439  and  §  440).  In  the  chapter  upon  die  force  and 
resistance  of  water  I  have  treated  the  theory  of  the  simple  reaction 
wheel,  as  well  as  its  application  as  an  instrument  for  proving  tho 
theory  of  tho  impact  and  resistance  of  water.  Tho  more  recent 
gas  and  water  meters  are  also  discussed,  since  these  instruments 
are  set  in  motion  by  the  reaction  of  the  issuing  fluid,  the  intensity 
of  which  can  easily  be  determined  by  the  foregoing  theory. 

Finally,  the  Appendix  has  been  slightly  augmented  by  tho  in- 
troduction of  the  report  of  tho  recent  experiments  of  Geh.  Obor- 
baurath  Hagen  upon  waves  of  water. 

t 

In  answer  to  the  criticism,  which  has  been  made  in  some 
quarters,  that  a  more  scientific  treatment  of  the  subject,  based 
upon  the  Calculus,  would  have  been  more  in  accordance  with  tho 
object  of  the  book,  I  would  state  that  my  book  is  intended  for 
the  use  of  practical  men,  who  often  do  not  possess  either  the 
requisite  knowledge  of  the  Calculus  or  sufficient  facility  in  the  use 
of  it.  Having  labored  during  upwards  of  thirty  years  as  instructor 
in  a  technical  institution,  during  which  time  I  have  been  engaged 
in  practical  works  of  various  kinds  and  have  made  many  journeys 
for  the  purpose  of  technical  studies,  I  can  confidently  give  an 
opinion  upon  this  subject 

As  I  consider  my  reputation  as  an  author  of  much  more 
importance  than  any  mere  pecimiary  advantage,  it  is  always  a 
pleasure  to  me  to  find  my  "  Mechanics  "  made  use  of  in  works  of 
a  similar  character  ;  but  when  writers  avail  themselves  of  it  with- 
out the  slightest  acknowledgment,  I  can  only  appeal  to  the  judg- 
ment of  the  public. 

JULIUS  WEISBACH. 

Fueibebg,  May,  1863. 


TRANSLATOR'S    PREFACE. 


^pHE  favor,  with  which  both  the  English  and  American  editions 
of  the  Mechanics  of  Engineering  and  of  the  Construction  of  Ma- 
chines were  received,  would  suflSiciently  justify  the  appearance  of  a 
new  one,  even  if  the  original  wort  had  undergone  no  change.  But 
as  the  first  two  volumes  of  the  last  (fourth)  German  edition  contain 
more  than  twice  a&  much  matter  cu3  those  of  the  first,  and  since  a 
third  volume  of  about  fifteen  hundred  pages  has  been  added,  the 
translator  feels  not  only  that  the  work  may  be  considered  a  new 
one,  but  also  that,  in  offering  it  to  the  public,  he  is  supplying  a 
real  want .  The  text  of  this  edition  has  been,  to  a  great  extent, 
rewritten  and  rearranged,  and  the  translation  is  entirely  original. 

Weisbach's  Mechanics  is  now  so  well  known,  wherever  that  sci- 
ence is  taught,  that  any  eulogy  on  our  part  would  be  superfluous. 
A  large  number  of  typographical  errors,  observed  in  the  German 
e^tion,  have  been  corrected  with  the  approbation  of  the  author, 
who  has  also  communicated  to  the  translator  some  slight  modifica- 
tions in  the  text.  .  The  work  of  translation  was  begun  with  the 
author's  approval,  while  the  translator  was  a  student  of  the  Mining 
Jlcademy  at  Freiberg,  but  the  work  was  delayed  by  his  professional 
engagements.  He  hopes  that  it  will  now  appear  without  interrup- 
tion. 

At  the  suggestion  of  the  author,  an  Appendix  has  been  added 
containing  an  account  of  the  articles  upon  the  subjects  treated  in 
this  volume,  which  have  been  published  by  him  since  the  appear- 
ance of  the  last  German  edition. 
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All  the  tables,  fonnulas,  examples,  etc.,  in  which  the  Prussian 
weights  and  measures  occur,  have  been  transformed  so  as  to  be  ap- 
plicable to  the  English  system.  Where  the  metrical  system  was 
employed  in  the  original  work,  it  has  been  retained  in  the  transla- 
tion, as  the  meter  is  now  much  used  both  in  England  and  America. 

The  "  Ingenienr,''  which  is  so  often  quoted  in  this  work,  has, 
unfortunately,  not  been  tra,pslated  into  English,  but  all  the  refer- 
ences to  it  have  been  preserved,  as  tlie  work  is  a  valuable  one,  even 
to  those  who  have  little  or  no  knowledge  of  German,  and  perhaps 
an  English  edition  of  it  may  be  published. 

A  list  of  errors  and  omissions  observed  in  this  volume  will  be 
given  in  the  succeeding  one,  and  the  translator  will  be  glad  to  be 
informed  of  any  typographical  errors. 

He  would  call  attention  to  the  illustrations,  which  are  printed 
from  electrotype  copies  of  the  wood-cuts  prepared  for  the  German 
♦edition^  and  his  thanks  are  due  to  the  publisher  and  stereotjrpers 
for  the  excellent  appearance  of  the  work. 

EOKLEY  B.  COXE. 
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THE    CALCULUS. 


Asi.  1  •  The  dependence  of  a  quantity  y  upon  another  quan- 
tity re  is  expressed  by  a  mathematical  formula:  E.G.,  y  =  Z^y  or 
y  —  aod^y  etc.  We  write  y  =/ {x)  or  z  =  <l> (y)  etc.,  and  we  call  y  a 
function  of  x,  and  z  a  function  of  y.  The  symbols/  and  ^,  etc.,  in- 
dicate in  general  that  y  is  dependent  upon  x,  or  z  upon  y,  but  leavej 
the  dependence  of  these  quantities  upon  one  another  entirely  \m% 
determined,  and  do  not  give  the  algebraical  operation  by  which  y 
can  be  deduced  from  x,  or  z  from  y.  A  function  y  =f(x)  is  an 
indeterminate  equation ;  it  gives  an  unlimited  number  of  values  for  x 
and  y,  which  correspond  to  it  If  one  of  them  (x)  is  given,  the  other 
(y)  is  determined  by  the  function,  and  if  one  of  them  is  changed,  the 
other  also  undergoes  a  change.  Therefore  the  indeterminate  quan- 
tities X  and  y  are  called  Variables,  or  variable  quantities ;  and  thc^ 
quantities  which  are  given,  or  are  to  be  regarded  as  given,  and  in- 
dicate the  operation  by  which  y  is  to  be  deduced  from  x,  are  called 
CoiTSTAins,  or  constant  quantities.  That  one  of  the  variables 
which  can  be  chosen  at  pleasure  is  called  the  independent  variable^ 
and  the  other,  which  is  determined  by  means  of  a  given  operation 
fiom  the  first,  is  called  the  dependent  variable.  In  tf=a  oT,  a  and 
n  are  constants,  x  is  the  independent  and  y  the  dependent  va- 
riable. 

The  dependence  of  z  upon  two  other  quantities,  x  and  y,  is  ez- 
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pressed  by  the  equation  z=f{xy  y).  In  this  case  z  i^  at  the  same 
time  a  function  of  x  and  y^  and  we  have  here  two  inde^pendeni 
variables. 

Abt.  2*  Every  dependence  of  a  quantity  y  upon  another  quan* 
tity  X,  expressed  by  a  function  or  formula  y=if{x)  can  be  repre- 
sented by  means  of  a  curve,  A  P  Q,  Fig.  1  and  Fig.  2. 


Fxe.t. 


FiQ.2. 


M    N 


M    N 


The  different  values  of  the  independent  variable  x  answer  to  the 
abscissas  AM,  A  N,  eta,  and  the  different  values  of  the  dependent 
variable  to  the  ordinates  MP^  NQ,  etc.,  of  the  curve.  The  co-or- 
dinates (abscissas  and  ordinates)  represent  then  the  two  variables 
of  the  function. 

The  graphic  representation  of  a  function,  or  the  referring  of  the 
same  to  a  curve,  presents  several  advantages.  It  furnishes  us  in 
the  first  platee  with  a  general  view  of  the  connexion  between  the 
two  variable  quantities ;  secondly,  it  replaces  a  table  or  summary  of 
every  two  values  of  the  function  belonging  together ;  and  thirdly,  it 
affords  us  a  knowledge  of  the  different  properties  and  relations  of  the 
function.     If  with  the  radius  CA  =  CB:=r  we  describe  a  circle 

AD B  (Fig.  3),  corresponding  to  the  function  y  =  ^%  r  x  —  a^ 

where  x  and  y  indicate  the  cc-ordinates  A  Jf, 
MPy  this  curve  affords  us  not  only  a  general 
view  of  the  different  values  that  the  function 
can  assume,  but  also  makes  us  acquainted 
with  other  peculiarities  of  this  function,  for 
the  properties  of  the  circle  have  also  their 
meaning  in  the  function.  We  know,  kg.. 
without  &rther  research,  that  y  becomes  equal 
to  zero,  not  only  when  a;  =  0  but  aJso  when 

:a;  =  2  r,  and  that y  is  a  maximum  and  =  r when  x^r* 
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Art.  3.  The  Laws  of  Nature  can  generallj  be  expressed  by 
functions  between  two  or  more  quantities,  and  are  therefore  in 
most  coses  capable  of  a  graphic  representation. 

(1)  When  a  body  falls  freely  in  vacuo,  we  have  for  the  ve- 
locity y,  which  corresponds  to  the  height  of  fall  a;,  y  =  V^IT^  i, 

but  this  formula  corresponds  to  the  equation  y  =  Vp  x  of  the  para^ 

bola^  when  the  parameter  (p)  of  the  latter 
is  made  equal  to  the  double  acceleration 
^    (2  g)  of  gravity.    We  can  therefore  repro- 
•2   sent  graphically  the  laws  of  the  free  fall 
of  a  body  by  the  parabola  AP  Q  (Fig.  4), 
whose  parameter  p  =z  2g.     The  abscissas 
o  A  My  A  N,  of  this  curve  are  the  space 
traversed  by  the  body  in  its  fidl,  and  tlie 
ordinates  MP,  and  iV^,  the  corresponding  velocities. 

(2)  If  a  is  a  certain  volume  of  air  under  the  pressure  of  one 
atmosphere,  we  have  according  to  Marriotte's  Law,  the  volume  of 


the  same  mass  of  air  under  a  pressure  of  x  atmospheres,  y  = 


a 


and  we  have,  for  x=l,y  =  a;  for  a?  =  2,  y  =  ^,  for  a;  =  4,  y  = 
for  a;=10,  y=^;  fora;=100,y=  ~,  fora;=  oo,y=0. 


a 

a 
I' 


10 


100' 


We  see  in  tjiis  manner  that  the  volume  becomes  smaller  as  the  ten- 
sion becomes  greater,  and  that  if  the  law  of  Marriotte  were  correct 
for  all  tensions  an  infinitely  great  tension  would  correspond  to  an 
infinitely  small  volume. 

Further,  for  re  =  ^,  we  have  y=  2a;  for  a?=:},  we  have  y—4,a; 
^  x  =  j^jiy     "      y:=10a;    "  a:=0,       "       y=<»a; 

so  that  the  smaller  the  tension,  the  greater  the  volume  becomes ; 
and  if  the  tension  is  infinitely  small  the  volume  is  infinitely 
great 

The  curve  which  corresponds  to  this  law  is  drawn  in  Pig.  5. 
^  if,  -4  JV,  are  the  tensions  or  abscissas  x,  MP,  N  Q,  the  corre- 
spondmg  volumes  or  ordinates  y.  We  see  that  this  curve  ap- 
proaches gradually  the  axes  A  X  and  A  F  without  ever  reaching 
them. 

(3)  The  dependence  of  the  expansive  force  of  saturated  steam 
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upon  its  temperature  x  can  be  expressed,  at  least  within  certain 
limits,  by  the  formula 

and  by  experiment  we  hare  within  certain  limits  a  =  76>  d  =  175, 
•ad  m=6.    If  we  pat 

Fio.  6. 


Fig.  5. 


f  1  M    2    N  3 


O 

-75       A 


l^iDo    N      ao* 


and  assume  the  formula  to  be  correct  without  Umit,  we  obtain 

—  I  =    1,000  atmosphere, 


^  X  =      60%  y  =  (Jl^y  =    0,133 


ti 


006 
000 


«:r  =  -75-,y  =  (AJ=    o, 

««=  120%  y  =  (jII)' =  1,914 
«  X  =  150',  y  =  (III)  =  4,517 
«  a:  =    200',  y  =  g^)'  =  16,058 


« 


U 


P  Q,  Pig.  6,  presents  to  the  eye  the  corresponding  curve.    It 
passes  at  a  distance  AO^  ^  75  from  the  origin  of  co-ordinates 
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A  through  the  axis  of  abscissaa  and  at  a  distance  ^:5^=0,00G 
cuts  the  axis  of  ordiiiatcs ;  an  abscissa  AM<,  100  corresponds  in 
an  ordinate  MP  <  1,  and  an  abaciesa  ANy  100  belongs  to  an 
otdinate  iVQ  >  1 ;  and  we  con  also  see  that  not  only  y  augments 
as  X  increases  to  infinity,  bat  also  that  the  curre  becomes  steeper 
and  steeper  as  x  becomes  greater. 

Anr  4,  A  function  z  =/  (*y)  with  two  independent  varia- 
bles can  be  represented  by  means  of  a  curyed  surfhce  BOD,  Fig. 
7,  in  which  the  independent  variables  x  and  y  are  given  by  the 
abscissas  A  M  and  ^  JV  on  the  axes  A  X  and  A  Y,  and  the  de- 
pendent variable  %  by  the  ordinate  0  P  of  a  point  P  in  the  surface 
ABO.  If  fora  definite  value  of  x  we  give  different  values  to  y,  the 
values  of  z  deduced  furnish  us  with  the  ordinates  of  the  points  of  a 
carve  EP  J"  parallel  to  the  co-ordinate  plane  YZ;  if  on  the  contra- 
ry for  a  given  value  of  y  we  take  different  values  of  x,  we  determine 
the  ordinates  i  of  the  points  of  a  curve  QPH  parallel  to  the  co-or- 
dinate plane  XZ.  We  can  consequently  consider  the  whole  curved 
stuface  B  CD  as  the  unionof  a  series  of  curves  parallel  to  the  co-or- 

toate  planes.    The  law  of  Marriotte  and  Gay-Lussac  z  = z~^ 

by  means  of  which  we  can  calculate  the  volume  z  of  a  mass  of  Mr 
from  the  pressure  x  and  the  temperature  y,  is  graphically  repre- 
sented by  the  curved  surfiice  CKPE,  Fig.  8.    A  if  is  the  pres- 

Bto.  7.  Pia.  8. 


Hue  X,  A  yoT  3f  0  \iie  temperature  y,  and  0  P  the  correspond- 
ing volume  z :  the  co-ordinates  of  the  curve  P  QH  give  the  vol- 
umes for  a  temperature  A  N=y,  and  those  of  the  right  line  K  P 
the  volumes  for  the  same  pressure  A  3£=x. 
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Art.  5.  When  we  increase  the  independent  variable  of  a  func-. 
tion  or  the  abscissa  AM=x  (Fig.  9  and  Fig.  10)  of  the  correspond- 
ing curve  an  infinitely  small  quantity  MN,  which  A^e  will  in  future 
designate  by  d  Xy  the  corresponding  dependent  variable  or  ordinate 
MF  =  y  becomes  NQ=y\  being  inci-eased  by  an  infinitely  small 
(juantity  RQ  =  NQ  —  MF,  to  be  designated  by  d  y.  Both  these 
iucrcmcnts  dz  and  dyotx  and  y  are  called  the  Diflferentials  of  the 
Variables  or  Ck)-ordinates  x  and  y,  and  our  principal  problem  now 
is  to  determine  for  the  functions  that  most  commonly  occur  the 
differentials,  or  rather  the  ratio  of  the  differentials  of  the  varia- 
bles X  and  y  belonging  together-  K  in  the  function  y  =/'(ar), 
where  x  represents  the  abscissa  A  M,  and  y  the  ordinate  Jf  P,  we 
substitute,  instead  of  x,  x  -{-  dx  =^  A  M  -h  if  JV=  A  Ny  we  obtain, 
instead  of  y,  y  -^dy^  MP  ^  RQ=z NQ;  therefore 

y  +  dy-f{x-\'dx)y 

and  subtracting  the  first  value  of  y  from  it^  the  differential  of  the 
variable  y  remains^  t.  e. 

dy  =  df{x)  =f(x  +  dx)  -fix) 


Fig.  9. 


Fig.  10. 
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M    N 


Thw  is  the  general  rule  for  the  determination  of  the  differential  of  a 
function,  which  when  applied  to  different  functions  furnishes  sev- 
eral rules  more  or  less  general :  E.G.,  if  y  =  a:",  we  have 

dy  =  (x  +  dxy  —  X* 

(x  -h  dxy  =z  a^  -{-  2xdx  -h  dx^ 

dy  =z2xdx  +  dx^  =  (2  x  +  dx)  dx; 

and  more  simply  since  dx,  being  infinitely  small  comp^ed  to  2  a:, 
disappears,  or  since  2  a;  is  not  sensibly  changed  by  the  addition 
of  d  X,  and  the  latter  can  therefore  be  disregarded, 

dy  =  d  {xy  =z  2xdx. 


N                 1 

P 

Q 

D 

0 

C 
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The  formula  y  =  ^  corresponds  to  the  contents  of  a  square, 

A  B  CD,  Fig.  11,  whose  side  is  ^  ^  =  ^  I?  =  x, 
^^'  and  we  see  from  the  figure  that,  by  the  addition  to 

the  side  of  BM^D  N—  dx,  the  square  is  in- 
creased by  two  rectangles  i?  Oand  DP=^2xdXy 
and  by  a  square  {d  x*)y  so  that  by  an  infinitely 
small  increase  dxoi  x  the  square  y  =  a;'  is  in- 
creased by  the  differential  quantity  %xdx, 
B~M  Art.  6.  The  right  line,  T  P  Q,  Fig.  9  and 

Fig.  10,  passing  through  two  points  P  and  Q  of 
the  curve,  which  are  at  an  infinitely  small  distance  from  each  other, 
is  called  the  Tangent  to  this  curve,  and  determines  the  direction 
of  the  curve  between  these  two  points.  The  direction  of  the  tan- 
gent is  given  by  the  angle  P  T  M  =  a  at  which  the  axes  of  abscis- 
sas ^  X  is  cut  by  the  line.  When  the  curve  is  concave,  as  -4  P  ^, 
Fig.  9,  the  tangent  lies  beyond  the  curve  and  the  axis  of  abscissas; 
but  when  it  is  convex,  m  A  P  Q,  Fig.  10,  the  line  lies  between  the 
curve  and  the  axis  of  abscissas. 

In  the  infinitely  small  right-angled  triangle  PQR  (Fig.  9  and 
Fig.  10),  with  the  base  P R  =  dxy  and  the  altitude  5  ^  =  rfy,  the 
uigle  QP Ria  equal  to  the  tangential  angle  P  TM^ a,  and  we 

••"^  tang.QPR  =  9^ 

whence  ^  dy 

tang,  a  =  ^  ; 

therefore  the  ratio  or  quotient  of  the  two  differentials  dy  and  dx 
gives  the  trigonometrical  tangent  of  the  tangential  angle;  E.O.,  for 
the  parabola  whose  equation  is  y' = jp  a:  we  have,  putting  y' = j9  a?=z, 

dz  ^.  {y  +  dyY  -  f  =  f  +  2y  dy  +  df  -  y'  =  2y  drj  +  dy\ 

or  us  dy*  vanishes  before  2ydyy  or  what  is  the  same  thing,  dy 
before  2  y, 

dz  =  2ydyf 
and  also 

dz  =  p{x '{'  dx)  —px, 

therefore  %ydy  z^pdxy  whence  for  the  tangential  angle  of  tho 
parabola  we  have 

teiv.a  =  ^  =  /-  =  /-  =JL 
^         dx      %y      %xy      %x 
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The  definite  portion  f  2"  of  the  tangent  between  the  point  of 
tMigency  P  anil  the  point  I"  where  it  cuta  the  axes  of  a' 


is  generally  called  tlie  Tangent,  and  the  projection  J"  Jf  of  the 

eame  tipon  the  axea  of  abscissas  the  Sub-tangent ;  hence  we  hare, 

svilang.  ^PMcot.PTM 


2x 
B.O.,  for  the  parabola,  8uhiang.  =  y — -  =  2x. 

The  subtaogent  is  therefore  equal  to  the  double  abscissa,  and 
from  it  the  position  of  the  tangent  for  any  point  P  of  the  para- 
hola  is  easily  fonnd. 

1  CD,  Pig.  7,  the  angles  of  inelina- 
tB  P  r  and  P  i7  at  a  point  P  are 

5  through  P  Tuad  P  Uia  the  tan- 
ice. 

=  fl  +  mf  (x)  we  have 
z  +  dx)]  -  [a  +  mfixy]; 
■f(x  +  dx)  —  m/{x 
dz)~f{x)]; 

{x)]  =  mdfix), 

dxy~x']  =  Z.ixdz  =  6xdx. 

^-i[{x  +  dxy-^] 

3x''dx  +  3xdx'+d:3^~3^ 
dx=  —  |x'(f«. 
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Hence  ure  can  establish  the  following  important  rule :  The  con- 
stat member  (a,  5)  of  a  function  disappears  by  differentiation,  and 
the  constant  fiietors  remain  unchanged. 

The  correctness  of  this  rule  can  be  graijhically  represented. 
For  the  curve  A  P  Q^  Fig.  14,  whose  co-ordinates  in  one  case  are 


Fig.  14. 


Fio.  15. 


MTNi 


i  Jf  =  X  and  MP  =  y  =/  (a:),  and  in  the  other  Ai  Mi  =  x  and 
Jr,P=a4-y  =  a-f.  /(a?),  we  have  P  R  =  dx  and  R  Q  =  dy  = 
'if(x)  and  also  =d  {a  +  y)  =  d  [a  -h  f  (x)] ;  and  for  the  curves 
A  P\  Qx  and  A  P  Qy  Fig.  15,  whose  corresponding  ordinates  M  P, 
aad  JTP  as  well  as  ^  Qi  and  N  Q  have  a  certain  relation  to  one 
another,  the  relation  between  the  differentials  i?,  Qi  =  N  Qi  — 
j^P,and  i2C  =  NQ  -  if  Pis  the  same;  forif  we  put  MP,  =r  m, 
^PmiNQ,  =  m  .  JV^C.  it  follows  thati?,  Q,  =  NQ,  -  MP,  =  m, 
L\^Q-MP)  =  m.  QR. 

»•«.  d  [mf  (a;)]  -mdf  (x). 

If  y  =  tt  +  r,  or  the  sum  of  two  variables  u  and  r,  we  have 

dy^^^u-h  du  -{-  V  +  dv -^  {u  +  v\  i.  e.,  according  to  Art  5. 

H-)  .    .    .    d{u  +  v)=:^du  +  dvy  and  in  like  manner, 
d  [/  (a?)  +  0  {x)\  =  df{x)  +  dit>  {x). 

The  differential  of  the  sum  of  several  functions  is  then  equal 
to  the  sum  of  the  differentials  of  the  separate  function ;  e.g. 

^iU-^Za^^XQf)^2dx-¥(^xdx  —  ^a^dx  =  {2-\-(^x-lx^)dx. 

The  correctness  of  this  formula  can  also  be  made  evident  by  the 
wBsideration  of  the  curve  A  P  Qy  Fig.  15.  U  MP=:f  (x)  and 
^^i  =  0(ar)  we  have 

MPi  =  y  =f{x)  +  0  (x)  and 

dy  =  R,  Q^=Ilr8-{-SQ,^RQ  +  SQ,  =  df{x)  +  rf  0(a:); 
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fi)r  /*,  S  can  be  drawn  parallel  to  P  Q,  and  therefore  we  can  pnt 
i:,S  =  RQsiaiQS_=FP,. 

Aei.  S.  If  t/  =  uv  or  the  product  of  two  variableB,  E.G.  the 
cdutenta  of  the  rectangle  A  B  CD,  Fig,  IG,  with  the  variable  sidea 
A  li  =  u  aiid  fi  C  =  V,  we  have 

dtj  =  {u  -k-  du){v  +  dv)  -  uv  =  uv  +  wdv  + vdu  +  dwdv—uv, 
=  udv  +  vdu  +  dudv  =  udv  +  {v  +  dv)du. 

But  in  n  +  dv,  dv  is  infinit*>ly  email  com- 
°'     ■  pored  to  v,  and  we  can  put    ■ 

V  +  dv=v,  and  (v  +  dv)  du  =  vdu, 
and  also 

udv  -^{v  +  dv)du=udv  -¥vdit, 
Eo  that 

III.)    .    .    .    d{uv)  =  udv  +  wdw, 
it  follows  therefore  that 

d [/ {X) .« (a:)]  =/(:e) d<. {x)  +  ^  {a;)  (?/(a;). 
The  difierential  of  the  product  of  two  variables  is  then  eqtial  to 
t)ie  Bom  of  the  products  of  each  variable  b;  the  difierential  of  the 
other. 

When  the  sides  of  the  rectangle  A  B  C  D  ara  inci'eased  by 
li  M  =  du  and  DO  =  dv\i&  contents  y  =  AB  x  AD  =  uvi8  ang- 
mfnted  by  the  rectangles  CO  =  udv  and  CM  =  vdu  and  O J' 
—  dud V,  tlie  latter,  being  infinitely  small, compared  with  the  oth- 
ers, disappears  ;  the  differential  of  this  surface  is  only  equal  to  Uio 
nxiva  «(Zv-(-u(/Mof  the  contents  of  the  two  rectaligles  CO  and  CJ^. 
In  conformity  with  thia  rule  we  have  for  y  =  a:  (3a:'  +  I): 
dy^-xd(Zx^  -^-l)  +  (3*'  +  l)dx  =  Zxdi3?)  +(3a:'  +  l)  dx 
=  Zx.  2«di  +  Zx'dx  ^-dx^i^x'  +  \)dx. 
I'urther,  if  w  be  a  third  variable  factor,  we  have 

-" --■-"-■  ic)  +  rwdw, 

wdv, 

■t-uwdv  +  vwdu, and  in  like  manner 

Iz  +  u  vzdw+uwzdv  +  vwzdu; 

lat  d  («')  —4  u'  d  u,  and  in  general 

~'  dx,  if  m  is  a  positive  integer,  E.O. 

*dx^    d^2^=Gx''  dx, 

in  a  positive  integer,  we  have  also 

=  0,  and  therefore 

— =  —mar— '((a; 
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or,  if  we  put  —  w  =  w, 

d(ar)  =  nx"^^  dx. 

The  Rule  IV.  applies  also  to  powers,  whose  exponents  are  neg- 
ative whole  numbers,  as  E.O., 

d(ar*)  =  —  3ar*dx= r-,  and 

^      '  X*  . 

^(33^  + 1)- =  -  2 Oar*  +  1)- J(3a:')  =  -  Jj^f^^. 

If  in  y  =  a:",  ^  is  a  fraction  whose  denominator  n  and  whose 

uomerator  7n  arc  integers,  we  have  also  y"  =ar and  d  (y") = d  (af*),  lb., 
n  y*~'  dy  =  mxT'*  dx,  therefore 

,         mx'^'dx     m  xT^^dx     m    " _, , 

ay= ,_,     = —=  — ac.  *dx, 

^       «     y  n    ^-^        n 

If  we  put  —  =  «,  it  follows  that 
*^     n      '^ 

dy  =  d  {7f)  =  p  Tf^  dxy  which  agrees  with  Bule  IV.,  which 
can  now  be  considered  as  general. 

Also  d  {u^)  =  p  u^^  d  u,  when  w  denotes  any  function  de- 
pendent upon  X. 

Hence  we  have,  iLG.,rf(4/a?')=tf  (a?*  )=|a?i  da:=3  Vxdx, 

=  y  d{2rx  —  a^)  _  2rdx—  2xdx  _  {r  —  x) dx 
'^  «*  ^  VtT  V2rx^' 

In  order  to  find  the  differential  of  a  quotient  y  =  -,  we  put  if  = 

rjf,  whence  rfw  =  vdy  4-  ydv,  and 

,  ,  aw dv 

dy=  du—ydv  _  v 


^•>    ^(;)  = 


— ,LB., 


According  to  this  Rule,  E.G., 


•      \a?+2/  (a;  +  2)' 

^(z  4-2)  .2xdx  —  {a?'-  l).dx  _  la?-¥4tx  +  1\  , 

(a; +  2)'  I    (a; +  2)"  / 
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We  have  also : 

Art.  9.  The  function  y  =  tr"  is  the  most  important  in  ihr 
whole  analysis,  for  we  meet  it  in  all  researches.  When  we  give  the* 
exponent  n  all  possible  values,  positive  and  nogtitive,  whole  j:nd 
fractional,  etc,  it  furnishes  the  different  kinds  of  cun'cs,  wiiich  are 
represented  in  Fig.  17.    A  is  here  the  point  of  origin  of  the  co-ordi- 

nates,  XX  the  axis  of  abscissas,  and  Y  Y  that  of  the  ordinatcs. 
If  on  both  sides  of  the  co-ordinate  axes  at  the  distances  ^  =  d=  1 

and  y  =  db  1  from  the  point  A  we  draw  the  parallels  X]  Xi,  Xs  X„ 

Yx  Yx ,  Pi  F,  to  the  axes,  and  join  the  points  Pi ,  Pt  j  P%y  and  *P^ , 

where  they  cut  each  other,  by  means  of  the  diagonals  ZZ^  Zx  Zxy  we 
obtain  a  diagram  which  contains  all  the  curves,  given  by  the  equa- 
tion y  =  af .  For  every  point  on  the  axis  of  abscissas  X  X  we  have 
y  =  0,  and  for  every  point  on  the  axis  of  ordinates  Y  Y^x  ^  0 ; 
and  for  the  points  in  the  axes  Xi  Xi  and  Xs  X2,  y  =  d:  1,  and 

for  the  points  in  the  axes  Yx  Yx  and  ri  F,,  a;  =  db  1. 

K  in  the  equation  y  =  «"  we  put  a;  =  1,  we  obtain  for  all 
possible  values  of  n,  y  =  1,  and  for  certain  values  of  n,  alsct 
y  =  —  1 ;  consequently  all  the  curves  belonging  to  the  equa- 
tion y  =  of  pass  through  the  point  Pi,  wHose  co-ordinates  are 
A  Jf  =  1  and  AN^  1.     If  we  take  n  =  1  we  have  y  =  a?  and  we 

obtain  the  right  line  Z  A  Z,  which  is  equally  inclined  to  the  two 

axes  XX  and  Y  Y,  and  which  rises  on  one  side  of  A  at  an  angle 

of  45°  I  2  L  a^d  on  the  other  side  dips  at  the  same  angle.    On  the 

contrary,  for  y  =  —  a;  we  obtain  the  right  line  Zx  A  Zx  which  dips 
on  one  side  of  jI  at  an  angle  of  45^  and  rises  on  the  other  side  at 
the  same  angle. 

K,  however, »  >  1,  y  =  af  becomes  smaller  for  a?  <  1,  and  for 
a:  >  1  greater,  than  a:,  and  when  n  <  1,  y  =  af  is  greater  for  a:  <  1 
and  smaller  for  a;  >  1  than  x.  The  first  case  (n  >  1)  corresponds 
to  convex  curves,  which  run  in  the  beginning  under,  and  from  P, 

over  the  right  Une  (Z  A  Z\  and  the  second  case  (w  <  1)  to  concave 
curves,  where  the  reverse  takes  place. 

When,  in  the  first  case,  we  take  n  smaller  and  smaller  until  at 
last  it  disappears,  or  becomes  equal  to  zero,  the  ordinates  appix>iu]i 
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the  constant  value  y  =  af  =  1  and  the  corrceponding  curve  ap- 
proaches more  and  more  to  the  broken  line  ^  JV"  P,  X, ;  if,  on  the 
contrary,  in  the  second  case,  n  becomcB  greater  and  greater,  the 
valnes  of  the  ordinatos  approach  the  limit  y  =  x'  =3^  =  aa,  and 
Fio.  17. 


4       Y,  -2  y-i-i  -2 


i 


Li 


!  1 


II 


those  of  the  abBcisBos,  on  the  contrary,  approacli  the  value  x=^=l, 
and  the  corresponding  curve  approKimatea  more  and  more  to  the 
broken  line  A  M  /*,  r,. 

If  we  take  m  =  —  1,  whence  y  =  ar'  =  -,  for  a:  =  0,  we  have  y 
~  <x> ,  and  for  z  ==  00 ,  y  =  0  and  wo  obtain  curve,  which  boa  been 
^scnsscd  in  Art.  3,  and  drawn  in  Fig.  5  (1  J*l);  it  approaches 
on  one  side  the  axes  of  ordinates,  and  on  the  other  the  axes  of  ab- 
Bciasas  without  ever  reaching  them. 

If  the  exponent  (—n)  of  thefnnctioBy  =  »""  =—  is  a  proper 
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fraction,  for  a;  <  1,  we  have  y  <  -?  and  on  the  contrary  for  ar  >  1, 
y  > -,  and  if  this  exponent  is  greater  than  unity,  we  have  on  the  con- 
trary for  fl;  <  1,  y  >  -,  and  for  aJ  >  1, ;/  <  -.    The  curve  corrc- 

spending  to  y  =  or*,  according  as  w  is  greater  or  smaller  than  unity, 

runs  in  the  beginning  below  or  above,  and  from  P,  above  or  below. 

1 
the   curve  y  =  ar*  =  -.    While  those  curves,  which  correspond 

to  the  positive  values  of  w,  are  placed  in  the  beginning  below, 
and  from  P,  on  above,  the  right  line  Xi  5^,  the  curves  of  the  nega- 
tive exponents  (—  w)  run  first  above,  and  from  P,  on  below,  X^  AV 
For  the  former  curves  we  have,  for  y  =  0,  a?  =  0,  and  for  a?  =  cc. 
y  z=  00,  and  for  the  latter,  for  a;  =  0,  y  =  oo ,  and  for  a;  =  cc, 
y  =  0.  While  the  former  diverge  more  and  more  from  the  co-or- 
dinate axes  XX  and  Y  F,  the  farther  we  follow  them  from  the 
origin  Ai,  the  latter  approach  more  and  more  on  one  side  the  axis 

XXf  and  on  the  other  axis  T  Y,  without  ever  reaching  them. 

The  last  system  of  curves  approach  nearer  and  nearer  tlio 
broken  line  Y  N  Px  Xi  or  the  broken  line  Yi  Pi  M  X  *dA  the  expo- 
nent approaches  nearer  and  nearer  the  limit  w  =  0  or  n  =  oo. 

If  in  y  =  a;*'",m  is  an  entire  uneven  number  (1,3, 5, 7  . . .),  y 
and  X  have  the  same  sign.  Positive  values  of  x  correspond  to  positivi^ 
values  of  y,  and  negative  values  of  x  to  negative  values  of  y.  If  on 
the  contrary  m  is  an  entire  even  number  (2,  4,  6,  etc.),  y  becomes 
positive  for  all  values  of  x,  positive  or  negative.     Therefore  tlie 

curves  in  the  first  case,  as  E.G.,  (3  Pi  A  Pj  3)  or  (f  Pi  1, 1  Pa  1), 
run  on  one  side  of  the  axis  of  ordinates  above,  and  on  the  other  side 

below,  the  axis  of  abscissas  X  A  Xj  on  the  contrary  the  curves  in 

the  second  case,  as  e.g.,  (2  Pi  A  P*  2)  or  (2  P,  2, 2  P4  2),  are  place<l 
above  the  axis  of  abscissas  only,  and  are  contained  in  the  first  and 
fourth  quadrants ;  the  former  corresponds  for  m=  ±  00  to  the  limit- 
ing lines  Yi  MA  Mi  T\  and  Xif  Fi,  XMi  Fj,  the  latter  on  the 
contrary  to  the    limiting   lines  Yi  M  A  Mi  Y9  and  X  M  Yi 

XM  Yf. 


1 


If  we  have  y  =  x  ",71  being  an  entire  uneven  number,  y  and 
X  have  the  same  signs,  and  if  ?}  is  an  entire  even  number,  every 
positive  value  of  x  gives  two  equal  values  for  y,  one  of  which 
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Is  positive  and  the  other  negative,  and  on  the  contrary  for  every 
negative  value  of  Xytf  is  imaginary  or  impossible.  The  curves, 
&s  KG.  (l  Fi  A  Pi  l)f  which  correspond  to  the  first  case,  are  found 
only  in  the  first  and  third  quadrants,  and  the  curves  of  the  second 
case,  as  E.G.  (^  P,  A  Pt  ^),  only  in  tiie  first  and  second  quad- 
rants: the  former  become  for  m  =  oo  the  limiting  lines  X^  N 

A  Nx  X,  and  Xi  N  Y,  Xt  Nx  Yy  and  the  latter  the  limiting  lines 

Xx  NA  Nx  X,  and  X,  N  F,  X,  Nx  Y. 

1 
Since  y  =  a;**  involves  x  =  y*",  it  follows,  that  the  latter  sys- 
tem of  curves \y  =  x  '*)  diflfcrs  from  the  former  ( y  =  a:**)  in  its 
position  only,  and  that  by  causing  them  to  revolve,  the  cuitcs  of 
one  system  may  be  made  to  coincide  with  those  of  the  other. 

m   /     *\"*  J. 

Since  y  =  a?"  ""*  \z7  =  {x^y  we  can  always  give  from  what 
hoa  gone  before  the  general  course  of  a  curve.  E.Q.,  the  curve 
for 

y  =  xl  =  (x))'  =  (y^y 

has,  for  both  positive  and  negative  values  of  x,  positive  ordinates ; 
on  the  contrary,  the  curve  for 

y  =  a:5  =  (x\y  =  (/xj 

has,  for  positive  values  of  a?  only,  real  ordinates,  and  they  are  equal 
in  magnitude,  but  with  opposite  signs.    Further,  for  the  curve 

y  =  a?*  =  (y  «]» 

y  and  x  have  the  same  sign,  since  neither  the  fifth  root  nor  the 
cube  causes  a  change  of  sign. 

Finally,  the  curves,  which  correspond  to  the  equation  y  = 

-«*,  differ  from  those  of  the  equation  y  =  a;*  only  by  their  reversed 

position  in  regard  to  the  axis  of  abscissas  X  X,  and  they  form  the 
symmetrical  halves  of  a  complete  curve. 

Art.  lO.  From  the  important  formula  d  (af)  =  n  af  "*  rf  a;  we 
obtam  the  formula  for  the  tangential  angle  of  the  corresponding 
cunres  represented  in  Fig.  18.    It  is 

tang,  a  =  -^  =z  n  ar~*. 
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and  therefore  ve  hare  the  sabtangent  of  these  cnrres 
_     dx  _    sT       _  X 
~  "dy~  n  a?""'  ~  n 
Hence,  for  the  so-caUed  parabola  of  Neil,  the  equation  of  which 

ia  a  y*  =  a;'  or  y  =  r  — ,  we  have 

1  d(3^)         _L     ,  ,        ,  i/^ 
tang,  a  =  ■  ,———  =   ^ —  5a^  =  3  T    -  • 

oad  the  subtangent  =  %x. 

Farther,  for  the  curve  aheady  discussed  j  =  -  =  a"  ar', 

and  the  subtangcnt  =  — -  =  —  x.    (See  Fig.  5.) 
Fio.  18. 


'■■  mill/ 
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Consequently,  we  have  for  x  =  0,  tang,  a  =  —  oo  and  a  =  W, 

for  a;  =  a,  tang,  a  =  —  1   and  a  =136'' 

and  for  a;  =  oo,  tang,  a  =  0  and  a  =  0%  etc. 

Abt.  1 1.  When  a  right  line  A  0,  Pig.  19,  cuts  the  axis  of  ab- 

Bcissas  at  an  angle  0  A  X  =^  a^  and  is  at  a  distance  C  K  ^  n  from 

the  origin  of  co-ordinates  (7,  the  equation  between  the  co-ordinates 

CM  =  N  P  =  X  and  CN=MP  =  yo{f3k  point  in  the  same  is 

y  COS.  a  —  a?  sin.  a  =::  n,  since  n  =.  M  R  --  M  Ly  M  R  =  y  cos*  a 

and  M  L  =  X  sin,  a. 

ft 

For  X  =  OyV  becomes  C  B  =:  b  =  ,  therefore  we  have  n= 

^  cos.  a' 

b  COS.  a,  and  y  cos.  a  —  x  sin.  a  =  b.  cos.  a  or 

y  =  b  +  X  tang.  a. 

Generally  the  lines  C  A  and  C  B,  which  measure  the  distances 

from  the  points  wherc  tlie  line  cuts 

the  co-ordinate  axes  C  X  and  C  Y 

to  the  origin  of   co-ordinates,  are 

called  the  parameters  of  the  line, 

and  are  designated  by  the  letters  a 

and  b.      According   to   the  figure 

C  A  =^  ^  a,  therefore 

CB         b 
tang,  a  ^  ^^-j  =  ^ -, 

and  consequently  the  equation  of 
the  straight  line  becomes 

b  X       il 

y  =  b a?,or-+^  =  l.    (See  Ingenieur,  page  164.) 

When  a  curve  approaches  more  and  more  a  line,  which  is  sit- 
uated at  a  finite  distance  from  the  origin  of  co-ordinates,  without 
ever  attaining  it,  the  line  is  called   the  Asyhftote   of   ths 

CUBVE. 

The  asymptcfte  can  be  considered  as  the  tangent  to  a  point 
of  the  curve  situated  at  an  infinite  distance.  Its  angle  of  inclina- 
tion to  the  axis  of  abscissas  can  be  determined  by 

iang.a^^^ 

and  its  distance  n  from  the  origin  of  co-ordinates  by  the  equation 
n  =  y  COS.  a  —  X  sin.  a  =  (y  —  x  tang,  a)  cos.  a 
y  —  X  tang. a       i 


f  1  4-  (tang,  of 


X  ^-  ^ 
dx^ 


)■■  /"'  ^  m 
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as  well  as  by  the  formula  n=(y  cota.  a—x)  sin,  a  =   ?     ^' ^ 


4|-.):/TTg?)- 


dyJ 

when  we  substitute  z  and  y  =  oo  in  them. 

In  order  that  a  tangent  to  a  point  infinitely  distant  can  be  an 
asymptote,  it  is  necessary,  that  for  a:  or  y  =  co,y  —  z  tang,  a  or 
y  COS.  a  —  X  shall  not  become  infinitely  great. 


For  a  curve  whose  equation  is  y  =  ar"  =  — 
taiig. a  =  —  ^^  and y  —  x  tang,  a  =  ar^+  —  = 


m  +  1 


X  X 

and  also    y  cotg.  a  —  x  = x  =  —  (m  -r  1)  — ,  therefore 

1)  for  a;  =  00 ,  y  =  0,  tang,  a  =  0,  y  —  a;,  tang,  a  =  0  and  n  =  0, 
and  2)  for  y  =  oo,  a;  =  0,  tang,  a  =  oo,  y  cotg.  —  a;  =  0  and  n  =  0. 

The  axis  of  abscissas  X  X  corresponds  to  the  conditions  tang,  a 

=  00  and  n  =  0,  the  axis  of  ordinates  F  F  to  the  conditions 
tang,  a  =  0  and  w  =  0 ;  therefore  these  axes  are  the  asymptotes 
of  the  curve,  corresponding  to  the  equation  y  =  ar".     (Compare 

the  curves  1  P,  1,  2"  P,  2^  and  ^  P,  J  in  Fig.  18,  page  48.) 

Abt.  12.  The  equation  of  an  ellipse  ADA^Dx^  Fig.  20,  can 

be  deduced  from  the  equation 

of  the  circle  A  B  A^  Biy  whose  ra- 
dius  is  (7^  =  C^=  (7P  =  fl 
and  whose  co-ordinates  are  CM 
=  X  and  M  P  =  yi,  when  we 
consider,  that  the  ordinate  MQ 
=  y  of  the  ellipse  is  to  the  ordi- 
nate M  P  =  yiof  the  circle,  as  the 
lesser  semi-axis  C  D  =  i  of  the  el- 
lipse is  to  the  greater  semi-axis, 
which  is  equal  to  the  radius  of  the 
circle  0  B  =  a.    We  have  then 


Fig.  20. 

Y 


4 

^ 

i 

c 

JCAl  )A   T 

NPi 

-^ 

L 

=  -,  -whence  y,  =  ^  y  and  z'  +  -|^  y'  =  a 


=  a,  I.E. 
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equation 


— 5  +  47  =  1,  the  equation  of  the  ellipse. 
If  we  substitute  in  this  equation  for  +  S',  —  i',  we  obtain  the 

^  ^  y:  -  1 

a'      >  ~"  ^' 

which  is  that  of  the  hyperbola  fonned  by  the  two  branches  P  A  Q 
iiad  P,  A,  ft.  Fig.  21. 
When  in  the  formula 

^      a 
deduced  from  the  latter  equation  we  take  x  infinitely  great,  a*  dis- 
appears before  aj"*,  and  we  have 

y  = -^^  =^  i:  —  =  ±xiang.a, 

the  equation  of  two  right  lines  G  V  and  C  V  passing  through  the 
origin  of  co-ordinates  C,    Since  the  ordinates 

±  *  ar  =  *  VT'  and  -  V^^^^' 


-u  ^v 

tend  to  become  equal  m  x  becomes  greater,  it  follows  that  the  right 
lines  0  U&nd  C  V  are  the  asymptotes  of  the  Hyj^erbola. 

If  we  take  0  A  =  a,  the  perpendicular  A  B  =  +  b  and 
^^  =  —  i,  we  can  determine  the  two  asymptotes ;  for  the  tan- 
gent of  the  angle  ±  a,  formed  by  the  asymptotes  with  the  axis  of 
abscissas,  is 

tang.  A  OB  =  -^^—r,  i.e.  tana,  a  =  -,  and 
.  ,.,  ^  -^  a 

m  like  manner 

tang.  A  01)=:  ^-~,  i.e.  tang.  (-  a)  =  -  -. 
If  we  take  the  asymptotes  UU  euii  F  F  as  axes  of  co-ordi- 
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nateSy  and  put  the  abscissa  or  co-ordinate  C  Nin  the  direction  of 
the  one  axis  =  u^  and  the  ordinate  or  co-ordinate  N Pm  the  di- 
rection of  the  other  =  v,  we  have,  since  the  direction  of  u  Taries 
from  the  axis  of  abscissas  by  the  angle  a,  and  that  of  v  by  the 
angle  —  a 

C  M  =  X  ^  C  Nco8.  a  •\-  N  P  cos.  a  =z  (u  -\-  v)  cos.  a,  and 
MP  =  y  =  G  Nsin,  a  —  N P  sin.  a  ^  (u  --  v)  sin.  o, 

K  we  designate  the  hypothenuse  C  B  ^  4^  a*  +  J'  by  e, 
we  have 


a       ,    .  h 

co8.a  =  —  and  sin.  a  =  — , 
e  e 


,                   , ,      COS.  a       sin.  a        1        , 
and  consequently    =  — ^ —  =  — ,  and 

>         -^  —  i L  cog  9  ^  _  \ /  ^^« 

-"        cr  or  0 


sin.  a 


a 


tt'  +  2wt?  +  i;*       «•  —  2wv-f-t;*       4:uv 


e' 


6' 


e' 


=  1. 


From  the  latter  we  obtain  what  is  known  as  the  equation  of  the 
hyperbola  referred  to  its  asymptotes 


6*  e* 

t^  v  =  -r  or  V  =  -J—. 


According  to  this  it  is  easy  to  draw  the  hyperbola  between  the 
two  given  asymptotes. 

The  co-ordinates  of  the  vertex  A  are  CB  =  J?-4  =  "o"**^^ 

Fio.  22. 


the  co-ordinates  for  the  point  Kfure  0 B  =^  e  and  -B  -ff"  =  -j-;  fur- 
ther,  for  the  abscissas  2e,9e,4:ey  etc.,  the  ordinates  are  j|  -j-,  j  -^ , 
i  -f  >  etc. 


Art.  la] 


INTRODUCTION  TO  THE  CALCULUS. 


53 


Fig.  23. 


Abt.  13.  If  in  the  ratio  of  the  differentials  -i*^.  or  in  the  for- 

ax 

mala  for  the  tangent  tang,  a  of  the  tangential  angle,  wc  substitute 
successiYely  the  different  values  of  x^  we  obtain  all  the  different  po- 
sitions of  the  tangent  to  the  corresponding  curve.  If  we  take  n;=0, 
we  obtain  the  tangent  of  the  tangential  angle  at  the  origin  of  co- 
ordinates, and  if  on  the  contrary  we  take  ^  =  oo,  we  have  the  same 
for  a  point  infinitely  distant  The  most  important  points  arc  those 
where  the  tangent  to  the  curve  runs  parallel  to  one  or  other  of  the 
co-ordinate  axes,  because  here  one  or  other  of  the  co-ordinates  x  and 
y  have  their  greatest  or  smallest  value,  or,  as  we  say,  is  a  maximum 
or  minimum.  When  the  curve  is  parallel  to  the  axis  of  abscissas  we 
have  a  =  0,  and  tang,  a  =  0 ;  when  parallel  to  the  axis  of  ordinates 
a  z=  90%  or  tang,  a  =  cx>^  whence  we  deduce  the  following  Rule : 
To  find  the  values  of  the  abscissa  or  independent  variable  a;, 

which  correspond  to  the  maximum  or  mini- 
mum value  of  the  ordinate  or  dependent  va- 
riable y,  we  must  put  the  ratio  of  the  differ- 

d  1/ 
entials  -7-^  =  0,  or  =  00  and  resolve  the  result- 
a  X 

ing  equation  in  regard  to  xj  E.G.,  for  the 
equation  y  =  6  a?  —  -J  a;'  +  a;*,  which  corre- 
sponds to  the  curve  A  P Q  Bin  Kg.  23. 

^^  =  6-9a:  +  3a;'==3(2-3a?  +  a?')  = 

a  X 

3  (1  -  ar)  (2  -  a?) ; 

consequently,  in  placing  -  -^  =  0,  we  have 

1  -  a;  =  0  and  2  —  a;  =  0, 
i.B.  a;  =  1  and  a;  =  2. 

Substituting  these  values  in  the  formula 

y^Gx  —  ^x^i-a^, 
we  have  the  maximum  value  of  y,  if  P  =  6  —  J  +  1  =  S>  aiid 
the  minimum  value,  iV  ^  -  12  —  18  +  8  =  2. 

Farther,  for  the  curve  K  0  F  Q  R,  Pig.  24,  whose  equation  is. 

y  =  a?  +  '^(x  —  1)S  we  have 

which  becomes  =  0,  for    ^,         =  —  1,  le.  for  -4  if  =  a;  =  1  — 
[iY  =  if  =  0.7037,  and  on  the  contrary  =  00,  for  ^  JV^  =  a;  =  1. 
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Fig.  24. 


The  first  case  corresponds  to  the  maximum  vahie, 

MP  =  y^=l-  {iY  +  CO'  =  l)  =  1.148, 
and  the  last  to  the  minimum  value,  N  Q  =  y„  =  l. 

We  have  also  A  O  =  tf 
=  1  for  x  —  0,  and  y  =  0 
for  the  abscissa  A  K  ^  ji\ 
corresponding  to  the  cubic* 
equation  a;"*  +  a:'  —  2  a;  +  1, 
whose  value  is  a;  =  —  2.148. 
Art.  14.  Since  in  the 
equation  of  a  curve  which 
staiis  from  the  origin  of 
co-ordinates  Ay  and  rises 
above  the  axis  of  abscissas, 
y  increases  with  x,  d  y  is 
always  positive,  and  since 
when  the  curve  on  the  contrary  descends  towards  that  axis,  y  de- 
creases when  X  increases,  d  y  becomes  negative.  Finally  at  the 
point  where  the  curve  runs  parallel  to  the  co-ordinate  axis  A  X^ 
d  y  becomes  equal  to  zero,  and  the  differentials  of  the  ordinates^ 
corresponding  to  the  equal  diflTerentials  d  x  =  M  N  =^  Ji  0  =  P  S 
=^  Q  Tof  the  abscissas,  are 

S  Q  =  P  S tang.  Q  P  S,  i.e.,  d yi  =  dx  tang,  a, , 
TE  =  Q  T tang,  R  Q  T,  le.,  dy^  —  dx  tang,  a,,  etc. 
The  tangential  angles  a, ,  aj ,  etc.,  also  increase  for  a  convex 
curve  A  P  Ry  Fig.  25,  and  decrease  for  a  concave  cui've  A  P  R, 


Fig.  25. 


Fig.  27. 


N    O 


^f    N    O 


A  M     N     O     -" 

Fig.  26 ;  consequently  in  the  first  case 

d  {tang,  a)  -^  d  y^^J  is  positive, 

and  in  the  second   d  {tang,  a)  =  d  ij—)  is  negative,  and  for  the 
points  of  inflexion  Q,  Fig.  27,  i.E.  for  the  places  Q  where  the  con- 
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vexity  changes  into  concavity,  or  where  the  contraiy  takes  pl£Cce, 
we  have  S  Q  =  T  R^  and  therefore  d  {tang,  a)  =  J  |  ^  ^1  =  0. 

Hence  wc  have  the  following  Eule : 

If  the  differential  of  the  tangential  angle  is  positive,  the  curve  is 
convex,  if  it  is  negative^  the  curve  is  concave,  and  if  it  is  equal  to 
zero  we  have  a  point  of  inflexion  of  tUe  curve  to  deal  with.  From 
the  foregoing  we  can  easily  make  the  following  deductions : 

The  place,  where  the  curve  runs  parallel  with  the  axis  of  abscis- 
sas and  for  which  tan^.  a  =  0,  corresponds  either  to  a  minimum  or 
to  a  maximum,  or  to  a  point  of  inflexion  of  the  curve,  according  as 
the  curve  is  convex,  concave,  or  neither,  I.E.,  as  d  {tang,  a)  ispos- 
itive,  negative,  or  egual  to  zero.  On  the  contrary,  the  point,  where 
the  curve  runs  parallel  with  the  axis  of  ordinates  and  for  which  we 
have  tang,  a  =  oo,  corresponds  to  a  minimum,  or  maximum,  or  to  a 
point  of  inflexion  of  the  curve,  according  as  the  latter  is  concave, 
convex,  or  in  part  concave,  or  in  part  convex :  I.E.,  as  d  {tang,  a) 
is  negative  or  positive  on  each  side  of  this  point,  or  has  a  difierent 
sign  on  diflTerent  sides  of  it 

A  portion  of  a  curve  with  a  point  of  inflexion  of  the  first  kind 
is  shown  in  Fig.  28,  and  a  curve  with  one  of  the  second  kind  in 
Fig.  29.  We  ixjrceive  that  the  corresponding  ordinate  iV  ^  is  nei- 
ther a  maximum  nor  a  minimum,  for  in  this  case  both  of  the 
neighboring  ordinates  M  F  and  0  R  are  larger  or  smaller  than 
N  Q.    In  Geometry,  Physics,  Mechanics,  etc.,  the  determination 


Fx6. 28. 


— X 


Pig.  30. 


of  the  maximum  and  minimum,  or  the  so-called  eminent,  values  of  a 
fanction,  is  often  of  the  greatest  importance.  Since  in  the  course 
of  this  work  various  determinations  of  such  values  of  functions  will 
be  met  with,  we  will  here  treat  only  the  following  geometrical 
probleDL 

To  determine  the  dimensions  of  a  circular  cylinder  A  N,  Fig. 
30,  which  for  a  given  contents  V  has  the  smallest  surface  0,  let  us 
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designate  the  diameter  of  the  base  of  the  cylinder  by  x  and  the 
height  of  the  same  by  j^;  here  we  have 

and  the  snrface  or  the  area  of  the  two  leases  plus  that  of  the 
curved  portion 

but  from  the  first  equation  we  have 

4  V 
TT  y  =:  — -  or  TT  a?  y  =  4  V  ^^ 

X 

substituting  this  value  oi^r  xy^  we  obtain 

0  =  ^^  +  4:  Vx-\ 
and  since  we  can  treat  0  and  x  as  the  co-ordinates  of  a  curve,  we  have 

tang,  a  =  -= —  =  tr  a;  —  4  Vx~  \ 

U  X 

Putting  this  quotient  equal  to  zero,  we  obtain  the  equation  of  con- 
dition 

4  V 
TT  X  =.  —.r  or  TT  a;'  =  4  V. 

X 

Resolving  the  equation  in  reference  to  x,  we  have 


=7:*^ 


a;  =  y  ,  and 

IT 


^  "  nx'  ~  ^     'tt'     *  16  F^  ~  ^     TT     "-  ^* 

Since  d  {tang,  a)  =  1  tt  h ^  j  J  a;  is  positive,  the  value  found 

furnishes  the  required  minimum.  We  can  employ  the  same 
method  when  we  wish  to  determine  the  dimensions  of  a  cylindri- 
cal vessel  which  for  a  given  contents  will  need  the  smallest  amount 
of  material.  They  are  already  determined  directly  when  the  vessel 
])esides  its  circular  bottom  is  to  have  a  circular  cover,  but  when 
the  latter  is  not  needed  we  have 

TT  aj* 
0  =  —J — I-  4  Vx~\  consequently 

^  X        4  V 

-s-  =  —^j  whence  it  follows  that 
2  X* 


X 


3i/^andy  =  i/-?;.-^  =  i/X  =  ^.^. 


Am.  16.]  INTRODUCTION  TO  THE  CALCULUS.  57 

While  in  the  first  ease  we  must  make  the  height  equal  to  the 
width  of  the  cylinder,  in  the  second  we  must  make  it  but  one-half 
the  width  of  the  latter. 

Art.  is.  By  successive  differentiations  of  a  function  y  =/(z), 
we  obtain  a  whole  serieS  of  new  functions  of  the  independent  va- 
riuble  x^  which  are 

/■  w = ii = -^ 

E.G^  for       y  =  f  (p^)  =  ^*9  we  have 

/.  {x)  =  I  x\f,  {X)  -  V  ar5,/3  (x)  =  -  i?  arl,  etc. 

For  a  function  which  is  developed  according  to  a  series  of  the 
ascending  powers  of  x 

y  =f{x)  =  Ao  -\-  AiX  +  A^x"*  -{-  AiX^  +  A^of  +  etc.,  we  have 

fi  (x)  =  A^  +  2  A2X  +  3  Ai  x'  +  4:  A^  a^  •\-  etc. 
/g  (a:)  =  2  ^,  +  2  .  3  ^3  a;  +  3  .  4  J4  af  +  etc. 
/,  (x)  =  2  .  3  ^a  +  2  .  3  .  4  .4*  a;   +  etc. 

Substituting  in  these  series  a;  =  0  we  obtain  a  series  of  expres- 
sions suitable  for  the  determination  of  the  constants  A^yAiyAf...  viz. 

/(O)  =  A,,  /,  (0)  =  1  J,,/,  (0)  =  2  A,,f,  (0)  =  2  .  3  .  A,. 
itc,  whence  we  deduce  these  co-efficients  themselves. 

A,  =/(0),  A,  =/,  (0),  A,  =  ^f,  (0),  A^  -  ~f^  (0), 


2.3 


'*  -  2T3-4/*  (^)  '''' 


Thus  we  can  develop  a  function  into  the  following  series,  known 
u  McLaurin's. 

fix)  =  /(O)  +  /,  (0)  .  f  +  /.  (0)  ~^+f,  (0)  •  j-|^3 


+  /♦(«)  •1727374  + 


For  the  binomial  function  y  =  /  (a:)  =  (1  +  a:)"  we  have 

/,  {x)  =  «  (1  +  a;)-',/,  (a;)  =  n  («  -  1)  (1  +  a:)— 
/,  (2j)  =  n  (n  -  1)  (71  -  2)  (1  +  xy-*,  etc. 

When  we  put  a;  =  0,  we  obtain 

/(O)  =  1,^(0)  =  n,/,  (0)  =  n  (n  -  1) 

/« (0)  =  n  (n  —  1)  (w  —  2),  etc.,  whence  the  binomial  series. 
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oIgo 


ra(ra  +  I)    ,       w(«  +  l)(ra  +  2) 

"     1.2    ^  ~  "     i.sTa      =^ 


cutting  1  +  a;  =  {1  —  z)  '  =  ■   .   ■  ^  weliaYez=z— ; —  and 

„      ,_     ,  ,n  (n  +  1)  ,      n{n  +  l)(n  +  2)  , 

"^  1.3.3  \l+x/"^" 

eriefl  1, 18  finite  for  entire  positive  values  of  n,  and  the 

Tor  entire  negative  values  of  the  same. 

■  xy  =  1  +  5  X  +  10  x'  +  10  x'  +  5  x'  +  s^,  and 

-(rf-J-(rU- 

a  +  a:  =  a  il  +  -),  it  follows  also  that 


n0i-l)/xy 
1  .2 


n  (n  —  1)  (n  —  2) 

TTsTs 


«"-' «'  +  ... 
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E.0,  ^l009*  =  (1000  +  9)«  =  100  (1  +  0,009)1 

=  100  (l  +  1 .  0,009  +  ^-^— -  ^-  •  (0,009)'  +  . . .    ) 

=  100  (1  +  0,006  -  0,000009)  =  100,5991. 
We  hare  also 

{x  +  1)"  =  af  •+  »  a:^'  +  "  ^"  ~  ^^  aT"'  +  . .  .etc. 

and  approximately  for  very  great  values  of  Xy 

(a:  +  1)"  =  af  +  n  tT"'. 
From  this  it  follows  that 

^^,       {x  +  1)-  -  a;-       ., 

aT"*  =  ^ ,  further 

n 

i\-i  -  ar  -  (a:  -  1)" 
"  ^^      ""  n 


(a:-l) 


^  ^  n 


2"—  1" 
and  finally  1""'  = ; 

adding  the  two  members  of  these  equations  together,  we  have 
ar"  +  {x-  1)-*  +  (a;  -  2)»-»  +  (a;  -  3)-'  +  . . .  +  1 

'~        '    n 

or,  putting  n  —  1  =  w,  and  writing  the  series  in  the  reversed 
order,  we  have 

1"  +  2-  +  3»  +  . . .  +  (a;  -  1)"  +  af"  =  ^^-  i^         -■'. 

'  m  +  1 

Now  since  a?  is  very  great,  or  properly  infinitely  great,  we  can 
put  {z  +  1)"'+^  =  2r*^\  and  we  then  obtain  the  sum  of  the  powers 
of  the  natural  series  of  numbers. 

IV.)  1»  4-  2*  +  3"  +  . . .  -f  af»  = 


m  +  1' 
M.,   Vp  +  V"2«  +  Vy«  4.  VT'  +  . . .  +  *^iOOO^ approximately 

^  loom  ^     V 1000^  =  60000. 
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Abt.  16.  The  ordinate  0  F  =  yy  Fig.  31,  corresponding  to 
the  abscissa  A  0  =  x,  can  be  considered  as  composed  of  an  infinite 

number  of  unequal  elements  d  y,  as 
PB,  0  Cy  HD,  KE ,  which  cor- 
respond to  the  equal  dififerentials  dx=^ 

AFy  =  FL:=--LM=  M  N of 

the  abscissa.     If  therefore  dy  =  <f>(x). 
d  X  were  given,  we  could  determine  y 
by  summing  all  the  values  of  d  y,  which 
we  obtain,  by  substituting  successively 
in  0  (x)  d  xfoY  Xyd  x,2  d  x,3  d  X  • , . . 
•0   tond X  :=  X.    This  summing  is  indi- 
cated by  the  so-called  sign  of  integrch 
Hon  /,  which  is  placed  before  the  general  expression  of  the  differ- 
ential to  be  summed    Thus  we  write,  instead  of 

y  =[^{dx)  -{■  ip{^dx)  ■{-  <^{Zdx)  +  . . .  -{■  fp  i^x)]  d  x, 
y  -=1  f  <i>{x)  dx. 

In  this  case  we  call  y  the  integral  of  0  {x)  d  x,  and  (j>  {x)  d  x  tho 
differential  of  y.  Sometimes  we  can  obtain  the  integral  /<t>  {x)d  x, 
by  really  summing  up  the  series  0  {d  x),  <t>  {2  d  x),  ^  (3  rf  x),  etc. ; 
but  it  is  always  simpler  in  the  determination  of  an  integral  to  em- 
ploy one  of  the  Eules  of  what  is  known  as  the  Integral  Calculus, 
which  will  be  the  next  subject  treated. 

If  n  is  the  number  of  differentials  dxofx,  wo  have  x  =:  n  d  x 

X 

or  d  X  =  -,  and  we  can  put 

Thus  for  the  differential  dy  =  ax  d  x,vfe  have 
y  =  faxdx  =  adx{dx  +  2dx-\-3dx  +  ,..  -i-  n  d  x) 
=  (1  +  2  +  3  +  . . .  +  w)  a  rf  a;', 
or  since  according  to  Art  15,  IV.,  for  w  =  oo  we  have  the  sum  of 
the  natural  series  of  numbers 

1  +2  +  3  +  4  +  5...  +  w  =  Aw'  and  dx"  ^ 


_ 


X* 


y  =z  f  ax d X  =  i  n^  a  —i  =  i  a  X*. 

In  a  similar  way  we  find,  \i  x  ^  n  d  x  ox  \i  x\a  composed  of  n 
elements  d  a, 

y=f^(x)dx=/^  =  [{dxy-h{2dxy-\-(3dxy+...+{ndxy]^^ 

=  (l  +  2»  +  3»  +  ..,.  +  w«)^ 
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Bat  fipom  g  15,  IV.,  forn  =  oo ,  we  have 

1  +  2'  +  3'  +  . . . .  +  n'  =  -5^,  whence  it  followa  that 


/ 


x^dz  _^  d  g'  _  (ndxy  _  «|^ 
a  3  '    a  3a  3a 


Art.  17.  From  the  formula  rf  (a  +  m/(»))  =  m  df{x),  we 
obtain  by  inversion 

fmdf  (a?)  =  a  +  m  /  (ar)  =  a  +  mfdf  (ar),  or  putting 

rf/  (a;)  =  0  (a;) .  rf  a; 

L)       /in4>{x)dx  =  a  +  mfit>{x)dx, 

and  hence  it  follows  that  the  constant  &ctor  m  remains,  in  the  /»- 
tegration  as  in  the  Differentiation,  unchanged,  and  that  a  constant 
member  such  as  a  can  not  be  determined  by  mere  integration ; 
the  integration  furnishes  only  an  indefinite  integral. 

In  order  to  find  the  constant  member,  a  pair  of  corresponding 
values  of  gaud  y=  /  ^  (a;)  rf  a;  must  be  known.  If  fora;  =  c,y  =  *, 
and  we  have  found y  =:  f  tfi  (x)  dx  =  a  +  f  {x)  then  we  must 
also  have  k  =  a  -h  f  (c),  and  by  subtraction  we  obtain  y  ^  k  = 
f(x)  —  /  {c)  ;  therefore  in  this  case  we  have 

y^f^{x)dx  =  k  +f{x)  ^f{c)  =fix)  +  k  ^f{c). 

and  the  constant  &ctor  a  =  k  —f  (c). 

When,  RQ.,  we  know  that  the  indefinite  integral  y  =  /xdx  = 

T  giveSj  for  a?  =  1,  y  =  3  we  have  the  necessary  constant  a  = 

3  —  J  =  I,  and  therefore  the  integral 

y  =  /xdx=za  +  Y  =  — 2 — * 

Even  the  determination  of  the  constant  leaves  the  integral  stQl 
indefinite,  for  we  can  assume  any  value  for  the  independent  varia- 
ble zj  but  if  we  wish  to  have  the  definite  value  k^  of  the  integral 
corresponding  to  the  definite  value  Ci  of  x,  we  must  substitute  this 
Talaein  the  integral  which  we  have  found,  or,  ii=i+/(e?i)— /(c). 

B.G.,y  =  / xdx=r. — - — gives,  fora?  =  5,y  =  15. 

Qenerstlly  the  value  of  x  for  which  y  becomes  =  0  is  known : 
in  this  case  we  have  £  =  0,  and  the  indefinite  integral  of  the  form 
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f  <i>x  {dx)  =-•  /  (a;)  leads  to  the  definite  one  yfe,  =/((:,)  ^  f  (c), 
which  can  aico  be  found  by  substituting  in  the  expression  /  (x) 
of  the  indefinite  integral  the  two  given  limits^  Ci  and  c,  of  x,  and 
by  subtracting  the  values  found  from  one  another.    In  order  to 

'4idicate  this  wt?  Write  instead  of  /  0  (x)  d  x,  f^  {x)  dx, 

if,  E.G.,  /<t>dx=^  ^,   /  ^<t>{x)dx  =  —  I"^  . 

By  the  inversion  of  the  diflFerential  formula 

^  [/  (^)  +  0  (^)]  =  ^^/  {x)  +  d(t>  (x)  we  obtain  the  integral 
formula/ [r// (a;)  +  d(t>{x)]  =f(x)  4-  ^  (a;),  or  putting 
df  {x)  =:  tp  (x)  dx  and d<l>  (x)  =  x  (^)  ^ 2;, 

II.)         /  [V^  (a?)  rf  a;  +  a;  (a;)  e/rc]  =f^{x)  dx  -v  f  x  («)  ^'i^- 

Therefore  ^/^^  integral  of  the  sum  of  several  differentials  is  equal 
to  the  sum  of  the  integrals  of  each  of  the  differerUidls. 

E.G.    /(3  '^bx)dx  —  fZdx  +  fbxdx-ZX'{-^iX\ 

Art.  1 8t  Tlie  most  important  differential  formula,  17.,  Art  8, 
d  (a;')  ^.nar-'dx,  gives  by  inversion  an  integral  formula  which 
is  equally  important 

It  is  /  w  a:'"'  dx  =  af^orn  f  a;'*"*  dx  =i  oTy  whence 

fxr-'dx^—', 

n 

substituting  n  —  1  =  ?w,  and  w  =  w  +  1,  we  obtain  the  following 
important  integral :  • 

f  ardx  —  — — r, 
m  +  l 

which  is  employed  at  least  as  often  as  all  the  other  formulas 
together. 

The  form  of  this  integral  shows  that  it  corresponds  to  the  sys- 
tem of  curves  treated  in  Art  9  and  represented  in  Fig.  17. 

From  it  we  have,  E.Q., 

fha^dx^bfx'dx^^x') 

f  V^dx  =/  a:!  rfa;  =  4  a;5  =  3  V^; 

/(4-6a;'  +  5a;*)<?ic  =  /4da:-/6a;Va;  +  /6a;*rfar 

'=4/rfa;~6/a;'rfa?  +  5 /«•  da;  =  4a;- 2  a:*  +  a:*;  farther, 

d  u 
putting  3a;  —  2=t/,        3dx  =  du,  or  dx=:  '-:^-,        we  have 


,V—  f^-  Vi  =  l 
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and  finally,  Bubstituting  "it  o?  —  1  =  u  and  ^  x  d  x  =  d  fk  or 
X  d  X  =  -r-y  we  have 

r  bxdx  rbdu       .  /•       ,         5  wJ 

Bj  the  Bnbstitution  of  the  limits  the  indefinite  integral  can  be 
changed  into  a  definite  one. 

E.G.^'*  5  a:'  rf  «  =  f  (2*  -  1')  =  »  .  (16  -  1)  =  18|. 

[*  V-il^^^Z  .dx=:l{  VW  -  4^)  =  f  (64 -  1)  =  14 

If  E.G.  /(4  —  6  a:'  +  5  a:*)  6?  a;  =  7,  for  0?  =  0  we  would  have, 
in  general, 

/(4-6a:"  +  6ii^)(Za:=r7  +  4a;-2ir'  +  a:». 

Art.  19.  The  so-called  exponential  function  y  =  a',  which 
(X)nsist43  of  a  power  with  a  variable  exponent,  can  be  developed  as 
follows  into  a  series  by  means  of  McLaurin's  Theorem,  and  its  dif- 
ferential can  then  be  found. 

Putting  a*  =  -4o  4-  -4,  a;  +  -4s  af  +  -^a  a:"  +  . . . .  we  have,  for 
r  —  0,  a*  =  a*  =  1,  whence  -4o  =  1 ; 

From  ej'  =  1  +  Jj  a;  +  ^8  a;'  +  -^3  a;*  +  . . . .  we  have 

a^'  =  1  +  Ai  d  X  -k-  A^  d  x"  +  Afdx*  +  . . . .  and  also 
d  {a')  =  «•+'''  -  a'  =^  a'  a^  —  a*  =  a'  (a'''  —  1) 
=  <f  (-4i  dx-^-Atd^^-Azd^-^-.*.^) 
=  (f  (^,  +  A^dx  -^r  . , . .)  d  X  =  Ai  cf  d  x. 

Hence,  by  successive  differentiation  of  the  series,  we  have 
/  (a:)  =  a*  =  1  +  ^i  a?  -f  ^8  a;'  +  ^3  a:"  +  . . . 

/i  (a?)  =  -T^  =  Aia'  =  Ai  -{■  2A2X  +  d  AiX'  -{-  ... 
ax 
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/.  («)  =  ^'—^  =  Ar'ar  =  ZA,  +  2.3.A,x  +  ... 

f,{x)=li^J^  =  A:<f  =  2.d.A»  +  ... 

Putting  a?  =  0,  it  follows  that 

Ai  =  A,,  2  ^,  =  A,\  2  .  3  .  ^8  =  J,* 

11  1 

whence  A^  r^  ^-^  A,\  A^  =  j-y^Ts  ^''^  ^*  =  1.2.3.4^''^  **^ 

and  the  exponential  series  takes  the  form 

The  constant  coefficient  ^i  is  of  course  a  definite  function  of 
the  constant  base,  us  the  latter  is  a  function  of  the  former.  If  one 
of  the  two  numbers  be  given,  the  other  is  then  determined.  The 
most  simple,  or  the  so-called  natural  series  of  powers,  whose  base 
(a)  will  be  designated  hereafter  by  e,  is  obtained  by  putting  J,  =  1. 
Then  we  have, 

iL)  ^  =  i  +  i  +  r;^  +  f:2:3  "^1.2.3.4 "^••' 

and  if  we  put  a:  =  1  we  obtain  the  base  of  the  natural  series  of 
powers, 

e>  =  6  =  1  +  1  +  i  H-  J  +  aV  + =  2,7182828. 

i  1 

If  we  put  fi  =  a*,  or  a  =  c-,  we  have  —  =  Z  a,  which  is  the  Nape- 
nan  or  hyperbolic  Logarithm  of  a,   and 

ni.)  a-  =  (.^)-  =  ^^  =  i-i-i(3  +  i^j|y  + 

IT 273  \m)  **■••• 
Since  this  series  corresponds  in  its  form  to  that  of  I,  we  have 

also  Ai  =  — ,  and, 
m 

IV.)    d  (a*)  =  ^1  a*  d  a?  = =  Z  a .  a"  rf  rr,  as  well  as 

V.)    die")  —  erdx. 
E.G.    d{^'^')  =  e"^'d{3x  +  1)  =  3^-^'dx. 
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If  we  put  y  =  a*  =  6*  wo  haye,  on  the  contrary, 

■27 

«  =  log.  y  and  —  =1  y. 

log.  ff  =  fnlff,  and,  on  the  contraiy, 

lyyor  log, y  =  ^- log, y. 

The  namber  m  is  called  the  tnodulua  of  the  system  correspond- 
ing to  the  base  (L  By  means  of  it  we  can  transform  the  Naperian 
logarithm  into  any  artificial  one,  or  one  of  the  latter  into  tho 
former.    For  Brigg's  system  of  Logarithms  the  base  is  a  =  10, 

1  •  1 

whence  —  =  Z 10  =  2,30258,  and,  on  the  contrary,  m  =  yrr^  = 
m  I  li) 

0,43429. 

We  haye  also    log  y  =  0,43429  I  y,  and 

I  if  z=  2,30258  log  y. 
(See  Ingenieur,  page  81,  etc.) 

Abt.  30«  The  course  of  the  curyes  which  correspond  to  the 
exponential  functions  y  =  e*,  and  y  =  10*,  is  represented  by  Pig. 
32.  For  a;  =  0,  we  haye  in  both  cases  y  =  c"  =  a"  =  1,  Hence 
both  curyes  0  Q  S  and  0  Qi  Si  pass  through  the  same  point  (0) 
of  the  axis  of  ordinates  A  Y.    For  a;  =  1  we  haye, 

if  =  ef  =  2,718,  and 
y  =  10-  =  10, 
«  =  2  giyes 

y  =  ef=z  2,718*  =  7,389,  and 
y  =  10'  =  10'  =  100,  Ac. 

Both  curyes  rise  on  the  positiye  side  of  the  axis  of  abscissas  veiy 
steeply,   particularly  the  latter. 

For  a:  =  —  l.we  haye  er  =  $-'  =  ^-=r^ =  0,368 . . ,  and 

10*  =  10-'  =  0,1 ; 
fivther,  for  a;  =  —  2,  we  have 

and       10'  =  10-»  =  0,01 ; 

for  ar  =  —  oo  both  eqaations  giye 
5 
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The  two  CHTvee  approach 
nearer  and  nearer  this  axis  of 
abscisBSS  on  the  negative  side 
of  the  axis  of  abBcissas,  the 
kst  more  qnickly  than  the  firsts 
hat  they  never  really  meet  this 
axis. 

Since  y/e  deduce  from  th6 
equation 

ff  =  ^,x  =  li/ 
and  also  from 

y  ~  or ,x  =  log,  J/ 
the  abscissas  of  there  enrres 
furnish  a  ecale  for  the  Nape- 
rian  and  common  logarithma ; 
for  the  abficisBas  are  the  loga^ 
rithniB  of  the  ordinatea. 
£.0.  Te  have, 
AM=IMP 

=  log.  JIT  P„  etc 
From  the  difibrential  for^ 
mnia  IV  of  the  last  article  the 
tangential  angle  of  the  expo- 
nential curve  is  determined  by 
the  simple  formula, 

_dy  _  a*  Jz 
~  mdx 

—  iiAmi  a  t*  V  ¥ 

fiqnently  for  the  curre  0  P,  Qi  S„  Fig.  38,  the  soWan- 
y  cotg.  a  =  m,  that  is,  is  constant ;  and  for  the  corre 
S  it  is  always  =  1,  E.0,  for  the  point  Q,'A\,  =  1  for  the 
,12  =  1,  etc. 
91  •  If  ar  =  a',  we  have  also 


tang.  a=^ 


dy 


mdx       mdx 
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But  y  =  log^  Xy  that  is,  to  the  logarithm  of  the  variable  power 
X  with  the  confitant  base  a\  therefore  we  have  the  following  differ* 
ential  formula  for  the  logarithmic  functions^ 

y  =  togr,  x  and  y  ^  Ix: 

«v      -./T        \        fn  d  X        1    dx 
L)     d(log.z)=.-^  =  ^^--, 

n.)     dilx)  =  ^J^. 
If  a  is  the  tangential  angle  of  the  curve  corresponding  to  the  eqaa- 

171 

tion  y  =  Jog,  rr,  we  have  tang,  o  =  — ,  and  the  subtangent  =  y 

X 
X  V 

rotg,  a  =  — ^,  or  proportional  to  the  area  xy  oi  the  rectangle  oon- 

strueted  with  the  sides  x  and  y. 

By  means  of  the  differential  fbrmolas  I.  and  II.  we  obtain 

, ,_       d ^^      d(^)      .x-\  dx      dx        , 

=  di(,%  +  x)-ai{i>?) 

_     dx        adx  _       (4  +  «)rfa: 


3  + «  x  x{%  -\-  x)' 

_  rf(fl')    _   rfCg*)  _  (f  dx       e  dx  __  %tr  dx 

Abt.  99*    If  we  reverse  the  differential  formulas  of  the  fbre» 
going  article,  we  obtain  the  following  important  integral  formulas. 

From  J  (a*)  = it  follows  that  / =  a",  lb., 

I.)        f  (f  dx=zm(f  ^  e^ilOf  and  therefore 
IL)      f  e  dx  =  e. 

Farther,firom d{log^x)=— — ^,  itfoUows  that  /  — ^=  fcgr.  *»  ^-^ 
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=  —  hg, z  =  Ix,  which  is  also  giYea.  by  the  foi^ 
dx 
x' 
d  we  can  easily  caloalate  the  following  exUDpIee: 

The  first  intesral  formula  /  aTrf*  = =■  leaves 

ral  undetermined;  for  putting  m  —  —  1,  it  follows 
J  ar^  dx^  -J-  +a  constant  =  00+  constant^  but 
1  +  u,  and  dx  =  du,yi6  have 
=  (1  —  »  +  tt'  —  w"  +  u*  —....)<'«/  and  therefore 

^  =  /(I-.  +  „--.'+.'-....)iu 
»  — /«d»  +  /u'rf«  — /«'d«  +  .... 

realflopiit/(l+u)  =  «  -  -s~  +  -^  -  -r-  + ■.',or 


id  of  this  series  we  can  calculate  the  logarithm  of  all 
h  differ  very  little  IVom  1 ;  but  if  we  require  the 
trge  numbers  we  must  adopt  the  following  method. 
Legative  in  the  foregoing  fonunla,  we  hare 
,        .  u'        u'       a' 

g  one  series  &om  the  other,  we  have 
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1   +   tt  X  —  1  , 

■z =  x,0Tu  = r,  we  have 

This  formula  is  to  be  employed  for  the  determination  of  the 
logarithm   of  such    numbers   as  differ  sensibly  from  1,  since 

is  always  less  than  1. 

*  +  1  ^ 

We  have  also  Z  (X  +  y)  -  ^  «  =  ^  (^^^  =  ^^ +9 

This  formula  is  used  to  calculate  from  one  logarithm,  that 
of  a  somewhat  greater  number 

I.O..    ia  =  2[4^4-^-i.(|^)'+...] 

=  2  (i  +  J  •  -iV  +  6  •  Tii^  +  •  •  • ) 

0,33333 

=  2  I  ^fi^^^^  1  =  2.  0,34656  =  0,69312, 
0,00082 

0,00007 

more  exactly  =  0,69314718. 

Hence  Z8  =  J2»  =  3Z2=  2,0794416,  and  according  to  the  last 

fonnula,  ZIO  =  I (8  +  2) 

=  ^«-^  41/4^2-^^(16-1^^^ 
=  2,0794415  4-  0,2231436  =  2,302585. 
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[Abt.  24. 


=  ^(i  +  J.  |i  +  i.y. +  ....)  =  0,693147; 

farther,  /  5  =  Z  (4  +  1)  =  2  Z  2  +  2^1  +  J . -^j  +  .. ..  V  and  ttnalh 

we  can  put  110  =  12  -h  15. 

(Compare  Art  19.) 

Abt.  34*  The  trigonometrical  and  circular  functiozus  whose 
differentials  will  nrsw  be  determined,  are  of  practical  importance. 

The  function  of  the  sine,y  =  sin,  a;,  gives  for  a:  =  0,  y  —  0 ; 
foriP  =  ~  =  ^^if^  =0,7854...,y=4/A  =0,7071, 


n 


*'  a?  =  -^,  y  =  1,  for  a?  =  n,y  =  0; 

«  a;  =  I  7r,y  =  —  1,  for  a:  =  2  tt,  y  =  0,  etc. 

Taking  x  as  the  abscissa  A  0,  and  y  as  the  corresponding  ordi- 
nate 0  P,  we  obtain  the  serpentine  curve  {APB-rr  C2n),  Fig.  33. 
which  continues  to  infinity  on  both  sides  of  A. 
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The  function  of  the  cosine,  y  =  cos.  a?,  gives,  for  a;  =  0,  y  =  1 ; 

tjr  ipr 

for  X  =  -r,y  =  V^ ;  fora?  =  —,  y  =  0;  for  a;  =  tt,  y  =  —  1 ;  for 

z  =  5  TT,  y  =  0 ;  for  X  =  2  TT,  y  =:=  1,  etc. ;  it  corresponds  to  exactly 

flie  same  serpentine  line  f+  IP  —  Z>—  +  ljasthe  function  of 

the  sine,  but  it  is  always  a  distance  ^  ^  =  l^STOS  behind  or  in 
front  of  the  curve  of  the  sine. 

The  curves,  corresponding  to  the  function  of  the  tangent  or  co- 
tangent^y  =  tang,  a  and  y  =  cotang,  x,  are,  however,  of  an  entirely 
different  form. 

If  we  substitute  in  y  =  tang.  «,  a?  =  0,  |  tt,  ^  tt,  we  obtain  y  =  0, 
1,  00 ,  and  therefore  a  curve  (A  Q  E)  which  approaches  more  and 
more,  without  ever  attaining  it,  a  line  parallel  lo  the  axis  of  ordi- 

nates  A  T^  and  cutting  the  axis  of  abscissas  ^  JT  at  a  distance 


TT 


from  the  origin  of  the  co-ordinates.    Now  if  we  put  ^  =«,  ?r,  |  ^i 

At 

m 

we  obtain  y  =  —  oo,  0,  +  oo,  and  therefore  a  curve  {F  n  (?),  which 

continually  approaches  the  parallel  hues,  passing  through  (^  j  and 

( j  ^),  and  for  which  these  parallel  lines  are  asymptotes.     (See 
Art.  11.) 

If  we  mcrease  x  still  more,  the  same  values  of  y  are  repeated, 
and  therefore  the  function  y  =  tang,  x  corresponds  to  a  series  of 
carves  which  are  separated  from  each  other  in  ttie  direction  of  the 
axis  of  abscissas  by  a  distance  n  =  3,1416.    On  the  contrary,  the 

function  y  =  cot.  x  gives  for  a?  =  0,  j  5,  tt,  y  =  00, 1,  0,  —  00,  and 

therefore  corresponds  to  a  curve  IkQ-  l)  which  differs  from  the 

tangential  curve  only  by  its  position;  it  is  also  easy  to  perceive 

M—N\ 

ooneapond  to  this  function. 

While  the  curve  of  the  Sine  and  Cosine  forms  a  continuous, 
TinbToken  whole,  the  curve  of  the  Tangent  as  well  as  that  of  the 
Cotangent  is  formed  of  separate  branches ;  for  the  ordinates  for 
certain  values  of  x  change  from  positive  to  negative  infinity,  in 
consequence  of  which  the  curve  naturally  loses  its  continuity. 
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Abt.  35.    The  differentials  of  the  trigonometrical    lines  or 
functions  are  given  by  the  cousideraiiou  of  Fig,  34,  in  which 
0A  =  CP=CQ  =  l,tacA  P  =  x,FQ  =  dx, 
PM=8in.z,  C M  =  COS.  X,  A  S  =  tang,  z, 
<>  Q  =  N  Q  —  MP  !=  ain.  {x  +  d  x)  —  sin.  x  —  d  sin.  as, 
OP  =  -  {CN-CM)  =-  COS.  {x  +  dx)+  cos.  x  =  -  d  cos.  x,  and 
J^J"  =  A  T-~  A  S=  tang,  {x  +  d  x)  -  ta^tg.  x  =  d  tang.  x. 

!  the  elementary  arc  P  ^  is  perpendicular  to  the  radina 
',  and  since  the  angle  P  C  A  between  the  two  lines  C  P  and 
is  eqoal  to  the  angle  P  Q  0  between  the  two  perpendicalar  to 
I,  />  C  and  0  e.  the  triangles  C P  MaaA  Q  P  0  are  similar, 
wo  have 

OQ       CM         dsin.x      eos.x     ^■ 

PQ  =  cp' ^=-  -Tx-  =  ~r' ^'•''"* 

d  (sin.  x)  =  COS.  x.  dx,  and  in  like  manner, 
OP      PM         ~  dcoB.x      sin,x     , 
PQ  =  CP'  ^-^  —I^-  =  ^X-'  ^^^"=« 
d  (cos.  x)  =  ~  siti.  X  d  X. 

We  see  from  this,  that  the  mflnence  of 
^°"  **  errors  in  the  arc  or  angle  npon  the  sine 

increases  as  cos.  x  becomes  greater,  or  as 
the  ore  or  angle  becomes  smaller,  while  on 
the  contrary  their  influence  upon  the  co- 
sine increases  as  sinp  x  becomes  greater, 

that  is,  the  more  the  arc  approathes  to  = , 

and  that  finally  the  differential  of  the  co^ 
sine  has  the  opposite  sign  from  that  of  the 
arc,  for  we  know  that  an  increase  of  x 
canses  a  decrease  of  cos.  x,  and  a  decrease 
of  a:  an  increase  of  cos.  x. 

Letting  fall  a  perpendicular  S  R  npon 
CTwe  form  a  triangle  S  R  T  which  is 
r  to  the  triMiglo  G P  M,  since  the  angle  R  TSis  equal  to 
N  01  C  P  M,  and  we  have 

8T      CP  d  tana,  x  1        v,  *.  -   i,    » -i=- 

,=-=  =  -pT-.-i,  I.E.  — 7i-^ —  =  — —  ;  hut  we  have  also 
SB       CM"  iSR  GOS.X 

8R      PQ  „„       CS.dx      - 

^=-^i.E.5i;=-~-and 
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C  8  =  secant,  x  — 1,  whence  S  R  ^ and 

COS*  X  COS.  X 

iiL)   rf  (te«ir. «)  =  (-— ji. 

If  instead  of  x  we  Bubstitute  s  ~  ^>  *^^  instead  otdx^d  [^  —  x\ 
r=  —  dXfVTQ  obtain 


dtang.Q-x)^.-  ''^ 


[cos.  g  -  ^)J 


—  ,  LEty 


IV.)    d  (cotang,  z)  =  -  j^^^. 

By  inrersion  this  fonnula  gives  for  the  differential  of  the  arc 

,         d  sin.  X  d  cos.  x       .         x,  ,  , 

rf  a;  = = : =  (cm.  xy  d  tang,  x 

COS.  X  stn.  X        ^        '  ^ 

=  —  {sin.  xy  d  cotang.  ar,  or 

,  d  sin.  X  d  tang,  x  „ 

Vl  -  (sin.  xY'     1  +  i^^^ff'  ^) 
^  _  d  COS.  X  d  cotang.  x 

Vl  -  {cos.  xy  1  +  {cotang.  xy 

If  we  desi^ate  stn.  x  by  y,  and  «  by  sin."^  y,  we  have 

V.)  dsinr'y^       ^V 


and  in  the  same  manner  wc  find 

dy 


VL)        d  «».- y  =  -  ^.  __, 
VII.)      d  tcmgr' y  =  ^^^ 

YIII.)    d  cotangr' y  -  -  Y^-Hf 

Abt.  36.  By  inversion  the  latter  differential  fonnuIflB  give 
I.)  /  COS.  x  dx  ^  sin.  ar, 

IL) .        / sin.  X dx  =  —  cos.  x, 

III.)         /  — r—  =  tang.  x. 
'        «/  cos.*x  ^    ' 

IV.)         /  -— ,—  =  —  cotang.  x, 

^  Sijiu-^  ff,  tang."^  y,  etc.,  designate  the  arc  whose  rine  is  y,  whose  tangent 
in  y.  etc. — ^Tb. 
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C      <^^  ■      .  .J 

/  — =  sin.     a;  =  —  «w.~  x,  and 

— — — -  =  tangr'  z  =  ~  coiarutr'  x. 

,,      ,  ,         ■,,,   ■      \    dmn-a:      cM.  x.f^z 

>m  the  sboTe,  since  we  have  a  (( «!».«)= — ; = r 

\         '      M7J. «  *tn.  X 

•.X  .  dx,W6  can  easily  deduce 
/  a>tg.  X  dx  =  I  sin.  x,  and  also 
/  tanf}.  xdx  =  —  I  cos.  x ;  fnither 

,  _  d  tang,  x  _  dx         _        dx        _  rf  (2  x) 

"  tang,  x  ~  cos.  ^  tang,  x  "  sin.  x  cos.  x  ~  tin.  3  ^ 

dx 
whence        d  (/  tang,  {x)  ~ ,— — zj  and 

r  dx        ,  ,       X 

^  1  a  b         .a(l~x)  +  b{l+z) 

w  putting  j^^  =  y^f^  +  p^  =  -^^-—^j^—^^  ... 

re  1  =  « (1  —  z)  +  S  (1  +x),  and  taking  1  +  a:  =  0,  or  ar  — 
e  obt^n  1  =a(l  +  1)  whence  a  =  ^,  and  putting  1  —  «  .=  0, 
1,  we  obtain  1  =  3  J  or  J  =  ^,  whence 

/  :j -J  =  J  I  /  ..-^..  ■  j,  and  in  like  manner 
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Putting  Vl  -f-  z*  =  ary,  we  have  1  +  a;'  =  a:'  y*  and 
dx{l  —  y')  =  xydy,  whence 


"  -^=*.!(H:-|H 


VT+x'  ~  l-y'~2 


^™-)     /ttt^ = ^  (=^ + ♦'1 + ^)' 


and  also 


dx 


/£?a; 
=— — ,- 

we  have  only  to  change  ^ into  a  series,  by  division,  and  then 

X    "T"    X 

integrate  each  member.    We  obtain  thns 
f i=  /  ^^^J  ^^dx-\-  J  x^dx—J  a;'daT+..*,  consequently 

0^         0^         X^ 

I.)       tangr^  x  =  x  —  -^r-  +  ~ ^^ —  ...  etc,  E.Q., 

o       o        7 

rr 

J- =  towflr.""' 1  =  1  —  j  4-  J— 44-i— ...,andthehalf  drcnmference 

whence  TT  =  6  Vi  (1  -  4+:iy-T8u  +  ...)  =  3,U15926.... 
In  the  same  manner  we  obtain  from 

^^-=^=  (1  -.  a:»)-t  =  1  +  1  a:»  +  I  a;*  +  /jic-  +  ... 
f—=^===Jdx+^Js^dx+iJ 

TT\  1  .   1  a:*  .  1.3  a*  ,  1.3.6  a:' 

II)        «n.-a:  =  a;  +  ^  +  ^-^  +  ^-^^-^  +  ..., 
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!  1,04167  J 
0,00070  i 
0,00012  ) 
at  sin.  X  =A,  +  A,x  +  A,^  +  A,3^  +  A,:^  +  ..., 
by  BUCOGSBiTe  dlfferentiafion 

i.x=  Ai  +  %A,z  +  3^,a:'  +4jJ,a:'  +  ... 
ain.x  =  %At  +  %.ZAtX  +  Z.iA^3?  + ... 
—  eos.x-=%.Z.A,-\-%.ZA.A^x-h... 
mn.a:  =  2.3.4.^4  +  ... 

=  0  wo  have  tin.  x  =  0,  and  cos.  a:  =  1,  therefore 
.  the  first  series  At  =  0,  from  the  second  A,  =  cos.  0 

third  At  =  0,  from  the  fonri;h  ^,  =  —  -s— q>  from 

),  etc    If  we  snbstitate  these  values  in  the  supposed 
the  series  of  the  sine  -  t 


Fhen  we  integrate  the  differential  formnla  d  (u  v) 

u,  of  Art.  8,  we  obtain  the  expression  u  v  =f  udv 

the  following  formula  for  integration : 

«  =  Mti  —  /  u  d  V,  or 

■)  df{x)  =  «  {x)f{x)  -//(*)  d  0  (X). 

IS  the  integration  by  parts. 

a  always  employed  if  the  integral  f  v  d  u  = 

is  not  known,  and  if,  on  the  contrary,  f  udv~ 
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//  (x)  d  ipz  is.    E.O.  By  means  of  this  formula  we  can  refer  the 
integration  of  the  formula, 

J y  =  Vl  +  ic*  .dx 

to  another  known  integral    We  must  substitute 

X  d  X 

0  (x)  =  VT+1?,  whence  di>{x)  =  "yy^^ 

and     / (x)  =  ar,  whence  df  {x)  =  dx,  then  we  have, 

/p   7^  d  X     - 
x"  1  +  a:'  1  , 1 


Vi+a:*        Vl+i^        4^m?  4/i+a:" 

whence  it  follows  that 

f  vrv^dx  =  xvr+ii?  -  f  VTT^dx  ^  fi^f^  ^' 

2 /l/TTS*  da:  ==  a.4/rT?  + /7=,> 
and  oonsequentlyy 

L)        fVTT^dx^^^x  i/TT^  +  1 /^^^=- 

=  jj  [a;  VTV^  +  Z  ( a:  +    VTT^)]. 
In  like  manner, 

IL)         f^^T^^dx^ixVr^^  +  ^f^^/=^ 

=  J  [a? i^l  —a;'  +  «tn.~'  a;],  and 

IIL)        /  V?3i  rfar  =  ^  a:  V?^^l  -  J  /"^-r^i 

=  ^  [a:  V?^  -  7  (x  +   i^*"^)]. 
We  haye  also 
/(«n. «)"  d x^/sin.  x  siru  x dx=  —fdn,  x d  (cos. x) = —sin. x cos.  x 
+/cos.  X  d  {sin.  a;)  =  —  sin.  x  cos,  x  +/  {cos.  a?)*  dx 
=i  ^  sin.x  COS.  X  +  /[I  —  {sin.  a?)']  d  x^ 

whence  it  follows  that 
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2 / (sin.  x)*  d x  =/  dx  ~  sin.  x cos. x,  and 
IV-)        /  (*"»■  «)'  (^  *  =  i  (x  —  sin.  zcos.x)  =  ^  {x  —  i  ain.  2  x). 

In  like  maimer 
V-)  /  {cos.xy  dx=}iix+sin.xcos.  x)=\  {x  +  ^  sin.  2  2^),  uid 

VI.)         /  aire.  X  co«.  a;  (?  a:  =  J  7'  8171-  2  a;  (?  (2  »)  =  —  J  «w.  8  i, 
VII.)       /  {tang,  x)'  dx  =  tang. x  —  x,  aad 
\'TII.)     /  (cotg.  xydx=  -  {cotg.  x  +  x). 

Finally  we  have 
IX,)         f  X  sin.  xdx=—xcos.x+/cos.xdx=~xcos.x+8in.x, 
X.)  /xe-dx  =  /xd(<f)=xe'~f^dx  =  (x-l)^, 

XI.)         flx.dx  =  xlx-fx^^  =  xilx-\),mA. 

XIL)       fxlx.dx=px-f':^'^  =  {lx-y~ 

Abt.  30.  If  we  wish  to  find  the  quadrature  of  a  curro,  AP  B, 
Fig.  36, 1.E.,  to  detenqino  or  express  by 
^^■85-  afunctionof  theabscisBaB  o  this  curre 

the  area  of  the  surface  ABC,  which 
ia  enclosed  by  the  cun-e  A  P  B  and 
its  co-ordinates  A  C  and  B  C,  we  im- 
agine this  surface  dirided  by  an  in- 
finite number  of  ordinatea  M  P,N  Q, 
etc,  into  elementary  strips,  like  M  A' 
P  Q,  with  the  constant  width  d  x,  and 
the  variable  length  M  P  —  y.  Since 
ire  can  pnt  the  u«a  of  sach  an  element  of  the  sur&ce 

dF=^  {^^^E3YmN=  {if  ■¥  ^.dy)dx  =  ydx 

ne  will  find  the  area  of  the  entire  snrfaec  by  integrating  the  differ- 
ential y  dx,  and  we  have 

F=fydx; 
B.O.,  for  the  parabola  whose  parameter  is  i>  we  have  y'  =  p  x,  and, 
therefore,  its  sur£ice 

F  =  J  Vpxd  X  =   ^  J   x'-  d  X  =— "•  -  =  Ix  Vpx  =  ^  x  y. 
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The  Burfiice  of  the  parabola  A  B  Cie  therefore  two-thirda  of 
the  rectangle  A  C  B  D  which  eacloBee  it. 

This  formtila  holds  good  also  for  oblique  co-ordinatee  inclined 
at  an  angle  X  A  Y  =  a,  E.Q.,  for  the  surface  ABC,  Fig.  36,  we 
liare  when  we  substitute  instead  of  £  C=  y  the  normal  distance 
li  N=y  tin.  a 

F=nn.afydx, 

E.O.,  for  the  parabola  when  the  axis  of  abscissas  J  Xis  a  diameter, 
and  the  axis  of  ordinates  AY  is  tangent  to  the  cur\-e,  we  have 

y*  =  y,  I  —  -^-f-.    (See  "  Ingenienr,"  page  177.) 
and  F  =  i  xy  sin.  a, 
i,K,  the  snrfece  A  B  C  =  i  parallelogram  A  B  CD. 


For  a  surface  B  C  d  Bi  =  F,  between  the  abscissa  ^C\  : 
and  A  C*=  c.  Fig,  37,  we  obtain,  according  to  Art  17, 


=/'j,s« 


to,  for  y  =  —, 


=  /■■ 


=  »■  (( e,  -  !  c), 


'(D- 


The  equation  -  corresponds  to  tJio  curve  P  Q,,  Fig.  38,  dis- 

in&sccl  in  Art.  3,  and  if  we  have  A  M  =  c  and  A  N  ^  c»  the  area 
..f  the  surface  M  N  QP\a 
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Fia.  S8.  If  we  snppoBe,  for  sunplicity, 

that  a  =  c  =  1,  and  c,  :=  x,  ve 
obtun 

F-lx; 

hence  the    surfaces  (1  'M  P  1), 

{^NQ  1),  et«.,  are  the  N^aperian 

logarithms  of  the  abecissag  A  M, 

I  AN,  eUi,    The  curve  itself  is  the 

p-X.^-i-        X  80-calIed  equilateral  hyperboH  in 

■^ — 2  "m   3  "^^     which  the  two  semi-ases  a  and  h 

are  equal;  hence  the  angle  formed 

ymptotes  with  the  axes  is  a  =  46° ;  and  the  right  lines 

A  Y,  which  approach  nearer  and  nearer  the  carve  with- 

attaining  it^  are  its  asymptotes.    In  consequence  of  the 

between  the  absciseas  and  the  area  of  the  snrbces,  the 

logarithms  are  often  styled  hyperbolic  logarithms. 

30.  We  can  put  every  integral  f  y  dx  =  /  <p  {x)  d -r 
equal  to  the  area  of  a  surface  F,  and  if  the  into- 

"'  gration  cannot  be  effected  by  means  of  one  of  the 

known  rules,  we  can  find  it,  at  least  approximately, 
by  calculating  the  area  of  the  corresponding 
surface  by  means  of  a  well-known  geometrical 
device. 

If  a  surface  A  3  P  Q  N^,  Fig.  39,  is  deter- 
mined by  the  base  A  N  =  x,  and  by  three  equi- 
distant ordinates  AB  =  y„MP  =  yi,}fQ 
=  yt,  we  have  the  area  of  the  trapezoid 

ABQN=F,={y,^y,)l^ 

of  the  segment  B  P  Q  8  B,  ^  va  consider  B  P  Q 
irabola 

PS.BB  =  l  (MP  -  MS)  .AN=iU-  ^^^)  '■ 

I  the  entire  sarfhce  is 
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=  [J(yo  +  y,)  +fy,]a;  =  (yo  +  4y,  +yt).^. 

If  we  introduce  in  the  equation  a  mean  ordinate  y  and  put 
/'=  a?  y,  we  obtain 

^■"  6 

In  order  to  find  the  area  of  a  surface,  lying  above  a  given  base 
M  3r=  ar,  and  determined  by  an  uneven  number  of  ordinates 
y*y  ffiy  y»>  !/i'  '  •  y«>  by  which  it  is  divided  into  an  even  number 
of  equally  wide  strips,  we  have  only  to  make  repeated  application 


X 


of  this  rule.    The  width  of  a  strip  is  -,  and  the  area  of  the  first 

n 


Fig.  40. 


pair  of  strips  is 

_  yo  +  4  y,  +  y,  2x 


6 

•  n' 

of  the  second  pair 

_y«  +  4y,  4.y4 

2x 

6 

•  n' 

of  the  third  pair, 

y4  +  4y5  +  y« 
6 

2x    . 
— ,  etc. ; 

aud  the  area  of  the  first  six  strips,  or  of  the  first  three  pair,  fvr 
which  n  =  6,  is 

J^=  (yo  +  4  y,  +  2  y,  +  4  y,  +  2  y*  +  4y,  +  y.)  ~ 

[y,  4-  y.  +  4  (y,  +  y,  +  yj)  +  2  (y,  +  y*)]  ~  ; 

it  is  easy  to  perceive  that  the  area  of  a  surface  divided  in  four  pair 
of  strips  is 

^=  Oo  +  ya  +  4(y,  -^yM  +  Vi-^yi)-^^  (y«  +  y4  +  y.)]  3^, 

and  in  general,  for  a  surface  divided  in  n  strips,  we  have 


P=  [yfl+  y.+  4  (yi+  y»+ .-  +  y„-.,)  +  2  (y,  +  y4  +  -  +y„-,)  ] 


X 
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e  mean  altitnde  of  aoch  a  Borfiice  ia 

+  y.  +  *  (y.  +  y.  +  -  +  y-.)  +  2  (y.  +  y.  +  -^  +  y.^) 

3n 
ch  n  must  be  an  even  Bamber. 

is  formula,  well  known  under  the  name  of  Simpson's  BuK 
[ngenienr,"  page  190),  can  be  employed  for  the  determinti>- 

aa  integral  /  ydx=  f  ^{x)dx,  if  we  divide  x  =  c,  —  c 
i  even  number  n  of  equal  parte,  and  calculate  the  ordinate 
=  *  (c),y.  =  0  (<5  +  1),  y,  =  0  (c  +  -^), 

',  =  i>\c  +  -^j...uptoy,  =  <t>{x), 
sn  subetitnte  these  values  in  the  formula 

iar=   /  '^{x)dx 


'^dx  1 

- —  gives,  since  here  c,— c=3— l=landy=^(a:)  =  -, 


:j  =0,7600, 

=5=0,6666,  y,=j^=0,6000,  y,=:i^=0,5454,  and  y,=0,500(i 

a  li- 

re 

f  y,  =  1,5000,  yi  +  y»  +  yi  =  2,0693,  and  y,  +  y,  =  1,3500, 
have  the  required  integral 

''-{1,5000+4 . 2,0692+a  .  1,3500) .  yg=l?!|^=0,69315. 

m  Art  32,  III,  we  have 

/*—  =IZ~11=  0,693147. 

•/I       X 

see  that  the  results  of  the  two  methods  agree  yery  well. 


CDE 
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Abt.  31 .  Further  on,  another  rule  will  be  given  which  can  k* 

employed  for  an  uneven  number 
of  strips.  If  we  treat  a  very  flat 
segment  A  MB,  Fig  41,  as  a  seg- 
ment of  a  parabola^  we  have  from 
Aii.  29  the  area  of  the  same, 

F=  lAB.MDy 
or,  if  ^  ^and  -B  7"  are  the  tan- 
gents at  the  ends  A  and  B,  and  therefore  GT^^GMyyi^  have 

^  "■  S  • 2 =  8  of  the  isosceles  triangle  A  8  B  of  the  same 

height,  and  therefore  =  jAC.C8=i  AC^  tang.  8  A  C. 

The  angle /S^  C=:8BCiB:=:TAC+TAS:=TBC- 
TB  8;  putting  the  smaU  angles  TA  8md  TB  8,  equal  to  eacJi 
other,  we  obtain  for  the  same 

SA  O^TAC-\-  '^^^-TAC  ^  TAO+TBC  _  d  +  e 

2  2  -     2    ^ 

wiien  we  denote  the  tangential  angles  T^  Cand  T^  Cby  d  and  ^ 
Nowsince  ^  0^=^  (7=  i  ^  ^  =  A  the  chord*, we  have 

This  formula  can  be  employed  for  the  portion  of   sur&ce 

M  A  B  Ny  Pig.  42,  whose  tangential 
angles  TAD  =  aB,ndTBE=:P 
are  given  ;  putting  the  angle  formed 
by  the  chord  BAD-ABE^  a, 
we  have 

TAB^d^zTAD-^  BAD 
-=  a  •-  o  and 

TBA=.B  =  AB  E-'  TBE 

=  a  —  p^  whence 
cJ  +  e  =  o  -^  ft 

and  the  segment  over  A  B 
a  —  0] 


Fig.  42. 


F=z  I  s*  tang,  i 
^r,  since  a  —/S  is  small, 


') 


P=  (.tang,  (a-p)  =  «•  /  to«y- «  -  te«g- /?  \ 
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or  since  a  and  fi  differ  bat  little  from  each  other,  and  therefore  we 
can  substitute  in  tanff.  a  tang.  f3  instead  of  a  and  /3  the  mean  .valtie 
a,  we  liave 

^=  A^'-^^rri^^^  ^  ^  *'  cos: a  (tang. a ~  tang,  li), 
and  BQbetitntiag  for  8  coa.  o  the  base  M  N  =  x, 
■P  =  j2  (tons'- "  -  tatig.0), 

therefore  the  area  of  the  entire  portion  of  snr&ce  M  A  B  N,  when 
iji  and  y,  deeignata  iU  ordinates  MA  and  N B,  is 

■f".  =  (y.  +  y.)  I  +  (tons',  a  -  iwng.  P)  1^. 

If  another  portion  of  the  surface  2^B  CO  adjoins  the  first  and 
lias  a  base  N  0  =  x,  and  the  ordinates  B  N  and  C  0  =  tf,  and 
y„  and  the  tangential  angles  8 B F  =  0  and  S G G  =y,we  hate 
for  the  area  of  the  same 


■f*  =  (yi  +  yi)  5  +  (tony.  0  —  tanff.  y) 


12- 


and  therefore  for  the  whole  surface,  since— ton^.  j3  cancels +/an^.  ft 

F=  F,  +  Ft  =  (i  yo+  y,  +  ^y,)  a;  +  {tang.a  -  teTyf-y)  ^ 

For  a  surface  composed  of  strips  of  lihe  width  we  haTc,  when  a 
ia  rtwi  tnngential  angle  at  the  commencement  and  rf  at  the  end, 

1  y.  +  yi  +  yi+  hyi)^  +  {tang,  a  -  t^ng.  6)  — , 

;eneral  for  a  portion  of  surface,  determined  by  the  abeciesas 

— ...  a:,  and  by  the  ordinates  y,  y„  yt.,.y„  and  by  the 

al  angles  a,  and  a.  of  the  ends, 

^=(iy.  +  y.+  y.  +  -  +  y^.+  k  y.)^ 

[ntegral 

f^*  ydx=j\{x)dx 

-=  (3  y«  +  yi  +  y.  +  ■  ■  ■  +  y-i  +  i  y.)  ^ 

+  T^  (tofy/.  a  -  ton^.o,)  ^ly 
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can  be  found  by  putting  x  =  d  --  Cy  calcnlating  the  yatues 
.      yo  =  <P{c),yi  =(t>{c  +  |),y,  =  ^(c  +  -^), 

cl  if 

aa  well  as  tang,  a  =  j^=  ^  (a;)= ^  (c)  and  tang.  o,=  V  (^i)>  and  sub- 
stitnting  them  in  the  equation. 

E.G^  for    /   — we  haTe«  if  we  take  n  =  6,  since 

J\       X 

x  =  Ci  — 6=2  —  1  andy  =  ^  (a:)  =  -, 


,       .        dy      d  (arM  1 

also,  Binoe  ^  =  — ^ — '-  = r> 

dx         dx  a;" 

^;iy.  c  =  —  I  =  —  1  and  tang.p  =  —  (-)=—  |,  and  therefore 


=  i?l|?i  -  I .  T2  •  Iff  =  0,69487  -  0,00173  =  0,69314. 
(Compare  the  example  of  the  last  article.) 

Abt.  33.  To  rectify  a  curve,  or  from  its  equation  y=f{x)  be- 
tween the  co-ordinates  A  M  =  x  and  MP  =  y^  Pig.  43,  to  deduce 
im  equation  between  the  arc  ^  P  =  «  and  one  or  other  of  the 
co-ordinates,  we  determine  the  differential  of  the  arc  -4  P  of  the 
(^nrre,  and  then  we  seek  its  integral  If  a;  be  increased  by  a  quan- 
tity if  ^  =  P  5  =  rf  x,  y  is  increased  hj  R  Q  =  dy,  and  s  by 

the  element  P  Q  =  d  8,  and 


Fio.  48. 


M    N 


according  to  the  Theorem 
of  Pythagoras  we  have 

d8*=da^+dy^, 

d8=  Vd¥Tdy\ 
hence  the  arc  of  the  curve 
itself  is 
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£.a.,    for  Neil's  parabola  (see  Art  9^  Fig.  17),  whose  equation  is 
a  y=  x^ywe  have  2aydy=^dx'd  a:, whence 

,  Safdx      ,   ,    ,       9x*da^       9xda^ 

dy  =  -X and  dy  =  —. — i—^  =  — ^ y 

^        2  ay  ^         ^a*  y  4a' 

(9  x\ 
1  +  —\  d  X*,  hence 


In  order  to  find  the  necessary  constant,  we  make  8  begin  with  x 
and  yy  and  we  obtain 

0  =  /y  a  VV  +  Co7i.,  or  Cotu  =  —  /^  a 


.vnd        e=,Sa  [/(TT]-^)'  -  l] 


E.O.,  for  the  piece  A  P,  whose  abscissa  2;  =  a,  we  have 

«  =  3ft  «  [  ♦^(W  -  1]  =  1>736  a. 
Introducing  the  tangential  angle  Q  P  R  =  P  TM  =  a  (Pig. 
43)  we  have 

QB  =  P  Q,8in.QP  RandP  R  =  P  Qcas.QP  B, 
I.E.,      d  y  =  d  8  sin,  a  and  d  x  =  d  8  co8.  a, 

and  l)esides,  tew^.  a  =  ^-^  (see  Art  6), 

also,        sin.  a  =  ,  ^  and  cos.  a  =  -7- ;  and  finally, 

d  8  d  8  '' 

^  =    /  Vl  +  towflr." a  .dx  z=z    I    \  ^~  z=    I . 

«/  ^  «/    sin.  a       o    COS.  a 

If  the  equation  between  any  two  of  the  quantities  .r,  y,  s  and  a 
is  given,  we  can  find  the  equation  between  any  two  others. 

If,  E.Q.,  COS.  a  =  ,  we  have 

Vc'  +  8* 

dx  =  d 8  COS.  a  =  — ,  and 

Vc*  +  «' 

P    sds        .   r  2sd8       ,   rd  u     ,  /    .,  , 

*^     i^c'  +  8'        *^     i^cl  +  8'      ^     V'W      ^^' 

=   Vc^  +  «"  +  Const.,  and  if  .t  and  ,s  are  equal  to  zero  at  the 
same  time,  x  =  Vc^  +  «"  —  c. 


Abt. 


«    mr« 
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Abt.  SS«  A  right  line  perpendicular  to  the  tangent  P  T,  Fig. 
44;  is  also  normal  to  the  cunre  at  the  point  of  tangency,  for  the 


Fio.  44. 


tangent  gires  the  direction  of  the  curve  at  this  point 

The  portion  PKof  the  line  between  the  point  of  tangency  P 
and  the  axis  of  abscissas  is  called  simply  the  Nobmal,  and  the  pro- 
jection of  the  same  M  Kon  the  axis  of  abscissas  the  Subnobmal. 
We  have  for  the  latter,  since  the  angle  M  P  Ki&  equal  to  the  tan- 
(rential  angle  P  T  M  =  a^ 

M  K  =^  M  P  .  tang,  o, 

i.K^  the  subnormal  =  y  tariff,  a  =  y  — ?. 

Since  for  the  system  of  cui*ves  y  =  af",  tang.  a=z  m  af*~\  it  fol- 
lows that  the  subnonnal  i;^  =  m  x"* .  uf^^  =  m  a:**~*  =  — —.  and 

for  the  common  parabola,  whose  equation  is  y*  =  /?  x,  we  have  the 

P        P 
aiilmormal  =  y  ^—  =  ■-,  tliat  is  constant. 

^  2y       2 

If  to  a  second  point  Q,  infinitely  near  the  point  P,  we  draw 
another  normal  Q  C>  we  obtain  in  the  point  of  intersection  of 
these  two  lines  the  centre  C  of  a  circle  which  can  be  described 
through  the  points  of  tangency  P  and  Q.  It  is  called  the  circle  of 
f'nrvaturej  and  the  portions  C  P  and  C  Q  of  the  normals  are  radii 
•>f  this  circle,  or,  as  they  are  styled,  the  radii  of  curvature.  This 
circle  is  the  one  of  all  those,  which  can  be  made  to  pass  through  P 
:md  Qy  which  keeps  closest  to  the  element  P  Q  of  the  curve,  and 
Wo  can  therefore  assume  that  its  arc  P  Q  coincides  with  the  ele- 
ment P  Q  of  the  curve.    It  is  called  the  osculatory  circle. 

Denoting  the  radius  0  P  =  <7  ©  by  r,  the  arc  -4  P  of  curve  by 
«  or  its  element  P  Q  hj  d  s,  and  the  tangential  angle  or  arc  of 
Prjfby  a,and  its  element  S  UM-STM,  i.^.-^US  T-- 
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P  C  C  by  d  a,  we  have,  since  P  ^  =  (7  P  .  arc  of  the  angle  P  C  Q, 

d  8 
d8=—r  da, whence  the  radius  of  curvatures  r  =  — 


da 


Fio.  45. 


U 


T       A     a     V  O  K      " 

We  can  generally  determine  a  from  the  equation  of  the  co-ordi- 
nates by  putting  ting,  a  =  -j^. 


Now  d  tang,  a  = 


da  ^  d  X     . 

—  -z — ,  and  COS.  a  =  ^— ,  whence 
COS.*  a  da 

d  x' 


da  =z  co8.^ a .  d  tang,  a  =  ^—^  d  tang,  a  and 


ds'. 


d  s 


ds' 


f  and  for  a 


COS.*  a  d  tang,  a  d  x^  d  tang,  a 

^  ds       ^  ds* 

For  a  convex  curve  r  =  4-  -i—  =  +  —, — r-j~2 

da  d  x'  d  tang,  a 

point  of  inflexion  r  =  oo. 

For  the  co-ordinates  A  0  =  u  and  0  0  =  v  of  the  centre  C  of 
curvature,  we  have 
u=A  M-\-H  C=x+  C  P  sin.  C  P  H,  i.e.,  w=x  +  r  sin.  a,  and 
v=zO  C=M P-H P=y-C P COS.C P  Hy  i.e., v^y-r  cos.  a. 

The  continuous  line  formed 
by  the  centres  of  curvature  forms 
a  curve,  which  is  called  evolute 
of  A  Py  and  whose  course  is  de- 
termined by  the  co-ordinates  u 
and  V. 

If  the  ellipse  ADA,  D,,  Fig. 
:  46,  is  laid  upon  the  circle  A  B 
Ai  Biy  its  co-ordinates  C  M  ^  x 
and  M  Q  =  y  can  be  expressed 
by  means  of  the  central  angle 
P  (75  =  ^  of  the  circle.  We  have 
here 


Fia.46 

T 

I 
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X—  C P  sin.  GP  M—  C P  sin.  B  C P  =^  a  sin.  0,and 
tf  =  MQ  =  ~MP  =  -  OP  COS.  CPM=  bcos.(p. 

Prom  the  latter  we  obtain  dx  =  a  cos.  ((>  d (p  and  d y  =  —  h 
sin.  ^  d  0,  and  consequently  for  the  tangential  angle  of  the  ellipse 
QTX=  a 

.  dy  h  sin.  0  b  ,        j,      j  ^     x 

tana,  a  =  -~^  = -^  = ton^.  0,  and  fonts  com- 

•^  dx  acos.<p  a      ^  ^ 

plementary  angle  Q  T  C  =  a^  =z  180''—  a, 

tang,  a,  =  -  tang.  0  and  cotg.  ®i  =  r  co^ff'  0- 

Hence  the  subtangont  of  the  ellipse  is 
MT=  MQcotg.MTQ 

=  y  cotg.  a,  =  -^-  cotg.  ^  =  y,  cotg.  0, 

• 

when  yi  designates  the  ordinate  M  P  oi  the  circle.  Since  the  tan- 
gent P  T  io  the  latter  is  perpendicular  to  the  radius  C  P,  we  have 
also  P  TM—P  C  B=<(>,  and  therefore  the  subtangent  J/Tof  the 
same  is  also  =  MP  cotg.  MT  P=yi  cotg.  <t>. 

Therefore  the  two  points  of  the  ellipse  and  circle  which  have 
the  same  ordinate,  have  one  and  the  same  subtangent 

Farther,  for  an  elementary  arc  of  the  ellipse 

d s'^dx'^dy*^  (a*  co5.*0  +S'  sin.^  <t>)  d <t>\ 
and  the  differential  of  tang,  a, 

d  tana,  a  =  —  -  d  tang.  6  = J-, 

a  a  COS.*  <p 

whence  it  follows  that  the  radius  of  curvature  of  the  elUpse  is 

d  8*  (a^  cos.^  0  +  S'  sin.^  0)* 


d  x^  d  tang,  a  *       »  ^  b 

^  a'  cos.^  0 . -— 

a  cos.*(p 


_  (g*  COS.*  0  +  y  sin.''  0)S 
"~  ab 

RQ,  for  y  =  0,  LB.,  for  sin.  0  =  0,  and  cos.  0  =  1,  w€  have  the 
nuudmum  riKlius  of  curvature 
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and,  on  the  contrary,  for  0  =  90°,  le.,  for  sin.  0  =  1  and  cos.  0 
=  0,  the  minimum  radius  of  curvature 

-  A'  -  *! 
ab      a 

The  first  value  of  r  corresponds  to  the  point  i>,  and  the  last  to 
the  point  Ay  and  both  are  determined  by  the  portions  of  the.  axes 
CL  and  CX,  which  are  cut  oflf  by  the  perpendiculars  erected  upon 
the  chord  ^i  Z>  at  its  ends  Ai  and  Z>. 

Abt.  34.  lilany  functions,  which  occur  in  practice,  are  com- 
posed of  the  various  functions  which  we  have  already  studied, 
such  as 

y  =  af*,  y  =  «•,  and  y  =  sin,  a:,  y  =  cos.  x,  etc. ; 

and  it  is  easy,  with  the  assistance  of  the  foregoing  rules,  to  deter- 
mine their  properties,  such  as  the  position  of  their  tangentef,  their 
quadrature,  their  radius  of  curvature,  etc.,  as  well  as  to  construct 
the  curves,  as  is  shown  by  the  following  examples : 

For  the  curve,  whose  equation  is  y  =  a:'  ( 1  —  q)  =  .r*  —  J  ir", 

wc  have  dy  =  2xdx'-'a^dx, 

whence  tang,  a  =  2  x  —  of  =  x  {2  —  x). 

Since  this  tangent  becomes  =  0  for  a;  =  0  and  x  =  2,  its  direction 
at  these  two  points  is  parallel  to  that  of  the  axis  of  abscissas. 

Farther,  d  tang.  a  =  2dx  —  2xdx  =  2{l--x)dxy 
whence  for  a;  =  0,  rf  tang,  a  =  +  2  d  x, 

and  for  x  =:  2,  d  tang,  a  =  —  2  d  x, 

and  therefore  the  ordinate  of  the  first  point  is  a  minimum,  and  that 
of  the  second  point  a  maximum.  If  we  put  d  tar^.  a  =  0,  we  ob- 
tain a;  =  1  and  y  =  J,  the  co-ordinates  of  a  point  of  inflexion  in 
which  the  concave  portion  of  the  curve  joins  the  convex. 

Farther,  for  an  element  d  s  oi  the  curve  we  have 
rf  «•  =  (Z  a;'  +  d  y*  =  J  a;'  H-  a;'  (2  -  xy  rf  a:'  =  [1  +  a;'  (2-a;)']  dT\ 
whence  the  radius  of  curvature  is 

=  _         rfg'  _  _  [1  -f  a;'  (2  -  xy]\  ^ 

do?  d  tang  a  ""  2  (1  —  a:) 

•— 1  28 

E.O.,  for  a;  =  0  we  have  r  =  -^r-  =  —  A,  for  a:  =  1,  r  =  —  ^  =  od» 

A  0 

for  a:  =  2,  r  =  ^  =  +  ^,  and  for  a;=3,  t-\.  10f=  +  7,906. 
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-Tbe  corresponding  corre  is  shown  in  Fig.  47,  in  which  A  is  the 
origin  and  XJ^,  YY  the 
axes  of  co-ordinates.  The 
pnrahola  B  A  B»  which  ex- 
tends symmetrically  npon 
hoth  sides  of  the  axis  of  A  Y, 
represents  the  first  part  yi=3^ 
of  the  equation,  and,  on  the 
contrary,  the  curve  CA  C„ 
which  npon  the  right-hand 
side  of  Y  1^  descends  below 
XX,  and  on  the  left-hand 
side  rises  above  it,  and  thus 
diverges  more  and  more  from 
the  aiis  XX,  as  i^  increases 
its  distance  from  Y  Y,  cor- 
responds to  tbe  second  part 

y.  =  -  i  ^■ 

Id  order  to  find  for  a  given 
abscissa  x,  the  corresponding 
point  of  the  curve  y  =  z'  — 
\  i",  we  have  but  to  add  alge- 
braically the  corresponding 
ordinates  of  the  first  two 
curves ;  E.G,  since  for  a;  =  1 
we  have  yi  =  \  and  y,  =  —  J, 
it  follows  that  the  correspond- 
ing ordinate  of  tlie  point  W 
is  y  =  y,  +  y,  =  1  -  i  =  f ; 
farther,  for  x  =  2  we  have 
y,  =  i,  and  y,  =  —  5,  and 
bencc  tbe  co-ordinate  of  the 
.  point  i/"  is  y  =  4  —  5  =  J. 
In  the  same  way  x  =  3  gives 
y  =  y,  +  y,  =  9-9  =  0;a-- 

4,y  =  i6--v  =  --V;-r  = 

1,  y  =  1  +  ^  =  I ;  a;  =  ~  2,  y  =  4  +  J  =  'j't  ete,  and  we  per- 
i*^ive  tliat  the  curve  from  A  towards  the  right  has  the  form  A  W 
■V  KL,  and  that  in  the  beginning  it  runs  above  the  abscissa  A  K 
=  3,  but  from  that  point  it  extends  to  infinity  below  the  axis 
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Iiatfrom  A  towards  the  left  it  forma  but  one  braocb 
which  rises  to  infinity.  From  what  precedes  we  ax- 
point  of  inflexion,  and  M  a  point  of  the  carve  whoiv 
is  a  maximatn.  While  the  curve  has  in  A  and  Jf  the 
XX,m  ITitrises  atan  angle  of  45°, for  we  have  for 
•.ng.  a  =  X  {Z  —  x)  =  1;  on  the  contrary,  the  angle  of 
at  if,  is  tang,  o  =  —  3,  consequently  a  is  =  71°  34', 
uadrature  of  the  curve  is  given  by  tlie  integnil 

d  X  =  J {x"-  \  7?)  dx  =  J'x"  d  X  -  \  J'x'  d  X 

12        3  \  4/- 

,  we  have  for  the  area  of  the  portion  of  euriacB 
ibove  AK=Z 

.-|)  =  |. 

contrary  the  arcs  of  the  portion  of  surface  3  i  4  below 
34  is 

i-j)-f  a-i)  =  «-i  =  -!- 

to  find  the  lengtli  of  a  portion  of  the  curve,  eo,^  W  M- 

s  =  y  fl  +3;"  (^-xydx  =  y  '<l>{x)dx, 
the  method  of  integration  explained  in  Art.  30.    Hen' 
nd  C]  =  3,  and  taking  «  =  4  we  have  d  x  --    ' 

'i,  then  substituting  successively  the  values  0,  i,  1,  |  and 
the  fonction  ^  (x)  =  Vl  +  if  (i- x}\  wo  obtain  the 

=1.  0  0)=  *'1+7b=J.*  (1)=  ♦'1^=  ♦^=Mi4..- 

f/5=J  and  0  {2)=  *^i=l, 

re  the  length  of  the  arc  A  ITJfis 

=  (^  (0)  +  4  0  (J)+3  0  (l)  +  4  «  (?)  +  *(2))  f^ 

=  (1+5+3,888  +  5  +  1). i  =  2,471. 
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By  means  of  the  curve  y=a;'  1 1  —  ^  1  we  can  easily  determine  the 

course  of  the  curve  y=aj  y  1— «  by  extracting  the  square  roots  of 

the  values  of  the  co-ordinates  of  the  first,  which  give  the  corre- 
sponding co-ordinates  of  the  latter.  But  since  the  square  root 
of  n^ative  quantities  are  imaginary,  this  curve  docs  not  continue 
beyond  the  point  K  to  the  right ;  and  since  every  square  root  of  a 
positive  number  gives  two  values,  equal  and  with  opposite  signs, 
Hie  new  curve  (//)  runs  in  two  symmetrical  branches  Q  A  M  K 
and  Qi  A  Ml  K  on  both  sides  of  the  axis  of  abscissas. 

Art.  3S.  When  the  quotient  y  =  y~— ^  of  two  functions  ^  (x) 

and  t/;  {x)  takes  the  indeterminate  form  of  ^  for  a  ceri;ain  value  a 

x*  —  o* 
of  Xy  which  always  occurs  when,  as  E.G.,  in  y  = ,  the  numer- 

X  *~~  u 

ator  and  denominator  of  a  fraction  have  a  common  factor  x  —  a, 
M'e  can  find  the  real  value  of  the  same  by  differentiating  the  nu- 
memtor  and  denominator. 

If  a:  is  increased  by  d  z,  and  y  by  the  corresponding  element 
fl  y,  we  have 

«  +  rf-,--li?LLilif)  hutfora;-a 

(p  (x)  =  0  and  V  (x)  =  0,  whence 
,         d  <t>  (x) 

bat  since  d  yis  infinitely  small  in  comparison  to  y,  we  have 

_  ^(x)  __  d<l>{x)  _  <t>i  (x) 
^       i>{x)       drp{x)       ipi{xY 

in  \rhich  ^,  (x)  and  rpi  (x)  designate  the  differential  quotients  of 
<*  (t)  and  rl>  (x). 

If  y  =  x7-\>  is  also  =  ^r,  we  can  diflfercntiate  it  anew,  and  put 

_  d  01  (a-)  _  <t>^{x) 

In  the  same  way  the  indeterminate  expressions  y  =  -^  and 
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,  etc.,  can  be  treated,  for  oo  =  ^  whence  -^  and  0  x  cc 
,      0 

-5a^-ila^  +  UX-4:  "^^efiforz  -  2,  y  -  q- 
this  we  can  pnt 

_  d{3  3^-7x'-,Sz  +  Z0)   _    9  a:*  -  14  a;  -  8 
"  (/  (5  z"  -  21  IT*  +  24  a:  -  4)       16  a:"  -  42  a;  +  24' 

6r  a:  —  2  giTee  again  ?  =  »>  &Qd  ^^  can  again  pat 

d(9a^  ~lix~8)    _l%x~U  _    9a:-77     _  H 
d(15a^-42a:  +  24)  ~30x-48       15  x  -  21         9" 
factor  {x  —  2)  is  really  coQiained  twice  in  the  nuineratur, 
ce  in  tlie  denominator.    If  we  divide  both  by  a:  —  2,  we 


Sx"  - 


-  10 


'    '  6  I-  -  11  it  +  2' 

iding  Uie  last  again  by  (x  -  3) 

3i  +  6 

br»!  =  SgiYMy  =  ". 

have  «l»o  for  y  =  ''~  "^j*' ~  ' 

when  2 

=  0 

0 

»   i  (a  -  t'o'  -  «  =  -  i  to' 

-»)!  = 

Ji 

3! 

f?- 

-  « 

1 

"^                      "-/.--» 

y=  ^,_^_,for*-l,giTe.j,- 

0 

c 

dlx-  — andt/Vl  -  ^  = 

-dx 

3/1- 

"J 

i  follow,  that  y=  -iH-TLi 

_8.0 

=  0. 
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-re       11  1  —  ^'W-  ^  -H  COS.  X        ,  ^  TT  ,_  ... 

FinaUy.y=_^^^.^^^^^gXTeBfor:r  =  ^(90') 

y  ^  ^  ^    ,  «i -R  =  K>  we  have  therefore 

rf  (1  —  «m.  a;  +  cos.  x)       —  co«.  x  —  «».  ;c 
^       d(—  1  +  Mna;  +  e^^.a;)         cos.  x  —  «tw.  a; 


0-1 


=  1. 


Abt.  36*  When,  for  a  function  y  =  ai^  +  i3vya  series  of 
corresponding  yalnes  of  the  yaiiables  u^  v  and  y  has  been  deter- 
mined by  observation  or  measurement,  we  can  require  the  yalues 
of  the  constants  a  and  j3  which  are  the  freest  from  accidental  or 
irregular  errors  of  observation  and  measurcment,  and  which 
express  most  exactly  the  relation  between  the  quantities  Uy  v  and 
y,  of  which  u  and  v  are  known  functions  of  one  and  the  same 
Tariable,  ^  Of  all  the  methods  that  can  be  employed  for  the 
resolution  of  this  problem,  le.,  for.  the  determination  of  the  most 
possible,  or  the  most  probably  correct,  values  of  the  constants,  the 
method  of  the  least  squares  is  the  most  general,  and  rests  upon  the 
most  scientific  basis. 

If  the  results  of  the  observations  corresponding  to  the  func- 
tion y  =z  an  +  ^v are, 

u^vt,y% 
thiVi^y^ 


we  have  the  following  values  for  the  errors  of  observation,  and  for 
^ir  corresponding  squares. 

ar,  =  y,  —  (a  M,  +  /J  v,) 


«.  =  y»  -  (a  w,  +  /5  V.) 
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=y,'-  a  ffl  «, y,-8  i3 1; y, +a'  w," +3  o  fJ  w,  v,  +  p'  v,* 
=yC  -  2  a.M,  y,-2  /J  r,  y,+o' «,' +2  a  3  w,  v,  +  jS" «,' 


,'=y.'~8a«,y.-2)3v.(/.+o'M.*+ao/3M,r,+/ri',*| 

>loyiDg  the  sigii  of  eummation  £  to*  denote  the  EQm  of 
ea  of  the  some  kind,  y*  +  y*  +  y,'+  . . ,  +  y,'  =  2  {y'), 
V,  y,  +  f,  y,  +  . . .  +  i>,  y.  =  2  (r  y),  etc.,  wo  have  for  the 
the  squares  of  the  errors 

!;')  =  S  (y')  -  S  a  2  {«  y)  -  2  3  S  (v  y)  +  o'  S  («') 
+  2aj32{«ii)  4-/3*2  {v'). 

lis  equation,  besides  the  sum  of  the  sqaares  of  the  errors 
rhich  is  to  be  considered  as  the  dependent  variable,  onlj 
3  are  unknown.  The  method  of  the  smallest  squares 
us  to  choose  such  values  for  a  and  /3  as  shall  cause  £  (f) 
i  minimum ;  and  therefore  we  must  differentiate  the 
I  2  (a'),  which  we  have  obtained,  once  in  reference  to  a 
»  in  reference  to  ft  and  put  each  differential  quotient 
)  thus  obtained  by  itself  equal  to  zero.  In  this  way  we 
he  following  equations  of  condition  for  o  and  ft 

-  2  (w  y)  +  o  2  (k')  +  /3  2  {w  r)  =  0, 

-  S  (i>  y)  +  3  2  (i.')  +  o  2  («  r)  =  0, 
living  these  we  have 

.  I  (»■)£(«  y) -;:(»»)  I  (■■  31)       , 
"  S  (»•)  I  («•)  -  2  (»  «)  I  (»  »)' 

k)  formulas  give  for  a  fanction  y  =  a  +  II  v,  since  here 
md  X  («  »)  =  £  (»),  S  (o  j)  =  J  (y),  and  X  («')  =  1+1 
. . .  =  n,  I.E.,  the  number  of  equations  or  observations, 
^  XWXte)-XWX(.y) 
»X(i,')-X(.)X(.)    ' 
_  «S(..y)-XWX(y) 
"       »  X  (»•)  -  X  (»)  X  (oj ' 
flie  still  simpler  funption  y  =  8  t;m  which  a  =  0, wo  have 
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imd,  finally,  for  the  most  simple  case  y  =  a,  where  we  have  to  de- 
termine the  most  probable  yaluc  of  a  single  quantity, 

n 

that  is  the  arifchmetical  mean  of  all  the  values  found  by  measure- 
ment  or  by  observation. 

EzAMFLs. — In  order  to  dlscoyer  the  law  of  a  uniforml  j  accelerated  mo- 
tloD,  I.K.,  the  initial  velocity  e  and  the  acceleration  p,  we  have  measured 
the  di£fexent  times  t^yt^yt^^  etc.,  and  the  corresponding  spaees  «i,  tg,  «,, 
etc.,  described,  and  have  found  the  following  results. 


Times  .  .  . 

o 

I 

3 

s 

7 

ID  sec.  ' 

Spaces .  .  . 

o 

•s 

20 

38 

loi  feet. 

Now  if  s  =:  et  +  '^  is  the  fundamental  law  of  this  motion,  we  are  re- 
quired to  determine  the  constants  c  and  p.  Putting  in  the  foregoing  for- 
mulaa  «  =  f ,  and  v  =t*,  and  also  a  =  e,  p  =  ~  and  y  =  <,  wcr  ohtaia  for 
the  calculation  of  e  and  p  the  following  formulas : 

2  («")  2  («*)  -  S  (t»)  S  (t*) 

2r~   2  («')  2  (<•)  —  2  («»)  2  (*•} ' 

from  which  the  following  calculations  can  be  made, 


i 

i 

f 

f 

/• 

s 

$  t 

sC 

I 

1 

I 

I 

5 

5 

5 

;   3 

9 

27 

81 

20 

60 

180 

5 

2S 

"5 

625 

38 

190 

950 

7 

49 

343 

2401 

58-5 

409.5 

2866.5 

10 

100 

1000 

1 0000 

lOI 

lOIO 

10x00 

1 

1  Sum 

184 
=S  (f ) 

1496 

13 108 
=2(0 

222.5 

=S(*) 

• 

1674.5 

I4I0IJ 
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irMcli  we  obtain 
18108  .  1674,S  — 


65840 
'  17886  ~ 


134  .  18108  -  use  .  1496       ~  173860 
ice  the  forafula  for  the  obserred  moTeiuent  ia 

$  =  4,S08  t  +  0,S105  P, 
n>m  tbb  fonnuU  we  bsve 


=  0,fil66  ftet. 


the  times . 

. 

3 

5 

7 

lo  sec. 

the  spaces 

» 

s« 

■9-3' 

37-43 

59-6* 

100.63  fe*'{ 

If  we  conmder  the  timei 
(Q  aa  abedBBas,  and  lay  off 
the   calculated  as    well    aS 
the  observed  spaces   (•}  u 
ordinatea,  ve    can  draw  a 
CDire  through  the  extrem- 
ities of  the  calculated  ordi- 
natea, which  will  paas  be- 
tween the  points  M,  If,  O,  P, 
Q,  detennined   by  the  ob- 
served co-ordinates,  so  Uiat 
the  sum  of  the  gqnares  of  tlie 
deviation  of  the  curve  from 
these  points  shall  be  as  small 
as  poBvble. 
Lbt.  S7>  If  we  have  no  formala  for  the  succesBive  TOlnes  of  a 
quantity  y,  or  for  its  dependence 
upon  another  quanti^  x,  and  we 
wish  to  determine  its  value  for  a 
given  value  of  x,  detennined  ty 
eiperiment,  or  token  from  a  table, 
we  employ  the  so-called  method 
of  interpolation,  of  which  only 
the  most  important  part  will  he 
given  here. 

If  the  abBciseas  A  Mt  —  x« 
A  M,  =  X,  md  A  M,  =  Xt,  Fig. 
49,  and  the  correBponding  ordi- 
natea Jf,  Pt  =  I/O,  Ml  P,  =  y„ 
Mt  Pt  =  Si  toe  given,  we  can 


Fio.  49. 
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express  the  ordinate  MP=y,  corresponding  to  the  new  abscissa^  M 
=^,  by  the  formula  y=a+P  a: +7  2:',  provided  three  giyen  points  P©, 
P„  P„  lie  nearly  in  a  straight  line  or  in  a  slightly  curved  arc  If  wt* 
change  the  origin  of  co-ordinates  from  A  to  M^,  the  generality  of 
the  expression  will  not  be  affected,  and  we  obtain  for  a;  =  0  simply 
9  =  a,  and  consequently  the  constant  member  a  :=  y^  Substi- 
tuting in  the  supposed  equation^  in  the  first  place  Xi  and  pi,  and 
then  in  the  second  place  x^  and  y^,  we  obtain  the  two  following 
equations  of  condition, 

yi  -  yo  =  P^i  +  r  a^i',  and 
y«  —  yo  =  /3  if,  +  7  x,%  hence 

X\  Xf     ""~  Xi^  iCj 

_  dfi  -  yo)  ^«  -  (y>  -  yo)  an 

37|    ^1  ^  Xg    Xi 

from  which  we  have 

y=y  +  /(yi-yo)^»'-(y«-yo)^A  ^  ^  /(yi~yo)a:,-(y>-yo)arA  ^ 

^    ^*     V  x^xi—x^x^  I        \         x^x^—x^x^         ) 

If  the  ordinate  yi  lies  midway  between  y©  and  y„  we  have  x.2  = 
2  Xi,  and  therefore  more  simply 

If  but  two  pair  of  co-ordinates  x^,  y,,  and  a:,,  yi  are  given,  we 
must  regard  the  limiting  line  jP,  P,  as  a  straight  line,  and  conse- 
qaentlyput  y  =  yo  +  /3  a; 

and  }fi-yo  +  P  a:,, 

whence  we  have  /3  =  Ul.^h.  and 

x^ 

When  it  is  required  to  interpolate  by  construction  between 
three  ordinates  y„  y„  y,  a  fourth  ordinate  y,  we  draw,  through  the 
ettremities  P^  Pi,  P,  of  these  ordinates  a  circle,  and  take  y  =  to 
the  ordinate  of  the  same.  The  centre  C  of  the  circle  is  determined 
^  the  usual  way  by  joining  the  points  P.  Pi  Pi  by  straight  lines 
and  erecting  perpendiculars  at  the  middle  points  of  the  chords. 
The  point  of  intersection  C  of  the  perpendiculars  is  the  required 
centre. 

K  the  distances  of  the  middle  point  P,  from  the  two  others  P. 
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and  Pi^  are  s^  and  St^  and  the  distance  Pi  K  of  the  point  P  from  tl 
chord  P,  P,  =  «j  =  A,  we  have  for  the  angle  at  the  periphe] 
a  =  Pi  P,  P,  =  jj  the  angle  at  the  centre  Pi  C  P, 

A  • 

and  Gonseqnently  the  radius  of  curvatore  OP  =  CP^  =z  C  JPt- 

2  8%n.  a  2  A  ' 
consequently  we  find  the  centre  C7of  the  circle  passing  through  tb 
points  P„  P„  P„  by  describing  from  P,  or  Pi  or  Pi  with  a  radic 
equal  to  the  value  of  r,  calculated  by  means  of  this  formula^  an  ai 
whose  intersection  with  the  perpendicular  to  the  chord  P,  JP^  erecte 
at  its  centre  j9  is  the  required  point 

Art.  38.  The  mean  of  all  the  ordinates  upon  the  line  M^  Mt  i 
the  altitude  of  a  rectangle  M^  if,  Nt  JV,  with  the  same  base  M^  M 
and  having  the  same  area  as  the  surfiEi^e  J/,  if,  P,  Pi  P^  and  cai 
therefore  easily  be  determined  from  this  surfiEUse.  According  t< 
Art  29  we  have 

F  =  J^^y  dx=:  J^*  (y,  -^  px  -^  yx^)dx 

-y^""'^  \      x,x,'^x,x,'      ;  T 

,  /(yi  -  yo)  a:>  -  (yi  -  y^)  ^i\  ^ 

\  X*  Xi  —  Xi*  Xi  /    3 

-L  .  (yi  -  y.) 'V      (y« - y.)(^^i "" ^^)U 

*^  V^'       6  X,  {X,  -  X,)  6  {x,  -  20        /  "^ 

~  V~2~ 7  "'^  "^  V  6  X,  {X,  -  iO  ^/      ' 

abd  consequently  the  mean  ordinate  is 

«  --.  -^^(y«  -^  y«)  ,  /(y»-yo)^«-(y«-yo)^»\^ 

If  y*^  y^"  were  =  ~,  the  boundary  would  be  a  right  line,  and 
wo  would  have  simply 

•ad  y-  =  ^^4^. 


lir.sa] 
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If  also  X,  =  2  x„  that  is,  if  yi  is  equidistant  between  y.  and 
«9  Td  hare 

P=  (y.  +  4  y,  +  yO  f  (see  Art  30),  and  y.  =??-tA|L±.y». 

If  a  surface  Jfo  Jf,  P,  P.,  Fig. 
60,  is  determined  by  four  co-or- 
dinates Jf,  P,  =  y^  Ml  Px  =  y„ 
Mi  P,  =  y»  i/i  P,  =  ya,  which 
are  equidistuit  from  one  an* 
other,  we  can  determine  approx- 
imately the  area  of  the  some  in 
the  following  simple  manner: 

Let  us  denote  by  art  the  base 
M^  Jf„  by  z^  Zi  Zt9  three  ordinates 
intercalated  between  y.  andy,, 
and  equidistant  from  each  other^ 


'^e  can  then  put  approximatively  the  sur£a<3e 


a:. 


Y.JGP,p,  =  p=(iy. +  z, +  z.  +  ««  +  ^y»)^;  but 

-2|+?s       2z^+2Zi^\^%Z^        2  Z^  +  Z^        2  Z^   -¥   Zt        , 

—  —  _  -}- _ ana 


6 


6 


,,,  .      2zi  +  Zi  „  2zt  +  Zt 

Jfi  =  «i  +  i  («i  —  Zi)  =  — ^ — ,  as  well  as  y,  =  - 


3 


ttence  it  follows  that  ?L±4±^  =  ^1+^!,  and 


X, 


^=Uya  +  i(yi  +  y*)  +  ^».]-j 


X. 


=  [y.  +  3  (y,  +  y,)  +  ya]  -^,  and  also 


8 


y-  = 


_  y>  +  3  (yi  4-  y,)  +  yg 


8 


Whik  the  former  formula  for  y«  is  employed  when  the  surface 
^  'lirided  into  an  eyen  number  of  strips,  the  latter  is  employed 
•  ^-n  the  number  of  these  divisions  is  uneven. 

Hence  we  can  write  approximately 

./  ]jix^£\{x)dx  =  [y,  +  3(y,  H-  y,)  +  y,]  ^^,  if 
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— ).  y*  =  *  /-  3  ~)  and  y,  =  0  (c.)  nr\- 
=  (j>{x). E.G.,  for  J^  ---  (sec  example,  Art- 
;  and  ^{x)  =  -^  whence  it  follows  that 

if  this  integral  is 

,i  +  i)  +  i]-j  = 
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CHAPTER    I. 

SIMPLE  MOTION. 

g  L  Rest  and  MotiozL — Everybody  occupiefi  a  certain  posi- 
tion in  space,  and  a  body  is  said  to  be  at  rest,  (Fr.  repos»  Oer.  Rnbe), 
when  it  does  not  cbange  that  position,  and,  on  the  contrary,  a  body 
in  said  to  be  in  motion,  (Fr.  moayement,  Oer.  Bewegang),  when  it 
passes  continually  from  one  jxxsition  to  another. 

The  rest  and  motion  of  a  body  are  either  absolute  or  relative, 
according  as  its  position  is  referred  to  a  point  which  is  itself  at  rest 
or  in  motion. 

On  the  earth  there  is  no  rest,  for  all  bodies  upon  it  participate 
in  its  motion  about  its  axis  and  around  the  sun.  If  we  suppose 
the  earth  at  rest,  all  the  terrestrial  bodies  which  do  not  change 
their  position  in  regard  to  the  earth  are  at  rest. 

§  2  Kinds  of  Motion. — The  uninterrupted  succession  of  po- 
sitions which  a  body  occupies  in  its  motion  forms  a  space,  that  is 
called  the/ierfA  or  trajectory  (Fr.  Chemin,  trajectoire,  Ger.  Weg)  of 
the  movmg  body.  The  path  of  a  point  is  a  line.  The  path  of  a 
geometrical  body  is,  it  is  true,  a  figure,  but  we  generally  under- 
stand by  it  the  path  of  a  certain  point  of  the  moving  body,  as,  E.G.. 
its  centre.    Motion  is  rectilinear  (Fr.  rectiligne,  Ger.  geradlinig) 
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th  is  a  right  line,  and  curvilinear  (Pr.  curviligne,  Ger. 
I  when  the  path  of  the  moving  body  is  a  curved  line. 

eference  to  time  (Fr,  temps,  Ger.  Zeit)  motion  \a  either 
Hiriable.  Motion  is  uniform  (Fr.  unifurme,  Q.  gieich- 
a.  equal  Bpoces  are  passed  through  in  equal  arbitraty 
time.  It  is  variable  (Fr,  Tari6,  Ger,  unglcichfonnig) 
uality  does  not  exist  When  the  spaces  deecribed  in 
become  greater  and  greater  as  the  time  during  which 
in  motion  increases,  the  variable  motion  ia  said  to  be 
i'r.  acG^l^r^,  Qer.  beschleunigt) ;  but  if  they,decrea» 
)re  with  the  increase  of  time,  this  motion  is  said  to  bo 
retard^,  Ger.  verzogert).  Periodic  (Fr.  pgriodiqae,  Ger. 
lotion  differs  irom  uniform  motion  in  thiB,  that  equal 
scribed  only  within  certain  finite  spaces  of  time,  which 
iriods.  The  best  example  of  uniform  motion  is  ^ven 
■ent  revolution  of  the  fixed  stars;  or  by  the  motion  of 
a  clock.  Examples  of  variable  motion  are  furnished 
dies,  by  bodies  thrown  upwards,  by  the  sinking  of  the 
ater  in  a  vessel  which  is  emptying  itself,  etc.  The 
iston  of  a  steam  engine,  and  the  oscillations  of  a  pen- 
1  good  examples  of  periodic  motion. 

fbnn  Motion. —  Velocity  (Fr.  vitesso,  Ger.  Gesohwin- 
le  rate  or  measure  of  a  motion.  The  larger  the  space 
passes  through  in  a  given  time,  the  greater  is  its  mo- 
clocity.  In  uniform  motion  the  velocity  is  constant, 
ble  motion  it  changes  at  each  instant.  The  measure 
ty  at  a  given  moment  of  time  is  the  space  that  this 
really  describes,  or  which  it  would  describe,  if  at  that 
aotion  became  uniform  or  the  velocity  remained  con- 
[enerally  call  this  measure  simply  the  velocity. 

body  in  each  instant  of  time  describes  the  space  a,  and 
of  time  is  made  up  of  n  (very  many)  such  instants. 
Be  described  within  a  second  is  the  vdocity,  or  rather 
of  the  velocity,  and  it  is 

e  =  n  .a. 

time  /  (seconds)  n  .  t  instants  elapse,  and  in  each  in- 
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stant  the  body  passes  through  the  space  a,  and  therefore  the  total 
space,  (Fr.  Tespace,  Qer.  Weg),  which  corresponds  to  the  time  t,  is 

8z=n.t,o=zfi^,a.tf  LB. 

I.)      8  =  Ct 

In  uniform  motion  the  space  («)  is  a  product  of  the  velocity  (c) 
and  the  time  (t). 

Inreisely   II.)    c  =  -.' 

HI.)    ^  =  -. 
'  c 

Example. — 1.  A  locomotiye  advancing  with  a  Tel6city  of  80  feet  passea 
in  two  hours  =  120  minutes  =  7200  seconds,  over  the  space  «  =  80  .  7200 
=  216000  feet. 

2.  If  we  require  4}^  minutes  =  270  seconds  to  raise  a  bucket  out  of  a 

1200      40 
pit,  which  is  1200  feet'  deep,  we  have  its  mean  velocity  (c)  =  -^^  =  -^ 

=  4^  =  4,444  . .  .  feet. 

3.  A  horse  advancing  with  a  velocity  of  6  feet  requires,  to  pass  over  five 

milea,  or  26400  feet,  the  time  t  =  ^^-^  =  4400  seconds,  or  1  hour  18 
Diinates  and  20  seconds. 

§  6.  If  we  compare  two  different  uniform  motions,  we  obtain 
the  following  result: 

As  the  spaces  are  «  =  c  ^  and  «,  =  Ci  ti  their  ratio  is  -  =  — j. 

If  we  put  ^  =  ^,  wc  have  ~  =  -  ;  if  we  take  c  =  (?i  we  obtain  -  = 

f  c       f 

. ;  and  finaHy,  if  «  =  «i  it  follows  that  -  =  7. 

'1  Ci         t 

Tlie  spaces  described  in  tJie  same  time  in  different  uniform  nuh 
fions  are  to  each  other  as  the  velocities ;  tlie  spaces  described  with 
f^tial  velocities  are  to  each  other  as  tlie  times;  and  the  velocities  cor- 
responding to  equal  spaces  are  inversely  as  tlie  times. 


g  7.  Uniformly  Variable  Motion. — A  motion  is  uniformly 
enable,   (Pr.  uniform^mcnt  vari6,  Ger.  gleichfSrmig  verandert),  ' 
vben  the  increase  or  diminution  of  the  velocity  within  equal,  ar- 
bitrarily small,  portions  of  time  is  always  the  same.    It  is  either 
vniforndy  accelerated  (Fr.  uniform^ment  acc61er6,  Ger.  gleichOr- 
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mig  bescWeunigt)  or  uniformly  retarded  (Fr.  uniiforinSment  retaide, 
Ger.  gleichformig  verzogert).  In  the  first  case  a  gradual  angmen- 
tation,  and  in  the  second  a  gradual  diminution  of  Telocity  takes 
place. 

A  body  falling  in  vacuo  is  uniformly  accelerated,  and  a  body 
projected  vertically  upwards  would  be  uniformly  retarded,  if  the* 
air  exerted  no  influence  upon  it 

§  8.  The  amount  of  the  change  in  the  velocity  of  a  body  is 
called  the  acceleration  (Fr.  acceleration,  Qer.  Beschlcunigung  and 
Acceleration).  It  is  either  positive  (acceleration)  or  negative  (rc- 
tardatioti),  the  former  when  there  is  an  increase,  and  the  latter 
when  there  is  a  diminution  of  velocity.  In  unifoi*m1y  variable  mo- 
tion the  acceleration  is  constant  We  can  therefore  measure  it 
by  the  increase  or  decrease  of  velocity  which  takes  place  in  a 
second.  For  any  other  motion,  the  acceleration  is  the  increase  or 
decrease  of  velocity,  which  a  body  would  undergo  if,  from  the  instant 
for  which  we  wish  to  give  the  acceleration,  the  acceleration  became 
constant,  and  the  motion  was  changed  to  a  uniformly  varied  one. 

This  measure  is  generally  called  simply  the  acceleration. 

§  9.  If  the  velocity  of  an  uniformly  accelerated  motion  in  a  verv 
small  (infinitely  small)  instant  of  time  is  increased  by  a  quantity 
ff,  and  if  the  second  of  time  is  composed  of  n  (an  infinite  number 
of)  such  instants,  the  increase  of  velocity  in  a  second,  or  the  so- 
called  acceleration,  ifi 

^  =  nic, 

and  the  increase  after  t  seconds  \&  =  nt.K:=^nic,t^pL 

If  the  initial  velocity  (at  the  moment  from  which  we  begin  to 
count  t)  is  =  Cy  we  have  for  \hQ  final  velocity,  le.,  for  the  velocity 
at  the  end  of  the  time  t, 

v  =  c  -{-pt 

For  a  motion  starting  from  rest  (;  is  =  0,  whence  v^pt;  and 
when  the  motion  is  uniformly  retarded,  in  which  case  the  accelera- 
tion ( —  J? )  is  negative,  we  have 

v  =  c  —  p  t 

ExAMFLB. — 1.  The  acceleratfon  of  a  body  falling  freely  in  vacuo  is 
=  82,20  feet  It  acquires  therefore  after  8  seconds  the  velocity  v  ^  pt  — 
82,20  .  8  =  06,60  feet 

2.  A  ball  rolling  down  an  inclined  plane  has  in  the  beginning  a  velocity 
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of  25  feet,  and  the  acceleration  is  5  feet  per  second.  Its  velocity  after  2  j  sec- 
onds is  therefore  ©  =  25  +  6 .  2,5  =  87,5  feet ;  le.,  if  from  the  last  moment 
it  mored  forward  uniformly,  it  would  pass  over  87,5  feet  in  every  second. 

8.  A  locomotive  moving  with  a  velocity  of  80  feet  loses,  in  consequence 
of  the  action  of  the  brake,  8,5  feet  of  its  velocity  every  second  ;  its  accelera- 
tion is  therefore  —  8,5  feet  and  its  velocity  after  6  seconds  is  o  =:  80  —  8,5 .  G 
=:30-21  =  9feet 

g  10.  Uniformly  Accelerated  MotioiL— Within  an  infinitely 
small  infitant  of  time  r  we  caji  consider  the  velocity  of  every 
motion  as  constant,  and  put  the  space  passed  tbroagli  in  this 
instant 

and  we  obtain  the  space  passed  through  in  the  finite  time  /  by 
summing  these  small  si)aces.  But  the  time  in  which  all  these 
small  spaces  were  described  is  one  and  the  same  t^  and  we  can  put 
their  sum  equal  to  the  product  of  this  instant  of  time  and  the  sum 
of  the  velocities  corresponding  to  the  different  equal  instants. 

For  uniformly  accelerated  motion  the  sum  (0  +  v)  of  the  ve- 
locities in  the  first  and  last  instant  is  just  as  great  as  the  sum 
pr  -{-  (v  —p  r)  ot  those  in  the  second  and  last  but  one  instants, 
and  equal  to  the  sum  2p  r  +  (v  —  2pr)  of  those  in  the  third  and 
lust  but  two  instants,  etc.,  and  this  sum  is  in  general  equal  tovj 

the  sum  of  all  these  velocities  is  therefore  equal  to  (v .    I  the  pro- 

<lQct  of  the  final  velocity  and  half  the  nujnber  of  the  elements 
of  the  time,,  and  the  space  described  is  equal  to  the  product 

lr.~.  r)  of  the  final  velocity  v  and  half  the  number  of  the  elements 

of  the  time  and  one  of  these  elements.    Now  the  magnitude  (r) 

of  an  element  of  the  time  multiplied  by  their  number  gives  the 

whole  time  ty  whence  the  space  described  in  the  time  t  with  an 

vt 
nniformly  accelerated  motion  is  «  =  g-. 

The  space  described  with  uniformly  accelerated  motion  is  the 
same  as  that  described  with  uniform  motion  when  the  velocity  of 
the  latter  is  half  the  final  velocity  of  the  former. 

Example. — 1.  If  a  body  in  uniformly  varied  motion  has  acquired  in  10 
Ktonds  a  velocity  o  =  26  feet,  the  space  described  in  the  same  time  is 

1:=:??^  =  180  feet. 
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gon  'whose  motion  is  DDiformly  accelerated  and  wbicb  describes 
^secooda,  poasesaes  at  the  end  of  that  time  the  Telocity 
3.25        50.4       „„^„ 

The  two  fundameDtol  formnlaB  of  aniformlj  accelerated 
I.)  V  =pt  and 

m,  =  ^. 

w  that  the  velocity  is  a  product  of  the  acceleration  and 
lud  that  the  space  is  the  product  of  half  the  terminal  re- 
the  time,  furnish  two  other  equations,  when  we  cliniittab' 
at  place  v  and  in  the  second  t.     By  this   operation 


m.)  a=^and 


in  uniformtg  accelerated  motion,  the  apace  described  is 
he  product  of  half  the  acceleration  and  the  square  of  thf 
liso  to  the  square  of  the  terminal  velocity  divided  by  dou- 


these  four  principal  formulas  we  deduce  by  inversion. 
s  elimination  of  one  or  otfaer  of  the  quantities  containc<l 
ght  other  formulas,  which  arc  collected  together  in  a  tahlo 
igenieur,"  page  325. 

B. — 1.  Abod;  moTiDg  with  the  acceleratioo  15,62S  feet,  describes 
d,  the  .puce  "'"\-  "■"'  =  15,625  .  |  =  17,578  fert. 
dy,  which  acquires  a  Telocity  e  =  16,3  in  consequeuce  of  an 
p  =  4,0  feet,  has  described  in  so  doing  the  space  •  = 


3n  comparing  two  different  nniformly  accelerated  mo- 
mve  at  the  following  conclasions. 
locities  are  v  =  J)  ^  and  v,  =  7),  ty.     The  epaces,  on 
_pf 


Pi  '1         »i     pi  it 

=  tve  obtain : 
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—  =  —  =  — ;  the  times  being  equal,  the  ratio  of  the  spaces  de- 

scribed  is  eqaal  to  that  of  the  final  velocities  or  of  the  accel- 
erations. 

If  we  put^i  =  ^  we  have 


The  acceleration  being  the  same,  le.,  when  we  have  the  same 
uniformly  accelerated  motion,  the  final  velocities  are  to  each  other 
as  the  times,  the  spaces  described  as  the  squares  of  the  times,  and 
also  as  the  squares  of  the  final  velocities. 

Farther,  if  we  take  v,  = «?  it  gives  ^  =:  -j-  and  —  =  — ;  for  the 

sune  final  velocities  the  accelerations  are  to  each  other  inversely, 
and  the  spaces  directly  as  the  times. 

Finally,  for «,  =  «  we  have  -^  =  ~  =  ^-^;  for  equal  spaces  de^ 

ficribed  the  aocelerations  are  to  each  other  inversely  as  the  squares 
of  the  times  and  directly  as  the  squares  of  the  velocities. 

§  13.  For  a  uniformly  accelerated  motion  with  the  initial  veloc- 
ity c  we  have  from  §  9 

I.)  V  =^c  -^  pty 

and  since  the  space  c  t  belongs  to  the  constant  velocity  Cy  and  th« 
Bpace  ^2_  to  the  acceleration  p 

Eliminating  p  from  the  two  equations,  we  obtain 

TTT  \  c  +  V  . 

m.)   8  =  —^  ty 

w  eliminating  /,  we  find 

"'■)'=^- 

EzAXFLB. — 1.  A  body  moving  with  the  initial  velocity  6  =  3  feet  and 
^th  the  acceleration^  =  5  feet  describes  in  7  seconds  the  space 

•  =  8.7  +  6. ^  =  21  +  122,5  =  148,5  feet. 

2 

3.  Another  body,  which  in  8  minutes  ::±  180  seconds  changes  its  ve- 
locity from  2^  feet  to  7^  feet,  describes   during  this  time  the  space 

2,5  +  75 

— ^^-l:^ .  180  =s  900  feet 

6 
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Tniformly  Retarded  Motion. — For  uDifonnly  retarded 

th  the  initial  velocity  c  we  have  tlie  following  formulas, 
deduced  from  those  of  the  foregoing  paragraph  by  nuk- 

tire. 

L)  V  =  c  —  pt, 

in,),  =  ^.<, 

nniformly  accelerated  motion  the  velooify  increoM 
□lit,  in  uniformly  retarded  motion  the  velocity  decreases 
trtain  time,  when  it  ia  =  0,  and  afterwards  it  becomes 
.E.,  the  motion  continnea  in  the  opposite  direction, 
ut  r  =  0  in  the  first  formula,  we  obtain  pt  =  c,  ■whence     i 

1  which  the  velocity  becomes  =  0  ia  f  =  — : 

P  I 

g  this  value  of  t  in  the  second  equation,  we  obtain  the 


ime  is  greater  than  — ,  the  space  is  smaller  than  „-; 
P  -^P 

ime  is  =  —  the  space  becomes  =  0,  the  body  having  re- 
ts point  of  departure ;  finally,  if  the  time  ia  greater  than 
rative,  I.E.,  the  body  is  on  the  opposite  side  of  the  point 


I. — A  bod;  which  ia  rolled  op  an  inclined  plane  with  U)  iH' 
r  of  40  feet,  and  which  sufTera  a  retArdation  of  8  feet  per  sec- 

ly  dnring  --  =  5  Beconda  and  reaches  a  height  of  - — g  =  100 
liich  it  rolla  back  and  arrives  afler  10  seconds  with  a  velocitj 
t  the  point  from  whence  it  started,  and  afer  12  seconds  is  si- 
:  -  4 .  12'  or  -  (40  .  3  +  4 .  3')  ^  96  feet  beliiw  ita  point  of  tie- 
We  plane  cooticnes  beneath  it. 
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§  15.  The  Free  Fall  of  Bodies.— The/rce  or  vertical  fall  of 
bodies  in  vacuo  (Fr.  mouvement  vei'tical  des  corps  pcsants,  Ger. 
der  freie  oder  senkrechte  Fall  der  Korper)  furnishes  tho  most  im- 
portant example  of  uniformly  accelerated  motion.  The  acceleration 
of  this  motion  produced  by  gravity  (Fr.  gravit^^  Ger,  Schwer- 
kraft)  is  designated  by  g,  and  its  mean  value  is 

9,81  meters. 

30,20  Paris  feet. 

32,20  English  feet. 

31,03  Vienna  feet 

31i  =  31,26  Prussian  feet 

32,7  Bavarian  or  meter  feet. 

If  any  of  these  values  ofgho  substituted  in  the  formulas  v=:ff  t, 

<  =  ^^  and  5  =  s~>  V  =  V%  g  8y  vSi  possible  questions  in  relation 

to  the  free  fell  of  bodies  can  be  answered. 

For  the  metrical  system  of  measures  we  have 

V  =  9,81  .  t  =  4,429  Vsy 
a  =  4,905  f  =  0,0510  v% 
t  =  0,1019  r'  =  0,4515  i^; 

and  for  English  measures 

v  =  32,2  ^  =  8,025  VST 
8  =  16,1  f  =  0,0155  v\ 

t  =  0,031  V  =  0,249  \^. 

ExAMPLB. — 1.)  A  body  attains  when  it  falls  unhindered  in  4  seconds  a 
i^elocity  9  =  82,2  .  4  =  128,8  feet,  and  describes  in  this  time  the  space  b  = 
16,1 .  4*  =  257,6  feet    2.)  A  body  which  has  fallen  from  the  height  9  = 

9  feet,  has  the  velocity  «  =  8,026  4/9  =  24,075,  3 )  A  body  projected  ver- 
tically upwards  with  a  velocity  of  10  feet  rises  to  the  height  $  =  0,0156  . 
1^'  =  1,55  feet,  in  the  time 

t  =  0,081  .  10  =  0,81, 

OTBcarly  ^  of  a  second. 

§  16.  The  following  Table  shows  how  the  motion  takes  place  as 
the  time  elapses, 


I'A 
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Time  in  ) 
seconds ) 

o 

I 

2 

3 

4 

s 

6 

7 

8 

9        lo 

Velocity . 

0 

Iff 

^ff 

3ff 

4^ 

Si? 

6^ 

Tj- 

Sff 

ay    *<y 

Space 

o 

2 

4 

'f 

16^- 

2 

< 

3-? 

«f 

< 

8.^ 

3 

9 
lOO^ 
2 

Difference 

o 

2 

4 

sf 

'f 

'f 

3 

'4 

^5f 

■'f 

The  last  horizontal  column  of  this  table  gives  the  spaces  de- 
scribed by  a  body  falling  freely  in  each  single  second.    We  see  that 
these  spaces  are  to  each  other  as  the  uneven  numbers  1,  3, 5, 7>etc^ 
while  the  times  and  the  velocities  are  to  each  other  as  the  regular 
series  of  numbers  1,  2,  d,  4, 5,  etc.,  and  the  distances  fallen  through 
as  their  squares  1,  4,  9, 16,  etc.    Whence,  E.O.,  the  velocity  afler  6 
seconds  is  =  6  ^r  =  193,2  feet,  I.E.,  the  body,  if  from  this  moment 
it  continued  to  move  uniformly  as  on  a  horizontal  plane  which  of- 
fered no  resistance,  would  describe  in  every  second  the  space  6g  ^ 
193,2  feet.    It  does  not  really  describe  this  space  in  the  following 
or  seventh  second,  but  from  the  last  column  we  see  that  it  de- 
scribes exactly  13  f  =  13  .  16,1  =  209,3  feet,  and  in  the  eighth 

second  15  ^  =  15  .  16,1  =  241,5  feet 

Rbmabk.— Older  German  writers  designate  the  space  16,1  feet,  de- 
scribed by  a  body  falling  freely  in  the  first  second,  by  g,  and  call  it  also  flw 
acceleration  of  gravity.  They  employ  for  the  free  fall  of  bodies  the  for- 
mulas 


*  =  ^^  =  4^' 


This  usage,  known  only  in  Germany,  is  tending  gradually  to  dis^ipear, 
which,  on  account  of  the  frequent  misapprehensions  and  errors  resnltiog 
from  it,  is  much  to  be  desired. 


§  17.  Free  FaU  with  an  Initial  Velocity.— If  the  firee  iaO 
of  a  body  takes  place  with  an  initial  velocity  (Fr.  vitesse  initiale^  Ocr. 
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Azxfiaiigsgeschwmdigkeit)  c,  the  fonunlas  assume  the  followiog 
fonn: 

t;==c+^^  =  c  +  32^  t  feet  =  c  -^  9,81  t  meters, 

V  =  VFTTffl  =  y^'-TeM"*  feet  =  ViTT  107028  meters. 

^=c^  +^^'  =  c^4-  16,1  t*  feet  =  c  ^  +  4,905 /' metcrsi 

and  «  =  ^-"  ^*  =  0,0156  (v*  -  c')  feet  =  0,0510  (v*  -  c*)  meters. 

I^  on  the  contrary,  the  body  is  projected  vertically  upwards,  W(; 
have 

v=c— ^^  =  c  —  32,2  t  feet  =  c  —  9,81  t  meters, 

V  =  Vc'-^gs  =  Vd"  -  G4,4.5  feet  =  Vc^^T9,G27  meters, 

*  =  c<— ff  =  c^  —  16,1  ^  feet  =  c  ^  -  4,905  t^  meters, 

and  *  =  ^7^  =  0,0155  (c*  -  v')  feet  =  0,0510  (c'  -  v')  metei-s. 

If  we  consider  a  given  velocity  cos  a.  velocity  acquired  by  a  free 
UH,  we  call  the  space  fallen  tlirough 

s—  =  0,0165  c*  feet  =  0,0510  c'  meters, 

"^i«  heiglU  due  to  the  velocity'^  (F.  hauteur  due  d  la  vitesse,  6er. 
GeschwindigkeitshOhe).  By  the  substitution  of  the  above,  several 
of  the  foregoing  formulas  may  be  expressed  more  simply.    If  we 

denote  the  height  l—j  due  to  the  initial  velocity  by  k,  and  that 

(q-J  due  to  the  final  velocity  by  A,  we  have  for  falling  bodies, 

h  ■=  h  +  8  and  s  =  h  —  h, 

^  for  ascending  bodies, 

k  =  k  —  6  and  5  =  i  —  A. 

The  space  described  in  faUing  or  ascending  is  therefore  equal 
to  the  difference  of  the  heights  due  to  the  velocities. 

Example. — If  for  a  miifonnly  varied  motion  the  velocities  are  6  feet 
^  11  feet,  and  the  heights  due  to  the  velocities  arc  0,0155  .  5'  -=  0,8875> 
and  0,0155 .  11*  =  1,8755,  the  space  deflcrihed  in  passing  from  one  velocity 
to  the  other  is  «  =  1,8755  -  0,8875  ==  1,4880  feet 
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tf  —if 
.8.   Vertical  Ascensioa— If  in  the  formnla  a  =  — s — 

i  vertical  ascensioa  of  bodies  we  put  the  final  velocity  v  =: 
obtain  the  maximum  height  of  ascension, 


uentlj  the  maximum  height  of  ascension,  corresponding  to 
locity  c,  is  eqnal  to  the  height  of  &11  k  due  to  the  final  Telo- 
and  therefore  c  =  VZffk  is  not  only  the  final  velocity  for 
ight  k  of  free  fall,  but  also  the  initial  velocity  for  the  maxi- 
hcight  of  ascension  k.  Hence  it  follows  that  a  body  ppo- 
vertically  upwards  has  at  any  point  the  same  velocity,  which 
Id  hare,  in  the  opposite  direction,  if  it  fell  from  a  height 
0  the  remaining  height  of  ascension  to  that  point,  and  which 
y  possesses  afterwai-ds,  when  it  reaches  it  upon  falling  back. 

MPLE, — A  body  projected  vertically  upwards,  with  a  velocity  of  15 
cr  ascending  2  feet  meets  an  elastic  obBtmction,  which  throws  it 
istantaneously  with  the  same  velocity  with  which  it  etmck.  How 
this  velocity,  and  how  much  time  does  the  body  require  to  ascend 
back  again  ?  The  height  due  to  the  initial  velocity  15  feet  iBh  = 
\t,  and  the  height  due  to  the  velocity  at  the  instiuit  of  coDi^oo  it 
9  —  2,00  =  1,40,  and,  consequently,  the  velocity  itself  is  =  6,026 
=0,8  feet.  The  time  necessary  to  ascend  the  entire  height  (3,4B  feet) 
JO  (  =  0,031  c  =  0,031  .  15  =  0,465  seconds,  while  the  time  nec«»- 
ascend  the  height  l,4Bis(,  =  0,081  .  9,8  =  0,8088  seconds,  whence 
c  neceeaary  to  ascend  the  2  feet  is  I  ~  t,  =  0,405  —  0,8038  = 
leconds,  and  finally  the  whole  time  employed  in  ascending  and  &I1- 
=  Z  .  0,1613  =  0,8224  Bcconds.     This,  therefore,  ia  but  ^^g,  or 

of  the  time,  which  would  be  employed  by  the  body  in  rising  and 
f  it  met  with  no  obHtacle.  This  case  occurs  in  practice  in  forging 
iron,  for  we  are  obliged  to  give  os  many  strokes  of  the  hammer 
ble  in  a  short  space  of  time,  on  account  of  the  gradual  cooling  of 
.  If  by  meana  of  on  elastic  spring  we  canse  the  hammer  to  Iw 
back,  it  can,  under  the  circumatanccs  supposed  in  the  example, 
tree  dmea  as  many  blows  as  when  its  rise  was  unimpeded. 
Ans  I. — In  practical  mechanics,  particularly  in  hydraulics,  we  an 
iliged  to  convert  velocity  into  height  due  to  velocity,  or  the  latter 
:  former.  A  table,  by  means  of  which  this  operation  can  be  pel' 
at  once,  is  of  the  greatest  service  to  the  practical  man.  Sach  a 
znlated  for  the  Prosuan  foot,  is  to  be  found  in  the  "  Ingeniear," 
a  to  839. 
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Remabk  2. — The  formulas  deduced  in  the  foregoing  paragraphs  mc 
Btrictly  correct  only  for  bodies  falling  freely  in  vacuo;  they  are,  however, 
sufficiently  accarate  for  practical  purposes,  when  the  weight  of  the  body  in 
great  compared  to  its  volume,  and  when  the  velocities  are  not  very  great. 
Tbey  are,  besides,  employed  in  many  other  cases,  as  will  be  shown  henr- 
after. 

§  19.  Variable  Motion  in  OeneraL — ^The  formula  5  =  0/ 
(§  5)  for  unifonn  motion  holds  good  also  for  every  variable  motion , 
if  instead  of  t  we  substitute  an  element  or  an  infinitely  small  in- 
£tant  of  the  time  r,  and  instead  of  8  the  space  o  described  in  this 
instant,  for  we  can  assume  that  during  the  instant  r  the  velocity  e, 
which  we  here  denote  by  v^  remains  constant,  and  that  the  mo- 
tion itself  is  uniform. 

Hence,  we  have  for  every  variable  motion 

I.)        a  =  V  T,  and  v  =  -  (compare  §  10). 

The  velocity  (v)  for  every  instant  is  given  by  the  quotient  of  the 
element  of  the  space  divided  by  that  of  the  time. 

In  Uke  manner  the  formula  v  =^  /  (§  11)  for  uniformly  accele- 
rated motion  holds  good  also  for  every  variable  motion,  if  instead  of 
^  and  t;  we  substitute  the  element  of  time  r  and  the  infinitely  small 
increase  of  velocity  k  during  that  time,  for  the  acceleration  p 
does  not  vary  sensibly  in  an  instant  t,  and  the  motion  can  be  re- 
garded as  uniformly  accelerated  during  this  instant.  Consequently 
we  have  for  all  motions 

II.)        «  =  jd  T,  and^  =  -• 

lite  acceleration  {p)  is,  thereforey  equal  to  the  element  of  the  ve- 
Wy  divided  by  the  element  of  tlie  time. 

If  we  put  the  total  duration  of  the  motion  t  ^nr,  and  the  ve- 
locities in  the  successive  instants  t  are  t;„  Vf,  v, . .  t»„,  the  corres- 
ponding elements  of  the  space  are  a,  =  t'l  t,  (t,  =  r,  r,  er,  =  v,  t  . . , 
^  =  r,  r,  and  the  total  space  described  is 

<  =  (vi  +  r,  +  r, . . .  r,)  T  =  ^^ ^--^ jnT,  ia, 

I*)    ,  =  (^:l±J!l±ii!±£:)  ^  =  W,  when 

0  =  r»-^y«  +  ^*8'»-^»  denotes  the  mean  velocity  of  the  body  while 
n 

describing  the  space  s. 


GEaSERiL  PRINCIPLES  OP  MECHANICS.  [§W 

manner  if  c  denotes  the  initial  and  v  tlio  iinal  velocit}-, 
If  .  .p,  denote  the  accelerations  in  the  equal  snccesaive 
we  have 


dcnotes  the  moan  acceleration. 

ibining  tlio  formulas  T.  and  II.  we  obtain  the  following 
portant  equation : 

IIL)        VK=pa. 
3  the  space  s  =  nois  described,  the  acceleration  asBomcs 
f  the  values  j)i,^,...^„  the  sum  of  the  products^  a  is 
.      \  /p,+p,  +  ...+p,\ 


=  (Pl±B±z:d:P^)s=ps. 
initial  velocity  c  is  transformed  by  successive  increwes 
—  into  the  final  velocity  v,  the  sum  of  the  products 

t)ic+.:..  +  {v'-ii)ic  +  vK=[c+(c+K)+...+{v-it)  +  v]t 


re  we  can  write 

le  aid  of  the  foi-egoing  formulas  we  can  solve  the  moat 

lems  of  phoronomicB  and  mechanics. 

le,  in  which  the  space  s  =  no  is  described  with  the  tari- 

iea  v„  ft,  ■  •  •  v.,  is 
/I         1  1\       8/1        1  1\       * 

\v,       V,  vj      n  \r,       ft  v.  i      v 

it  the  value  -  (—  +  --+...+  — 1  =  ■,  whose  recip- 

be  considered  as  the  mean  velocity. 

i-^When  a  body  moves  according  to  the  low  e  =a  (*,  we  haw 

+  t)'  =;  o  (i'  +  3  (  T  +  T=),  and  «  =  a  r  (8  <  +  r),  coiweqoenllj 


SSa]  SIMPLE  MOTION.  119 

The  Telocities  of  the  bocly  at  the  end  of  the  times 

r,  2r,  8  r . . .  n  T  are  a  T*,  a  (2  r)«,  a  (8  r)' . .  a  (n  t)\ 

whence  it  follows  that  the  space  described  in  t  =  n  t  seconds  is 

#  =  [a  r«  +  a  (2  r)»  +  .  .a  (»  r)']  r  =  (1'  +  3«  +  8*  +  . .  +  n«)  a  r«, 

bat  from  Article  15,  IV.,  of  the  Introduction  to  the  Calcnlos  we  hare 

n* 
1'  +  2»  +  8»  +  . .  +  n*  =r  -,  hence 

•=-8*"=8('*")  ="8- 

(g  20.)  Differential  and  Integral  Fonnnlas  of  Phoronc- 
mics. — The  general  fonnnlas  of  motion  found  in  the  foregoing 
paragraphs  assume,  when  the  notations  of  the  calcnius  are  em- 
ployed, LE^  when  the  element  of  time  r  is  designated  hy  d  t,  the 
element  of  space  ohy  d  s,  and  the  element  of  velocity  k  by  rf  v,  the 
following  form : 

I.)        V  =  ~j y  or  da^vdty  whence «  =   /  vdtyOndt^J  -    . 
IL)       p  =  --,  or  dv^zpdt,  whence  v  =  /  pdt,  and  ^=  /  --  . 

IIL)  vdv=:pds,  or  8  =J ,  and  — ^ —  =  J  p  d  s, 

in  which  c  denotes  the  initial  and  v  the  final  velocity,  while  the 
upace  8  is  being  described. 

We  see  from  the  above  that  the  difference  of  tite  8quarc8  of  t/te 
velocities  is  equal  to  ttoice  the  integral  of  the  product  of  the  accelera- 
tion and  the  differential  d  s,  or  equal  to  the  product  of  tlie  mean  ac- 
rekratian  and  tlie  space  desci^ibed  hy  tlio  body  in  passing  froni  the 
velocity  c  to  the  velocity  r. 

According  to  the  tlieory  of  maxima  and  minima  the  space  is  a 

mazimnm,  and  the  motion  attains  the  greatest  extension,  when  wc 

hare 

ds  ^ 

di  =  ^  =  *>' 

and  the  velocity  is  a  maximum  or  minimum  when 

dv 

The  foregoing  are  the  fundamental  formulas  of  the  higher 
Phon>nomic8  and  Mechanics. 

EzAXPLB. — 1.  From  the  equation  for  the  space  «  =  3  +  ^  <  +  t^i  we> 
Mace  by  difEerentiation  the  equation  for  the  velocity  o=8+2  f,  and  that 
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e  acceleratioD  p  s  3 ;  the  latter  is  coQBtant  ood  the  motioii  is  ani- 
j  accelerated. 

For  t  s  0, 1,  2,  3  . . .  BccoDds,  we  Lave 
»  =  8,  5,  7,  9  . . .  (Feet),  ond 
•  =  3,  6.  13,  20  . .  .  (Feet;. 
From  the  formula  for  tbe  velocitj 
10  -I-  3  f  —  r,  ne  obtain  by  integralioD 

Aoi(  Jf  Tztdt  -  rvdt=  I0(  +  }('-^, 

a  the  contrary  bj  differentiafion  p  =  8  —  2  (. 

osequently,  for  8  —  2 1=0, 1.K.,  furt=(  Rcconde.  tbe  occeleraCioii  is  0 

le  velocity  is  a  luazimum  (c  =  13j^),and  for  10  -)-  8C  —  P  =0, 1.S.,  for 


r  f  =   0,    1,        a,        8.        4,        6,        0  secoods  we  have 

p=  Z,     1,  —  1,  -  8,  -  5,  -  7,  -  Ofeet, 

8  =  10.  13,      13,      10,        6,       0,-8  feet, 

«=    0,11},    33 J,    S4J,    43|,    45{,  43feet 
For  the  motion  expressed  by  the  formula  j>  s=  —  p  a,m  which  fi  dei- 
B  a  constant  coefficient,  we  have 

e       r=  ve'  — ;i»'and«=y . 

Tealao    dt  =  ^'=  — l!^  = -L       _^' 


V^f/l 


»e  put  Lii.'  =  w ;  and  it  follows  that  (see  Art  36,  V.,  of  the  Introdoc- 
tbe  CalcQlus). 
=  -T=  liu.  -'  tt  =  —jin.-^  Vhl  and 

~  ~1=  tin.  [t  V  ii\  as  well  as 
=  ^  =  ecot.  (t  -Jp)  and 

en  the  modon  begins  we  hare,  for  t  =  0,  «  =  0,  «  =  e  and  ji  =  0, 
«rwards  for 
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tVu  ==  ff,  or «  =  -p»  «  =  0,  t?  =  — c  andjp  =  0,  for 

V // 

t Vm  =  f  IT,  or  «  =  2-^» «  =  —  -pr,  t?  =  0 and p  =  fl v'^,  and  for 

t  V  M  =  2  IT,  OP  <  =  ~F'^,  »  =  0,  ©  =  c  and  ^  =  0. 

The  moving  point  has  therefore  a  vibratory  motion  upon  both  sides  of  the 
fixed  point  of  beginning,  to  which  it  returns  every  time  that  it  has  dc- 
BO'ibed,  with  a  velocity  which  gradually  increases  from  0  to  c  =  ±  c,  the 

space  s  =  ±  ~ — 

§21.  Mean  Velocity. — The  velocity  c,=  ^^  which  wo  find 

^hen  we  divide  the  space  described  during  a  certain  time,  E.G., 
during  the  period  of  a  periodic  motion,  by  the  time  itself,  differs 

from  the  velocity  v  =  —  \l~*)  ^^^  ^^  instant  or  during  the  ele- 
ment of  time  T  (d  t).  We  call  the  former  the  mean  velodfy  (Fr. 
Vitesse  moyenne,  Ger.  mittlero  Geschwindigkeit),  and  we  can  con- 
sider it  as  the  velocity  that  a  body  must  have,  to  describe  uniformly 
in  a  certain  time  {t)  the  space  {s)  which  it  really  does  describe  with  u 
variable  motion  in  the  same  time.  When  the  motion  is  uniformly 
variable  the  mean  velocity  is  equal  to  the  half  sum  of  the  initial  and 

o!  the  final  velocity,  for  according  to  §  13  the  space  is  equal  to  this 

(c  +  v\ 
—^ — I  multiplied  by  the  time  (t). 

In  general,  the  mean  velocity  is  (according  to  §  19)  c,  = 

V\  A^  f)     "^  9) 

— — - — '  *  '    *,  in  which  v„  v„  .  .  .  r.  denote  the  velocities  corro- 
n 

spending  to  equal  and  very  small  intervals  of  time. 

ExAMFLB. — While  a  crank  is  turned  uniformly  in  a  circle  U  M  0  N, 

Fia.  51.  ^g*  ^1|  ^he  load  Q  attached  to  it,  £.a.,  the  piston  of  au 

0  air  or  water  pump,  etc.,  moves  with  a  variable  motion  up 

^  ^^S.         and  down  ;  the  velocity  of  this  load  is  at  the  highest  and 

^  j j^     lowest  points  IT" and  0  a  minimum,  and  equal  to  ZiCro,  and 

V    J  j     y       at  half  the  height  at  M  and  iVa  maximum,  and  equal  to  the 
\li/         velocity  of  the  crank.  Within  a  halfrevolution  the  mean  vc- 
^  locity  is  equal  to  the  whole  height  of  ascent,  i.e.,  the  diam- 

eter UOof  the  circle  in  which  the  crank  revolves,  divided 
by  the  time  of  a  half  revolution.   If  we  put  the  radius  of  tho 
Qi  circle  in  which  the  crank  revolves,  0  U  =  C  0  =  r,  that 
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h,  its  diameter  =  3  r,  and  the  time  equal  to  (,  it  fotlotvs  that  the  mean 
velocity  e,  =   — .      The  crank  in  the  same  time  describes  a  half  circle 

IT  r,  and  Ha  velocity  Ue  =  —,  and  therefore  the  meau  velocity  of  the  load 

<•,  =  —  B=  qiji*'*  ",6366  times  as  great  as  the  constant  velocity  cof 

the  crank. 

§  22.  Oiraphical  Representation  of  the  Foimiilas  of  Uo- 

tton.  The  laws  of  motion  which  huve  been  found  in  the  foregoing 
[Miragraphs  can  be  expressed  by  geometrical  figmvs,  or,  as  we  say, 
j^phically  represented.  Graphical  repi-eeentationB,  &s  they  ren- 
der the  conception  of  the  formula  more  easy,  assist  the  mem- 
ory, protect  us  from  many  errors,  antj  serve  also  directly  for 
the  determination  of  quantities  which  may  be  required,  are 
of  the  greatest  use  in  mechanics.  In  nnijbrm  motion,  the  space 
(s)  is  the  product  (c  t)  of  the  velocity  sud 
Fia.  52.  (]jg  [.jjjjg^  jjjj^  jj^  Geometry  tlio  area  of  a  rect- 

angle is  equal  to  tlio  product  of  the  base  by 
the  altitude ;  we  can  therefore  represent  the 
space  described  (s)  by  a  rectangle  A  B  C  D, 
Fig.  52,  whose  base  A  B  \a  the  time  t,  and 
whose  altitude  A  Dr=  B  C  is  tlie  Telocity  ft 
I  rjvidcd  the  time  and  the  velocity  ore  expressed  by  similar  nnits 
>if  Icngtli,  that  is,  if  the  second  and  the  foot  axo  represented  by 
lym  and  the  same  line. 

g  23.  While  in  uniform  motion  the  velocity  {M  N)  at  any  mo- 
ment {A  M)  is  the  same,  in  variable  motion  it  is  different  for  each 
instant;  therefore  this  motion  can  only  be  represented  by  a  four- 
sided  figure,  A  li  C  D,  Fig.  53,  the  base 
^^-  ^-  of  which  A  B,  denotes  the  time  {I),   tiie 

other  boundaries  being  the  three  lines, 
A  D,  B  C,  orA  C  D.  The  first  two 
of  these  lines  denote  the  initial  and  final 
velocities,  and  the  last  one  is  determined 
by  the  extremities  (JV)  of  the  different  lines 
.representing  the  velocities  corresponding 
to  the  intermediate  times  {M).  Accord- 
iiif?  to  the  nature  of  the  Tariable  motion  in  question,  the  fonrib 
line  0  Din  straight  or  curved,  rises  or  sinks  from  its  origin,  and  is 
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concave  or  convex  towards  the  base.  In  every  ease,  however,  the 
area  of  this  figure  is  equal  to  the  space  (s)  described ;  for  every  sur- 
face A  B  C  D,  Fig.  53,  can  be  divided  into  a  series  of  small 
strips  M  0  P  Ny  which  may  be  considered  as  rectangles,  and  the  area 
of  each  of  which  is  a  product  of  the  base  {M  0)  and  the  convEponding 
aldtude  ( M N)  or  (0  -P),  and  in  like  manner  the  space  described 
in  a  certain  time  is  composed  of  small  portions,  each  one  of  which 
is  a  product  of  an  element  of  time  and  the  velocity  of  the  body 
daring  that  instant  The  figure  also  shows  the  difiTercncc  between 
the  measure  of  the  velocity  and  the  space  actually  described  in  the 
following  unit  of  time.  The  rectangle  M  i,  above  the  base 
Jf  if  =  unity  (1)  =  v  .  1  is  the  measure  of  the  velocity  M,  and  on 
the  contrary,  the  surface  M  K  above  the  same  base  represents  the 
space  actuidly  described.  In  the  same  way  the  rectangle  A  Foyot 
J  /  =  unity  is  the  measure  of  the  initial  velocity  A  D  =  c,  and  the 
surface  A  E  that  of  the  space  actually  described  in  the  first  second. 

§  2i.  In  uni/armly  variabh  motion  the  increase  or  decrease  v—c 
of  the  velocity  {=  p  t,^  13)  is  proportional  to  the  time  (t).  If  in 
Fig.  54  and  Fig.  55  we  draw  the  line  D  E  parallel  to  the  base  A  J5, 
wo  cut  off  from  the  lines  B  C  and  M  N,  which  represent  the  velo- 
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cities,  the  equal  portions  B  E  and  M  0,  which  are  equal  to  the 
Kne  A  D  representing  the  initial  velocity,  there  remain  the  pieces 
^5 and  N Oy  which  represent  the  increase  or  decrease  in  velocity; 
for  these  we  have  from  what  precedes  the  proportion 

NO'.CE^DOiDE. 

Such  a  proportion  requires  that  N,  as  well  as  every  point  of  the 
M^e  CDy  shall  be  upon  the  straight  line  uniting  C  and  /),  or  that 
^hellne  GDy  which  limits  the  velocities  MN^  shall  be  straight.  Con- 
''^A^ently  the  space  described  in  uniformly  accelerated  or  retarded 
motion  can  be  represented  by  the  area  of  a  Trapezoid  A  B  C  D^ 
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ude  A  B  is  tiii  time  (()  and  whose  two  parallel  bases 
Care  tlie  initial  and  final  velocity.    The  ibrniula  found 

— ^ —  ■ '  corresponds  exactly  to  this  figure.     For  nui- 

loratod  motion  the  fourth  side  D  C  vises  from  the  point 
md  for  uniformly  retarded  motion  this  line  descends 
me  point.  When  the  uniformly  accelerated  motion  hc- 
,  velocity  equal  to  zero,  the  trapezoid  hecomca  a  trian- 
u-ea is  \B  C.A  B  =  ;i  ,!i. 

he  mean  velocity  of  a  variable  motion  is  the  quotient  of 
liyided  by  the  time;  it  gives,  when  multiplied  by  tin- 
jpace,  and  can  be  considered  as  the  altitude  A  F  = 
rectangle  A  B  E  F,  Pig.  56,  the  base  of  which  A  B  is 
ic  time  /,  and  the  area  of  which  is  equal  to  that  of  fin- 
ignre  A  B  C  N  D,  which  measures  the  space  described. 
relocity  is  found  by  changing  the  four-sided  figure  A  J! 
<  an  equally  long  rectangle  A  B  E  F.  Its  detcrmiiiu- 
icially  important  for  periodic  motion,  which  occnrs  in 
machines.  The  law  of  this  motion  is  represented  by 
ine  line  0  D  E  F  Q,  Fig.  57.    If  the  right  line  L  M. 


t-JG. 

5T. 

P^ 

f 

^ 

^ 

D 
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illel  io  A  B,  cuts  off  the  same  space  as  the  aerpentino 
'j  if  is  also  the  axis  of  CBEFO, and  the  distanced  i 
tween  the  two  parallels  A  B  and  L  Mie  the  mean  vc- 
;  periodic  motion,  and,  on  the  contrary,  A  C,  OE,BO, 

maximum,  and  Wi>  and  P  Fthe  minimum  velocities 

A  0,0B,  etc 

le  acceieratioii  or  the  continuous  increase  of  velocity  in  a 
easily  he  determined  from  the  ilguro.  In  uniformly 
motion  it  ia  constant,  and  is  tlicrefoi-c  the  differem'" 

8  and  Fig,  59,  between  the  two  velocities  OPand  J/J^, 
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one  of  which  corresponds  to  a  time  {M  0)  one  second  greater  than 
the  other.   If  the  motion  is  variable^  but  not  uniformly^  and  the  line 


Fig.  68. 


,C 


M    O 


B 


of  Telocity  C  D  therefore  a  cnrve,  the  acceleration  at  every  instant 
is  different,  and  consequently  it  is  not  really  the  difference  P  Q  ot 
the  Telocities  0  P  and  M  N  =  0  Q,  Figs.  60  and  61,  which  are 
those  at  times  differing  one  second  M  0  from  each  other,  but  it 


Fig.  61. 


M    O 


is  the  increase  R  Q  of  the  velocity  Jf  iV,  which  would  take  place, 
if  from  the  instant  if  the  motion  became  a  uniformly  accelerated 
one,  that  is  if  the  cuitc  JVP  C became  a  straight  line  KB.  But 
the  tangent  JS^ Bis  the  line  in  which  a  curve  D  N would  prolong 
itsolf,  if  from  a  certain  point  (N),  its  direction  remained  unchanged ; 
the  new  line  of  velocity  coincides  with  the  tangent,  and  the  perpen- 
dicular 0  R  wliicli  reaches  to  this  line  is  the  velocity  which  would 
have  existed  at  the  end  of  a  second,  if  at  the  beginning  of  the  same 
the  motion  had  l>ecomo  a  uniformly  accelerated  one,  and  therefore 
the  difference  R  Q  between  this  velocity  and  the  initial  one  {M N) 
is  the  acceleration  for  the  instant  which  corresponds  to  the  point 
^^  in  the  time  line  A  B.    "We  can  also  of  course  consider  the  time 

"ii'l  the  accelerations  as  the  co-ordinates  of  a  curve,  in  which  case 

ic  velocities  are  represented  by  sur&ces. 
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CHAPTER    II. 

COMPOUND  MOTION. 

'.  CompoBition  of  Motion. — The  same  body  csd  poseees. 
ame  time,  two  or  more  motions;  every  (I'elutive)  mution  is 
id  of  the  motion  within  a  certain  space,  and  of  the  motion 
space  within  or  in  relation  to  another  space.  Every  point 
earth  possesses  already  two  motions;  for  it  revolves  onct 
ly  around  the  earth's  axis,  and  with  the  earth  once  a  year 
the  sun.  A  person  moving  on  a  ship  has  two  motions  in 
to  the  shore,  his  own  motion  proper  and  that  of  the  ship; 
ii  which  flows  out  of  an  opening  in  the  side  or  in  the  bot- 
a  vessel  carried  upon  a  wugon  has  two  motions,  that  from 
el,  and  that  with  the  vessel,  etc. 

ce  wo  distinguish  eimple  and  comjxiund  motion.  The  rcc- 
motions  of  which  other  rectilinear  or  curvilinear  motions 
iposed  (Fr.  composes,  Ger.  zusammengesetzt),  or  of  which 
imagine  them  to  be  composed,  are  simple  motions  (Fr.  sim- 
.  eiufiich).  How  several  simple  motions  can  be  united  »■ 
■m  a  compound  one,  and  how  the  decomposition  of  a  coni- 
notion  into  several  simple  ones  is  accomplished,  will  be 
n  what  follows. 

i.  K  the  simple  motions  take  place  in  the  same  straight  lint. 
m  or  diScrcnce  gives  the  i-esulting  compound  motion,  tlw 
ivhen  the  motions  are  in  the  same  direction,  and  the  latter 
LO  motions  are  in  opposite  directions.  The  correctness  of 
positioQ  becomes  evident,  when  we  combine  the  irpaces  dc- 
in  the  same  time  by  virtue  of  the  simple  motions,  Tlie 
1 1  and  Ct  t  described  in  the  same  time  correspond  to  nni- 
otions  whose  velocities  ore  d  and  c»  and  if  these  motions 
le  same  direction  the  space  described  in  t  seconds  is 

8  =  c,  /  +  c,  /  =  (c,  +  Ci)  ^ 

seqaently  the  resulting  velocity  of  the  compound  motion  is 
1  of  the  vclocitiea  of  the  simple  motions.  When  tho  nn>- 
E  in  contrary  directions,  we  have 
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S  =:  Cit  —  Cit  =  {Ci  --  C2)  ty 

«nd  th^  resulting  yelocity  is  equal  to  the  differenoc  of  the  simple 

Telocities. 

ExAUPLE. — 1.  A  penon,  walking  upon  tbe  deck  of  a  ship  with  a  velo- 
city of  4  feet  in  the  direction  of  the  motion  of  the  latter,  appears  to  people 
on  ahore,  when  the  ship  moves  with  a  velocity  of  6  feet,  to  pass  by  with  a 
velocity  of  4  +  6  =  10  feet 

2.  Tbe  water  discharged  from  an  opening  in  the  side  of  a  vessel  with  a 
velocity  of  25  feet,  while  it  is  moved  simnltaneously  with  the  vessel  in  the 
opposite  direction  with  a  velocity  of  10  feet,  has  in  reference  to  the  other 
olgectB  which  are  at  rest  a  velocity  of  only  25  ^  10  =  15  feet. 

§  29.  The  same  relations  also  obtain  for  variable  motion.  If 
the  same  body  has,  besides  tbe  initial  velocities  Ci  and  Ct,  the  con- 
stant accelerations/?!  and/?^  tbe  corresponding  spaces  arc  r,  t,  d  i, 
■1  Pi  ^9  i  Pi  t*y  and  if  the  velocities  and  the  accelerations  have  the 
same  directions,  the  total  space  described  in  virtue  of  the  compo- 
nent motions  is 

f 

8  =  {Ci   +  C)  t   +   (/J,   +  }h)  g. 

If  we  put  (?i  +  Cj  =  c  and  /?,  4-  jp,  =  p^  we  obtain  s  =  c  t  +  p  ^ 

fta  62.    whence  it  follows  that  not  only  the  sum  of  tho  component 
^^       velocities  gives  the  velocity  of  the  resulting  or  compound 
liy  **    motion,  but  also  that  the  sum  of  the  accelerations  of  the 
simple  motions  gives  its  acceleration. 


ExAiCFLE. — ^A  body  upon  the  moon  lias  imparted  to  it  by  the 

^1^      moon  an  acceleration  p^  =  5,15  feet,  and  from  the  earth  an  ac- 

L^^     celeration  pg  =  0,01  feet.    Therefore,  a  body  A^  Fig.  G2,  beyond 

^^F      the  moon  M  and  the  earth  E,  falls  towards  the  centre  of  the 

moon  with  an  acceleration  of  5,16  feet,  and  a  body  B  between  M 

i&d  E  with  an  accclei&tion  of  5,14  feet. 

§  30.  Parallelograin  of  Motiona — If  a  body  possesses  at  tbe 
nme  time  two  motions  which  differ  from  each  other  in  direction, 
it  takes  a  dii-ection  which  lies  between  those  of  tho  two  motions, 
and  if  these  motions  are  of  different  kinds,  E.0.9  if  one  is  uniform 
•nd  the  other  variable,  the  direction  changes  at  every  point,  and 
the  motion  is  curvilinear. 

We  find  the  point  0,  Fig.  G3,  which  a  body  moving  at  tlic  same 
time  in  the  direction  A  X  and  A  Y,  occupies  at  the  end  of  a  ccr- 
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tain  time  (i)  by  seeking  the  fourth  corner  0  of  the  pai-allelogram  A 
M  0  N,  determined  by  the  spaces  -4  if  =  a;  and  ^1  A^  =  y,  de- 
wribed  simultaneously,  and  by  the  angle  X^  JT  which  the  direc- 
tions of  motion  form  with   one  another. 
We  can  convince  ourselves  of  the  correct- 
ness of  this  proceeding  by  supposing  the 
spaces  X  and  y  described  not  simultane- 
ously, but  one  after  the  other.     By  virtue 
of  one  motion  the  body  describes  the  space 
A  M  ^  Xy  and  by  virtue  of  the  other  from 
if  in  the  direction  A  F,  that  is  on  a  line 
M  0  parallel  to  A  Y,  the  space  A  N  ■=  y- 
If  we  make  Jf  0  =  ^  iV,  we  obtain  in  0 
tlio  position  of  the  body  which  corresponds  to  the  two  motions  x 
and  y,  and  which,  according  to  this  construction,  is  the  fourth  cor- 
ner of  the  parallelogram.    We  can  also  imagine  the  space  AM=^ 
X  to  be  described  in  a  line  A  JT,  which  with  all  its  points  moves 
forward  in  the  direction  A  Y^  and  therefore  carries  M  parallel  to 
A  I^and*causes  this  point  to  describe  the  path  M  0  =  A  N^y- 


§  31.  Parallelogram  of  Velocities.— ^If  the  two  motions  in 
the  directions  A  X  and  A  Y  take  place  uniformly  with  the  ve- 
locities Cx  and  c^  the  spaces  described  in  a  certain  time  /  are  x  = 

Cx  t  and  y  =z  c^t,  and  their  ratio  ^  =  —is  the  same  for  all  times, 


X 


Fig.  64. 


a  peculiarity  which  is  possessed  only  by 
the  right  line  A  0,  Fig.  64.     It  follows 
therefore  that  the  direction  of  the  com- 
pound motion  is   always    a    straight 
line.    If  we  construct  with  the  veloci- 
ties A  B  =  Ci  and  A  C  =  c^  the  paral- 
lelogram A  B  C  Dyita  fourth  comer  I) 
gives  the  point  where  the  body  is  at 
the  end  of  the  first  second,  but  since 
the  resulting  motion  is  rectilinear,  it 
follows  that  it  takes  place  in  the  direction  of  the  diagonal  of  tlic 
parallelogram  constructed  with  the  velocities.    If  we  designate  by 
s  the  space  A  0  really  described  in  the  time  f,  we  have  from  the 
similarity  of  the  triangles  A  MO  and  A  B  D 
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AB  ,cx 

According  to  the  last  equation  the  space  described  in  the  di* 
agonal  is  proportional  to  the  time  {t)y  and  therefore  the  compound 
motion  is  itself  uniform  and  its  velocity  c  equal  to  ^  D. 

Therefore  tlie  diagonal  of  a  2)arallelogram,  constructed  ttnth  ttco 
i^elocities  and  taith  the  angle  inclosed  by  them,  gives  the  direction 
avA  magnitude  of  the  velocity,  with  which  the  resulting  motion  actu^ 
ally  takes  place.  Tliis  parallelogram  is  called  the  parallelogram 
of  velocities  (Ft.  parallelogramme  do  vitesse,  Ger.  Parallelogram 
der  Geschwindigkeiten) ;  the  simple  velocities  arc  called  compo- 
nents (Fr.  composantcs,  Ger.  Seitengeschwindigkeiten),  and  the 
compound  velocity  the  resultant  (Fr.  resultante,  Ger.  die  resulti- 
rcnde  or  mittlere). 

§  32.  By  employing  trigonometrical  formulas,  the  direction 

and  magnitude  of  the  resulting  veloc- 
ity can  be  found  by  calculating  one 
of  the  equal  triangles,  E.O.,  A  B  D, 
of  which  the  parallelogram  of  velocities 
is  composed,  by  which  we  obtain  the  re- 
sulting velocity  AD  =  c  in  terms  of 
the  components  A  B  =  Ci  and  A  C^ 
C9  and  of  the  angle  included  between 
them  BAC  =  a. 

For  we  obtain  c  by  the  formula 
c  =  Vc*  -f  c,"  +  2  Ci  Ci  cos.  a, 
and  the  angle  B  A  I)  =  <p,  which  the  resultant  makes  with  the 

velocity  Ci,  by  the  formula       ww.  0  =  ~ — '—,  or 


Fig.  65. 


.                    Ct  •  sin.  a 
tana.  6  =  • 

Ci   -{-  Ci  COS. 

We  have  also 


a 


or  cotang.  fp  =  cotang.  a  + 


Ct 


Cf  sin.  a 


If  ihe  velocities  Cx  and  c^  are  equal  to  each  other,  the  parallelo- 
gram  is  a  Hhombus,  and  in  consequence  of  the  diagonals  being  at 
i^t  angles  to  each  other,  we  have  more  simply 

c  =  2ci cos.  i  a  and  0  =  ^  a. 
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lie  velocitieB  are  at  right  aagle^  we  liave  also  more  simplj 

c  =  VcC  +  c,"  and  tang.  ^  =  — . 

HPLB. — 1.  The  water  discharged  from  a  vessel  or  fit>m  a  machine 
\odtj  0,  =  29  feet,  while  the  vessel  itaelf  is  'moved  with  a  velocii; 
feet  in  a  direction,  which  forms  with  that  of  the  water  an  aogk 
10*.    What  b  the  direction  of  tiie  resulUutt  or  abeolata  Tslocit} 


i'  +  l8'  +  3  .  30 .  18  om;  180'  =  V»26  +  Ml  -  W .  Xl> . ««.  W*. 


986  -  950  ««.  50-  =  V98B  ~  810,7  =V87V  =  18,87  feet 
quired  resulting  velocity. 

her,  *M.  ^  =  ^^^3"°°  =  0,9808  tin.  00*  =  0,7618,  hence  the 
rmed  by  the  direction  of  the  resultant  with  that  of  the  velocity  e^  k 
43',  and  the  angle  formed  by  it  with  the  direotioD  of  the  moti(» 
jssel  is  1  —  9  =  61*  18'. 

the  foregoing  velocitieB  were  at  right  angles  to  each  other,  we 
iveixit.  a  =  wif.90'=0,  and  therefore  the  resulting  velocity  dsV^ 
feet,  and  also  tang.  ^  =  ||  =  0,70,  hence  the  angle  formed  by  it  with 
velocity  iB^  =  87*14'. 

(.  We  can  also  consider  every  velocity  to  be  composed  of 
tvo  component,  and  therefore  under 
naeo.  certmn   couditions   can   decompose  it 

into  guch  components.  I^  for  example, 
the  angles  D  A  X  =  <!>,  and  DAY 
=  ^,  Fig.  66,  wMch  tlie  reqnired 
velocities  form  with  the  resolbuit 
A  D  =  c,BTe  given,  we  draw  throng'' 
the  extremity  J)  of  the  line  repreaent- 
ing  e  other  lines  parcel  to  the  di- 
rections A  Xand  A  Y:  the  points  of 
intersection  B  and  D  cut  off  the  ve- 

Bonght,  and  we  have 

A  B  =  CxKadiA  C=tr 

;onometry  gives  these  velocities  by  the  fonnnlasi 

'  ~  sin.  {ip  +  \py     ~  sin.  (0  +  ^)' 
erally,  in  the  application  of  these  formnlas,  the  two  TelDCtti« 
ight  angles  to  each  other,  and 

^  -I-  V.  =  90*,  stn.  (1^  +  V)  =  1.  whence 

Ci  ~  c  COS.  i}>  and  Ct  =  c  sin,  ^. 
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We  can  also  determine,  when  one  component  (ci)  and  its  angle 
of  direction.  (^)  are  given,  the  magnitude  and  direction  of  the 
otlier.  Finally,  if  the  three  velocities  c,  d  and  c^  are  given,  we  can 
determine  their  angles  of  direction  by  the  same  method  that  w<* 
employ  to  find  the  angles  of  a  triangle,  when  three  sides  are  given. 

ExA^PLc — If  the  velocity  c  =  10  feet  is  to  be  decomposed  into  Iavo 
components  whose  directions  form  with  that  of  e  the  angles  ^  =  65*'  and 
y  =  70%  we  have 

10  gin,  70'      9,397      -oon^    .       i  lOw/i.65'      9,068 

^=-;r„-i^«r=««  Ar.--=18,39  feet  and  C3==.     ,_.  = 


tin.  136'      MA.  45' 


8in.  1»5^      0,7071 


=12,81  foet. 


§  34.  Composition  and  Decompositicn  of  Velocities. — 

By  repeated  use  of  the  parallelogram  of  velocities,  any  number  of 
Tclocities  can  be  combined  so  as  to  give  a  single  resultant. 
The  construction  of  the  parallelogram  A  B  D  C  (Fig.  67)  gives  the 
resultant  A  D  of  Ci  and  Cs,  the  construction  of  the  parallelogi-am 
A  D  FBgiYes  the  resultant  oi  A  D  and  A  E  =  Cz,  and  from  tlie 
construction  of  the  parallelogram  A  FH  Gwa  obtain  the  result- 
ant ^  ^  =  c  of  ^  J?'  and  A  G  =  Ci,  or  that  of  c„  c^,  c,  and  c*- 

The  most  simple  manner  of  resolving  this  problem  is  by  the 
construction  of  a  polygon  A  B  D  FH,  whose  sides  A  B,  B  D,  D  F 
and  i^  IT  are  parallel  and  equal  to  the  given  velocities  Ci,  c„  r^  and 
C4,  and  whose  last  side  is  always  equal  to  the  resulting  velocity. 


Fro.  68. 


In  case  the  velocities  do  not  lie  in  the  same  plane,  the  iv- 
snltant  can  also  be  found  by  repeated  application  of  the  paral- 
Wogram  of  velocities.  The  resultant  AF—  c  (Fig.  68)  of  thre<' 
velocities  ^  5  =  c„  ^  C  =  r,  and  A  E  =  c^^y  not  in  the  same 
plane,  is  the  diagonal  of  a  parallelopipedon  whose  sides  are  eqnal 
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to  tlie  velocities.    We  often  employ  for  this  reason  the  term/^arfl/- 
lolojnjfQdon  of  velocities, 

§  35.  CompDsition  of  Accelerations. — By  the  coniposition 

of  two  uniformly  accelerated  motions,  beginning  with  a  velocity  = 

0,  we  obtain  also  a  uniformly  accelerated  motion  in  a  straight  line. 

If  we  designate  the  accelerations  of  the  motions  in  the  directions 

A  Xand^  ^(Fig.  69)  by/?i  and  7;,,  the  spaces  described  during  the 

time  t  are 
Fig.  09.  «   ^a 

A  M  ~  X  =^  ~r-  and 

and  their  ratio  is 

y      Pi  t'      Pi' 
which  is  entirely  independent  of  the 
time,  therefore   the   path    A   0  is  a 
straight  line.    If  we  make  A  B  =  pu 

and  B  D  =  A  C  =  jhi  we  obtain  a  parallelogram  A  B  D  C^  and 

wo  have 

~r-f\  =   r  n  =  ^- —  =  h.  '  >  whence  A  0  =  %  AD  ,f 
A  D      A  B         pi  ^ 

According  to  this  equation  the  space  ^  0  of  the  compound  motion 
is  proportional  to  the  square  of  the  time ;  tlic  motion  itself  is  there- 
fore uniformly  accelerated,  and  its  acceleration  is  the  diagonal  A  D 
of  the  parallelogi-am  constructed  with  the  two  simple  accelera- 
tions. 

We  see,  therefore,  that  we  can  combine  several  accelerations  so 
aa  to .  form  a  single  one,  or  decompose  a  single  one  into  several 
others  by  means  of  i\iQ  parallelogram  of  accelerations  (Fr.  parallel- 
ogramme  des  accelerations,  Ger.  Parallelogram  der  Accelerationen) 
according  to  exactly  the  same  rules  as  we  perfonn  the  composition 
and  decomposition  of  velocities  by  means  of  the  ]>arallelogram  of 
volocities. 

§  36.   Composition  of  Velocities  and  Accelerations.— 

By  the  combination  of  a  uniform  motion  with  a  uniformly  ac- 
celerated one  we  obtain,  when  the  directions  of  the  two  motions 
do  not  coincide,  a  motion  which  is  completely,  irregular.  K  during 
a  certain  time  /,  by  virtue  of  the  velocity  c,  the  space 

A  N  =^  y  =  ct 
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is  I'.i'scribetl  in  the  direction  A  1',  Fig.  70,  and  if  during  the  Euim- 
time,  l»y  virtae  of  a  constant  acceleration,  the  space 

is  describeil  in  the  direction  A  Xat  right  angles  to  the  foinn  ■■. 
lUt-n  the  hodywill  be  in  the  corner  0  of  the  pnrallelogiT.m  (i  ii- 

s'.rue:L-d  with  y  =  ci  cnO  .^■  ~    ..  ■    By  Iho  aid  of  llKse  formiil.ii. 

it  is  true,  we  can  find  the  position  of  the  body  for  any  given  'iniv, 
but  these  jmsitions  do  not  lie  in  the  same  siroiglit  lino;  foi'  if  wi- 

nuhstitnte  the  value  of  /  — -   -  taken  from  the  first  equation,  in  tin; 

K-conJ  W2  obtain  (he  equation  of  the  path 

Ac-cording  to  this  formula  the  space  (t)  described  in  one  direction 
vai-ies,  not  as  the  space,  but  ag  the  square  (y')  of  the  space  desci-ilied 


in  Ihe  other  direction,  and  the  path  of  the  body  is  therefore  not  a 
«™ght  lino,  bat  a  certain  curve  known  iu  Geometry  as  the  parab- 
"iii  (!■>.  parabole,  Ger.  Parabel). 

REMiBK.— Let  A  B  C,  Fig.  71,  bo  a  cone  with  a  circular  base  A  if  B*", 
■■inilDEFti  section  of  the  same  parallel  to  the  side  B  Cand  alright  an- 
^■li'atothe  section  -1  B  C,  nml  let  OP  y<;!  i)c  a  second  Hcet ion  parallel  (o 
ilie  bsae  ind  therefore  circular.  Furtiicr,  let  E  F be  Ihe  line  of  intcrs^c- 
I'iOT  between  the  baae  and  the  first  aection,  and  finally,  let  us  suppose  llif 
pmllel  diametera  A  B  and  P  Q  to  lie  drawn  in  the  triangular  section  ABf 
itjI  the  aria  I>  0  in  the  section  DBF.  Then  for  the  half  chord  ,V  .V 
=  -VOwe  have  the  equation  jf  :■/"=:  PM.  3fQ;  Imt  31 Q  =  G B  v.m^  f(.r 
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wetaave  tbc  proportion  FM:  D  M  =  A  G  :  D  O,  whence 

Jut  WO  have  alEO  O  E-=B9.AQ\  ivhcnca,  diridtDg  tlie  lli^  eqiiitti»n 

lie  second, 

I)  <>~0B' 
finrtions  e'lt  off  from  t'le  nj^l:  (ntaeiatai)  arc  a»  the  tquarei  of  tkeeor- 
mdlnij  pei'petidifvlart  \  Oruiuritcii).  This  laiv  coincidi'S  exactly  »'itl' 
laiv  oF  niotion  jujt  found :  tln'  molioti  taki^s  place  tliuii  i:i  a  curreil 
D  N  E,  wlilch  ia  one  of  the  conir  Bectione.  For  the  con^trmrtioD,  pn- 
:i  of  tile  tangent,  aad  other  properties  of  Wv-j  parabola,  se.-  llie  Inge- 
1-,  i)M_:;e  175.  etc. 

S  37.  Parabolic  Motioa — In  onk-r  thorouglily  to  nndt-r- 
il  tli'j  motion  jiroduced  by  the  c om I ji  nation  of  velocity  and 
■!ei-.ition,  we  mifBt  be  able  to  give  for  any  time  (f)  the  direction, 
■ill/,  and  tlie  space  rhscribed,  Tlio  velocity  parallel  to  A  i"\^ 
•-isait  and  —  c,  and  that  parallel  to  .•[  .Via  rariablo  and  =  /'/: 
if  we  coiiatriict  with  thesi'  v,- 
^°- '^-  locitit's  OQ=c  and  0  P  =  i'  ■' 

tlic  pai-all"h)gi-am    O  P  R  Q- 
Fijr.  im.  we  obtain   in  (he  di- 
agonal 0  li  the  moan  veiceity, 
orthativJtli  ivhic-h  the  body  in 
0  describei  the  jiai-abolic  path 
A  0  U.  This  vchwity  itself  is 
r  ^   \-c'  +(ftt. 
0  li  givi-3  also  llie  tanJ^'!l■■ 
or  th:;  dia'cMon  in  which  tin' 
body  movea  for  an  instant :  wn- 
leuily,  for  the  angle  P  0  R  =  X  TO  =  <!>,  which  tlic  sam; 
;ea  with  the  direction  (axis)  A  A'  of  the  second  motion,  we 
!  the  following  forninla 

'«««■«  =  0>  =  ,y,- 

Finally,  to  obtain  the  space  describ<^d  or  tlie  are  of  tlic  curvp 
t  =  s,  we  can  employ  the  fovmnia  ct  =  ;■  r  (g  ifl),  by  the  aid  oi 
3b  wo  can  calcnlatc  tlic  small  potlione  which  we  can  considi- 
[ementa.  The  calenliis  .ilso  gives  a  complicat«l  formula  for  the 
piitation  of  an  arc  of  a  parabola. 


§ss.J 
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Fig.  78. 


§  38.  We  have  previously  supposed  that  the  primitire  directions 
of  motion  were  at  right  angles  to  each  other,  and  we  must  now 
consider  the  case,  when  the  direction  of  the  acceleration  makea  any 
arbitrary  angle  with  that  of  the  velocity.  If  the  velocity  of 
the   body  in  the  direction  A  Yx  (Pig.  73)  is  Cy  and  if,  in  the 

direction  A  Xi  which  forms 
an  angle  X^  A  J",  =  a  with 
the  former,  the  acceleration 
is  jt?,  ^  is  no  longer  tlie  ver- 
tex, and  A  X,  no  longer 
the  axis,  but  only  the  di- 
rection of  the  axis  of  the 
parabola.  The  vertex  of  the 
parabola  is  situated  at  a 
point  whose  co-ordinates,  in 
referenoe  to  the  point  of  be- 
ginning of  the  motion,  are  CB  =  a  and  B  A  =  by  of  which  the  former 
lies  in  the  axis  of  the  parabola  and  the  latter  is  at  right  angles  to 
it.  The  velocity  A  D  =  c  is  composed  of  the  two  components 
A  F=  c  »in.  a  and  A  E=  c  cos.  a.  The  first  of  these  is  constant, 
and  the  latter  is  variable,  and  always  equal  to  the  variable  velocity 
p  t,  provided  that  the  body  requires  the  time  t  to  pass  from  the 
vertex  67  to  the  real  point  of  beginning. 
Hence  we  have 

c  cos,  a-=-p  ty  v/hcncc  t  =    '  ^  '    ,  and  therefore 


c 

T 

N 

B 

*      ^^"^^^ 

A 

F 

b 

K' 

E.   % 

?- 

M 

\ 

k 

o 

V\ 

J 

I 

^  ^y. 

1)   OB  =  a='      =  --     — ,  and 


p 


2)  BA  =  b=^c »in. a,t  = 


c*  sin.  a  cos.  a      <?  sin.  2  a 


P  "^P 

If  we  havo  determined  by  these  distances  the  vertex  C  of  the 

parabola,  starting  from  this  point  we  can,  for  any  given  time,  de- 

tenninc  the  position  0  of  the  body.    Besides,  if  wc  put  CM=^z  and 

M  0=zy^  the  general  formula 

'  •'        —  y  =  c Sin. ay    — 


a:  = 


:,or 


holds  good. 


2  c*  3171.'' a       "  p 

Rekabk. — One  of  the  most  important  applications  of  the  theory  of  par- 
abolic motion,  just  discussed,  is  to  the  motion  of  projectiles.  A  body  pro- 
jected in  an  inclined  direction  either  upward  or  downward  would  describe, 
in  Tirtne  of  its  initial  velocity  c  and  of  the  acceleration  of  gravity  (^  =  82 . 2 
C?et),  an  arc  of  a  parabola,  if  the  resistance  of  the  air  were  done  away  with, 
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«r  if  its  motion  took  plsice  in  laeay.  If  tlio  velocity  of  projectitfn  is  not  verr 
CCreikt  and  if  the  body  ia  very  heavy  compared  tvith  its  volume,  the  diver- 
gence of  the  body  from  a  parabolic  path  is  small  enough  to  be  Deflected. 
The  most  perfect  parabolic  trajectories  are  thoBC  described  by  jeta  of  water 
iasuing  from  vessels,  fire-engiaca,  etc.  BoJifa  shot  frnm  f^uns,  etc.,  e.c., 
musket  l)allH,  describe,  in  consequence  of  the  firt-at  resistance  of  the  sir. 
paths  which  differ  very  sansibly  fro:n  a  parabola.' 

§  39.   Motion  of  Projectilea— A  body  projected  in  the  ili- 
rection  A  I'  at  an  angle 
_  ^o-  '*■  of  elevation  rAD  =  a, 

Fig.  74,  ascends  to  a  cer- 
tain beiglit  B  C,  -which 
ia  called  the  height  of 
projection  (Fr.  Iiantenr 
du  jet,  Gcr.  Wurf  hdhe), 
and  it  reaches  the  hori- 
zontal plane  from  ivhieh 
it  Btai'tcd  in  A,  at  adis- 
taiice-d  D  from  it, which 
is  called  the  range  of 
projection  (Fr.  ampli- 
tnde  dii  jet,  Ger.  Wurfweite). 

From  the  velocity  c,  the  acceleration  g  and  the  angle  of  eleva- 
tion, we  obtain,  according  to  §  38,  when  wc  replace  p  by  g  and 
a'  by  90°  +  a',  or  cos.  a  by  sin.  a,  etc. 

the  height  of  projection  C  B  =  a  =  —  -- —  and 
c=  sin.  2  a 


half  the  range  of  projection  A  B  =  b  = 

From  the  last  formula  we  see  that  the  range  of  projection  is  n 
■  maximum  for  sin.  3  o  =  1,  or  2  a  —  90',  that  is  for  a  =  45'.    A 
body  projected  at  an  angle  of  elevation  of  45°  attains  the  greatest 
range  of  projection. 
We  hare  also 

■  _      si' 


and  for  a  point  0  in  the  path  of  the  projectile  for  which  C  M  =  ' 
and  M  0  =  y, 

x=      ^^ 
2  c'  COS.'  a' 

or  when  itfl  position  is  given  by  the  co-ordinates  A  Jf=^  ar,  ani! 

N  0  =  yx,  since  in  that  case 
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a;=  CM=zBC-NO  =  a-yiBiid 

if  =  MO  =  AB  —  AN^b  —  XiyWG  have 

2  0"  COS.*  a* 
whence 


«  -  yi  =  ^ 


y,  =  a  —  ^-\ ^,  or  since  a  —  ~- — 5-  =  0 

•^  2  c*  cos,  a  2  c  cos.  a 

y.  =  r,  te«i/.  c  -  2^;i- 

fi  or 
Substituting  in   the  equation  y,  =  x^  tang,  a  —  ^-,— --,  -,for 

4V  C  COS*  o> 

v  » the  value  1  -{-  tann.^  a,  and  resolvin^y  the  same  in  reference* 
COS.  a 

to  /<r«/jr.  a,  we  obtain  the  following  expression  for  the  angle  of  eleva- 
tion (a),  required  to  reach  a  point  given  hy  the  co-ordinates  .r, 
andy,, 

^  (JX:  '     \rj  xj  \  (JX^'J 

If  (--V  =  1  +.  --—?',  or  c*  -  2  (J  7j\  d"  =  (f  x,\  then  we  have 

c  =  ^flr  {ffi  +  Vx,''±^/)  and 

tang,  a  =  ~    . 

Smaller  values  of  c  make  /aw^.  a  imaginary,  and  larger  values  of  c 
give  two  values  for  tang,  a ;  in  the  first  case  the  point  cannot  Ik» 
attained,  and  in  the  second  case  it  would  be  attained  eith(;r  in  the 
rise  or  in  the  fall  of  the  projectile. 

KzAMFLE. — 1.  A  jet  of  water  rises  with  a  velocity  of  20  feet  at  an  angle 
ot  66".  The  height  due  to  tbe  velocity  is  A  =  0,0155  .  20'  =  6,2  feet,  and 
the  jet  ascends  to  a  height  a=zh  sin.*  a  =  6,2 .  («/i.  60'')'  =  5,17  feet,  tlie 
tmge  of  tbe  jet  is  2  5  =  2 .  6,2  sin.  182°  =  2 . 0,2  sin.  48  =  0,21  feet.  Tlie 
time,  which  each  particle  of  water  requires  to  describe  tbe  entire  arc  A  CD 

« the  parabola,  ist=. =  - — xa  2 —  =1,14  seconds.    The  height 

pontsponding  to  the  horizontal  distance  A  2\r=  a?i  =  8  feet  is 

y,  -  3  .  tang.  60   -  _^^-^--^-- -  ^,- ,  ^  0,788  -  -^-^^-^^ 

=  6,738  -  2,189  =  4,549  feet. 
2.  A  jet  of  water  discharged  from  a  horizontal  tube  has,  for  a  height  1 J 
^*^t,  a  range  of  5}-  feet ;  how  great  is  its  velocity  ? 
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g  y*         ft*  t/' 

From  the  formula  z  =  -J^  =  /f ,  we  deduce  h  =  ^  -,  in  which  we  mjuft 

5  25* 
substitute  a?  =  1,75  and  y  =  5,25,  and  thus  we  obtain  h  =  .  '   ^^  =  3,937 

feet  and  the  corresponding  velocity  e  =  16,92  feet 

•  ■ 

§  40.  Jets  of  Water. — The  peculiarities  of  the  motion  of  jeta 

of  vrater  are  explained  and  shown  in  what  follows.    From  what 

precedes  we  have 

ft  rr*  ri  4-  (fanq'.  aYl       , 

y  =  X  tariff,  a  —  '- ^ — -  -  ,  -  *^ — '-^  and 

Z  c 

2,.  =  ..  fang,  a,  -  ^^[Lt^?^^ 

for  the  equations  of  the  parabolas  formed  by  the  paths  of  two  as- 
cending jets  of  water  whose  velocities  c  are  the  same,  and  whose 
angles  of  elevation  a  and  a,  are  diflTerent.  If  we  put  Xi  =  x  and 
subtract  these  equations  from  one  another,  we  obtain 

(/  X* 

ff  —  y^  z=  X  {tang,  a  —  tariff,  a,)  —  ^—  [{tanff.  a)'  -  (tanff.  a,)'] 

1  —  *^  .,  {tariff,  a  +  tariff*  fli)  j. 

If  we  assume  that  the  two  streams  have  nearly  the  same  angle 
of  elevation  and  require  the  two  parabolas  to  have  a  point  in  com* 
moil,  we  must  put  ffi  =  y  and  consequently  we  have 

.»•  {tanff.  a  —  tanff.  a,)  (1  —  ^-^  {tanff.  a  +  tanff.  a,)  I  =r  0,  or 

(I  X 

i  4  {tanff.  a  +  tanff.  a,)  =  1, 

<w  c 

or,  since  we  can  put  a,  =  o  we  have  simply 

a  X  tana,  a       ^      .  ,  o* 

■- i  - —  =  1,  whence  tanff.  a  =  — . 

c  ff  X 

Substituting  this  value  in  the  equation 

y  ^  X  tanff.  a  —  ^  ^^  [1  +  {tanff.  ay], 
we  obtain  the  equation 

y  g  2  c'  \  ^  ^'  xV  2ff  2  c' 
•of  the  curve  D  P  S  P  D,  Fig.  75,  which  passes  through  the  neigh- 
lx)ring  points,  in  which  eveiy  two  parabolas  starting  from  the  same 
point  A  at  different  angles  cut  each  other,  and  which,  therefore, 
touches  or  envelops  the  whole  system  of  parabolas  A  CD,  A  OB, 
etc. 
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The  height  to  -which  a  vertical  jet  of  water  riBes  ta  A  3  =  ir-, 
uid  the  range  of  projection  of  a  jet  A  CZ)  rising  at  aa  angle  of 
FIS.7S 


If  we  transfer  the  origin  of  conirdinates  from  ^  to  i?,  re- 
placing the  conardinatea  A  N=  :ean(l  N  P  =  y  b;  the  co-ordinates 
S  n=u  and  U P  =  r,  wc  have 

y^  A  S-SF=f^  ~«amU=  A  N=  UP  =  r, 
ami  the  equation 

11  ~        —  ■{-■    ia  thus  trAiiafunncd  into 

2  f  'J 

This  equation  is  tliat  of  tho  common  parabola  whoso  parameter 
V  ,>  -  -^-  =  iA  S,  and  therefore  the  envelope  D  P  8 P  D  of  all 
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the  jete  of  water  rising  irom  the  point  Ais  &  common  parabola, 
whose  Tcrtez  is  8  and.  whose  ftxis  ia  S  A. 


A  liiiiiuh  of  jets  riBing  from  A  in  all  directions  wonld  be  enyel- 
i|K-<l  liy  thi-  jiaraboloid  generated  by  the  revolution  of  the  envelop' 
/'  1'  sr  I)  mowndA  S.  If  /  is  the  time  in  whidi  a  liody  rising  in 
11  piirabola  deseriljes  the  are  A  0,  Fig.  Tii^  the  co-ordinates  of  whii:)^ 
ore  .4  J/  =  ^  and  M  0  =  if,vrti  liavo 

X  =■  ct  cos,  a  and  y  =  c  t  sin.  a  —  •  ^ ,  whence 


-  — ,  and  sttt.  a 

ct 


_  .V  +  '  ff  '' 


Substituting  these  values  for  cos.  a  and  am.  a  in  the  wcll-knoffu 
trigonometrical  formula  (cos.  a)'  +  (aia.  a)'  =  1,  we  obtain  the  fol- 
lowing formula 

If  from  a  point  ,1,  Fig.  70,  bodies  !■,'  i>ri)ji'L'U'il  ;U  th-?  scmj  «'■"• 
ment  and  in  the  same  vortieiil  jilauf  iit  dilT..T,'nt  unties  of  elev;!- 
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tion,  the  positions  that  they  occupy  after  the  lapse  of  a  certain 
time  (i)  are  determined  by  the  last  equation,  which  is  that  of  a  circle 
whose  radius  is  r  =  c  ^  and  whose  centre  is  situated  vertically  below 
.1  at  a  distance  a  =  I  ^  /*,  and  which  can  therefore  bo  written  in 

the  following  form, 

x"  -{-  {y  ■{-  ay  =  r\ 

The  circnmference  of  this  circle  would  therefore  be  reached  at  the 
saine  moment  by  all  the  elementary  jets  A  C Dy  A  0  P,  A  LS.... 
rising  at  the  same  moment  from  the  point  A. 

X 

If  in  the  formula /i  =  — ^ we  substitute  a  =  45',  and  x  = 

ccos.  a 

AB=  =— ,  we  obtain  ti  =  r rrr  =  —  r  A,  hence  the  time  re- 

2ff^  2if  cos,  45°       g 

quired  to  describe  the  whole  arc  of  the  parabola  A  C  D  is  t  ^ 
2  /,  =r  —  V2,  and  the  radius  of  the  circle  D  LD,  which  is  reached 
gtnmltaneously  by  the  diflferent  elements  of  the  water,  is 

•  9  3  9 

KD  =  r  =  ci  =  —  V2^^V8  =  2,828  ^  =  2,828  .  TS,  and 

S  2</  '       2g        ' 

Ae  distance  of  the  centre  K  from  A  is 

c'       .  c» 


If  we  divide  D  K  in  4,  and  A  Kml^  equal  parts,  we  can,  since 
r  is  proportional  to  t  and  a  to  /',  from  the  points  of  division  1,  4,  9 
in  A  K,  describe  other  circles  with  the  radii  \  D  K^i  D  E,  and 
f  1)  K,  which  cut  off  the  parabolic  arcs  described  in  the  same  time, 
i-G^  the  circle  described  from  1  with  1  a:=  \  D  K,  cuts  off  in  the 
jwints  a,  a„ ,  the  pardbolic  patlis  A  a,  Aa^,,,,y  described  simul- 
taneously, and  the  circle  described  from  4  with  4  /3  =  J  Z)  Xcuts  off 

in  the  points  /3,  i3, the  parabolic  arcs  A  0,  A  /3„  etc.,  which  are 

abo  simultaneously  described. 

If  these  circles  be  revolved  about  the  vertical  axis^Z,  they  do- 
scribe  spherical  surfaces  which  bound  the  parabolic  paths  described 
simultaneously,  when  the  jets  are  projected  all  around  A  at  all 
angles  of  elevation. 

§  41.  Curvilinear  Motion  in  OeneraL — By  the  combination 
of  several  velocities  and  several  constant  accelerations,  we  obtain 
al*>  a  parabolic  motion,  for  not  only  the  velocities  but  also  the  ac- 
cA»rations  can  be  combined  so  as  to  form  a  single  resultant;  the 
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problem  is  then  the  same  as  if  there  were  one  velocity  and  one 
acceleration,  I.E.,  as  if  there  were  but  one  uniform  and  one  uni- 
formly accelerated  motion. 

If  the  accelerations  are  variable,  they  can  be  combined  so  as  to 
give  a  resultant,  as  well  as  if  they  were  constant,  for  we  can  con- 
sider them  as  constant  during  nn  infinitely  small  period  of  time  (r), 
and  the  motion  as  uniformly  accelerated  during  this  time.     The 
resulting  acceleration  is,  it  is  true,  like  its  components  themselves, 
variable.    If  we  combine  this  resulting  acceleration  witli  the  given 
velocity,  we  obtain  the  small  parabolic  arc,  in  which  the  motion 
takes  place  during  this  instant    If  we  determine  also  for  the  follow- 
ing instant  the  velocity  and  the  acceleration,  we  obtain  another  por- 
tion of  an  arc  belonging  to  another  parabola,  and  proceeding  in  the 
same  manner,  we  obtain  approximately  the  entire  curve  of  the  path. 

§  42.  We  can  consider  every  small  arc  of  a  curve  as  an  arc  of  a 
circle.  The  circle  to  which  this  arc  belongs  is  called  the  circle  of 
curvature  or  osculatory  circle  (Pr.  cercle  osculateur,  Ger.  Krtim- 
mungskreis),  and  its  radius  is  the  raditis  of  curvature  (Pr.  rayon  do 
courbure,  Ger.  Erummungshalbmesser).  Tlie  path  of  a  body  in 
motion  can  be  considered  as  composed  of  such  arcs  of  circles,  and 

we  can  therefore  deduce  a 
formula  for  its  radii.     Let 

A  M  (Fig.  77)  =^=^2 

be  a  very  small  space  do- 
scribed  in  the  direction  A  X 
with  uniformly  accelerated 
motion,  A  N=.  y  =  vra  very 
small  space  described  uni- 
formly and  0  the  fourth  cor- 
ner of  the  parallelogram  con- 
Y  stmcted  with  x  and  y,  that 
is,  the  position  that  the  body 
starting  from  A  occupies  at 
the  end  of  the  instant  (r). 
Let  us  draw  A  (7  perpen- 
dicular \o  A  Yy  and  let  us 
see  from  what  point  C  in  this  line  an  arc  of  a  circle  can  be  de- 
scribed through  A  and  0.    In  consequence  of  the  smallpess  oiAO 
we  can  consider  not  only  CA,  but  also  C  0  P  bs  perpendicular  to 


Fig.  77. 
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A  T,BO  that  in  the  triangle  JV  0  P  the  angle  N  P  0  can  bo 
treated  as  a  right  angle.     The  resolution  of  thid  triangle  gives 

OP  =  0  Nsin.  0  NP  =z  A  M sin.  X A  Y ^^  sin.  a, 

and  the  tangent 

AP=iAN+  NP  =  VT  +  ^^co8.a=.  Iv  +  ~J-cos.  a\  t, 

can  be  put  =^  vt,  for—r-  cos.  a  can  be  neglected  in  the  presence  of 

V,  in  consequence  of  the  infinitely  small  factor  r.     Now,  from  the 

properties  of  the  circle  we  know  that  A  P*  —  PO.{P  0  +  2  CO), 
or  since  P  0  can  be  neglected  in  the  presence  o{2COyAP*  =  PO 
.200;  whence  it  follows  that  tbe  radius  of  curyature  is 

AP*  V*  t"  V* 

CA  =  CO  =  r=  ^ 


2P  0  pr* sin.  a  p sin. a 
In  order  to  determine  by  construction  the  radius  of  curvatuif, 
^e  lay  off  upon  the  normal  to  the  original  direction  of  the  motion 
A  Y  the  normal  acceleration,  i.e.,  its  normal  component  p  sin.  a 
^  AD,  and  join  the  extremity  B  of  the  Telocity  A  F  =  v  to  Dhy 
the  right  line  D  B,  then  we  erect  upon  D  Bo,  perpendicular  B  C: 
tbe  point  of  its  intersection  with  the  first  normal  is  the  centre  of 
the  osculatory  circle  of  the  point  A. 

%  inverting  the  last  formula  we  obtain  the  normal  acceleia- 

V* 

iim  n  =  p  sin,  a  =  — ;  from  which  we  see  that  it  increases  di- 

rectly  as  the  square  of  the  velocity,  and  inversely  as  the  radius  of 
curvature,  or  directly  as  the  greatness  of  the  curvature. 

£zAicpLE. — The  radius  of  curvature  of  tbe  parabolic  trajectory  2>ro- 

dnced  by  the  acceleration  of  gravity  is  r  =  0,081  —. ,  and  for  the.  vertex 

of  this  curve  where  a  =  90®,  and  therefore  gin.  a  =  1,  it  becomes  r  = 
0,031c*  feet.  For  a  velocity  c  =  20  feet  we  obtain -r  =  12,4  feet;  the 
farther  the  body  is  distant  from  the  vertex  the  smaller  a  becomes,  and  con- 
Kqnently  the  greater  is  the  radius  of  curvature. 

§  43.  If  the  point  A  has  described  the  ehmentary  space  ^0  = 
ff»  its  velocity  has  changed;  for  the  initial  velocity  v  in  the  direc- 
tional Fis  now  combined  with  the  velocity  je?  t  acquired  in  the  di- 
i^ion  A  X,  and  consequently  from  the  parallelogram  of  velocities 
^e  have  for  the  velocity  Vi 

v*  =  v*  +  2vp  T  COS.  a  +  p'*  T^  =  V*  +  pt{2  V  cos.  a  +p  r), 
i^ip  T  vanishes  in  the  presence  of  2  t;  cos.  a,  and  we  have 
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r  is  the  elementary  apace  AN=  AO  —  o,  and  p  cos.  a  is  the 
fia/  accsleraiion,  i.e.,  the  component  k  of  the  acceleration  p 
direction  of  the  tangent  or  of  the  motion,  whence  we  hare 

II.'  —  n'        , 

->-  =  '"■ 

re  a  COS.  a  is  the  projection  ^  J?  =  f ,  of  the  space  upon  the 
)n  of  the  acceleration,  and  consequently  we  have 

the  motion  progresses  i^i  changes  successively  into  v„  c». .  -. 
the  projections  of  the  elementary  spaces  are  increased  by 

uitities  ^„  ^, . , .  ■  |„  therefore  we  have 

addition 

-    ~"    =pi^, +  ?,  +  .■  ■?.)=?  X, 
3h  X  denotes  the  total  projection  of  the  acceleration  npon 
We  can  also  put 

^IrJ'!  =  (Pl±El±lLi±M  3-, 

;he  accelemtion  is  variable  and  assumes  successively  the  val- 
?>■■■•  7'v 
see  from  the  above  that  the  variation  of  the  velocity  does 
the  least  dopend  upon  the  form  or  length  of  the  path  de- 
.,  but  only  on  it3  projection  x  upon  tlie  direction  of  tlie  ac- 
ion.  For  this  reason  all  the  jets  of  water,  Fig.  76,  have  one 
e  same  velocity  on  reaching  the  same  horizontal  plane  E  B- 
the  initial  velocity  or  velocity  of  efflux,  r  the  velocity  at  flfli 
the  height  of  the  line  B.  H  above  A,  we  have 

— s —  =  —  gi>  whence 


1;=  Vc'  -'i<jb. 

at  a  certain  point  of  the  motion  we  have  a  =  90°,  the  tan- 
I  acceleration  k  =  p  cos.  a  becomes  =  0,  and  the  normal  ac- 
ion  n  ^  p  sin.  a  is  equal  to  the  mean  acceleration  p.  In  tt'^ 
10  variation  of  the  squares  of  the  velocities  while  the  elettieDt 
e  space  is  being  described,  is  I'l'  —  v'  =  0,  and  we  have  I'l  = 
I  if  the  motion  continues  in  a  curve,  tha  direction  of  the  ac- 
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celeration  changing  in  such  a  manner  as  always  to  remain  noimal 
to  the  direction  of  the  motion  (i.e.,  if  there  is  no  tangential  accel- 
eration), r,'  —  f '*  =  0,  or  Vi  =  V  remains  constant  while  the  point  is 
describing  any  Unite  space,  and  the  final  velocity  is  equal  to  the 
initial  velocity  c. 

The  normal  acceleration,  for  which  the  velocity  remains  constant, 


IS 


an  example  of  which  is  afforded  by  motion  in  a  circle,  for  then  the  ra- 
dius of  curvature  (7^  =  (70=(7Z>  =  ris  constant    Inversely 

a  constant  acceleration,  which  always  acts 
at  right  angles  to  the  direction  in  which 
the  body  is  moving,  causes  uniform  mo- 
tion in  a  circle. 

Example. — A  body,  revolving  in  a  circle  5 
feet  in  diameter  in  such  a  manner  as  to  make  each 

revelation  in  5  seconds,  has  a  velocity  <j=  — t—  v= 


3^.5 


=  2 .  ?r  =  6,283  feet,  and  a  normal  ac- 


Fi3.  79. 


celeration  p=    ^         =  7,806  feet,  lb.,  in  every 

<ccond  it  would  be  diverted  from  the  straight  line  a  distance  ^  p=^\ .  7,896 
==  3,948  feet. 

(§  44.)  Curvilinear  Motion  in  G-eneral — If  a  point  P,  Fig. 
79,  moves  in  two  directions  A  X  and  A  YdX  the  same  time,  wo 

can  consider  the  spaces  de- 
scribed A  K  ^  L  P  =^x 
and  AL  —  KP  =  y  as  the 
co-ordinates  of  the  curve 
A  P  FT  formed  by  the  path, 
and  \i  d.t  is  the  element 
of  time,  in  which  the  body 
describes  the  elementary 
spaces  P  R  =  d  X  and  R  Q 
^  dt/,^e  have  (from  §  20) 
the  velocity  along  the  ab- 
scissa 

and  that  along  the  ordi- 
nate 
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.)  .  =  '/, 

Knd  therefore  the  resnltiag  tangential  velocity,  or  that  along  the 
carve,  when  the  directions  A  X  and  A  Yot  the  motioiui  ve  at 
right  angles  to  each  other, 

n\  1^1— J    i/T^^VTT^W      ./da^  +  rftf'  ■    da 

3)       „  =  VS.  +  ..=«/(_)  +  (J)=v'-Jjr^=51. 

in  which  formula  d  a  denotes  the  element  P  Q  ot  the  curve  which, 
flcoording  ta  Art  33  of  the  Introduction  to  the  Calculns,  is  eqnal  to 

The  acceleration  along  the  ahsoiasa  is,  according  to  g  20, 


Fio  80.  *) 


du 


and  that  along  the  ordi- 
nate 

For  the  tangential  an- 
gle P  TX=  QPR  =  ih 
formed  by  the  direction  of 
motion  P  w  with  the  direc- 
tion of  the  abscians^  w* 
have, 

,  V      dg 

<'.    and  also 

V      dv     , 
nn.  o  =  —  =  ^  and 
w      as 

u       dx 
COS.  a  =  —  =  ^. 

The  accelerations  p  and  q  can  be  decomposed  into  the  foUoving 
components  in  the  directions  of  the  tangent  P  T  and  of  the  wt- 
msAPN, 

f\=p  C03.  a  and  pt=p  sin.  a, 
qi  —  q  sin.  a  and  gi  =  g  cos.  a. 
Conaeqaentiy  the  tangential  acceleration  is 

i=p,  +  q,=p  COS.  a  +  q  sin. « 
—  ^    Jt-u—     g  _ttdu  +  vdv 
~ d  t    w      d  t'  v>  wdt  ■   ' 

and  the  nonnal  acceleration  is 
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f^  "^  p9  ^  ^i  ^=  p  sin,  a  -^  q  cos.  a 
__du     V       dv    u  ^  V  d  u  —  u  dv 
'^  d  tw       d  t'  w  ^         w  dt 
But  by  differentiating  w"  +  v*  =  to*  we  obtain 

u  du  '\-  V  dv  =  tod  w, 

and  therefore  we  have  more  simply  for  the  tangential  acceleration 

».     ,      wdw      dw 
w  d  t       dt 

r^        A               ^         1.x  -T^               u  d  V  —  V  du 
From  tang,  a  =  -  we  obtain  d  tang,  a  = 5 , 

(Introduction  to  the  Calculus,  Art.  8)  and  the  radius  of  the  curva- 
ture C  P  ^  C  Qoi  the  elementary  arc  P  ©  (according  to  Art  33 
of  the  Introduction  to  the  Calculus)  is 

ds' 

daf  d  tang.d 

whence  it  follows  that 

,          ,            ,,,             w'ds*      ds*     dsids"^    w^  d  s 
vdu'-udv=—u^dtang.a^ — = — ;=2r-rT4= —  I  j^I  = i — 

and  that  the  normal  acceleration  is  simply 

«.  w'ds       w     ds      w* 

7)  n= J-.  =  —  —  =  — , 

'  r  w  d  t       r     dt       r 

Finally  we  have 

k  d  s  =  -ri  •  d  s  =  ~r.  d  w  =  w  d  to; 
dt  dt 

from  which  we  obtain  (as  in  §  20), 

8)  — ^ —  ^fhds, 

when  we  suppose  that  while  describing  the  space  s  the  velocity 
changes  from  c  to  w.  Therefore,  in  curvilinear  motion  half  the  dif- 
ference of  the  squares  of  the  velocities  is  equal  to  the  product  of  the 
mean  acceleration  (k)  and  tlie  space  s.    In  like  manner 

pdx  +  qdf/=^udu-\-vdv=:^wdWy  and  therefore 
9)    — H— =/(i^  dx  +  qdy)=^fpdx  +  /qdi/,  and 

10)    fkds  —  fpdx  +  fqdy,  or 
kds=pdx-hqdy. 

The  product  of  the  tangential  acceleration  and  the  element  of  the 
curve  is  equal  to  the  sum  of  the  products  of  the  accelerations  cdong 
the  co-ordinates  and  the  corresponding  elemsnts  of  co-ordinates. 
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LAMFLE.— A  body  moves  on  one  bxib  A  X  with  the  velocity  u  =  13  i, 
n  the  other  j1  F  with  the  Telocity  e  =  4  ('  — 9 ;  required  the  other 
ions  of  the  resalting  motion.  The  correspondiDg  accelenttiosa  aloi^ 
'K>id)aate3  are 

,  =  11  =  18, »Dd8  =  |!  =  81, 
10  co-ordinates,  or  spaces  described  along  the  axes,  are 

*  =  /m  d  (  =  /  la  (  d  (  =  6  C,  and 

y=J'vdt  =y (4  r-B)ii=^f-»(l, 

ich  equations  the  spaces  count  Aum  the  time  f  =  0.  The  tangentisl 
ty,  or  that  along  the  enrve,  is 

Va'  +  o'  =  VmC-l-  {4('-B)'  =  v'lflC  +  TSC  +  ei  =  4 (■  +  ft 
tuently  the  tangential  acceleration  ia 

i  =  ,—  =  8  t  =  the  acceleration  q  along  the  oidiiute. 
J  have  also  for  the  ^ace  described  along  the  curve 
*=fv>  d  t  =  J'(4P-i.9)dt  =  gC  +  «t 

lien  the  direction  of  the  motion  is  given  by  the  fonnnia, 
e4{»-9lai-9 

'^■'  =  -.=  ^T2r'hrj 

lerefore  the  radius  of  curvature  of  the  tn^ectorj  is 

_         d^ (4f'  +  B)'.18i'_     (4f+fl)' 

d::^dlanf.a  144('(4('  +  0)     ~  13      * 


Dseqnentl;  the    normal    acceleration,  which  produces  a  constant 
i  of  direction  of  the  motion  of  the  body,  is 

n  =  —  =  —  12,  or  constant 

e  eqnatioa  of  the  enrve  of  the  trajectory  of  the  body  is  found  by  sob- 

igt  =  4/'^  in  the  foregoing  equation,  and  it  ia 

ieordinateyisa(n€gative)mazimumforo  =  0,i.B.,  for^=-2-,  ort  = 
d  JB  =  6 .  (■  =  6 .  -|-  =  y,  and  then 

a  the  contrary,  it  is  =  0,  for  C  = -^  or r  =  |-V8,  and*  =^- 


^  45  ]  COMPOUND  MOTION.  •  149 

The  canrc  lEvhich  forms  the  path  of  the  body  rang  at  first  below  the  azia 

/"07 
of  abscissas,   and  after  the  time  t  =  y  -.-  it  cuts  it  at  a  point  whose 

81 
abscissa  is  a;  =  ^,  and  from  that  time  it  remains  aboTe  the  axis. 

The  following  table  contains  a  collection  of  the  corresponding  yalnc^ 

of  f,  u,  f,  w,  Xy  y,  tarig.  a,  r  and  «,  from  which  the  conre  A  B  C DE, Fig.  81, 

is  oonstmcted. 
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§45.  Relativa  Motion.— If  two  bodies  are  moving  simal- 
^congly,  a  continual  change  in  their  relative  positions,  distances 
*pwt,  etc.,  takes  place,  the  value  of  which  may  be  determined  for 
any  iMtant  by  the  aid  of  what  precedes.  Let  A,  Fig.  82,  be  the 
point  where  one  and  B  that  where  the  other  motion  begins ;  the  first 
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body  passes  in  a  given  time  {t)  in  the  direction  ^  X  to  the  position 
M^  and  the  other  body  in  the  same  time  in  the  direction  B  Y\o 
tlie  point  N.    Now  if  we  draw  M  JV,  this  line  will  give  us  the  rela- 
tive position  and  distance  from 
^**-  ®-  each  other  of  the  bodies  A  and 

J?  at  the  end  of  this  time.  Draw- 
ing A  0  pamllel  to  M  If,  and 
making  A  0  =  M  N,  the  line 
A  Owill  also  give  the  relative 
position  of  the  bodies  A  and  B. 
If  we  now  draw  0  JV,  we  obtaili 
a  p:irallelogram9  in  which  0  Nia  =  AM.  If,  finally,  we  make  B  Q 
equal  and  parallel  to  Ji  0  and  draw  0  Qy  we  obtain  a  new  parallel- 
ogram B  N  0  Qfin  which  the  one  side  B  N\a  the  absolute  space 
(y)  described  by  the  second  body,  the  other  side  ^  ^  is  the  space 
(x)  described  by  the  other  body  in  the  opposite  direction,  and  the 
fourth  comer  0  is  the  relative  position  of  the  second  body,  that  is, 
in  reference  to  the  position  of  the  first  body,  which  we  consider 
t^  1x5  fixed.  Hence  we  can  determine  the  ^relative  position  0  of  a 
moving  body  (B)  by  giving  to  this  body  besides  its  motion  {B  N) 
{mother,  equal  to  but  in  the  opposite  direction  from  that  A  AT  of 
the  l)ody  (-4),  to  which  its  position  is  referred,  and  then  by  com- 
bining in  the  prdinary  way,  as,  E.O.,  by  the  aid  of  a  parallelogram, 
thoso  two  motions. 

• 
g  46.  If  the  motions  of  the  bodies  A  and  B  are  uniform,  we 

can  substitute  for  A  M  and  B'N  the  velocities  c  and  Ci,  that  is  the 
spaces  described  in  one  second.  In  this  way  we  obtain  the  rela- 
tive velocity  of  one  body  when  we  give  to  it  besides  its  own  abso- 
lute velocity,  that  of  the  body  to  which  we  refer  the  first  velocity, 
but  in  the  opposite  direction. 

The  same  relation  holds  good  for 
the  accelerations.  If,  E.O.,  a  body 
Ay  Fig.  83,  moves  uniformly  in  the 
direction  A  O  with  the  velocity  c. 
and  a  body  B  moves  in  the  direc- 
tion B  Yy  which  makes  an  angle  a 
with  BXxyV^xiYi  an  initial  velocity 
=  0  and  with  the  constant  accelc- 
i-ation  py  we  can  also  suppose  that 
A  stands  still  and  that  B  possesses, 
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besides  the  acceleration  p^  also  the  Telocity  (—  c)  in  the  direc- 
tion B  X,  parallel  ioAX\  the  body  will  then  describe  the  parabolic 
Ijath  BOP. 

The  spaces  described  in  the  time  t  in  the  directions  B  Y 

and  BJTi  are  B  N  =  -^  and  J?  Jf  =  c  /,  the  first  of  which  can  bo 

decompofied  into  the  components  NB  =  -^  cos.  a  and  B  B  =  ~- 

nn.  a,  which  are  parallel  and  at  right  angles  to  ^  X 

Now  if  A  C  =  a  and  C  B  =  b  avQ  the  original  co-ordinates  of 
the  point  B  in  reference  to  A,  and  A  K  ^  x  and  iT  0  =  y  the  co- 
ordinates of  the  same  after  the  time  t,  we  have,  since  A  K=^  A  0 
-ON-  NBeoidKO^  CB  -  BB, 

X  -=1  a  --  ci  --  ~- COS. a  and  y  =  6  — -q-  ««•  «> 

and  consequently  the  corresponding  relative  velocities 
tt  =  —  c  —  jp  ^  co«.  a  and  v  =  —  p  t  sin.  a. 
Prom  the  abscissa  z  we  determine  the  time  by  the  formula 


^     V  COS.  a         \p  COS.  al 


p  COS.  a         \p  COS.  at        p  cos.  a 
Jind,  on  the  contrary,  from  the  oixlinate  y  by  the  formula 

'     p  st7i.  a 
,If  the  body  B  moves  in  the  line  A  X  towards  A^  we  have  4  =  0 
and  also  a  =  0,  and  therefore 

putting  ar  =  0,  we  obtain  for  the  time,  when  two  bodies  will  meet. 


p     V'     p  p 


-h  c'  —  c 


If,  on  the  contrar}%  the  body  B  moves  in  the  linc.^  JT  ahead 
of  the  body  A,  then  a  =  180°,  and  tjie  distance  of  the  former  from 

the  latter  body  is  a?  =  a  —  c  ^  +  -  - -,  and,  inversely,  the  time,  at 

the  end  of  which  the  bodies  are  at  a  distance  x  from  each  other,  is 

^  p  \pJ        p 

The  corresponding  velocity  w  =  —  ^  +  7;  Ms  =  0,  and  the  dis- 

c  & 

tance  a;  is  a  minimum  for  ^  =  -,  and  its  value  is  tc  =  «  —  i.— 

P  ^P 
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For  every  other  value  of  a;  we  have  two  values  for  the  time,  onr 

of  which  is  greater  and  tlic  other  less  lliau  ■ . 

Rkmabk.— The  Ibregoing  tlioorjofn^lative  motion  is  often  applied,  □<>: 
only  ID  celestial  mecliaDica,  but  also  in  the  luvcUttnicd  of  macbines.  Let  a.' 
consider  the  following  case. 

A  body  A,  Fig.  81,  moves  in  tliu  direction  A  Zwitli  the  velocity  c,,  snJ 
Bbould  be  met  by  aootiicr  body  Swhich  has  tlic  velocity  c, ;  wliat  tlirectioa 
muat  we  give  the  l&ttcr)  If  we  draw  ..1  B,  lay  off  from  B,  c,  in  (be  op- 
posite direction  snd  complete  witli  c,  tind  c„  a  parallelogram  3  e,  c  e,. 
whose  dia^nal  c coincidea  witb  A  B,  wc  obtain  b  the  direction  Be,  =c. 
of  its  side,  not  only  the  direction  jP  Tin  which  the  body  Bmaat  move, 
but  also  in  the  point  of  intcrsectioo  P  of  the  two 
Fig.  8i  direcUoDs  A  X  and  B  T,  thw  point  where  the  two 

bodies  will  meet  If  a  is  the  angle  BAX  fonned 
by  A  X,  and  ,3  the  angle  A  BY  formed  by  BT  with 
A  B,  we  have 


This  formula  is  applicable  to  the  aiejvatiim  ef  Ou 
light  of  the  atari  whiclk  is  caused  by  the  compo- 
sition of  the  velocity  c,  of  the  earth  A  around  the 
sua  with  the  velocity  e.  of  the  light  of  the  star  B. 
Here  c,  ia  about  19  miles,  and  c,  abont  192,000 
miles,  coaasquently 


•in.  3  =  - 


ISfi 


Fio.  8G. 


■  "103000  ~  io'lM' 
hence  the  aberration  or  the  angle  A  B  C  =  i,  formed  by  the  apparent  di- 
rection A  Boi  the  star  (which  can  be  supposed  to  be  infinitely  distant)  with 
tbe  true  direction  B  Cot  AD,\aii=W  sin.  a;  end  for  0=00°,  that  is,  for  n 
star,  which  is  vertically  above  the  path  of  tbe  eartii  (in  the  KKalled  pole  of 
the  ecliptic),  we  have  (3  =  20^  In  coasequcnee  of  this  divergence  wo  al- 
viaja  see  a  star  20"  in  the  direction  of  the 
motion  of  the  earth  behind  its  tma  poa'' 
tion,  and  consequently  a  star  in  the 
ncighborhoiKl  of  the  pole  of  the  ecliplic 
describes  apparently  in  the  course  of  * 
year  a  small  circle  of  20"  radius  arooad 
its  true  position.  For  stars  in  the  plnar 
of  the  earth's  path  this  apparent  ntotiea 
takes  place  in  tt  straight  line,  and  fur 
the  other  stars  in  an  apparent  ellipet. 

ExAHFLB. — A  locomotive  moves  from 
A  upon  the  railroad  track  A  X,  F!g.  85. 
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with  35  feet  velocity,  &nd  nnother  at  the  same  time  from  B  with  20  ff ct 
velocity  upon  the  track  B  F,  which  forms  an  imgle  B  B  X=  66°  with  the 
iiret.  Now  if  the  initial  distances  are  -4  (7  =  80000  i'eet,  and  C  Bz^  240(0 
teet,  how  great  is  the  distance  A  0  after  a  quarter  of  an  hour  ?  From  iht* 
absolute  velocity  B  E=  c^  =30  feet  of  the  second  train,  the  inverse  vo'c- 
dly  5 ^=  c  =  35  feet  ot*  the  first,  and  the  included  angle  E B  F=o  ■--- 
180°  -  Bi>  C7=  180°  -  56°  =  124°,  we  obtain  the  relative  velocity  of  the 
second  train 

BG=  Vc"  +Ci'*  +  acc,CM.a  =   ^35^  +  20"  -  2  .  36  .  20  .  cos.  56 ' 

=  V1225  +  400^^i4(Krf^jj."56"°  =  /l625  -  782,9  =  ^^842^1  =  29,02  feet. 

For  the  angle  G  B  F  =  t^^  included  between  the  direction  of  the  re^a- 

tire  motion  and  the  direction  of  the  first  motion,  wc  have 

.    ^     c.  tin,  56°      20 .  0,8290    ,       .     ^    « „-««^     .      ,  .     o^o  r^' 

«/!.<>=    -g^  Q2"    =  ~~29  02~   '  ^^**'*'  <^=0,75600-1,  whence  ^=84  ,50. 

The  relative  space  described  in  15  minute3=900  seconds  is  B  0=29,02 . 

too  =  26118  feet,  the  distance  -4  B  is=  V(80000)^  +  (24000)' =  88419 

24000 
r:?t,  the  value  of  the  angle  BA  0  =  A  B  F^  whose  tangent  is  3qqqq=  ^»^7 

•'  =  38°  40',  and  therefore  the  angle 

^  -B  0  =  ^  +  V  =  84°  50'  +  88M0'  =  78°  80', 
'^nd  the  distance  apart  of  the  two  trains  after  15  minutes  is 

A0=  ^AB"  +  BO^  ^2AB,BOeo8.ABO 


=  i^38419«  +  26118"  -  2 .  88419 .  26118  cos.  78°  W 
=  VT588190000  =  39850  feet. 


SECOND   SECTION. 

MECHANICS,  OR  THE  PHYSICAL  SCIENCE  OF 

MOTION  IN  GENERAL. 


CHAPTER    I. 

FUNDAMENTAL  PRINCIPLES  AND  LAWS  OP  MECHANICa 

§  47.  Mechanics. — Meclianics  (Fr.  m^caniqnc,  Ger.  Mechanik) 
is  the  science  which  treats  of  the  laws  of  the  motion  of  material 
bodies.  It  is  an  application  to  the  bodies  of  the  exterior  world  of 
ihat  part  of  Phoronomics  or  Cinematics  which  deals  with  tiic  mo- 
tions of  geometrical  bodies  without  considering  the  cause.  Me- 
chanics is  a  part  of  Natural  Philosophy  (Fr.  physique  generalc, 
(iiT.  Naturlehre)  or  of  the  science  of  the  laws,  in  accordance  with 
which  the  changes  in  the  material  world  take  place,  viz.,  that  part 
of  it,  which  treats  of  the  changes  in  the  material  world  arising  from 
measumble  motions. 

§  48.  Force. — Force  (Fr.  force,  Ger.  Kraft)  is  the  cause  of  the 
motion,  or  of  the  change  in  the  motion  of  material  bodies;  Every 
change  in  motion,  kg.,  every  change  of  velocity,  must  be  regarded 
as  the  effect  of  a  force.  For  this  reason  we  attribute  to  a  body 
falling  freely  a  force,  which  we  call  gravity  ;  for  the  velocity  of  tbo 
body  changes  continually.  But,  on  the  other  hand,  we  cannot 
infer  from  the  fact  that  a  body  is  at  rest  or  moving  uniformly  that 
it  is  free  from  the  action  of  any  force ;  for  forces  may  balance 
each  other  without  causing  any  visible  effect  Gravity,  which 
causds  a  body  to  fall,  acts  as  strongly  upon  it  when  it  lies  upon  a 
table,  but  its  effect  is  here  destroyed  by  the  resistance  of  the  table 
or  other  support 
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§  49.  Eqm  ibrimn.— A  body  is  in  equilibrium  (Fr.  equilibre, 
Ger.  Gleichgewicht),  or  the  forces  acting  on  a  body  hold  each  other 
iu  eqiiihbriumy  or  balance  each  other,  when  they  counterbalance 
or  neutralize  each  other  without  leaving  any  resulting  action,  or 
without  causing  any  motion  or  change  of  motion.  e.g.  When  a 
body  is  suspended  by  a  string,  gravity  is  in  equilibrium  with  the 
cohesion  of  the  string.  The  equilibrium  of  several  forces  is  de- 
stroyed and  motion  produced  when  one  of  the  forces  is  removed  or 
neutralized  in  any  way.  Thus  a  steel  spring,  which  is  bent  by  a 
weight,  begins  to  move  as  soon  as  the  weight  is  removed,  for  then 
the  force  of  the  spring,  which  is  called  its  elasticity,  comes  into 
action. 

Statics  (Fr.  statique,  Ger.  Statik)  is  that  part  of  mechanics  which 
treats  of  the  laws  of  equilibrium.  Dynami<»  (Fr.  dynamique,  Ger. 
Dynamik),  on  the  contrary,  treats  of  forces  a£  producers  of  motion. 

§  50.  Classificatioii  of  the  Forces. — According  to  their 
action,  we  can  divide  forces  into  motive  forces  (Fr.  forces  mo  trices 
puissance,  Ger.  bewegende  Krafte),  and  resisiafices  (Fr.  resistances, 
Ger.  Widerst&nde).  Tlie  former  produce,  or  can  produce,  motion, 
the  latter  can  only  prevent  or  diminish  it  Gravity,  the  elasticity  of 
a  steel  spring,  etc.,  belong  to  the  moving  forces,  friction,  resistance 
of  bodies,  etc.,  to  the  resistances ;  for  although  they  can  hinder  or 
•hminish  motion  or  neutralize  moving  forces,  they  are  in  no  way 
i^poble  of  producing  motion*  The  moving  forces  are  either  accel' 
crating  (Fr.  acc^leratrices,  Ger.  beschleunigende)  or  retg^rding  (Fr. 
rctardatrices,  Ger.  vorzogemde).  The  former  cause  a  positive,  the 
latter  a  negative,  acceleration,  producing  in  the  first  case  an  accel- 
erated, and  in  the  second  a  retarded  motion.  The  resistances  are 
always  retarding  forces,  but  all  retarding  forces  arc  not  necessarily 
resistances  When  a  body  is  projected  vertically  upward,  gravity 
acts  as  a  retarding  force,  but  gravity  is  not  on  this  account  a  re- 
sistance, for  when  the  body  falls  it  becomes  an  accelerating  force. 
We  distinguish  also  uniform  (Fr.  const^ntes,  Ger.  bestiindige,  con- 
:>tante)and  variable  forces  (Fr.  variable,  Ger.  verandorliche).  While 
uniform  forces  act  always  in  the  same  way,  and  therefore  in  the 
oqual  instants  of  time  produce  the  same  effect,  i.e.,  the  eamo  in- 
crease or  decrease  of  velocity,  the  effects  of  variable  forces  arc 
different  at  different  times;  hence  the  former  forces  produce  uni- 
formly variable  motions,  and  the  latter  variably  accelerated  or 
retarded  motions. 
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§  51.  Pressure. — Pressure  (Fr.  pression,  Ger.  Driick),  and 
traction  (Fr.  traction,  Ger.  Zug),  are  the  first  effects  of  foixje  upon 
a  material  body.  In  consequence  of  the  action  of  a  force  bodies  are 
either  compressed  or  extended,  or,  in  general,  a  change  of  form  i? 
caused. 

The  pressure  or  traction,  pivduced  by  gnivity  acting  vertical!} 
downwards  and  to  which  the  support  of  a  heavy  body  or  the  string. 
to  which  it  is  suspended,  is  subjected,  is  called  the  ivcirjlit  (Fr.  poi<l>. 
Ger.  Gewicht)  of  the  body. 

Pressure  and  traction,  and  also  weight,  are  quantities  of  a  pe- 
culiar kind,  and  can  be  compared  only  with  themselves ;  bat  since 
they  are  effects  of  force  they  may  be  employed  as  measures  of  the 
latter. 

The  most  simple  and  therefore  the  most  common  way  of 
measuring  forces  is  by  means  of  weights. 

§  52.  Equality  of  Forces. — Two  weights,  two  pressures,  two 
tractions,  or  the  two  forces  corresponding  to  them  are  equals  when 
we  can  replace  one  by  the  other  without  producing  a  different 
action.  When,  E.O.,  a  steel  spring  is  bent  in  exactly  the  same  man- 
ner by  a  weight  O  suspended  to  it  as  by  another  weight  (7,  hung 
upon  it  in  exactly  the  same  manner,  the  two  weights,  and  therefore 
the  forces  of  gravity  of  the  two  bodies  are  equal  If  in  the 
same  way  a  loaded  scale  (Fr.  balance^  Ger.  Waage)  is  made  to  bal- 
ance as  well  by  the  weight  G  as  by  another  ffi,  with  which  we  have 
replaced  (?,  then  these  weights  are  equal,  although  the  arms  of  the 
balance  may  be  unequal,  and  the  other  weight  be  greater  or  less. 

A  pressure  or  weight  (force)  is  2,  3,  4,  etc.,  or  in  general  « 
times  as  great  as  another  pressure,  etc.,  when  it  produces  the  same 
effect  as  2,  3,  4 .  •  •  •  n  pressures  of  the  second  kind  acting  together. 
If  a  scale  loaded  in  any  arbitrary  manner  is  caused  to  balance  by 
the  weight  ( ff )  as  well  as  by  2, 3, 4,  etc.,  equal  weights  ( O^y  then  ifi 
the  weight  (0)  2,  3,  4,  etc  times  as  great  as  the  weight  (0i). 

§  53.  Matter.— J/o^^er  (Fr.  Matidre,  Ger.  Materie)  is  that,  by 
which  the  bodies  of  the  exterior  world  (which  in  contradistinction 
to  geometrical  bodies  are  called  material  bodies)  act  upon  our 
senses.  Mass  (Fr.  masse,  Ger.  Masse)  is  the  quantity  of  matter 
which  makes  up  a  body. 

Bodies  of  equal  volume  (Fr.  volume,  Ger.  Volumcn)  or  of  cqnal 
geometrical  contents  generally  have  different  weights.    Therefore 
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we  can  not  determine  from  the  volume  of  a  body  its  weight ;  it  is 
necessary  for  that  puri>ose  to  know  the  weight  of  the  unit  of 
vulQme,  E.G.,  of  a  cubic  foot,  cubic  meter,  etc. 

§  54,  Unit  of  "V^eight — The  measurement  of  weights  or 
forces  consists  in  comparing  them  to  some  given  unchangeable 
weight,  which  is  assumed  as  the  unit.  We  can,  it  is  true,  choose  this 
unit  of  weight  or  force  arbitrarily,  but  practically  it  is  advan- 
tageous to  choose  for  this  purpose  the  weight  of  a  certain  volume 
of  some  body,  which  is  univei'sally  distributed.  This  volume  is 
generally  one  of  the  common  units  of  space.  One  of  the  units  of 
weight  is  the  gram,  which  is  determined  by  the  weight  of  a  cubic 
centimetre  of  pure  water  at  its  maximum  density  (at  a  temperature 
of  about  4**  C).  The  old  Prussian  pound  is  also  a  unit  referred 
to  the  weight  of  water.  A  Prussian  cubic  foot  of  distilled  water 
weighs  at  IS""  7?.  in  vcicuo  06  Prussian  pounds.  Now  a  Pmssian 
foot  is  =  139,13  Paris  lines  =  0,3137946  meter ;  whence  it  follows 
that  a  Pmssian.  pound  =  467,711  grams.  The  Prussian  new  or 
cnstom-house  pound  weighs  exactly  J  kilogramm.  The  English 
pound  is  determined  by  the  weight  of  a  cubic  foot  of  water  at  a 
temperature  of  39*^,  1  F.  The  pound  is  equal  to  453,5920  grams. 
A  cubic  foot  of  water  weighs  62,425  lbs. 

§  55.  Inertia  (Pr.  inertic,  Ger.  Tragheit)  is  that  property  of 
matter,  in  virtue  of  which  matter  cannot  move  of  itself  nor  change 
the  motion,  that  has  been  imparted  to  ifc.  Every  material  body  re- 
mains at  rest  as  long  as  no  force  is  applied  to  it,  and  if  it  has  been 
put  in  motion  continues  to  move  uniformly  in  a  straight  line,  as 
long  as  it  is  free  from  the  action  of  any  force.  If,  therefore, 
changes  in  the  stute  of  motion  of  a  material  body  occur,  if  a  body 
changes  the  direction  of  its  motion,  or  if  its  velocity  becomes 
greater  or  less,  this  result  must  not  be  attributed  to  the  body  as  a 
cartain  quantity  of  matter,  but  to  some  exterior  cause,  le.,  to  a 
force. 

Since,  whenever  there  is  a  change  in  the  state  of  motion  of  a 
body,  a  force  is  developed,  we  can  in  this  sense  count  inertia  as  one 
of  tiie  forces.  If  a  moving  body  could  bo  removed  from  the  influ- 
ence of  all  the  forces  which  act  upon  it,  it  would  move  forward 
nniformly  for  ever ;  but  such  a  uniform  motion  is  nowhere  to  be 
found,  since  it  is  impossible  for  us  to  remove  a  body  from  the  in- 
fluence of  every  force.    If  a  mass  moves  upon  a  horizontal  table 
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the  action  of  gravity  is  counterbalanced  by  the  table,  and  therefore 
does  not  act  directly  upon  the  body,  but  in  consequence  of  the 
pressure  of  the  body  on  the  table  a  resistance  is  developed,  which 
will  be  treated  hereafter  under  the  name  of  friction.     This  resigfr- 
ance  continually  diminishes  the  velocity  of  the  moving  body,  and 
the  body  therefore  assumes  a  uniformly  retarded  motion  and  finally 
comes  to  rest.    The  air  also  opposes  a  resistsmco  to  its  motion,  and 
even  if  the  friction  of  the  body  could  be  completely  put  aside,  a 
continual  decrease  of  velocity  would  be  caused  by  the  former. 
But  we  find  that  the  loss  of  velocity  becomes  less  and  less,  and  that 
the  motion  approximates  more  and  more  to  a  uniform  one,  the  more 
we  diminish  the  number  and  magnitude  of  thes3  resistances,  and  we 
can  therefore  conclude,  that  if  all  moving  forces  and  resistances 
were  removed,  a  perfectly  uniform  motion  would  ensue. 

§  56.  Measure  of  Forces. — ^The  force  (P)  which  accelerates  an 
inert  mass  {M)  is  proportional  to  the  acceleration  (p)  and  to  the 
mass  {M)  itself.  When  the  masses  are  the  same,  it  increases  with 
the  infinitely  small  increments  of  velocity  produced  in  the  infin- 
itely small  spaces  of  time,  and  when  the  velocities  are  equal  it  in- 
creases in  the  same  ratio  as  the  masses  themselves.  In  order  to 
produce  an  m  fold  acceleration  of  the  same  mass,  or  of  equal  massce. 
we  require  an  m  fold  force,  and  an  n  fold  mass  requires  an  n  fold 
force  to  produce  the  same  acceleration. 

Since  we  have  not  as  yet  adopted  a  measure  for  the  masses,  we 
can  assume 

or  that  the  force  is  equal  to  the  product  of  mass  and  the  accdera^ 
Hon,  and  at  the  same  time  we  can  substitute  instead  of  the  force 
its  eflfect,  I.E.,  the  pressure  produced  by  it 

The  correctness  of  this  general  law  of  motion  can  be  proved  by 
direct  experiment,  when  we,  exj.,  drive  along  upon  a  horizpntaJ 
table  by  means  of  bent  steel  springs  similar  or  difierent  movable 
masses;  but  the  important  proof  lies  in  this,  that  all  the  resnlte 
and  rules  for  compound  motion,  deduced  from  the  law,  correspond 
exactly  with  our  observations  and  with  natural  phenomena. 

§  57.  Mass.— All  bodies  at  the  same  point  on  the  earth  fall  in 
vacuo  equally  quickly,  namely,  with  the  constant  acceleration 
ff  =  9,81  meter  =  32,2  feet  (§  15).    If  the  mass  of  a  body  is  ^  M 
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and  the  freight  which  measores  the  force  of  gravity  =  Oj  we  have 
from  the  last  formula 

G  =  Mg, 


the  fjoeight  of  a  body  is  a  prodrut  of  Us  mass  and  the  accderation 
of  gravity,  and  inversely 

9' 

LR,the  massofa  body  is  tJie  weight  of  the  same  divided  by  tJie  accel- 
eration of  gravity,  or  the  mass  is  that  weight  which  a  body  would 
have  if  the  acceleration  of  gravity  were  =  1,  E.G.,  a  meter^  a  foot, 
etc.  For  that  point  upon  or  in  the  neighborhood  of  the  earth  or  of 
any  other  celestial  body,  where  the  bodies  &n  with  a  velocity  (at  the 
end  of  the  first  second)  of  1  meter  instead  of  9,81  meters,  the  mass, 
or  rather  the  measure  of  the  same,  is  given  directly  by  the  weight 
of  the  body. 

According  as  the  acceleration  of  gravity  is  expressed  in  meters 
or  feet  we  have  for  the  masses 

Jf  =  ^  =  0,1019  O,  or 

Hence  the  mas9  of  a  body,  whose  weight  is  20  pounds,  is 
if  =  0,031  X  20  =  0,62  pounds,  and  inversely  the  weight  of  a 
mass  of  2a  pounds  is  (?  =  32,2  x  20  =  644  pounds. 

§  58. — ^If  we  suppose  the  acceleration  (g)  of  gravity  to  be  con- 
stant, it  follows  that  the  mass  of  a  body  is  exactly  proportional  to  its 
weight,  and  that,  when  the  masses  of  two  bodies  are  if  and  Mi  and 
their  freights  G  and  (?i,  wc  have 

M  _G^ 

'Ml  ^  G; 

Therefore,  the  weight  of  a  body  can  be  employed  as  a  measure 
of  its  mass,  so  that  the  greater  the  mass  a  body  is  the  greater  is  its 
weight 

However  the  acceleration  of  gravity  is  variable,  becoming 
gieater  as  we  approach  the  poles  and  diminishing  as  we  approacli 
the  equator ;  it  is  a  maximum  at  the  poles  and  a  minimum  at  tlic 
^oator.    It  also  decreases  when  a  body  is  elevated  above  the  level 
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of  the  sea.  Now  since  a  mass,  so  long  as  we  take  nothing  from  it 
nor  add  anything  to  it,  is  a  constant  quantity  and  remains  the 
same  for  all  points  on  the  earth,  and  even  on  the  moon,  it  follows 
that  the  weight  of  a  body  must  be  variable  and  depend  upon  the 
position  of  the  body,  and  that  in  general  it  must  be  proportioDal 

C  ft 

to  tho  acceleration  of  gravity,  or  that  —  must  be  =    - -. 

^\  ffi 

The  same  steel  spring  would  therefore  be  diffei^ently  deflected 

by  the  same  weight  at  different    points  on  the   earth — at  the 

equator  and  on  high  mountains  the  least,  and  at  the  poles  at  the 

level  of  the  sea  the  most 

§  59.  Heaviness  (Fr.  density,  Ger.  Dichtigkeit)  is  the  in- 
tensity with  which  matter  fills  space.    The  heavier  a  body  is,  the 
more  matter  is  contained  in  the  space  it  occupies.     The  natural 
measure  of  the  heaviness  is  that  quantity  of  matter  (the  mass) 
which  fills  the  unity  of  volume;  but  since  matter  can  only  be 
measured  by  weight,  the  weight  of  a  unit  of  volume,  E.O.,  of  a 
cubic  meter  or  of  a  cubic  foot  of  another  matter,  must  be  employed 
•as  the  measure  of  its  heaviness.    Hence,  the  heaviness  of  water 
at  39M  F.  is  =  62,425  pounds,  and  that  of  cast  iron  at  32°  F. 
is  =  452  pounds,  I.E.,  a  cubic  foot  of  water  weighs  62,425,  and 
a  cubic  foot  of  cast  iron  452.    In  ordinary  calculations  we  assume 
that  of  water  to  be  C2i  pounds.    From  the  volume  F"  of  a  body 
luid  its  heaviness  y  we  have  its  weight  O  =  Vy. 

The  product  of  the  volume  and  the  heaviness  is  the  vvCight. 

The  heaviness  of  a  body  is  uniform  (Fr.  homogene,  uniformc, 
Ger.  glcichformig)  or  variable,  (Fr.  variable,  h6terogcne,  Ger. 
ungleichfSrmig),  according  as  equal  portions  of  the  volume 
have  equal  or  different  weights,  E.G.,  the  heaviness  of  the  simple 
metals  is  uniform,  since  equal  parts  of  them,  however  small,  weigh 
the  same.  Gmnito,  on  the  contrary,  is  a  body  of  variable  heaviness, 
since  it  is  composed  of  parts  of  different  density. 

Example. — 1.  If  the  heaviness  of  lead  i3  712  pounds,  then  8,2  cubic  feet 
of  load  weigh  G  =  Vy=^  2278,4  lbs.  If  the  weight  of  a  cubic  foot  of  bar 
iron  be  480  pounds,  the  volume  of  a  piece,  wbos3  weight  is  205  pounds,  is 

r  =  —  =  Tu^  =  0,4271  cubic  feet  =  0,4271  x  1728  =  733  cubic  inches. 

y        4o0 


Koto. — In  German  and  French  the  \7ord  "  densUy"  is  employed  to  express 
tlio  weight  of  a  cubic  foot,  a  cubic  meter,  etc.,  of  any  material.  In  EhigMal>» 
unfortunately,  it  ia  cmployod  as  a  eynonym  of  specific  graWty. — Tn. 
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If  10,4  cnbic  feet  of  hemlock,  thoroughly  saturated  with  water,  weighs 
577,  then  its  heaviness  is 

7  =r  -v^-  =  Y^  .  =  55,5  poundsw 

§  60.  Specific  Gravity. — Specific  weighty  or  spedfic  gravity^ 
(Fr.poidsepecifique;  Gcr.  specifisches  or  cigenthumlicbes  Gewicht) 
is  the  ifatio  of  the  beavincsa  of  one  body  to  tlmt  of  another  body, 
generally  urater,  which  is  a6Buir''d  as  the  unit  But  the  heaviness 
is  equal  to  the  weight  of  the  unit  of  volume ;  therefore  the  epecific 
gravity  is.  also  the  ratio  of  the  weight  of  one  body  to  that  of 
another,  E-O.,  water,  of  equal,  volume. 

In  order  to  distingnisb  the  Bpccific  gravity  or  specific  weight 
from  the  weight  of  a  body  of  a  giveif  volume,  the  latter  is  called  the 
fibs6lut&  weight  (Fr.  poidsabsoln,  Gcr.  absolutes  Gev;icht). 

If  y  is  the  heaviness  of  the  matter  (water),  to  which  the  others 
arc  referred,  and  y,  the  heayiness  of  any  matter  whose  specific 
gravity  is  denoted  by  e,  we  have  the  following  formula: 

e  = .—  and  y,  =  e  y, 

r 

therefore  the  heaviness  of  any  matter  is  equal  to  the  specific  gravity 
of  the  Bftm'e  multiplied  by  the  heaviness  of  water. 

The' absolute  weight  ff  of  a  mass  of  whose  volume  is  V,  and 
v/hose  specific  gravity  is  e,  is : 

G  =  Fy,  =  Fey. 

Example:. — 1.  The  heaviness  of  pure  silver  is  655  pounds,  and  that  of 

^^nter  02,425  pounds ;  consequently  the  Bpccific  gravity  of  the  former  (in 

655 
njfetion  to  water)  is  =  i^:z-\t%K  =  10,50,  i.e  ,  every  mass  of  silver  is  lOi 

times  as  heavy  as  a  mass  of  water  that  occupies  the  same  space.  2)  If  We 
take  18f5d8  for  the  specific  gravity  of  mercury,  and  tho  heaviness  of  water  aa 
^^425,  then  we  have  for  the  heaviness  of  mercury, 

7  =  13,598 .  62,425  =.-  848,86  pounds. 
I      Aiaaftsof  85  cubic  inches  of  the  same  weighs,  since  1,728  cubic  inches  are 
acobicibot, 

(?  =  848,86  V  =  —J^^  -  17,10  pounds. 

CtEXABK. — The  use  of  the  French  weights  and  measures  possesses  the 
adymtage  that  we  can  perform  the  multiplication  by  e  and  y  by  simply 
changing  the  portion  of  the  decimal  point,  for  a  cubic  centimeter  weighs 
^?nm,  and  a  cubic  meter  a  million  grams,  or  1,000  kilograms.  Tlic 
^?in€8s  of  mercury  is  therefore,  when  we  employ  the  French  measure,. 
^i  =  18,508 .  lOOe  =  18598  kilograms ;  that  is,  a  cubic  meter  of  mercury 
^eigb  18598  kilograma 


I 


1 


3t,  whiU  .  . 
'  grey  .  . 
'  mediaui  . 
rods  .    .    . 


.  =  7,60 

.  =  7,10 

.  =  7,06 

.  =  7,60 


Hcd 


.    .  =  7,05 

.    .  =  7,04 

.    .    .  =  3,50  to  8,05 

.     .    .  =  3,89  to  3,71 

.    .    .  =  3,40  to  8,80 
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11.  Tlie  following  tabic  contains  the  specific  gravities  of  those 
□ces,  which  are  met  with  the  ofteoest  in  practical  mechanic. 
iiplete  table  of  specific  gravities  is  to  be  found  in  the 
eur,  pi^  310. 

ipecific  gravity  of 
rood  of  decidnooa 

dry =  0,059 

urated  with  water  =  1,110 
ipecific  gravity  of 
rood  of  evergreen 

dry =  0,453 

arated  vrith  water  =  0,889* 
f =  18,56* 

=  11,88 

,  cast  Mid  dense    .  =    8,75 
.  =    8,97 


,     .  =  1,90  t 

Brick =  1,40  t 

Masonry  with  mortar  made 

of  lime  and  qnarry  stone : 

Freah 

Dry 

Masoniywith  mortar  made 

of  lime  and  Bandstone : 

Fresh : 

D«7 = 

Brickwork    with     mortar 

made  of  lime : ' 

Fresh =  1,55  t 

Dry =  1,47  t 

Earth,  clayey,  stamped ; 
Fresh ...         .    .     .    .  = 

Dry = 

Qarden  earth: 

Freah = 

I>^ = 

Dry  poor  earth    .    .     .     .  = 


.    i',0 


:2,« 
:S,40 


3.  State  of  Aggregatioo. — Bodies  present  tliemselves  to 
lirce  different  states,  depending  upon  the  manner  in  which 
arts  arc  held  together.  This  is  called  their  state  df  aggri^o- 
They  arc  cither  solid  (Fr.  solidcs,  Ger.  feat)  or  jlxiii  (Ft- 

Gcr.  fluEsig),  and  the  latter  ore  either  liquid  (Fr.  liqnides. 
)pfbar  IlusBig)  or  gaseous  ((Fr.  gazeux,  a^riformes,  Gfer.  ela»- 
HEsig).  Solid  bodies  are  those,  whose  parta  are  held  together 
ly,  tliat  a  certiun  force  is  necesssTy  to  change  their  forms  or 
luce  a  separation  of  their  parts.  Fluids  are  hodie^  the 
\  of  whose  parts  in  reference  to  each  other  is  changed  by  the 
t  force.    Elastic  fluids,  the  representative  of  which  is  the 

distingnished  from  liquids,  the  Tepresentative  of  which  i9 

I  the  nbeorptioa  of  water  hy  wood,  poljtocbnlKbe  MHtbefling^" 
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water,  by  the  fact  that  they  tend  continually  to  expand  more  and 
more,  which  tendency  is  not  possessed  by  water,  etc. 

While  every  solid  body  possesses  a  peculiar  form  of  its  own  and 
a  definite  volume,  liquids  have  only  a  determined  volume,  but  no 
peculiar  form.  Gases  or  aeriform  fluids  possess  neither  one  nor  the 
other. 


§  63.  Classification  of  the  Forces. — Forces  arc  very  differ- 
ent in  their  nature ;  wc  give  here  only  the  most  important  ones : 

1)  Gravity^  by  virtue  of  which  all  bodies  tend  to  approach  the 

centre  of  the  earth. 

2)  The  Force  of  Inertia^  which  manifests  itself  when  a  change 

in  the  velocity  or  in  the  direction  of  the  moving  body 
takes  place. 

3)  The  Muscular  Force  of  living  beings,  or  the  force  produced 

by  means  of  the  muscles  of  men  and  animals. 

4)  Tlie  Elastic  Force,  or  that  of  springs,  which  bodies  exhibit 

when  a  change  of  form  or  of  volume  occurs. 

5)  The  Force  of  Heat,  by  virtue  of  which  bodies  expand  and 

contract,  when  a  change  of  temperature  takes  place. 

6)  Tfie  Force  of  Coliesion,  or  the  force  by  which  the  parts  of  a 

body  hold  together,  and  with  which  they  resist  separa- 
tion. 

7)  The  Force  of  Adhesion,  or  tlie  force  with  which  bodies 

brought  into  close  contact  attract  each  other. 

8)  Th^  Magnetic  Force,  or  the  attractive  and  repulsive  force  of 

the  magnet 

Then  we  have  the  electric  and  the  electro-rnag^ietic  forces,  cto. 
The  resistances  due  to  friction,  rigidity,  resistance  of  bodies, 
etc,  are  due  principally  to  the  force  of  cohesion,  which,  like  the 
elasticity,  etc.,  is  due  to  the  so-called  molecular  foi-ce,  or  the  force 
with  which  the  molecules,  or  the  smallest  parts  of  a  body,  act  upon 
one  another. 

§  64.  Forces,  how  Determined. — For  every  force,  we  must 
distinguish : 

1)  The  point  of  applicatioii  (Fr.  point  d'application ;  Gcr.  An- 

griffspunkt),  the  point  of  the  body  to  which  the  force  i? 
directly  applied. 

2)  The  direction  of  the  force  (Fr.  direction,  Ger.  Richtung),  llu* 

right  line,  in  which  a  force  moves  the  point  of  applica- 
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tion,  or  tends  to  move  it  or  hinder  its  motion.  The  direc- 
tion of  a  force  has,  like  every  direction  of  motion,  two 
senses.    It  can  take  place  from  left  to  right,  or  from  right 
to  left,  from  above  downwards,  or  from  below  upwards. 
^      One  is  considered  as  positive,  and  the  other  as  negative. 
As  we  read  and  write  from  left  to  right,  and  from  above 
downwards,  it  is  natural  to  consider  these  motions  as 
positive,  and  the  opposite  motions  as  negative. 
8)  The  absolute  magnitude  or  intensity  (Fr.  grandenr  absolne, 
intensity,  Ger.  absolute  Grosse)  of  the  force,  vrhich  we 
have  seen  is  measured  by  weights,  E.G.  pounds,  kilograms, 
etc. 
Forces  are  graphically  represented  by  straight  lines,  whose 
direction  and  length  indicate  the  direction  and  magnitude  of  the 
forces,  and 'one  of  whose  extremities  can  be  considered  as  the  point 
of  application  of  the  forces. 

§  65.  Action  and  Reaction. — The  first  effect  produced  by  a 
force  upon  a  body  is  an  extension  or  compression,  combined  with 
a  change  of  form  or  of  volume,  which  commences  at  the  point  of 
application,  and  from  there  gradually  spreads  itself  farther  and 
fiarther  into  the  body.    By  this  inward  change  in  the  body  the 
elasticity  inherent  in  it  comes  into  action  and  sets  itself  in  equi- 
librium with  the  force,  and  is,  therefore,  equal  to  it,  but  acts  in  the 
opposite  direction.    Hence,  action  and  reaction  are  equal  and  oj^ 
site*    This  law  is  true,  not  only  for  the  effects  of  forces  acting 
by  contact,  but  also  for  those  acting  by  attraction  and  repulsion, 
among  which  the  magnetic  forces,  and  also  that  of  gravity,  must 
be  counted.    A  bar  of  iron  attracts  a  magnet  exactly  as  much  as  it 
is  attracted  itself  by  the  magnet.    The  force,  with  which  the  moon 
is  attracted  towards  the  earth  (by  gravity),  is  equal  to  the  force 
with  which  the  moon  reacts  upon  the  earth. 

The  force  with  which  a  weight  presses  upon  its  support  is 
returned  by  the  latter  in  the  opposite  direction.  The  force,  with 
which  a  workman  pulls,  pushes,  etc.,  a  machine,  reacts  upon  the 
workman,  and  tends  to  move  him  in  the  opposite  direction.  When 
one  body  impinges  upon  another,  the  first  presses  upon  the  second 
exactly  as  much,  as  the  second  does  upon  the  first 

§  66.  Division  of  Mechanics.-Mjeneral  mechanics  are  di- 
vided into  two  principal  divisions,  according  to  the  state  of  aggre- 
gation of  the  bodies : 
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1)  Into  the  mechanics  of  solid  or  rigid  bodies  (Pr.  mecaniqnc 

dcs  corps  solides,  6er.  Mechanik  der  festcn  oder  staiTcn 
Koi^per). 

2)  Into  the  mechanics  of  fluids  (Fr.  m^canique  des  iliiides, 

Ger.  Mechanik  der  flussigen  Korper).    The  latter  can 
again  be  divided : 

a)  Into  the  mechanics  of  water  and  other  liquids  or  hydraulics 

(Pr.  hydraulique,  Ger.  Hydraulik,  Hydromechanik) ;  and 

b)  Into  the  mechanics  of  air  and  other  aeriform  bodies  (Pr.  m6- 

canique  des  fiuides  aeriformes,  Ger.  Mechanik  der  luft- 
formigen  Koqier). 

If  \re  take  into  consideration  the  division  of  mechanics  into 
statics  and  dynamics,  we  can  again  divide  it  into : 

1)  Statics  of  rigid  bodies. 

2)  Dynamics  of  rigid  bodies. 

3)  Statics  of  water,  etc.,  or  hydrostatics. 

4)  Dynamics  of  water,  etc.,  or  hydrodynamics. 

5)  Statics  of  air  (of  gases  and  vapor)  or  aerostatics. 

6)  Dynamics  of  air  (of  gases  and  vapors)  or  a§rodynamic8  or 

pneumatics. 


CHAPTER    II. 

« 

MECHANICS  OP  A  MATERIAL  POINT. 

§  67.  A  material  point  (Pr.  point  material,  Ger.  matarieller 
Pankt)  is  a  material  body  whose  dimensions  in  all  directions  are  in- 
finitely small  compared  with  the  space  described  by  it.  In  order  to 
amplify  the  discussion,  we  will  now  consider  the  motion  and  equili- 
brium of  a  material  point  alone.  A  (finite)  body  is  a  continuous 
union  of  an  infinite  number  of  material  points  or  molecules.  If 
the  different  points  or  elements  of  a  body  move  in  exactly  the  same 
maimer,  le.,  with  same  velocity  in  parallel  straight  lines,  the 
theory  of  the  motion  of  material  point  is  applicable  to  the  whole 
hody;  for  in  this  case  we  can  suppose  that  equal  portions  of  the 
mass  are  impelled  by  equal  portions  of  the  force. 
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I  68,  Simple  Constant  Force. — Itp  is  the  accelcratioo  vith 
;h  a  mass  ^Ifis  impelled  by  a  force  P,  we  have  from  §  56 

p 
P  =  Mp,  or  inversely  the  acceleration  p  ^  -^f 

Putting  the  mass  M  =  ~,  G  denoting  the  -weight  of  the  bodj 
ff  the  acceleration  of  gravity,  we  obtain  ^c  forco 

tho  acceleration 

iVe  find  then  the  force  (P)  which  moves  a  body  with  the  aecel- 
ion  {p)  by  multiplying  tlie  weight  ((?)  of  tho  body  by  the 

I  I—]  of  its'QCceleration  to  that  of  gravit)-. 

nversely  we  obtain  the  acceleration  (p),  with  whicli  a  force(/') 
move  a  mass  M,  by  multiplying  the  acceleration  (ff)  of  gravity 

be  ratio  1-q\  of  the  force  to  tho  weight  of  tho  body. 

IxAUPLE. — Let  as  imagine  a  bod;  placed  upon  a  very  smooth  boiiiOD- 
tble,  wbicb  opposes  no  resiatance  to  its  motion,  hut  which  couotcractt 
Sect  of  gravity.  If  this  body  be  subjected  to  tbc  actinn  of  a  borizon- 
>rce,  the  body  yields  and  uioveB  forward  in  tbc  direction  of  the  foiix. 
e  weight  of  tho  body  is  8  —  HO  ponnds  and  tho  force  which  act» 
terruptedlj  upon  It  is  P  =  10  pounds,  it  will  assume  a  unifonnly  acecl- 

d  motion,  the  acceleration  of  which  le  p  =  w-  ff  =  i\  ^fi  ~  *'■** 
If,  on  tho  contrary,  the  acceleratioD  produced  in  a  l)ndy  weighing 

P  ^ 

innds  by  s  force  P  is  p  =  »  feet,  then  the  force  is  i*  =  -  -  "  =  ^  30 

=  0,081 .  378  =  11,7  pounds. 

:  69.  If  the  force  acting  npon  a  body  is  constant,  a  nnifomily 

ible  motion  is  tho  result,  and  it  la  uniformly  accelerated,  when 

iirectioD  of  the  force  coincides  with  the  original  direction  of 

on,  and  uniformly  retarded,  when  the  force  acts  in  the  opposite 

stion.     If  we  siibstitute  in  the  formulas  of  g  13  and  §  14,  in- 

P      P 
I  of  p,  its  value  ^j.  =  j^  g,  wo  obtain  the  following: 
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I.  For  nniformly  accelerated  motion : 

P  P  P 

1)  t;  =  (?4.~.^/  =  c  +  32,2 -g^feet -c  +  9,81  -^ t metrea, 

2)  s  =  ct+  ~  ^^  =  c^  +  16,1 77^' feet  =  c^  + 4,905  ^/•metres. 

IL  For  uniformly  retarded  motion : 

P  P  P 

1)  V  =  c  —  j^gt  =  c  "  32,2 -^ t feet  =  c  —  9,81  -^ t metres. 

a)  s=ct-~^=zct-  16,l^/'feet  =  ci-  4,905^  /•  metres. 

By  means  of  the  above  formulas  all  questions,  which  can  arise 
in  reference  to  the  rectilinear  motions  produced  by  a  constant  force, 
can  be  answered. 

ExASCPLE. — 1)  A  wagon  weighing  2,000  pounds  moyes  upon  a  horizon* 
tat  road,  which  opposes  no  resistance  to  it,  with  a  velocity  of  4  .  feet,  and 
is  impelled  daring  15  seconds  by  a  constant  force  of  twenty-five  pounds ; 
with  what  velocity  will  it  proceed  after  the  action  of  this  force  ?    The 

p 
required  velocity  is  «j  =  ^  +  B3,2  -^  <,  but  here  we  have  c  =  4,  P  =  25, 

25 
0  =  2,000  and  t  =  15,  whcnco  t>  =  4  +  82,2  .  r^^  .  15  =  4  +  0,087  = 

10,087  feet.  2)  Under  tlic  s;iiiic  circamstancca  a  wagon  weighing  5,500 
poonds,  which  in  the  three  previous  minutes  bad  described  uniformly  050 
foet,  was  impelled  during  30  seconds  by  a  constant  force,  so  that  after- 
wards it  described  1650  feet  uniformly  in  three  minutes.     What  was  this 

force  ?    The  initial  velocity  is  <3  =  ^r — --  =  5,277  feet,  and  the  final  ve- 

1650  jP 

locity  is  0  =  ^—^  =  0,106  feet,  whence  -    //  f  =  ;-  —  e  -.  8,889,  and  tbo 
8 .  60  C/ 

fo«c  P  =  ''???^  =  0,001 .  3,889 .  ^  =  0,120559  .  ?i|°=  28,10i>oun0!k 

^)  A  sled  weighing  1500  pounds  and  sliding  on  a  horizontal  support  with 
a  Telocity  of  15  feet  loses,  in  consequence  of  the  friction,  in  25  seconds,  the 
whole  of  its  velocity.  What  is  the  amount  of  the  friction  ?  The  motion  is 
^re  umformly  retarded  and  the  final  velocity  is  q  :=  0,  hence  <;  =  82,2 . 

^^^-,  and  P  =  0,081  --^  =  0,081  -^-^~  *  -  -=    0,081  .  000  =  27,9  pounds, 

^luch  is  the  friction  in  question.  4)  Another  sled,  weighing  1200  pounds 
and  moving  with  an  initial  velocity  of  12  feet,  is  obliged  to  overcome  a 
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friction  of  45  pounds  wlien  in  motion.  Wliat  is  its  velocity  after  8  seccMidfl^ 
and  wbat  is  tijc  space  described  ? 
The  final  velocity  is 

tj  =  13  -  C2,0  ^^\^^  =  13  -  0,66  =  2,34  feet, 

and  the  space  described  is 

/c  +  o\  ,       /13  +  2,84\    «       ^^  ^  ^    ^ 
3  =  r  ^-— I  i  =  (  — ^-^— )  •  6  =  57,80  feet. 

g  70.  Mechanical  Effect'^' — Mcclianical  effect  or  toork  done 
(Fr.  travail  mecanique,  Gcr.  Leistung  or  Arlxiit  der  Kraft)  is  that 
effect  wliich  a  force  accomplishes  in  overcoming  a  resistance,  as, 
E.a.,  gravity,  friction,  inertia,  etc.    Work  is  done  when  we  elevate 
a  weight,  when  a  greater  velocity  is  communicated  to  a  body,  whon 
the  forms  of  bodies  are  changed,  vflicn  they  are  divided,  etc.    The 
work  done  depends  not  only  upon  the  force,  but  also  on  the  space 
during  which  it  is  in  action,  or  during  which  it  overcomes  a  re- 
sistance.   If  we  raise  a  body  slowly  enough  to  bo  able  to  disregari 
the  inertia,  the  work  done  is  proportional  to  its  weight  and  to  the 
height  which  it  is  lifted  for  1)  the  effect  is  the  same  if  a  body  of 
the  m  (3)  fold  weight  is  lifted  a  certain  hciglit,  or  if  m  (3)  bodies 
of  the  weight  (ff)  are  lifted  the  same  height;  it  is  m  times  B£ 
great  as  that  necessary  to  raise  the  simple  weight  the  same  height: 
and  in  like  manner  2)  the  work  done  is  the  same,  if  one  and  the 
same  weight  be  raised  the  n  (5)  fold  height  (n  h)  or  if  it  is  raised 
n  (5)  times  to  the  simple  height,  and  in  general  n  (5)  times  so  great 
as  when  it  is  raised  to  the  simple  height.     In  like  manner,  the 
work  done  by  a  weight  sinking  slowly  is  proportional  to  the  weight 
and  to  the  distance  it  sinks.    This  proportion  is,  however,  true  for 
every  other  kind  of  work  done ;  in  order  to  make  a  saw  cut  of 
twice  the  length  and  of  the  same  depth  as  another  we  arc  obliged 
to  separate  twice  as  many  particles,  and  the  work  done  is  therefore 
double ;  the  double  length  requires  the  force  to  describe  double  the 
distance,  and  consequently  the  work  is  proportional  to  the  space 
described.    In  like  manner  the  work  done  by  a  run  of  millstones 
increases  evidently  with  the  number  of  grains  of  a  certain  kind 
of  com  which  it  grinds  to  a  ccitain  fineness.    Thi^  quantity  is. 
however,  under  the  same  circumstances  proportional  to  the  number 

<*  Energy  is  the  capacity  of  a  body  to  perform  work.  Energy  is  said  to  bs 
stored  when  this  capacity  is  increased,  and  to  be  restored  wb6n  it  is  diminlflhod. 
The  unit  of  energy  is  the  same  as  that  of  work.-«-TB.  . 
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of  reyolutions,  or  rather  to  the  space  described  by  the  upper  mill- 
stone while  this  quantity  of  com  is  being  ground.      The  work' 
done  increases,  therefore,  directly  with  the  space  described. 

g  71.  As  the  work  done  by  a  force  depends  upon  the  intxin- 
dty  of  the  force  and  the  space  described  by  it,  we  can  assume  as 
the  unit  of  work  or  dynamical  unit  (Pr:  unite  dynamiquc,  Gcr. 
Einbeit  der  mechanischen  Arbeit  oder  Leistung)  the  work  done 
in  overcoming  a  resistance,  whose  intensity  is  the  unit  of  weight 
(pound,  kilogram)  over  a  space  equal  to  the  unit  of  length  (foot, 
metre),  and  wo  can  also  put  this  measure  equal  to  the  product 
of  the  force  or  resistance  into  the  space  described  by  it  in  its 
direction  while  overcoming  the  resistance.     . 

If  we  put  the  amount  of  the  resistance  itself  =  P  and  the 

cpace  described  by  the  force,  or  rather  by  its  poin^of  application, 

Tfhile  overcoming  it  =  s,  then  the  work  done  in  overcoming  this 

resistance  is 

A  =  P  s  units  of  work. 

In  order  better  to  define  the  units  of  work  (which  we  can  style 
simply  dynum)  the  units  of  both  factors  P  and  s  are  generally 
given,  and  instead  of  units  of  work  we  say  kilogram-meters  and 
pound-feet,  or  inversely  meterkilograms,  foot-pounds,  etc.,  accord- 
ing as  the  weight  and  the  space  are  expressed  in  kilograms  and 
meters,  or  in  pounds  and  feet.  For  simplicity  we  write  instead  of 
meterkilogram,  m  h  ot  k  m\  and  instead  of  foot  pound,  lb.  ft., 
or  /if.  ft. 

Example. — 1.  In  order  to  raise  a  stamp  weighing  210  pounds,  15  inches 

15 
bigb,  the  work  to  be  done  is  -d  =  210 .  :r3  =  262,5  ft  M     2.   By  a  me- 

cbanical  effect  of  1500  foot  pounds  a  sled,  which  when  moving  must  over- 
C0D1C  a  friction  of  75  pounds,  will  be  drawn  forward  a  distance 

A       1500      ^.  ^  ^ 
«  =   p  =  "75-  =  20  feet. 

§  72.  Not  only  when  the  force  is  invariable,  or  the  resistance  is 
«>ii8taTit,  but  ^Iso  when  the  resistance  varies  while  the  force  is 
overcoming  it,  can  the  work  done  be  expressed  by  the  product  of  the 
force  and  the  space  described,  provided  we  assume  for  the  value  of 
tlie  force  the  mean  .value  of  the  continuous  succession  of  forces.  The 
I'clation  between  the  time,  velocity  and,  space  is  therefore  the  same 
^cro;  for  wc  can  regard  the  latter  as  the  product  of  the  time  and 
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of  the  mean  of  the  velocities.  We  can  also  employ  here  the  same 
graphical  representations.  The  work  done  can  be  regarded  as  the 
area  of  a  rectangle  A  B  C  D,  Fig.  8C,  whose  base  A  B\^  the  space 
lescribcd  and  whose  height  is  cither  the  constant  force  P  or 
mean  value  of  the  different  forces.  In  general,  however,. the 
It  done  can  be  represented  by  the  area  of  a  figure  A  B  C  K  D, 
87,  the  base  of  which  is  the  space  s  described,  and  the  height 


Fia.86. 


KiG,  87. 


fhich  above  each  point  of  the  base  is  equal  to  the  force  corre- 
iding  to  that  point  of  the  path.  If  we  transform  the  figure 
i  C  N  DiriA  rectangle  ABE  fwith  the  same  base  and  the 
B .  area,  its  altitude  A  F  =  B  E  gives  the  mean  value  of  the 


Fio.eS. 


}  73.  Arithmetic  and  Geometry  give  several  different  methods 
Indlng  the  mean  value  of  a  contiauous  succession  of  quanti- 
the  moat  important  of  which  are  to  be  found  in  the  Itufcnieur. 
method  known  as  Simpson's  Ruh  ia,  however,  the  one  most 
irally  employed  in  practice,  because  in  many  cases  it  unites 
great  simplicity  with  a  high  dcgrot-  cf 
accuracy. 

In  evciy  case  it  is  necessary  to  dirid,' 
the  space  A  B  =  s  (Fig.  88),  in  n  (as 
many  as  possible)  equal  parts,  such  as 
AE=EG  =  GJ,  etc.,  and  to  deter- 
mine the  forces  EF=  P„G  ff  =  P-,JA' 
=  P„  etc.,  at  the  ends  of  these  portions 
of  the  path.  If  wc  put  the  initial  force 
AD  =  P,!aiA  the  final  oneB  0=  P. 
liave  the  mean  force  P  =  (^  P,  +  P,  +  P,  +  P,+  .  . .  + 
I  +  ^  P.)  :  n,  and  copseqttently  its  work 
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If  the  nomber  of  parts  (n)  be  even,  i.e.  .  2,  4,  C,  8,  etc.,  Simp^ 
:M>n*s  Rule  gives  more  exactly  the  mean  force 
P  =  (P,  +  4  P,  +  2  P,  +  4  P,  +  . . .  +4  P^i  +  P.)  :  3n, 

whence  the  corresponding  work  done  is 

P«  =  (P.  +  4  P,  +  2  P,  +  4  P3  +  . . .  +  4P,_,  4-  Pn)  X 

If  71  is  an  uneven  number,  we  can  put 
^«  =  [5  {^0  +  3  P,  4-  3  P,  +  P,)  +  i  (P.  +  4  P4  -h  2  P, 

4- +  4  P._i  +  PJ]     -.    .(See  Alii.  38  of  the  Introduction 

ft 

to  the  Calculus) 

ExAXFLE. — In  order  to  determlDC  the  work  done  by  a  horse,  in  drawing 
a  wagon  along  a  road,  we  employ  a  dynamometer  (or  force  measurer),  ono 
iide  of  which  ia  attached  to  the  wagon  and  the  other  to  the  horse,  and  we 
obsenre  from  time  to  time  the  intensity  of  the  force.  If  the  initial  force  is 
P=  110  pounds,  that  after  moving  25  feet  122  pounds,  that  after  50  feet  127 
pounds,  that  after  75  feet  120  pounds,  and  that  at  the  end  of  the  whole  dis- 
tance, 100  feet,  114  pounds,  we  have  for  the  mean  value  of  the  force  ac- 
cording to  the  first  formula 

P=  (J .  110  +  122  +  127  +  120  +  J  X  114) :  4  =  120,25  pounds, 
and  for  the  mechanical  effect 

P«  =  120,25  X  100  =  12025  foot-pound& 

According  to  the  second  formula  we  have 

1446 
P=(110+4 .  122  +  2. 127+4 .  120  +  114) :  (3  .  4)  =  ^-=120,5  pounds, 

ud  the  mechanical  effect 

Ps  =  120,5  .  100  =  12060  foot-pounds. 

g  74.  Principle  of  the  Vis  Viva  or  Living  Forcea — If  in 

tr'  —  c^  i;'  —  c* 

th«^  formula  5  =  --     —  or  p  s  =     -^  — ,  found  in  8  14,  we  substi- 

2  p         ^  2  ° 

p 

tuto  for  p  its  value  7,  g^  we  obtain  the  mechanical  effect  A  =  P  s* 

-    —16,  or  designating  the  heights  due  to  the  velocities    - 
and  ij-  by  k  and  *, 

This  equation,  so  important  in  practical  mechanics,  means  that 
tlio  mechanical  effect  {P  s),  which  a  mass  absorbs  when  its  velocity 
^^^anges  from  a  lesser  to  a  greater,  or  that  which  it  gives  out,  when 
it3  velocity  is  forced  to  change  from  a  greater  to  a  less,  is  always 
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0  the  product  of  the  weight  of  the  mass  into  the  difference  of 
ffliU  due  to  tlio  different  velocities  (,, s — )- 

MFLE. — 1.  In  orOcr  to  impart,  upon  a  perTectl;  sinontb  railroad,  I 

of  80  fjot  tc)  a  wogon  weighing  4000  pounds,  tUe  work  to  bo  douc 

^  0=  0,0153  v'  G=  0,0123  k  000  x  4000  =  03800  poam.s.  and  itis 

[vill  perform  tlio  moio  aioount  of  work  if  a  resistance  ic  opposed  lo 
to  cause  it  gradually  to  come  to  rtsL  3.  Another  wagiin,  weigbinp 
lunda  and  moving  with  a  velocity  of  15  feet,  acquires  in  consequence 
ction  of  a  force  ft  velocity  of  24  feet ;  how  much  tnecfaanical  effect 

1  by  the  wagon,  or  how  much  work  ia  performed  by  the  fbrcc  ? 

hdghte  due  to  the  velocitiea  15  and  24  feet  aiek  =  ^-~  =s  8,487  asd 

=  8,028  feet  Consequently  the  work  done  P  t  =  (k  —  k)  0 
B  -  3,467)  X.  6000  =  B,441  x  SOOO  =  82046  foot-pounds, 
le  space  described  b  known  the  force  can  be  found,  and  if  tite 
known  the  space  can  be  found.  Let  ua  suppose,  K.G.,  in  the  last 
it  the  space  described  by  the  wagon,  while  the  velocity  changes  from 
^  feet,  la  but  100  feet,  we  have  then  the  force  P  ^  (h  —  i'l 

j~^  =  826,46  pounds.  If,  however,  the  force  was  2000  ponmk . 
M  would  be  t  =  (A  -  i)  y  =  -^^  =  14,328  feet.      8.  If  a.  sl<-<i 

g  500  ponnda,  and  moving  with  a  velodty  of  16  feet,  loses  in  cod- 
e  of  the  IHction  the  whole  of  ibi  velocity  while  describing  100  feet, 
stance  of  the  friction  is 

*-,^?  =  0,0155  X  16*  ^  ros  =  0.0135  x  266  x  S  =  10,84  poundB. 

5.  The  formnla  for  the  work  done,  found  in  the  ptecediog 
tph, 

;ood  not  only  when  the  forces  are  constant,  bat  also  when 
e  variable,  if  we  substitute  (according  to  §  73)  instead  of  P 
;an  value  of  the  force;  for  according  to  III*),  in  g  19,  wo 
a  general,  for  ever;  continuous  motion 


2bp  =  ~ •* — r.-*-'^--"?.  denotes  the  mean  accclcratitm 
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with  which  the  space  a  is  described,  aad  we  have  also 

p  =  -! 1-^"     ',  whence 

/^  -  C'\  Xf       /P.  +  P.  +  .  . .  +  P.\  , 

in  which  -P  =  — ^ — r^-^ denotes  the  mean  of  all  the  forcea 

n 

measured  after  the  spaces  — ,  — ,  —  ...  —  are  described. 

^         n    n    n         n 

The  force  P  can  also  be  calculated  by  means  of  one  of  the 
fommlas  of  §  73,  whi^n  the  number  n  of  the  parts  is  not  assumed 
to  be  very  great 

We  are  very  often  required  to  calculate  the  change  of  velocity 
that  a  given  mass  M  undergoes,  when  a  given  amount  of  me- 
chanical effect  P  s  is  imparted  to  it.  The  principal  equation 
which  we  have  found  is  then  to  be  employed  in  the  following  form 

If  we  have  calculated  bv  means  of  this  formula  the  velocities 

8    28  3s 
'•'.1  v^'* . .  V,  which  correspond  to  the  spaces  — ,    -,  -  - . . .  *,  we  can 

calculate  by  means  of  the  formula 

8/111  '     1\ 

the  time  in  which  the  space  s  is  described. 

2  P  8  P  8 

hitheform(?=Jfcr= -^~- =  T-T \- > v  the  principal 

^     v'—c'      i  {v  +  c){v  —  c)         '-        * 

formula  we  have  found  serves  to  determine  the  mass  M,  which  in 
consequence  of  the  mechanical  effect  P  8  imparted  to  it  will  un- 
dergo a  change  of  velocity  tr  ^  c. 

When  the  motion  of  a  body  is  continuous  and  the  final  velocity 
f  is  qual  to  the  initial  one  c,  then  the  work  done  becomes  ==  0, 
LE,  the  accelerated  part  of  the  motion  absorbs  exactly  as  much 
work  as  the  retarding  portion  gives  out. 

Example. — ^If  a  wagon  weighing  2500  pounds,  moving  without  fric- 
tioa  with  an  initial  velocity  of  10  feet,  has  imparted  to  it  a  mechanical 
Hfcct  of  8000  foot-poxmds,  what  is  its  final  velocity  ? 
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RdCABK. — We  call,  without  attaching  any  particular  idea  to  the  tann. 

le  product  of  the  mass  Jf=       into  tho  square  of  the  velocity  iti=).  fbol  if 

'o',  the  FM  cjwi  (Fr,  force  vive,  Ger  iebendige  Kud)  of  tbo  moving  maR 
id  V6  can  tbereforc  put  tho  mechanical  effect,  whicli  a  mass  which  ia 
ovcd  titisorbs,  equal  to  the  hal/of  its  cu  mkl  If  an  inert  mass  paeai^ 
om  a  velocity  c  to  another  e,  then  the  work  gained  or  lost  ia  eiiual  to  the 
ilf  difFerence  of  the  via  rivn  at  the  beginning-  and  of  that  at  the  eod  of 
le  change  of  velocity.  This  law  of  the  mechanical  effect  bodies  produw 
f  yirtue  of  their  inertia  is  called  the  principle  of  via  viva  (Fr.  princi|>r 
a  forces  \ivea,  Ger,  Princip  der  lebendigen  KniftcJ. 

§  76.  Compositioii  of  Force8.~If  twtf  forces  /",  and  P, «;' 
pon  the  same  body  1)  in  the  same  or  2)  in  opposite  direc- 
ona,  then  their  effect  ia  tlic  same  ea  when  a  single  force  cqnal  to 
I  thcenmorS)  thediflerenccof  these  forces  acted  ujwn  thobodj; 
ir  these  forcca  impart  to  the  mase  the  accelerations 


=  »""''''•  =  »'; 


hencG,  according  to  §  28,  the  resulting  acceleration  ia 

id  consequently  tho  corresponding  force  is 
P  =  Mp  =  P,±  P^ 
We  call  the  force  P  derived  from  the  two  forces  and  capable  of 
rodacing  the  same  effect  (equipollent)  their  resultant  (Fr.  rfisnlt- 
itc,  Ger.  Resultirende),  and  its  constituents  P,  and  P,  its  com- 
inents  (Fr.  compoaantes,  Ger,  Componenten). 

EsAifPLK.-^!)  A  body  lying  upon  the  fiat  of  the  hand  preasca  with  its 
molute  weight  on  it  only  so  long  as  the  hand  is  at  rest,  or  ia  moved  with 
le  body  uniformly  up  or  down ;  but  if  wo  lift  the  hand  with  an  accelerated 
otion,  it  experiences  a  heavier  pressure ;  and  if,  on  the  contrary,  wc  allow 
to  unk  with  an  accelerated  motion,  then  the  pressure  becomes  lees  than 
c  wei<;ht.  and  even  =  0  when  the  hand  is  lowered  with  an  acceleratieK 
[ual  to  that  of  gravity.    If  the  pressure  on  the  hand  is  P,  then  tho  bodj 

lis  with  tho  force  O  —  P  only,  if  its  moss  is  ,Sf  =  --;  if  we  put  the  «- 
leration  with  which  the  hand  descends  =  p  we  have  G  ~-  P  =i  —  p,  s°'' 
crcforc  the  pressure  P=  G—  -—0=11  —  -^j  O.    If,  on  the  contrar;. 


§76.] 


MECHANICS  OP  A  MATERIAL  POINT. 


175 


Pio.  89. 


vre  raise  the  body  npon  the  hand  with  an  acceleration  p,  then  the  accelera- 
tion^ is  opposite  to  the  acceleration  ^,  and  the  pressure  becomes  P  =ll 

-r    —jG.    According  as  wo  lower  or  raise  a  body  with  an  acceleration  of 

20  feet,  the  pressure  upon  the  hand  b  (  1  —  "ooo'  )  ^  =  (1  —  0,62)  0  = 

0,3d  times  the  weight  of  the  body,  or  1  +  0,02  =  1,62  times  the  same 

weight.     2)  If  with  the  flat  of  the  hand    I  throw  a  body  weighing  a 

pounds  14  feet  vertically  upward,  by  urging  it  on  continuously  during  the 

first  two  feet,  then  the  work  done  is  P  «  =  6^  A  =s  3 .  14  =  42  pounds,  and 

42 
the  pressure  of  the  body  on  the  hand  is  P  =  -^  =  21  pounds.     Hence 

the  body  when  at  rest  presses  with  a  weight  of  three  pounds  upon  the 
band,  and,  on  the  contrary,  during  the  act  of  throwing  it,  it  reacts  with  a 
force  of  21  pounds  upon  the  hand. 

3}  What  load  Q  can  a  piston  movable  in  a  cylinder  AACC,  Fig.  80, 
raise  to  the  height  J9  JT  =  «  =  0  feet,  if  during  the  first  half  of  its  course 

the  air  which  flows  in  from  a  very  large  res- 
ervoir acts  upon  it  with  a  force  of  6000 
pounds,  and  if  during  the  second  half  of  its 
course  this  air  enclosed  in  the  cylinder  ex- 
pands  according  to  the  law  of  Mariotte,  while 
the  exterior  air  acts  with  a  constant  pressure 
of  2000  pounds  in  the  opposite  direction. 
Since  the  air  shut  in  the  cylinder  at  the  end 
of  the  second  half  of  the  course  of  the  piston 
has  expanded    to    double   its  volume,  the 
pressure  of  the  same  upon  the  piston  at  the 
end  of  the  course  is  only  ^ .  P  =  3000  pounds. 
The  air  inclosed  in  the  cylinder,  when  the 
piston  has  traveled  8  feet,  presses  with  a  force  of  6000  pounds  upon  it,  on 
the  contrary  at  the  end  of  four  feet  with  a  forceof  } .  6000  =  4500  pounds, 
at  the  end  of  5  feet  with  f .  6000  =  8600  pounds,  and  at  ,the  end  of  the 
entire  course  with  a  force  of  f .  6000  =  8000  pounds.    Hence  the  mean 
force  during  the  expansion  =   j^  [6000  +  8  (4500  +  8600)  +  8000]  = 

83300 
g-  =  4162  pounds,  and  consequently  the  mean  force  during  the  whole 

^  ,                                               6000  +  4162 
of  the  course  of  the  piston  is  = v =  6081  pounds.    If  we  sub- 

^nu:t  the  constant  opposing  force  of  2000  pounds  from  this,  it  follows  that 
the  weight  to  be  raised  by  the  piston  is 

Q  =  5081  —  2000  =  8081  pounds. 
The  motive  force  for  the  first  half  of  the  course  is  then  P  —  (Q  -f 
^000)  =  6000  —  5081  =  019  pounds,  and  consequently  the  acceleration 

of  the  motion  i3p  =  (^.^t2??«i)^=^.  82,2  =  0,6  feet,  ru-.d 
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th«  velocity  at  the  end  of  the  first  half  of  the  course  of  the  piston  «j  =  — 


=  3  feet  is  t)  =  V  3jp  «,  =  V  6 . 9,6  =  V57,6  =  7,589  feet,  and  the  time  in 
which  this  space  is  described  by  the  piston  is  t^  =  — -  =  tt^uT)  —  0^^90 

Hpconds.    The  distance,  which  has  been  traveled  by  the  piston  when  the 

force  and  the  load  balance  each  other,  that  is,  when  the  motive  force  and 

conseqaently  the  acceleration  is  =  0,  and  the  velocity  of  the  piston  ia  a 

maximum,  is 

/       P        \  8        6000.8       ___.   ^ 

When  the  distance  --^r —  =  3,2715  feet  has  been  described,  the  force  nctr- 

6000    S 

ing  on  the  inside  piston  is  -q^-^ff  =  5502,  and  consequently  the  matiTe 
forc8  is  =  5502  —  5081  =  421  pounds,  and  the  mean  value  of  the  same 

while  the  piston  passes  from  3  to  8,543  feet  is ^ =  484 

,       rp,  r  ,      ,.      .  484  434.82,2 

pounds.    The  correspondmg  mean  acceleration  is  =      —  ff  =  — — — — 

=  4,585  feet,  and  consequently  the  maximum  velocity  of  the  piston  at  the 
end  of  the  space  a?  =  a^  +  «g  =  8,543  feet  is 

«„   =  V^-f2;;«g  =  vn57,6  +  2  x  4,535  x  O^SlS  =  v'^62,525  =  7,907  feet. 
The  time  required  to  describe  the  space  8^  =  0,543  can  be  i>ut 

1  ftfMM 

If  the  piston  has  described  the  space  5,5  the  motive  force  is  -^-^fCr^  — 
5081  =  —  1808  pounds,  and  if  the  piston  is  midway  between  thia  point 
and  the  point  of  maximum  velocity,  this  force  is  then  =  -r       ^    —  5081 

==—1100  pounds,  and  the  corresponding  accelerations  are=—  x  82,8 

8081 

=  ~  18,89  feet,  and  =  -  ^^^^81^^^^  =  ^  ^^>^^  ^^^^' 

The  mean  acceleration  while  the  piston  describes  the  portion  of  the 

space  5,500  -  3,543  =  1,957  feet  is  consequently  =  -  Q+4x^M9+18.89 

6 

~  —  10,81  feet,  and  therefore  the  velocity  acquired  at  the  end  of  this  space  is 

=  V62,525~-  2  X  f0,81  x  1,957  =  V 20,21 5  =  4,490  feet.     On  the  contrary, 

during  the  first  half  of  the  last  portion  of  thecr  urse,  the  mean  acceleration  is 

0  +  11  49 
= iT^  ~  ~  ""  ^i^^^  ^®6^>  3.nd  therefore  the  velocity  at  the  end  of  the 


space  4,5215  feet  v^    =  V  62,525  —  2  x  5,745    x  0,9785  =  VS  1,282  = 
7,161  feet,  and  we  have  for  the  time  required  to  describe  the  space  «g  = 
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1,1»7.  t.  =  -?*(£  +  i-  +  ^)  =  0.826  (^  +  ^^-j  +  ^)  =  0,m 


X  0,9075  =  0,206  seconda.  Finally,  we  can  pnt  tbe  time  during  which  the 


\9A  portion  9^  r=  0,5  of  the  whole  conrso  is  described  t^ 


,,       4,406 

=  0,3234  seconds,  and  the  time  required  by  the  piston  to  describe  its  entire 
course  <=ej+«,  +  «,+  f^=0,700  +  0,070  +  0,296  +0,2224  =  tfi7S$eeand$, 

§  77.  Parallelogram  of  Forces.— If  a  mass  (a  material 
point)  My  Fig.  90,  is  acted  upon  by  two  forces,  P|  and  P„  wliose 
ilirection,  Jtf  X  and  M  F,  form  an  angle  X  M  Y  ^  a  with  each 
other,  the  forces  canso  in  these  directions  the  accelerationB 

P.      ,  P. 

i?,  =  ^and;i,  =  -^ 

and  by  combining  them,  a  resulting  acceleration  (§  35)  in  the 

direction  M  Z,  which  is  determined  by 
the  diagonal  of  a  parallelogram  con- 
structed with  J9i,  J9},  and  a,  is  obtained ; 
this  resulting  acceleration  is 

p  =  Vy^  4-  p,"  +  2piPtC08.a, 
and  we  have  for  the  angle  <t>9  which  its 
direction    makes   with    the    direction 
MX  of  the  acceleration  pi 

Pi  sin.  a 

SITL  <b  = . 

P 

Substituting  in  these  two  formulas  the  given  values  of  /?,  and  pry 
we  obtain 

and  multiplying  the  first  equation  by  Jf,  wo  have 

Mp  =  V  Px^  -h  P?  +  2  P,  F,  cos.a, 
«rrince  Mp  is  the  force  P  corresponding  to  the  acceleration  p,  wc 

find  1)  P  =  V  P/  +  P,*  +  2  P,  P,  cos,a, 

2)  «»,  ^  =  --L_ — 

^  resuUafU  cr  mean  force  is  determined  in  magniiude  and  di- 
^ionfrom  the  component  forces  in  exactly  tlie  same  manner y  as  the 
^^^ingaecderaiion  is  determined  from  the  component  accelerations. 

If  we  lepresent  the  forces  by  right  lines,  making  the  ratio  of 
12 


.y 
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their  length  the  same  as  that  of  the  weights  (e*g.  pounds)  to 
each  other,  the  resultant  can  then  be  represented  by  the  di- 
agonal of  the  parallelogram  whose  sides  are  formed  by  the  compo- 
nent forces,  and  one  angle  of  which  is  equal  to  the  angle  formed  by 
the  component  forces  with  each  other.  The  parallelogram  thus 
constructed  with  the  component  forces,  the  diagonal  of  which  rep- 
resents the  resultant,  is  called  the  parallelogram  of  forces. 


Example. — ^If  a  body,  Fig.  01,  weighing  150  pounds  and  restiiig  on  a 
perfectly  smooth  table,  is  acted  on  by  two  forces  P^  =  80  pounds^  and 
P,  =  24  pounds,  which  form  with  each  other  an  angle  P^  Jf  P,  =  a  =s  1W\ 
in  what  direction  and  with  what  acceleration  will  the  motion  take  place  ? 

Since  eos,a  =  cm,  105"  =—«?#.  75",  we  have 

the  resultant 


P=  V80«  +  24«  —  2  X  34  X  80  x  cot.  75* 

=  V900  +  576  —  1440  cos.  75" 

=  Vi476^872,7  =  83,22  pounds; 
and  the  corresponding  acceleration 

^  =  y="^  = 160 =  V8feet 

The  direction  of  the  motion  forms  an  angle  4 
with  the  direction  of  the  first  force,  which  is  de- 
termined by  the  following  formula 

04. 
«n.  ^  =  -~^  sin.  105»=0J224  tin.  75*=0,6978; 

and  ^18= '44*  16'. 

Rehabk. — The  resultant  (P)  depends  (according  to  the  formula  Just 
found)  upon  the  components  alone,  and  not  upon  the  mass  ( Jf)  of  the 
body  upon  which  the  forces  act.  For  this  reason  we  find  in  many  works 
upon  mechanics  the  correctness  of  the  parallelogram  of  forces  demonstrated 
without  reference  to  the  mass,  but  with  the  assumption  of  some  one  of  the 
iVindamental  laws  of  statics.  Such  pure  statical  demonstrations  are 
numerous.  In  each  of  the  following  works  we  find  a  different  one; 
*^  Eytelwein^s  Handbuch  der  Statik  fester  Eorper ;"  ^*  Gerstner's  Hand- 
hudi  der  Mechanik;"  *'  Eayser's  Handbuch  der  Statik ;"  '^Mobius'  Leh^ 
bnch  der  Statik  ;^*  *'  Ruhlman's  Technische  Mecbanik."  The  demonstratioD 
in  Gerstner's  ^'  Mechanik"  is  based  upon  the  theory  of  the  lever ;  it  is  really 
Feiy  simple,  and  is  to  be  found  in  old,  and  also  in  later  works,  E.G.,  in  those 
of  Kostner,  Monge,  Whewell,  etc.  Eayser^s  demonstration  is  that  of  Poissoo 
in  elementary  shape.  Mobius^  discuanon  of  it  is  based  upon  a  particular 
theory  of  couples  (des  couples)  introduced  by  Poisson  (Elements  de 
■Statique).  A  peculiar  demonstration  is  given  by  Duchayla  in  the  Corre- 
spondence sur  Vecole  polytechniquo  No.  4,  which  is  reproduced  by  Biii  in 
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lis  Lchrbuch  der  Statik  fester  Eorper.  It  is  also  given  in  many  other 
vorks,  E.O.,  in  Moeeley^s  Mechanical  Principles,  etc.  The  demonstration 
>f  the  parallelogram  of  forces  given  by  Navier  in  his  '*  Lecons  de  M^can- 
ique^^  ((German  by  Meier,  1851)  is  also  to  be  found  in  Riihlmann's  '^  Grand- 
euge  der  Mechanik/'  Leipzig,  1860.  A  theory  of  this  parallelogram, 
toandeil  on  the  laws  of  motion,  is  to  be  fonnd  in  Newton's  "  Principia.^* 
It  is  also  employed  in  many  later  works,  i.e.,  by  Venturoli,  Poncelet,  Barg« 
etc.  See  *'*'  JSlementi  di  Mecanica  e  dldraulica  di  Venturoli,^'  '*  Mecaniquo 
indostrielle  par  Poncelet,"  ''Compendium  der  popularen  Mechanik  and 
Machincnlehre  von  Burg/'  A  new  demonstration  by  Mobius  is  to  be  found 
in  the  Bench  ten  der  Gesellshaft  der  Wissenshaften  zu  Leipzig  (1850),  an- 
other by  Ettingshausen  in  the  papers  of  the  Academy  of  Vienna  (1851),  and 
a  third,  by  Schlomich  in  his  *«  Zeitschrift  fur  Mathematik  and  Physik'' 
(1857). 

§  78.  Decomposition  of  Forces. — ^With  the  aid  of  the  pai^al- 
lelogram  of  forces  we  can  nofc  only  combine  two  or  more  forces  so 
aa  to  find  a  single  resultant,  but  also  decompose  a  given  force, 
under  given  circumstances,  into  two  or  more  forces.  If  the  angles 
0  and  V>,  which  the  components  MPi  =  Pi  and  MPt  =  P„  Fig.  91  > 
make  with  the  given  force  M  P  =  P  are  given,  then  the  compo- 
nents are  determined  by  the  following  formulas 

p  _     ^^^'"^   p  —     P^n.<l) 
*  ~~  sin.  (0>  +  V')'     * ""  sin.  (0  +  V')' 
If  the  components  tire  at  riglit  angles,  then  ^  +  ^  =  90*  and  sifL 
(<^  +  ^)  =  1,  and  we  have 

Pi=i  P  €08.  0  and  Pt  —  P  sin.  fp. 
and  if,  finally,  \l>  and  ^  are  equal,  we  have 

p  __  p  —  -^'  **^*  ^  —      ^ 
'  "~     *  ~"  sin,  2  0   ""  2  COS.  0 

ExAKPLB.— 1)  How  heavily  will  a  table  A  B,  Fig.  93,  be  pressed  by  a 
^^  2f  whose  weight  is  G'  =  70  pounds,  and  which  acted  on  by  a  force 

P  3=  50  pounds,  which  is  inclined  to  the  horizon 
at  an  angle  PJf  P^  =  ^  =  40*?  The  horizontal 
component  is 

Pj  =  P  CM.  ^  =  60  eo$,  40*  =  88,30  pounds, 
and  the  vertical  component 

j^  =  Pw/i.  ^  =  50  tin.  40«  =  82,14  pounds. 
The  latter  tends  to  raise  the  body  from  the  table, 
and  consequently  the  pressure  on  the  table  is 
flf  —  P,  =  70  -  32,14  =  87,86  pounds. 
2)  If  a  body  Jf,  Fig.  01,  weighing  110  pounds, 
is  moved  upon  a  honzontal  support  by  two  forces, 
^  so  that  in  the  first  second  it  describes  a  distance 

*^^M  feet  in  a  direction,  which  forms  with  the  two  directions  of  the  forces 


FiQ.92. 
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the  onglee  p  =^  53°  and  if>  =  77°,  tlie  forces  can  be  fotmd  as  follows :  Tbe 
acceleration  is  double  the  apace  described  in  tbe  first  second,  or  in  thu 
caaep  =  3  .  6,5  =  18  feet,  and  the  resultAnt  is 

P  =  ^  =  0,031  .  13  .  IIO  =  44,88  ponndB. 
9 
Henco  one  of  tbe  components  is 

Pdn.!!'  44,88  da.  77*       „,  ^„ 

and  the  other  b 

P,  s=  — ^--fiTi —  =  *4.96  poundB, 

g  79.  Compotitfon  of  Forces  in  a  Plane. — In  order  to  find 
the  reaultant  P  of  a  number  of  component  forces  P„  P^  Pt,  etc, 
{Fig.  93),  we  can  purane  exactly  the  same  method  that  we  em- 
ployed in  the  compoajtion  of  velocities.  Wo  can,  by  employing 
repeatedly  the  parallelogram  of  forces,  combine  the  forces  two  bj 
two  BO  as  to  form  one,  until  but  one  is  left.  The  force  P,  and  P, 
give,  E.O.,  by  means  of  the  parallelogram  M  Pi  Q  P„  the  reaulfant 
MQ—  Q;  and  if  we  combine  this  with  P,  we  obtain,  by  means 
of  the  parallelogram  M,Q  R P, 
Fio-  M.  the  resultant  .M"  .ff  =  ^,  and  the 

latter,  combined  with  P^  gires, 
by  means  of  the  diagonal  M  P 
=  P,  the  reaultant  of  all  four 
forces  P„  P„  Pt,  and  P^.  It  is 
not  necessary,  when  comlsniiig 
these  forces,  to  complete  the  par- 
allelograms and  to  find  their 
diagonals.  We  have  bat  to  cod- 
struct  a  polygon  M  P,  Q  Jt  P 
by  drawing  its  sides  M  P„  P,  Q, 
Q  R,  R  P,  equal  and  parallel  to  the  given  components  Pi,  /*»  P» 
Pr  The  last  side  M  P,  which  closes  the  parallelogram,  is  the  re-  j 
Bultant  required,  or  rather  the  menBure  of  the  same. 

Rehabk.— The  solution  of  mechanical  problems  by  construction  te  rei7 
nsofbl.  Althongh  ttie  results  ore  not  as  accurate  as  those  obtained  bj  cal- 
culation, jet  tbej  ore  of  great  value  as  checks  as^insC  gross  errors,  ind  can 
therefore  alwajrs  be  employed  as  praofa  of  calculations.  In  Fig.  03  ve 
have  drawn  the  forces  as  meeting  each  other  and  forming  the  given  aoglfs 
P,  MPg  =  73°  80',  P,  Jf  r,  =^  83°  20',  and  P,  M  P^  =  02°  40' ;  snd 
their  length  is  such,  that  a  pound  is  represented  by  a  lino  or  .j^  of  ■ 
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'russiaii  inch.  The  forces  P^  =  11,5  poands,  P,  =  10,8  poands,  P,  = 
1,3  pounds,  and  F^  =  12,2,  are  therefore  ezpreBsed  by  sides  11,5  lines. 
0,8  lines,  8,5  lines,  and  12,2  lines  long.  A  careful  construction  of  the 
Kilygon  of  forces  gives  the  value  of  the  resultant  P  =  14,6  pounds,  and 
he  angle  formed  by  the  direction  if  P  with  the  direction  M  P^  of  the  first 
brcec  =  88  J**. 

§  80.  We  can  determine  the  resultant  P  more  Bimply  by  de- 
composing each  of  tlie  components  Pi,  P„  Pa,  etc.,  into  two  com- 
ponents Qi  and  B^,  Qi  and  Jit,  Qz  and  j?„  etc.,  in  the  direction  of 
the  rectangular  axes  X  XvjuSl  Y  Y,  Fig.  94,  by  then  adding  alge- 
braically the  forces  which  lie  in  the  same  axis,  and  by  seeking  the 
intensity  and  direction  of  the  resaltant  of  the  two  forces  which 
have  been  thus  obtained,  and  whose  directions  are  at  right  angles 
to  each  other.    If  the  angles  P,  MX,  P,  MX,  P,  MX,  etc.,  P„ 
^\  P39  eta,  form  with  the  axis  of  X  are  =  ai,  a^  a,,  eta,  we 
liave  the  components  Qi  =  P,  cos.  a„  i?,  =  P,  sin.  a, ;    ^,  =  P« 
COS.1U,  R^z=  P„  situ  a^  etc.;  whence  it  follows  from  the  equation 

0=  Ci  +  C.  +  ft  +  ...,that 

I)   Q  =z  P^  COS.  a,  -h  Pa  COS,  a,  -f  P,  COS.  ttj  +  . . ., 

and  also  from  P  =  P,  +  P,  +  P» . . .,  that 

2)  IT  =  Pi  sin.  a,  4-  P«  sin.  a,  -f  P,  sin.  a,  +  . . . 

We  find  the  value  of  the  resultant  of  the  two  components  Q  and  P, 
JQst  obtained,  by  the  aid  of  the  formula 

3)  P  =  V^TW, 

and  thatof  the  angle  P  M  X  =  a,  formed  by  its  direction  with  the 
axis  X  X,  by  means  of  the  formula 


4)  (anff.a  =  ^. 


twoen  27(f— ^eO*,  when  P  alone  is  negative. 


In  adding  algebraically  the  forces 
we  must  pay  particular  attention  to 
their  signs ;  for  if  they  are  different 
for  two  different  forces,  i.e.  if  these 
forces  act  in  opposite  directions 
from  the  point  of  application,  then 
this  addition  becomes  an  arithmeti- 
cal subtraction.  The  angle  a  is 
acute  as  bng  as  P  and  Q  are  posi- 
tive ;  it  is  between  90*— 180*,  when 
Q  is  negative  and  P  positive;  it  is 
between  180*— 270',  when  Q  and  U 
arc  both  negative,  and  is  finally  be- 
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lAMPLE. — What  is  the  direction  and  intennty  of  the  lesoltant  of 
irces  P,  =  80  pounds,  P,  =  TO  ponnda,  and  i*,  =  SO  poands,  wImibct 
dons  lie  in  the  eame  plane  and  form  the  angles  P,  Jf  P^  =  56*  and 
'  P,  =:  104"  witb  each  other  ?  If  we  lay  the  axis  X  X,  Fig.  94,  in  tht- 
ionof  the  flret  force,  vre  obtain  a,  =  0°,  «,  =  SO",  and  n,  =  66*  -f- 
=  160* ;  hencu 

C  =  80 .  CO*.  0'  +  70 .  (sw.  S6°  +  SO  CM.  160"  =  80  +  G8,14  -  46,»8 
=  23,10  pounds, 

B=SO.»in.0'>  +  70.rfn.66*  +  SO.Wn.lOO"  =  0  +  58,08+  17,19 
=  75,18  pounds,  and 

to»?.  "=§15?  =  8.3908, 

herefore  the  angle  fonucd  by  [he  resultant  with  the  positire  portioD 
taxis  JTXisa  =  78»  34',  and  the  resultant  itself  ia  PssVy  +  Ji'  = 
B  75,13  75,18        „„  „„  , 

=  .i.:; = srnint "  mi  -  "■"  "'""'^ 

Ql.  Forces  in  Space. — If  tlic  direction  of  the  forces  do  not 
I  the  Bumu  plimc,  we  pass  a  plane  through  the  point  of  appli- 
n  and  decompoao  the  forces  into  two  others,  one  of  which  lies 
c  plane,  tind  the  other  at  right  angles  to  it  The  components 
obtained,  which  he  in  the  plane,  arc  combined  accordiog  to 
ule  given  in  the  last  paragraph,  bo  as  to  give  a  single  result- 
ind  those  at  right  angles  to  the  plane  give,  by  simple  addition, 
ler  resultant.  From  these  two  components,  which  are  at  right 
S3  to  each  other,  we  find  tbo  resultant  according  to  the  well- 
rn  rule  (§  77). 

'his  method  of  proceeding  is  graphically  rcjircscnted  in  Fig. 
MT,  =  Pu  MT,  =  P,^  Afl',  =  P.  are  the'simple  forces, 
is  the  plane  (plane  of  projection)  iind  Z Zjb  the  axis  ct  right 
•3  to  it.  From  tbo  decomposition  of  the  forces  P,  /*„  t-tc,  we 
n  the  forces  St  Sj,  etc.,  in  tlic  plane,  and  the  forces  A',  JV;,  etc., 
r  the  normal  Z  Z.  The  former  ore  again  decomposed  into  the 
wnents  d,  ft,  etc,  R\,  Bt,  etc.,  which,  hy  addition,  give  the 
tants  Q  and  R,  from  which,  as  components,  we  detennine  the 
tant  S,  which,  combined  with  the  sum  of  all  the  normal  forces 
Jn  etc,  gives  the  required  resultant  P. 

I  wo  put  tlie  angles  of  inclination  of  the  directions  of  the 
3  to  the  plane  equal  to  9i,  /3;,  etc.,  we  obtain  for  the  forces  in 
(lane  8x  =  P,  cos.  ft,,  S,  =  P,  ens.  /?„  etc.,  and  for  tho  normal 
8N,  =  P,  sin.  0„  A",  =  P,  sin.  ft.,  etc.  Designating  the  angles 
h  the  projections  of  the  directions  of  the  forces  in  the  plane 
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A  B  foiin  with  the  axis  X  Xhj  a,,  a^  etc.,  that  ia,  pnttingiSi  Jf  ^' 
=  at^StMJT  =  Of,  etc.,  we  obtain  the  follpwing  three  forces,  which 


Fig.  95. 


form  the  edges  of  a  rectangnlar  parallelopipedon  (parallelopipe- 
don  of  forces): 

Q  =  Sicos.  a,  -f  Si  COS.  ot  +  . . .,  or 

1)  Q  =  Pi  COS.  )3,  cos,  a,  4-  P«  cos.  j3,  cos.  a,  +  . .  ^ 

2)  iZ  =  P,  cos.  Pi  sin.  a,  +  P,  co5.  3*  ww.  a, .  • .  and 

3)  J\r  =  P,  «».  j3,  +  P,  stw.  /3,  +  . . . 

Prom  these  three  forces  wc  obtain  the  final  resultant 


4)  P=:  i/g«  +  /?  4-  N% 
and  its  angle  P  M  S  ~  0  of  inclination  to  the  plane  of  pro% 
jwjtion  by  the  aid  of  the  formula 

5)  tew.  /3  =  —  =   — =r:-. 

Finally,  the  angle  8  MX=^  a,  which  the  projection  of  the  re- 
saltant  in  the  plane  A  B  forms  with  first  axis  X  X,  is  given  by 
the  formula 

6)  tang.  «  =  ^. 

}^K^  etc.,  are  the  angles  formed  by  the  forces  Pi,  Pi  with  the- 
»xw  if  X,  uh,  f^9  " .,  the  angles  formed  by  them  with  the  axis 
^  Fand  v„  v„  etc.,  the  angles  formed  by  them  with  the  axis  M  Z^ 
^e  hare  also 
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)  Q  =  P,  COS.  Xi  +  P,  COS.  A,  +  ,  . ., 
)  Ji  =  P,  COS.  ih  +  P,  COS.  /»!  +  .. .  and 

^   Jf=  P,  COS.  V,  +  P,  COS.  V,   +   .  . . 

iac  of  the  resultant  is  given  by  tlie  formula 

)  P  =  VQ'  +  1{'  "+"A'"', 

'■  direction  of  the  samo  by  the  formulas 

N 


h  A,  ;i  and  v  denote  the  angl< 

(Y,MZ. 

have  also  cos.  X  =  cos.  a  cos.  0,  cos.  ft 

'  —  3,  or  COS.  V  =  sin.  0. 


CC.S.V  =  - 

formed  by  P  with  the  aiu 


Pro.»6. 


EiAvpLE. — la  order  to  raise  verticallj  a 
weight  0,  Fig.  06, 1  and  II,  by  meoiiB  of  t 
ropu  pasMng  over  a  fised  pully,  three  work- 
men pull  at  the  end  of  the  rope  A  with  the 
forceai',=  eOpiiands,P,=  iCKtponDdBMHl 
P,  =  40  pounds;  the  dir^ctiona  of  that 
foreea  are  inulined  at  an  anjilo  of  C0°  to  tbe 
horizon,  and  form  the  horizoolal  anglM 
S^A8,=  8tABt  =  183°  and  S,AB,= 
00°  with  each  other,  What  is  tho  intiso- 
flitj  and  direction  of  the  resultant  which  w« 
con  put  equal  to  the  weight  G,  and  how 
great  could  this  weight  be  made,  if  theforcw 
had  the  same  direction  ! 

The  vertical  components  of  the  forces  ai* 
JT.^P,  rin.  /?,=50  tin.  60°=43,30  poand*, 
Jf,=P,  tin.  ,'3j=:100«fl.  00°^86,00poundi 
and  Jf,  =  p,  rirt.  ;J,  =  40  fin.  60°  =  84,M 
pounds ;  consequently,  tho  vertical  fonx  a 
if  =  if ,  +  ilT,  +  if,  =  1M,M  ponndB. 

The  horizontal  componenlH  are 
S,  =  P,  ew.  0^  =  50  aa.  G0°  =  25  poundi, 
5,  =  P,  eot.  p,  =  100  coa.  C0°  =  50  poonJ< 
and  S,  =P,  <*«. /Jj  =  40  ftM.  C0°=20  poundi- 

If  we  pass  on  axis  X  Xin  the  djrectkm 
of  the  force  S,,  we  have  for  tho  component 
forces  in  this  direction 

C  =  §1  +  e.  +  Ca  =5,  OM.  0,  +  5,  ««.  «t  + 

Sf  eat.  at  =  25  co*.  0°  +  60w«,  IW  + 
20  aw.  270°  =  S5  . 1-50  .  0,7071-20 . 0  = 
25-89,305  =-10,855  poand^siidforthe 
component  in  the  direcUon  T  T 


§83.] 


MECHANICS  OP  A  MATERIAL  POINT. 


]^6 


i2  =  jBj  -f-jRg  +  .Rj  =  jfifj  sin.  Cj  +  8j^  m.  Cj  +  8^  sin,  Cj  =  25  Hn,  0'  + 
50  »iii.  135°  +  20  sin,  270^  =  60  .  0,7071  —  20  =  15,335  pounds,  and  for  the 
horizontal  resultant 

JS  =  vQ~+  iV  =  V  10,355'^ +  1575^55'  =  18,520  pounds. 

The  angle  a,  formed  by  this  resultant  with  the  axis  X  ^,  is  detcrauncd 

by  the  formula 

R  15  353 

tang,  a=  -  =  -  ^^^^  =  -  1,4828,  whence  a  =  180"-  50^  =s  124°.* 

Toe  finiil  rc3ultant  is 


Fia.  97. 


P  =  v' jy-+  8'  =  V  164,54"  +  18,520'  =  165,58  pounds. 

The  angle  of  inclination  of  this  force  to  the  horizon  is  determined  bj 
the  formula 

tang.  /3  =  :^.  =  Jf -^^^  =  8,8848,  whence  we  have  /?  =  88°  35'. 
a         18,520 

.If  all  the  forces  acted  in  the  same  direction,  the  resultant  would  be  = 

50+100  +  40  =  190  pounds,  or  190  —  165,58  =  24,42  pounds  greater 

than  the  one  just  found. 

§tf2.  Principle  of  Virtnal  Velocities.-— From  the  fore- 
going rules  for  the   composition  of  forces,  two  others  can  be 
deduced,  which  are  of  great  importance  in  their  practical  appli- 
cations.   Let  i/,  Fig.  97,  be  a  ma- 
terial point,  M  Ii  —  P,  and  M  J{ 
=  Pt  the  forces  acting  upon  it, 

and  Jf  P  =  Pthc  resultant  of  the 
forces  Pi  and  P,.  If  wc  pass 
through  M  two  axes  M  X  and 
M  y  at  right  angles  to  each  other, 
and  decompose  the  forces  I\  and 
P^  as  well  as  their  resultant  /', 
into  their  components  in  the  di- 
rection of  these  axes,  i.e.,  P,  into  ^„ 
and  Ri,  Pa  in  Q^  and  B^  and  P  into 
Q  and  R,  we  obtain  the  forces  in  the 
direction  of  one  axis  C,  ft  and  Q,  and  those  in  the  direction  of  the 
other  J?,  i2,and^5,  and  we  have  Q  =  Qi  +  Qt  and  iZ  =  P,  +  74 
If  from  any  point  0  in  the  axis  M  Xvre  let  fall  the  perpendiculars 
0  Lx,  0  L,  and  0  L  upon  the  directions  of  the  forces  P„  P-  and 
P,  we  obtain  the  right-angled  triangles  MOLxM  0  L^  and  M  0  7/. 
which  ««  similar  to  the  triangles  formed  by  the  three  forces,  viz., 

A  MO  U  <P  A  MPy  Qiy 
^  MOL^cp  A  MP^Qf, 
t^  MOL  a>  £^  MP  Q. 
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111  conaeqnence  of  this  Btmilarity  wc  have  ■—-  I-E.,  tt  =  uwv 
_MU      .Q_ML 

in  the  formula  Q  =  Qi  +  Q»  we  obtain 

P .  WL  =  P, .  WZ,  +  P, .  MU 
In  like  manner  we  have 

R,_qL,R,_OL,      ^R  _0  L 
P,~  Mff  P,~  MO        P~'M(/ 


P.OL=  Pt.OL,  +  P,.OU 
The  formulas  hold  good,  when  P  is  the  resultant  of  three  or 
re  forces  P„  P„  P„  etc,  since  we  have,  in  general, 

e  =  0.  +  ft  -^  e.  +  ■  -  ■ 

R=  Ri  +  R,  +  S^  +  ... 
We  can,  therefore,  put,  in  general, 
P  .WL  =  P, .  MLi  +  P, .  M~L,  +  P, .  ML,  +  . . ., 
P .  OZ  =  P, .  Oii  +  P, .  OT,  +  P,.0~L,  +  ... 
The  resultant  P  of  the  forces  P„  P„  P>,  eto.,  must  correspond 
both  these  equations,  and  they  can  therefore  be  employed  to  dc- 
mine  P. 

The  first  of  these  two  formulas  can  also  bo  employed  for  a  sy?- 
I  of  forces  in  space,  N,  Q,  R,  Fig.  95,  sinco  lierc  wc  have  al:^J 
=  N,  +  N,  +  N,  +  ..  .,or 

P  C08.V  =  P,  COS.  V,  +  P,  COS.  V,  +  P,  COS.  v,  +  . . .,  and  also 
MOcos.v=P,.MOcos.v,  +  P,MOco8.v,+  P,MOcos.v,+-- 

g  83.  If  the  point  of  application  M,  Fig.  98  and  Fig.  99,  moves 
0,  or  if  we  imagine  the  point  of  application  moved  forward 


■ongh  the  space  M 0  =  x,we  call  the  projection  M L  =  s*'^ 
8  space  X  npon  the  direction  of  the  force  M  P  the  space  deteribcfl 
the  force  P,  and  the  product  P  «  of  the  force  by  the  space  w  "■'' 
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icork  done  by  the  force.  If  we  substitute  these  quantities  in  the 
i^nation  (1)  of  the  last  paragraph  we  obtain 

h^'uce  tlie  work  done  by  the  resultant  is  equal  to  the  sum  of  the  work 
done  by  the  cotnponent  forces. 

In  adding  the  mechanical  effects  we  must,  as  in  adding  the 
forces,  pay  attention  to  the  signs  of  the  same.  If  one  of  the  forces 
^1,  Qi9  of  the  foregoing  paragraph,  acts  in  the  opposite  direction  to 
the  others,  then  it  must  be  introduced  as  negative  quantity;  this 
force,  as  for  example,  ft  in  Fig.  94,  §  80,  is,  however,  a  component 
of  a  force  Pj  which,  under  the  circumstances  supposed  in  the  fore- 
going paragraph,  opposes  the  motion  M  L^  of  its  point  of  applica- 
tion; we  are,  therefore,  obliged  to  treat  the  force  P,  Fig.  99,  which 
acts  in  opposition  to  the  motion  M  L,ns  negative,  if  we  consider 
t!ic  force  P,  Fig.  98,  which  acts  in  the  direction  of  the  motion  M  L, 
to  be  positive. 

If  the  forces  arc  variable,  either  in  magnitude  or  in  direction, 
then  the  formula 

P  s  =  P^Sx  -¥  P^Si  +  P^Sz  +  ... 
is  correct  only  for  an  infinitely  small  space  «,  «„  «„  etc. 

We  call  the  infinitely  small  spaces  a,,  a^  a^y  etc.,  described  by  the 
forces  corresponding  to  the  infinitely  small  space  described  by  the 
material  point,  the  tnrttuU  velocities  (Fr.  vitesses  virtuelles,  Ger. 
virtnelle  Geschwindigkeiten)  of  the  same,  and  the  law  correspond- 
ing to  the  formula  P  cr  =  P,  (t,  +  P|  (ij  +  Pj  ^^a  is  known  as  the 
principle  of  inrtual  velocities. 

§  84.  Transmission  of  Mechanical  Efifoct — According  to 
the  principle  of  vis  viva  for  a  rectilinear  motion  the  work  (P  s) 
done  by  a  force  (P),  when  the  velocity  c  of  a  mass  M  is  changed 
into  a  velocitv  f,  is 

Now  if  P  is  the  resultant  of  the  forces  Pj,  Pj,  etc.,  which  act 
on  the  mass  M,  and  if  the  spaces  described  by  them  are  «i,  s^  etc., 
while  the  mass  M  describes  the  space  s,  we  have,  from  the  forego- 
ing paragraph, 

±      S   ^^    ±1   o]    "T"    X^j  S^    "T"    .   .   .  , 

from  which  we  deduce  the  following  general  formula. 

Pi  «i  +  P«  «i  + . . .  =  {^~Y/  ^' 
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e  the  sum  of  the  toork  done  by  the  single  forces  is  equal  to 

increase  of  tlie  vis  viva  of  tltp  mass. 

le  velocity  during  the  motion  is  conBtant,  I.E.,  if  w  =  e  and 
tion  itself  is  uniform,  wc  linvo  v'  ~  c'  =  0,  and  thcrefoiv 

neiUier  gain  nor  bss  of  vis  viva,  whence 
PySy±S\.%  ^■  l\s,  +...=  0; 

Bum  of  tlic  meehiinical  effects  of  the  single  forces  is  null, 
n  the  contrary,  llie  sum  of  the  mecliftuical  cffucte  is  null, 
J  forcoa  do  not  change  the  motion  of.  the  body  in  the  given 
D ;  if  the  body  ha«  no  motion  in  the  given  direction,  it  will 
B  any  imparted  to  it  in  thia  direction  by  the  actioi)  of  the 
if  it  had  before  a  certain  velocity  in  a  given  direction,  it  will 
be  same. 

le  forces  are  variable,  the  Tariable  velocity  v  can,  after  a  oer- 
LC,  become  the  initiaL  This  phenomena  occars  in  all  peri- 
>tions,  which  are  very  common  in  machinery.     But  v  =  c 

e  work  done  I — 5 — I  M  =  0,  and  therefore  the  gain  or 

neehonical  effect  during  a  period  of  the  motion  is  =  0. 

[Fi^.— A  wagon.  Fig.  100,  weighing  O  =  SOOO  ponnds  is  mov«l 
m  a  horizontal  road  by  a  force  P,  =  660  pounds,  inclined  at  on  an- 
gle o  =  34°  to  the  horiioD. 
•od  ia  obliged  to  oYtKoau: 
a  horizontal  reai  stance  P, 
s^  450  produced  b;  the  flk- 
tion,  what  work  moBt  the 
force  /*,  do,  in  order  to 
change  the  initial  vdocitj 
of  S  feet  of  the  wagon  intfi 
a  velocity  of  S  feet  1 

If  wc  pot  the  space  de- 
scribed by  the  wagon  M  0 
=  t,wehavethe  wotk  dont 

=  P^  .  SL=  P^  »  wt.  a  =  Wi  .  t  i>M.U-  =  e03,M  .  1, 
vork  done  by  the  force  P,  acting  aa  A  reslBtance  b 
=  (-P,)..=-450,., 
Dtly  the  work  done  by  the  motive  force  is 

»  m».  a  —  Pf  *  eot.  fi  =  (602,D4  —  430)  f  =  1S3,94  a  foot  poondi. 
naaa,  however,  absorbed  during  the  change  uf  velocity  the  me- 
eficct 
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(  "2 "^ )  ^  =  (  T~)  •  ^^^^=^)^^55 .  (35-4)  .  5000=1627,5  foot-pounds; 

patting  the  two  effects  equal  to  each  other  we  obtaia  152,04  .  •  =  1627,6, 
ivbence  the  space  described  by  the  wagon  is 

and  fimdlj  the  mechanical  effect  of  the  force  P^  is 

Pj  gco8.a  =  602,94  .  10,64  =  6415  foot-pounda 

§  85.  Cnrvilinear  Motion. — If  wc  suppose  the  spaces  {o,  o^, 
eta,)  infinitely  small,  we  can  apply  the  foregoing  formulas  to  cur- 
vilinear motion.    Let  M  0  8,  Fig.  101,  be  the  trajectory  of  the 

material  point,  and  M  P  =  P 
the  resultant  of  all  the  forces  act- 
ing upon  it    If  we  decompose 
•    this  force  fnto  tw«  others,  the 

one  of  which  M  K  =  K  is  tan- 


Fio.  101. 


M  o 


gent  and  the  other  MN=N 
normal  to  the  curve,  we  call  the 
■  former  the  tangential  and  the 
latter  the  normal  force. 

While  the  material  point  de- 
scribes the  element  if  0  =  <t  of  its  curved  path  M  0  S,  and  its 
velocity  changes  from  c  to  Vi,  the  mass  M  absorbs  the  mechanical 

~~2     /  ^^^'  during  the  same  time  the  tangential  force  K 

IJcrfonns  the  \vork  K  a,  and  the  normal  force  the  work  JV".  0  =  0, 
sad  consequently  we  hare 

If,  while  the  point  describes  the  space  M  0  S  =  8  =  91(t,  the 
tangential  velocity  changes  from  o^to  v,  and  at  the  same  time 
Ihc  tangential  force  assumes  successively  the  values  Ki,  K^, . .  JT,, 
then 

and  the  work  done  is 


—  c 


) 


M, 


A  =  Ks  =  (— 2"')  ^y  ^hen  K  = 


Ki  +  ir,-h..-hK^ 


n 


denotes  the  mean  value  of  the  variable  tangential  force. 
If  we  put  the  projection  of  the  elementary  space  M  0  =  a  upon 
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ectiou  M  Lof  the  force  =  |,  we  have  also  P  ^=  £a;if, 

•e,  while  the  point  describes  the  space  M  0  S=  s  =  no 

iltant  P  assumes  successively  the  \'fllues  I'„  P,  .../"„  tiie 

ons  of  the  elementary  spaces  are  successively  Si>  fi  •  ■  ■  fv 

have  also 

P,?,  +  P,$,  +  ..  +  P.?.  =  (S:,  + £:,  +  ..  +  £.)  a, 

refore 

4  =  P.  I.  +  A  f,  +  . .  +  P.  f.  =  ( -"^'j  if- 

;n  the  direction  of  the  force  P  remains  constant,  the  pm- 
I  fi)  ?i  --S.  of  the  portions  a.  a  .  .of  the  space  or  that  of 
ile  space  3  =  na  form  a  straight  line 

e  put  2;  =  m  f,  we  can  also  write 

(P.  +  P,  +  ..  +  P,)f  =  (P,  +  P.  +  ...  +  P.)  ^=  Pa:, 

'denotes  the  mean  —^ ' — '-^ ^  of  the  forces,  which 

)nd  to  the  equal  portions  S  =  —  of  the  projections  of  the 

the  direction  of  the  force, 
have,  therefore,  also 

Px=  l^—~)M={h-k)6, 

h  k  denotes  the  height  due  to  the  initial  velocity  c  and  A 

e  to  the  final  velocity  v,  and   0  the  weight  M  p  of  the 

body. 

refore,  in  curvilinear  motion,  t!ie  entire  work  done  is  equal 

roduci  of  the  weight  of  the  body  moved  and  tlte  difference 

nghts  due  lo  the  velocities. 

lEK. — The  formulas,  thus  obtained  by  the  combinfttion  of  the  prin- 
vis  viva  with  that  of  virtual  velocities,  au  particulariy  sppti- 
the  cases  of  bodies,  which  are  compelled  to  descrilic  a  )^ven  palb. 
cause  there  is  a  support  placed  under  them,  or  because  the;  arc. 
d  bj  a  string,  etc  If  sucb  a  bod;  is  impelled  bj  gravity  aloQc 
work  performed  by  its  weight  O  in  descending  a  distance,  wbost 
irojection  i«  «,  is  =  (?  a,  whence 

(?  »  =  (A  -  i)  G»,  I.E.  I  =  A  -  fc 
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Whatever  may  be  the  path  on  which  a  body  deecends  from  one  hori- 
zontal plane  A  B^  Fig.  103,  to  another  horizontal  one  C  J),  the  difference 


Fig.  102. 


A^ 


of  the  heights  dae  to  the  velocities  is  always  eqoal  to  the  vertical 
height  of  descent  Bodies,  which  begin  to  describe  the  paths  JB  F,  E^  F^, 
^t  ^f  J  «te.,  with  eqnal  velocities  (c),  arrive  at  the  end  of  these  paths  with 
the  same  velocity,  although  they  require  different  times  to  acquire  it. 

If,  for  example,  the  initial  velocity  is  c  =  10  feet,  and  the  vertical  height 
of  fall  ==  •  =  20  feet,  orA  =  f  +  2;=:20  +  0,0155 .  10'  =  21,65  feet,  we  have 
for  the  final  velocity 


9  =  v^yS  =  8,025  V21,55  =  87,24  feet, 

whatever  may  be  the  straight  or  curved  line  in  which  the  descent  takes 

place. 


9. 


:hird  section. 

'ICS    OF    RIGID    BODIES. 


CHAPTER    I. 

flCIPLES  OF  THE  STATICS  OP  raOID  BODIEa 

Eerence  of  the  Point  of  AppUcatioiL— Al- 

i>f  evei7  rigid  body  is  changed  by  the  forces  which 
ia,  it  18  compressed,  extended,  bent,  etc.,  yet  in 
n  consider  tiie  body  as  perfectly  rigid,  not  only 
igc  of  form  or  displacement  of  its  parta  is  often 
ilso  because  it  takes  place  during  a  very  short 
or  tlio  sake  of  simplicity  we  will  tliereforo  con- 
ng  to  the  contrary  is  stated,  a  rigid  body  to  bo  a 
rigidly  united  to  each  other. 
',.  103,  which  acts  upon  a  rigid  body  at  a  point  J, 
transmits  itself  unchanged 
■"ini/  in  its  own  direction  X  J 

_5^_i .gc    through  the  whole  body, 

tttit0^  and  an  equal  opposite  force 

Pi  will  balance  it.whenitfl 
point  of  application  J,  lies 
--x  ia  the  direction  X  X 
The  distance  of  these 
points  of  application  A 
other  has  no  influence  upon  the  state  of  equi- 
opposite  forces  balance  cacli  other,  whatever  the 
if  the  points  arc  rigidly  connected.     Wo  cau 
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therefore  nsaort,  that  the  action  of  a  force  Pi  (Fig.  104)  remains 
the  same^  no  matter  in  what  point  A^y  A^^  As,  etc.,  of  its  direction 
it  may  be  applied  or  act  upon  the  body  M. 

§  87.  If  two  forces  Pt  and  Ft,  Fig.  105,  acting  in  the  same 
plane  are  applied  at  different  points  Ai  and  A^  to  a  body,  their 

action  npon  the  body  is  the  same  as  if 
the  point  0  at  which  the  two  directions 
intersect  were  the  common  point  of  ap- 
plication (7  of  these  forces";  for,  iiccord- 
ing  to  the  law  just  laid  down,  both 
points  of  application  can  be  transferred 
to  C  without  producing  any  change  in 
the  action  of  the  forces.  If,  therefore, 
we  make 


Fig.  105. 


CQ,  =  A,Pi=r  P,  and 

C  Qi  =  Ai  J  2  =^  P^ 
and  complete  the  parallelogram  C  ft 
Q  Q„  its  diagonal  will  give  us  the  result- 
ant C^  =  P  of  ClQi  and  C~Q,  and  also  of  the  forces  P,  and  P,. 
The  point  of  application  of  this  resultant  can  be  any  other  point  A 
in  the  direction  of  the  diagonal. 

If  at  a  point  B  on  the  diagonal  we  apply  a  force  B  P  =  —  P 

equal  and  opposite  to  the  resultant  A  P  =  P,  the  forces  Pi,  P,  and 
-  P  will  balance  each  other. 

§  88.  Statical  Moment— If  from  any  point  0,  Fig.  106,  in 
the  plane  of  the  forces  we  let  fall  the  perpendiculars  0  ii,  0  L, 
^i  0  L  upon  the  directions  of  the  component  forces  P,  and  P, 
wid  of  the  resultant  P,  we  have,  according  to  §  82, 

P  .  (TL  =  Pi .  0  L[  +  P, .  oX, 

Mid,  therefore,  from  the  perpendiculars  or  distances  0  Lx  and  0  L^ 
of  the  components  we  can  find  that  of  the  resultant  by  putting 


OL^ 


P,.0  L,-h  P,.0  Lt 


While  the  intensity  and  direction  of  the  resultant  is  found  I.  > 
Cleans  of  the  parallelogram  of  forces,  the  position  L  of  the  point 
of  application  is^  obtained  by  means  of  the  last  formula. 

13 
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If  the  directions  of  the  forces,  when  sufficiently  prolonged,  form 
an  angle  Pi  C  P|  =  a,  the  value  of  the  resultant  is 

1)        P  =  VF,^  +  F,'i'2FiF,cos7^ 

IS  the  direction  of  the  resultant 
Fio.  106.  forms  an  angle  P  C7  P,  =  a,  with  the 

direction  of  the  component  P»  we 
hare 

2)    sin.  aj  = f^ — . 

If,  finally,  the  distances  from  any 
point  to  the  directions  C  Pi  and  CPi 
of  the  given  forces  are  O  Z/i  =  tfi  Mwi 
0  Lt  =  Ot,  then  the  distance  OL  =  a 
from  this  point  to  the  direction  C  P 
of  the  resultant  is 

3^)    a  = p 

By  the  aid  of  the  last  distance  a  we  can  determine  the  position 
of  the  resultant  without  reference  to  any  auxiliary  point  (7  by  de- 
scribing from  0  with  the  radius  a  a  circle,  and  by  drawing  a  tan- 
gent Z  P  to  it,  the  direction  of  which  is  given  by  the  angle  a,. 

E3LA.MFLB. — A  bodj  is  acted  upon  by  the  forces  P^  =  20  pounds  and 
/>g  =  S4  pounds,  whose  directions  form  an  angle  P^  C  Pf  =  a  =  70**  with 
each  other,  and  their  distances  from  a  certain  point  are  O  L^  =  Ai  =  ^ 
feet  and  0  L^  z^a^  =  1  foot;  what  is  the  intensity,  direction  and  posi- 
tion of  the  resultant  ?    The  value  of  the  resultant  is 


P  =  f' 20^  +  "84''  +  3 .  20  ."84aw.  70°  =  i^400  +  1166  +  1860.0,84809 
=  1/2021,15  =  44,06  feet; 

an^  its  dir^tion  is  determined  by  the  angle  a^,  whose  sine  is 

84 .  «n.  70^ 


nn,  a^  = 


44,96 


-,  hence  lo(^  nn,  a^=  0,85163  —  1, 


and  the  angle  formed  by  the  direction  of  the  resultant  with  that  of  tbe 
fon^e  P^  is  a^  =  45°  17'.  The  position  or  line  of  application  of  the  refloli- 
ant  is  finally  determined  by  its  distance  0  L  from  0,  which  is 


a  = 


20.4  +  84.1       114 


44,96 


44,96 


=  2,586  feet 
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§  89. — ^We  call  the  normal  distances  0  L^  ^  a^  and  0  L^^  a^ 
of  the  directions  of  the  forces  from  an  arbitrary  point  0,  Fig.  107, 

the  anm  of  the  lever,  or  simply  the  atTne 
(Ft.  bi-as  du  levier,  Ger.  Hebelarme)  of  the 
forces,  becauso  they  form  an  impoi-tant  ele- 
ment in  the  theory  of  the  lever,  which  will 
be  discus33d  hereafter.  The  product  P  a  of 
the  force  and  the  arm  of  the  lever  is  called 
the  statical  moment  of  the  force  (Fr.  moment 
des  forces,  Ger.  statisches  or  Kraftmomcnt).  Since  P  a  =  P,  a, 
+  P,  a„  the  statical  moment  of  the  resultant  is  equal  to  the  sum 
of  the  statical  moments  of  the  two  components. 

In  adding  the  moments,  we  must  pay  attention  to  the  positive 
and  negative  signs.  If  the  forces  Pi  and  P,  act  in  the  same  direc- 
tion around  0,  as  in  Fig.  107,  if,  B.a.,  the  direction  of  the  forces 
coincide  with  the  direction  of  motion  of  the  hands  of  a  watch,  they 
and  their  moments  are  said  to  have  the  same  sign,  and  if  one  of 
them  is  taken  as  positive,  the  other  must  also  be  considered  as 
positive.    If,  on  the  contrary,  the  two  forces,  as  in  Fig.  108,  act  in 

Fig.  108.  Fro.  109. 


opposite  directions  around  the  point  0,  they  and  their  statical  mo- 
ments are  said  to  be  opposite  to  each  other,  and  when  one  is 
^^SBumed  to  be  positive,  the  other  must  be  taken  as  negative. 

In  the  combination  represented  in  Fig.  109  we  have  P  a  = 
^j  fli  —  P,  a^  since  P.  is  opposite  to  the  force  P„  or  its  moment 
^t  Oj  is  negative,  while  in  the  combination  in  Fig.  106  P  a  = 
P. «!  +  P,  a^ 

§  93.  Composition  of  Forces  in  the  Same  Plane. — If 

ttiree  forces  P„  P,,  Pz,  Pig.  110,  are  applied  to  a  body  at  tliteo 
'Cerent  points  J„  -4„  A^  in  the  same  plane,  we  first  combine  two 

(^i>  Pi)  of  these  forces  so  as  to  obtain  a  resultant  O  Q  =  Q,  and 
then  combine  the  latter  with  the  third  force  (P,)  according  to  the 
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me  rule,  constructing  with  I)  R,  —  C  Q  and  D  R,  =  At  P,  the 
irallelogntm  D  R,  Ji  R^  The  lUagonul  D  R  is  thu  required  re- 
iltant  P  of  P„  Pi,  and  P,.  It  is  easy  to  see  how  we  must  pro- 
>ed,  when  a  fourth  force  P,  is  added. 

Here  the  intensity  and  direction  of  the  resultant  is  fonnd  in  ei- 
itly  the  same  manner  as  when  the  forces  are  applied  at  the  same 
point  (see  §  SO);   the  ndes 
^o-  ll*-  given  in  §  80  can  be  employed 

to  calculate  the  first  two  ele- 
ments of  the  resultant,  hot 
the  third  element,  viz.,  the 
position  of  the  resultant  or 
its  line  of  application,  most 
■  be  determined  by  means  of 

the  formula  for  tiic  statical 
moments.  li  0  Li  =  tht 
0  L,=  a„  0  Li  =  a,  and 
0  i^  =:  a  are  the  arms  of 
^  the  three  component  forces 

P„  P«  P,  and  of  their  re- 
Itant  P  in  reference  to  an  arbitrary  point  0,  and  if  Q  is  the  le- 
Ifant  of  P,  and  P,  and  0  A"  its  ami,  wc  have 

Pa=  Q,0T+  P,asaaiQ.O~K=  P,a,  +  P.a,. 
Combining  these  two  equations,  wc  obtain 

P  a  =  Pi  fl,   4-  P,  Oj  +  P,  Ob 
id  in  like  manner  when  there  are  several  forces 

Pa  =  P,a,-\'P,a,+  PtO,  +  ... 
',,  the  {statical)  moment  of  the  resultant  is  always  equal  to  the  algi- 
aical  sum  of  the  {statical)  moments  of  the  components. 

g  91.  If  P„  P„  P„  eto.,  Fig.  Ill,  ore  the  individual  forces  oft 
stem,  a„  a„  a„  etc.,  the  angles  P,  D,  X,  P,  D,  X,  P,  D,  X,  eta, 
rmed  by  the  directions  of  these  forces  with  any  arbitrary  ssJi 

X  and  «!,  Sj,  a,,  etc.,  their  arms  0  X,,  0  L„  0  Li,  etc.,  in  refer- 
ee to  the  point  of  intersection  0  of  the  two  axes  X  Xand  Tft 
•■  have,  according  to  §§  80  and  90, 

1)  the  component  parallel  to  the  axis  X  X 

Q  =  Pi  COS.  a,  +  P,  COS.  a,  +  ..,, 

3)  the  component  parallel  to  the  axis  Y  Y 

R  =  P,  sin.  a,  +  P,  sin.  o,  +  ... 
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3)  the  rosnltaat  of  the  wliolo  Bystem 

4)  the  angle  a  formed  by  the  resaltaot  with  the  axis  for  which 

5)  uid  the  arm  of  the  resultant  or  the  radios  of  the  circle  to' 
»liich  the  dircctioD  of  the  resultant  is  tangent 

_P,a,  +  P,a,  +  ... 


H  6,  Si,  S»  etc,  denote  the  distances  0  D,  0  i>„  0  D„  etc,  cot 
off  from  the  axis  X  %  we  have 

:  ^1  sin.  a„  a,  =  2t  sin.  a^  etc. 


a  =  b  sm,  a 
^  therefore  also 
_  Pi  h,  sin.  g|  +  Pi  h,  sin,  a,  +  . 


R,l 


+  R,l,  4-  ■ . 


h=L 

Psina  R 

If  we  replace  the  resnltcnt  (P)  by  an  eqnal  opposite  force  (—P), 
fie  forces  P,,  P„  P, . . .  ( -  P)  will  balance  each  other. 

If  i„  X,...  and  y„  y,...  denote  the  c<M)rdinate8  of  the  points 
of  application  A,,  A,  ...ol  the  given  forces  P„  P, . . .,  the  mo- 
"nenlsof  the  components  of  the  latter  are  R,  a-,,  fl,i,. . .  and  Q,  y„ 
vi  if)  ■ . .,  and  the  moment  of  the  resultant  is 

P  a  =  (B,  «,  +  i?,  a:,  +  . . .)  ~  ( G.  yi  +  C  y.  +  ■  ■  •)» 
Md  its  arok  is 
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i/(/^,  +"ier+ .  ^)'  +  ((/,  +  e,  +77.)' 

Example.— The  forces  P,  =  40  pounds,  P,  =  80  pounds,  P,  =r  70 
pounds,  Fig.  112,  form  with  the  axis  X  X  the  angles  a  j  =  60",  a^  =  —  80\ 
o,  =  140'',  and  the  distances  between  the  points  of  intersection  2>j,  2>,,  D, 
of  the  directions  of  the  forces  with  the  axis  are  2?j  2?j  =  4  feet,  and  D,  i), 
~  5  feet.  Required  the  elements  of  the  resultant.  The  sum  of  the  com- 
ponents parallel  to  the  axis  XX  is 

e  =  40  CO*.  60°  +  80  COB,  (-  80°)  +  70  ea».  142° 
=  40  cos,  60°  +  80  COS.  80°  —  70  «?«.  38° 
=  20  +  5,209  —  65,101  =  —  29,952  pounds. 

The  sum  of  those  parallel  to  the  axis  FT  is 

5  =  40  9in,  60°  4-  80  tin.  (-  80°)  +  70  m.  142* 
=  40  «».  60°  -  80  wn.  80°  +  70  «».  88° 
=  84,641  -  29,544  +  48,096  =  48,198. 

Fig.  112. 


Hence  it  follows  that  the  resultant 

P=  -/CMTB'  =  4/29,952'  +  48,193«  =  i^219,68  =  66,742  pounds. 

The  angle  a  formed  by  the  latter  with  the  axis  is  determined  by  the 
formula 

Umg,  a  =  —  =  —  ^^^0=  —  1,6090,  from  which  we  obtain 

a  =  180°  -  68°  8'  =  121°  52'. 
If  we  transfer  the  origin  of  the  co-ordinates  0  to  2>„  we  have  tiw 
arm  of  the  force 

or  —  A  —  ^1  **^-  gj  ^1  +  Pt  ^^'  «8  ^g  -f  .  .  .  _  B^  h^  +  B^  ft,^-t- . . . 
u  iu     a  —  p  _.  -  ^ 

_  84,641  .(4  4-6)-  29,544 .  6  -f  0  _  164,040  _  «  ^oii^  -^ 
""  56;742  ~  56/742  ~  ^'^^^  ^^^' 
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and,  on  the  contrary,  the  distance  cut  off  on  the  axis  X7 

§  92.  Parallel  Porces.— If  the  forces  P„  P^,  P„  etc.,  Fig.  113, 
of  a  rigid  system  of  forces  are  parallel,  their  arms  0  L^  0  Xt, 
0  Lf,  etc.,  coincide  with  each  other;  if  through  the  origin  O  wo 

draw  an  arbitrary  line  XX,  the  directions  of  the  forces  will  cut  off 
from  it  the  portions  0  Di,  0  D^yO  A>  etc.,  which  are  proportional 
to  the  arms  0  i„  0  L^,  0  is,  etc.,  for  we  have  a  0  Z>i  ii  oo  a 
ODfLfCDA  ODz  Zs,  etc  Designating  the  angle  DxOLx^  0^0  A, 
etc.,  by  a,  the  arms  0  Lx,  0  L.,  etc.,  by  ax,  Of,  etc,,  and  the  distances 
cut  off  O  Dxy  0  Di,  etc.,  by  J„  Jj,  etc.,  we  have 

(Zi  =  bx  cos,  a,  a,  =  b^  cos,  a,  etc. 

Finally,  substituting  these  values  in  the  formula 


P  a  =  Px  ax  +  Pf  a^  -{- . . .  y 


we  obtain 


P  b  COS.  a  -^  Pxbx  cos,  a  •{■  P^bt  cos.  o  +  . . . , 
or,  omitting  the  common  factor  cos.  a,  we  have 
Pb  =  Pxbx  +  Pibi-\-  ,.. 


Fio.  113. 


In  every  system  of  parallel 
forces  we  can  substitute  for  the 
arms  the  distances  0  Dx,  0  A, 
etc.,  cut  off  from  any  oblique  lino 
by  the  directions  of  the  forces. 
Since  the  intensity  and  direct  icii 
of  the  resultant  of  a  system  of 
forces  with  different  points  of 
application  is  the  Eamc  as  that 
of  a  system  of  forces  applied  in  one  point,  the  resultant  of  the  sys- 
tem of  parallel  forces  has  the  same  direction  aa  the  components^ 
and  is  equal  to  their  algebraical  sum;  hence  wo  have 


1) 

8) 
8) 


P  = 

a  = 

h  = 


■■  Pi  +  P,  +  P,  +  ...  and 

P,  a,  +  P,  gj  4- . . . 

P,  +  P.  +  . . .    '^ 
Ptbt  +  P,b,  +  ... 

P,  +  P,  +  . . .    • 
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AMPLE.— The  directions  of  the  three  forces  J',  =:  12  pouads.  /*,  = 
xmnda  and  1\  =  33  poundo  cut  a  straight  line  in  tbu  points  i>,,  J>, 
,,  Fig.  113,  ivliose  distauccs  from  each  utiier  arc  £>,  J),  =  31  iacbe«. 
<f  Z>,  =  30  inches;  required  tlic  resultant.    The  inCcDsit;  of  this 

i'  =  13  —  03  +  3D  =  5  iwundfl, 
c  diBtancc  D,  D  uf  its  jwint  of  appli<>ati(in  D  id  the  axis  if  if  f>oin 


" =  120,6  incbei. 


93.  Conplex — Tho  resultant  of  two   equal  and  oppooile 
/•,  and  -  P,  i8 

:  />,  -  1\  =  0, 


=  /',  +  (-  P^) 
^P.n,  +  P,a, 


=■  00  (infinitdy  great). 
Pio.  115. 


'  fiDite  force  acting  at  a  finite  distance  can  balance  a  couple, 
o  eucli  eonples  can  balance  each  other.  T^ct  P,  and  —  P, 
i', and /*„ Fig.  115,  betwo8uchcoiipli's.iind  0  L,  =  a„OM, 
:,  -L,M,=a,-  b„  OL,  =  a>  and  0  ^f,  =  OL,~L,M, 
-  b,  their  arms  measured  from  a  coiiain  point  0,  then, when 
udam  exists,  we  have 


,  a,  -  -P.  (a. 
,  J,  =  P.  A^ 


J,)  ~  P,a,  +  P,(a,  -  b,)  =  0, 1.E. 


0  Bach  couples  balance  each  other  when  the  product  of  one 
y  its  distance  from  tho  opposite  one  is  the  same  for  both 

yaii  of  equal  opposite  forces  is  called  simply  a  couple  (Pr. 
,  Oer.  Kraftepaar),  and  tlie  product  of  one  of  its  forces  by 
lormal  distance  apart  is  called  the  marmnt  of  tho  couple- 
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From  the  foregoing  we  see  tliat  two  couples  acting  in  opposite 
directions  balance  each  other,  when  their  moments  are  equal. 
That  this  rale  is  correct  can  be  proved  in  the  following  manner. 
If  we  transfer  the  points  of  application  of  the  forces  I\jl\  and 
-  P„-  P,  of  the  couples  (P„  -  1\)  and  {1\  -  1\),  Fig.  lin. 
to  the  points  of  intersection  A  and  B  of  their  lines  of  application. 

we  can  combine  1\  and  1\, 
as  well  as  —  P,  and  —  I\ 
by  means  of  the  parallelo- 
gram of  forces  and  obtain 
the  resultants.  If  the  di- 
rections of  these  resultants 
lie  in  the  prolongation  of 
the  line  A  B,  then  those 
forces,  and  consequently  the 
corresponding  couples  (Pi, 
-  P,),  and  (A,  -  P.),  bal- 
ance each  other.  If  equilibrium  exists,  the  triangle  ABC  formed 
by  A  B  and  by  the  directions  of  the  forces  —  P  and  P^  must  be 

similar  to  the  triangles  R  A  Pi  and  B  R  Pu  and  consequently  we 
We  the  proportion 

CB       P, 


~—T  =  -^,-  or  the  equation  Pi.C  A  =  P^,  C  B. 
C  A       Pi 

But  the  perpendiculars  A  Zr,  =  >,  and  B  Li  ^  b,  to  the  di- 
rections of  the  couples  are  proportional  to  the  hjT^othcnuses  C  A 
and  (J  B  of  the  similar  triangles  A  C  Li  and  B  C  A,  and  we  can 

therefore  put 

Pi  *i  =  P,  K 

The  moments  of  two  couples  which  balance  each  other  are  con- 
seqnently  equal  to  each  other. 

If  in  the  formula  (§  91)  for  the  arm  a  of  the  resultant 

P,  ^Ti  +  Pn  «•  4-  . . . 
a  = p 

^e  substitute  P  =  0,  while  the  sum  of  the  statical  moments  has  a 
^ite  value,  we  obtain  a  =  -x) ,  a  proof  that  in  this  case  there  can 
be  no  other  resultant  than  a  couple. 

If  the.forces  of  a  system  shall  balance  each  other,  it  is  necessary 
«ot  only  that  the  resultant  P  =  VC^^R"  of  the  components  Q 
^d  5,  but  also  that  its  moment 

P  a  =  Pt  a,  +  Ps  Of  +  . . .  shall  bo  =  0. 
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Example.— If  one  coaple  consists  of  tbe  forces  P^  =  25  pounds  sod 

—  /{  =  —  25  pounds  and  tbe  other  of  the  forces  P^  =  ^^  pounds  and 

—  P,  =  —  18  pounds,  and  if  the  normal  distance  between  tbe  first  couple 
'  is  (  =  8  feet,  then  to  produce  equilibrium  it  is  necessary  that  the  normal 

distance  or  arm  of  the  second  couple  shall  be 


6,= 


25  .  3 

lb 


=  4J  feet. 


Fia.  117. 


§  94.  Composition  and  Decomposition  of  Couples.— Tbe 

composition  and  decomposition  of  couples  acting  in  the  same  plane 
is  accomplished  by  a  mere  algebraical  addition,  and  is  therefbre 
much  simpler  than  the  composition  and  decomposition  of  single 
forces.  Since  two  opposite  couples  balance  ca^rh  other,  when  their 
moments  arc  equal,  the  action  of  two  couples  is  the  same  and  the 
couples  ai*e  said  to  be  equivalent,  when  the  moment  of  one  couple 

is  equal  to  that  of  the  other.  If,  therefore, 
the  two  couples  (P„  —  P,)  and  (P.,  —  P,)» 
Fig.  117,  are  to  be  combined,  we  can  replace 
the  one  (P,,  —  P|)  by  another  which  has 
the  same  arm  A  B  =bitxs  the  former  couple 
(P„  —  P,),  and  can  then  add  the  forces  thus 
obtained  to  the  others,  and  thus  obtain  a 
single  couple.  If  &«  is  the  arm  C  Z>  of  the 
one  couple  and  {Q,  —  Q)  the  reduced  couple, 
we  have  Q  bi  =  Pt  b^  and  consequently 

P  b 
Q  =  —~,  hence   one   component   of  the 


resulting  couple  is 


^i 


Pi  +  Q  =  Pi  + 


br 


and  the  required  moment  of  the  resulting  couple  is 

(P,  -\-Q)b,  =  P,  b,  +  P,  b^ 
In  same  manner  the  resultant  of  three  couples  may  be  found. 
If  P,  J„  P,  Jj,  and  Pi  bz  be  the  moments  of  these  couples,  wo 
can  put 

Pf  d«  =  Q  bx  and  P^bt  =^  R  5i,  or 

e  =  4^*andi?  =  -^A 

from  which  wo  obtain  the  resultant 

(P,  +  e  +  ^)  *i  =  Pi  Si  +  Pt>.  +  i'lSa. 
In  combining  these  couples  to  obtain  a  single  resultant  we 
must  pay  attention  to  the  signs,  since  the  moments  of  the  couples 
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ti^uding  to  him  the  body  in  one  direction  arc  positive,  and  the  mo- 
ments of  those  tending  to  turn  it  in  the  other  are  negative.  We  can 
now  adopt  the  following  principle  for  indicating  the  direction  of 
rotation  of  a  couple.  Let  us  assume  arbitrarily  a  centre  of  rotation 
between  the  lines  of  application  of  the  forces  of  a  couple ;  then  if 
tlie  c6nple  tends  to  turn  in  the  direction  of  tlie  hands  of  a  watch, 
the  couple  is  to  bo  considered  'as  positive,  and  if  in  the  other 
direction^  as  negative. 

The  foregoing  rule  for  the  composition  of  couples  is  also  appli- 
cable, when  the  forces  act  in  parallel 
planes.  If  the  parallel  couples  {Pi, 
-  P,)  and  (P„  -  P,),'Fig.  118,  in 
the  parallel  planes  M  M  and  N  N 
have  equal  moments  Pi  hx  and 
P,  J,  and  act  in  opposite  directions 
to  each  other,  they  will  also  balance 
each  other ;  for  they  give  rise  to  two 
resultants  P,  +  P,  and  —  (Pi  + 
P,),  which  balance  each  other,  as 
they  are  applied  in  the  same  point 
E^  which  is  determined  by  the  equa» 
tions 


EA.P^  =  EC.P^EB.P,  =  ^Z>.P,and 


Pi  J,  =  P,  }^  I.E.  ^  i; .  P,  =  V D.  P„  whence 
E  AiE  B:A  3  ^  E  O:  E  D:G  D\ 

bence  this  point  coincides  with  the  point  of  intersection  of  the  two 
transverse  lines  A  C  and  B  D. 

Since  the  couple  (P„  —  P,)  balances  every  other  couple  acting 
in  a  parallel  plane  with  an  equal  and  opposite  moment,  it  follows 
that  every  couple  can  be  replaced  by  another  which  has  the  same 
nioment,  and  which  acts  in  a  plane  parallel  to  that  of  the  firat. 

If,  therefore,  several  couples  whose  planes  of  action  arc  parallel 
ttrc  applied  to  a  body,  they  can  be  replaced  by  a  single  couple  whoso 
moment  is  tho  algebraical  sum  of  their  moments,  and  whose  plane, 
which  in  other  respects  is  arbitrary,  is  parallel  to  the  planes  of  tho 
given  system. 

§  95.  If  two  couples  (P„  —  Pi)  and  (P,.,  -^  Pn)  act  in  two  differ- 
ent planes  EM  Ex  and  FNFx,  Pig.  119,  whose  line  of  intersection  ia 
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the  straight  line  A  B,  and  which  form  with  each  other  a  giTcn 

angle 

EA  F=  E^B  F,  =  a 

we  can,  after  having  reduced  them 
to  the  same  arm  A  B,  combine 
them  by  means  of  the  parallelo- 
gram of  forces.  We  obtain  thns 
from  Pi  and  I\  the  resultant  i?, 
and  from  —  P,  and  —  P^  the  result- 
ant —  R.  These  two  resnltants 
being  equal  and  opposite,  form 
another  couple,  whose  plane  is 
given  by  the  direction  of  R  and 

The  resultant  R  can  be  found 
according  to  §  77  by  means  of  fbe 
formulas 

i?=  4^ Pi"  +  P,*  +  2  P,  P^cos.  a  and 

.     ^       P,  sin,  a 
stn.  P  = j^ , 

in  which  /3  denotes  'the  angle  E  A  R  =  Ei  B  R  formed  by  the 
direction  of  the  resultant  with  that  of  the  component  P,.  If  the 
arm  ib  A  B  =  c,  and  if  we  put  the  moment  PiC  =  P  a  and  the 


Pa 
moment  P,  c  =  ^  J  or  Pi  = and  P,  = 


^11 

c 


we  obtain 


-=/(¥H¥F 


Pa     Qb 


€08.  a. 


c   J  c        e 

or  the  moment  of  the  resultant  of  the  couples  (P,  —  P)  and 

(ft  -  Q) 

and  in  like  manner  for  the  angle  formed  by  its  plane  with  that  of 
the  first  couple  (P,  —  P)  we  have 

8%n.  P  =  -^ —  SITU  a. 
Re 

Wo  can  therefore  combine  and  decompose  couples  acting  in  the 

different  planes  in  exactly  the  same  manner  as  forces  applied  at  the 

same  point,  by  substituting  instead  of  the  latter  the  moments  of 

the  former,  and  instead  of  the  angles,  wliich  the  directions  of  the 

former  make  with  each  other,  those  formed  by  their  planes  of  action. 
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The  refemng  back  of  the  theory  of  couples  to  the  principle  of 
the  decomposition  of  simple  forces  can  be  groatly  simplified  by  in- 
troducing the  axis  of  rotation  instead  of  the  plane  of  rotation  of 
the  couple.  We  undei-st^nd  by  the  axis  of  rolalion  or  axis  of  a 
coupUy  any  peri^.^ndicular  to  its  plane.  Since  every  couple  can  be 
arbitrarily  displaced  in  its  plane  without  changing  its  action  upon 
the  body,  we  can  pass  the  axis  of  the  couple  through  any  given 
point 

Since  the  plane  and  the  axis  of  a  couple  arc  at  right  angles  to 

each  other,  the  axes  A  X,  A  Y 
^®- 1-^-  and  A  Z,  Fig.  120,  form  the  same 

angles  with  each    other  as    the 
planes  A  E  K,  AFKfiViHiAQ  K 
themselves.    If  one  of  the  couples 
is  the  resultant  of  the  other  two, 
we  see  from  what  precedes,  that 
the  diagonal  of  the  parallelogram 
constructed  with  the  moments  Pa 
and   Q  b  will  give  the  moment 
of  the  resultant;  if  therefore  we 
lay  off  upon  the  axes  A  X  and  A  Fthe  moments  P  a  and  Q  b, 
and  then  complete  the  parallelogram,  we  obtain  in  its  diagonal  not 
only  the  axis  A  Z  of  the  resulting  couple,  but  also  its  moment  Re, 
Wo  see,  therefore,  tliat  couples  are  combined  and  decomposed  in  ex- 
actly  the  same  ivay  as  simple  forces^  provided  we  substitute  for  the 
directions  of  the  forces  the  axes  of  the  couples  and  the  moments 
of  the  latter  for  the  forces  themselves.    All  the  rules  for  the  com- 
position and  decomposition  of  forces  given  in  §  7G  and  §  77,  etc., 
Me  in  this  sense  applicable  to  the  composition  and  decomposition 
of  couples. 


§  96.  Centare  of  Parallel  Porces.-— If  iha  parallel  forces  lie 
in  dilTerent  planes,  their  composition  must  be  effected  in  the  fol- 
lowing manner.  Prolonging  the  straight  line  A^  A^,  Fig.  121, 
which  joins  the  points  of  application  of  two  parallel  forces  Pi  and 
^8>  until  it  meets  the  plane  which  contains  the  axes  Jf  Xand  M  J", 
which  are  at  right  angles  to  each  other,  and  taking  the  point  of 
intersection  K  as  the  origin,  we  have  for  the  point  of  application 
i  of  the  resultant  P,  +  P,  of  these  forces 


(Pi  +  Pa) .  KA  =  Pi  .KA,  +  P, .  K  A^ 
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Now  since  B,  Bx  and  B^  are  the  projections  of  the  points  of  ap- 
plication Ay  Ax  and  A^  upon  the  plane  X  Yy  we  have 
A  B\  A^Bx\  A^B^=i  K  A\  K  Ax\  K  A^ 
and  therefore  also 


Fig.  121. 


(P,  +  Pi).AB^Px.AxBx  +  P,.A^B^ 
K  we  designate  the  normal  distances  -4,  i?,,  A^  Bt,  -4,  <B„  eta, 

of  the  points  of  application 

from  the  plane  X  X  by  «,,  «» 
Zt,  etc.9  and  the  normal  dis- 
tance of  the  point  of  applica- 
tion A  from  this  plane  by  2. 
we  have  for  two  forces 
(P,  +  P,)z=  PxZx  +  P.  2.: 
and  for  three  forces,  since  (Pi 
-h  P,)  can  be  considered  as 
one  force  with  the  moment 
P,  «,  +  Pi  z^ 
(P,  -f  P,  +  P.)  z 

=  P,  5?i  +  P,  «24-Ps  «»  etc. 
Consequently  we  have  in  general 

(Pi  +  P%  +  Pf\-  ...)Z=  PiZx  +  Pi  Zi  +  Pa«3.  .  ., 

and  therefore 

•t^x  Zx    "T    ^J  2?^   "T*   •  •  • 


1) 


«  = 


p,  +  p, +  ... 

If,  in  like  manner,  we  denote  the  distances  A  C  and  A  D  oi  the 
point  of  application  A  of  the  resultant  from  the  planes  X  Z  and 
Y  Zhy  y  and  2:,  and  the  distances  of  the  points  of  application  Ax, 
Af  •  *  fi'om  the  same  planes  by  ^1,  y» . . .  and  a:,,  ^, . . .,  we  obtain 

_Pxyx  H-  P>  ffH' » ■  ■ 

^1  "r  ■*  s  "r  •  •  • 
n\  Pi  "^1   "^   P»  •''8  "^  •  •  • 


2)        3^ 


and 


.r  = 


Pi +  P, -}-... 

The  distances,  rr,  y  and  «,  from  three  fixed  planes,  as,  E.G.,  from 
the  floor  and  two  sides  of  a  room,  determine  completely  the  point  A ; 
for  it  is  the  eighth  comer  of  the  parallelopipedon  constructed  with 
Xy  y  and  z ;  hence  there  is  but  one  point  of  application  of  the  re- 
sultant of  such  a  system  of  forces. 

Since  the  three  formulas  for  ar,  y  and  z  do  not  contain  the  angles 
formed  by  the  forces  with  the  fixed  planes,  the  point  of  application 
is  not  dependent  upon  them  or  upon  the  direction  of  the  foroej: 


i 
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the  wliolo  system  can  therefore  be  turned  about  this  point  without 
its  ceasing  to  be  the  point  of  application,  as  long  as  the  forces  re- 
main parallel. 

In  a  system  of  parallel  forces  we  call  the  product  of  a  force  bv 
the  distance  of  its  point  of  application  from  a  plane  or  line  the 
niomtnt  of  this  force  in  reference  to  the  plane  or  line,  and  it  is  also 
customary  to  call  the  point  of  application  of  the  resultant  the  cen- 
tre of  parallel  forces  (Fr.  centre  des  forces  paralleles,  Ger.  Mittcl- 
pnnkt  des  ganzen  Systems).  We  obtain  the  distance  of  the  centre 
of  a  system  of  parallel  forces  from  any  plane  or  lino  (the  latter,  when 
the  forces  are  in  the  same  plane)  by  dividing  the  sum  of  the  stati- 
cal moments  by  the  sum  of  the  forces  themselves. 


ExAKFLE. — If  the  forces  are 

and  their  distances  or  the  co-  f 
ordinates  of  their  points 
of  application  are 

we  vill  have  the  nfoments 


Pn 

6 

—   7 

10 

X, 

1 

2 

0 

« 

Vn 

2 

4 

6 

9n 

8 

8 

7 

PnX, 

5 

-  14 

0 

PnVn 

10 

-28 

50 

Pn^n 

40 

-21 

70 

4  ponnds. 

Ofect.  . 

3 

10 

CG  foot  pounds. 
12 
40 


«i 


i( 


(( 


tc 


Kow  the  sum  of  the  forces  is  =  10  —  7  =  12  pounds,  and  therefore 
tbe  distances  of  the  centre  of  parallel  forces  from  the  three  co-ordinate 
planes  are 

5  +  86-14      27       9         « ^,  ^   . 
^  = ia =  j-3  =  ^=  2,25  feet, 

10  +  50  +  12-28      44      11       ^_^ 
V  = j2 ^  12  ^  ¥  ^  8,66  feet,  and 

40+70  +  40-21      129      48      _^, 
12 =  12  =  T  =  ^^'^^  ^^''^• 


z  = 


§  97.  Forces  in  Space. — If  we  wish  to  combine  a  system  of 
forces  directed  in  different  directions,  we  pass  a  plane  through 
them  and  transfer  all  their  points  of  application  to  this  plane,  and 
Aen  decompose  each  force  into  two  components,  one  perpendicular 
^  and  the  other  in  the  plane.  If  ft,  ft ...  are  the  angles  formed 
"y  the  directions  of  the  forces  with  the  plane,  the  components  nor- 
mal to  the  plane  are  P,  sin.  /3„  P,  sin.  ft ...  and  those  in  the  plane 
^^  Pi  COS.  ft,  Pi  COS.  Piy  etc.  The  resultant  of  the  latter  can  be  ob- 
tained as  indicated  in  §  01,  and  that  of  the  former  as  indicated  in 
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the  last  paragraph.  Generally  the  directions  of  the  two  resultants 
do  not  cut  each  other  at  all,  and  the  composition  of  the  forces  eo 
as  to  form  a  single  resultant  is  not  possible.  If,  however,  the  re- 
sultant of  the  parallel  forces  passes  through  a  point  K^  Fig.  122, 
in  the  direction  yl  B  of  the  resultant  P  of  the  forces  lying  in  the 
})lane  (that  of  the  paper),  a  composition  is  possible.  Putting  the 
ordinates  of  the  points  of  application  K  oi  the  first  resultant  0  C 
^  D  K=  7tmd  OD  -  C  E  =  v,  the  ann  of  the  other  0  L  =a 

and  the  angle  B  A  0  formed  by  the  latter  witli  the  axis  X  -1^  =  a> 
then  the  condition  for  the  possibility  of  the  composition  is 

u  sin.  a  ■\-  V  cos.  a  =  a. 
If  this  equation  is  not  satisfied,  if,  E.G.,  the  resultant  of  the  nor- 
mal forces  passes  through  -ff"„  it  is  not  possible  to  refer  the  whole 
system  of  forces  to  a  single  resultant,  but  they  can  be  replaced  b? 


FiQ.  122. 


Fio.  123. 


a  resultant  R,  Fig.  123,  and  a  couple  (P,  —  F)  by  decomposing 
the  resultant  JV  of  the  parallel  forces  into  the  forces  —  P  and  R, 
one  of  which  is  equal,  parallel  and  opposite  to  the  resultant  P  of 
the  forces  in  the  plane. 

We  can  accomplish  directly  this  referring  of  a  system  of  forces 
to  a  single  force  and  to  a  couple  by  imagining  a  system  of  couples, 
whose  positive  components  are  exactly  equal  in  amount  and  direc- 
tion to  the  given  forces,  to  be  applied  to  the  body  at  any  arbi- 
trary point  These  couples  naturally  do  not  change  the  state  of 
equilibrium,  for  being  applied  at  the  same  point  they  counteract 
themselves.  On  the  contrary,  the  positive  components  can  be 
combined  according  to  known  rules  (§  81)  so  as  to  give  one  result- 
ant, while  the  negative  components  form  with  the  given  forces 
couples,  whose  resultant  (according  to  §  95)  is  a  single  couple 
After  these  operations  have  been  performed,  we  have  only  one  force 
and  one  couple. 
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§  da  Principle  of  Virtual  Velocities.— If  a  system  offerees 
F„  Pt,  -Pj,  Fig.  124,  which  act  in  a  plane,  have  a  motion  of  trans- 
lation, that  is,  if  all  the  points  of  application  Ai,  A^,  Az  describe 
equal  parallel  spaces  A^  Bi^  A^  Bf,  A^  B^,  then  (according  to 
the  meaning  of  §  81)  the  work  done  by  the  resnltant  is  equal  to 

FiQ.124. 


the  sum  of  the  work  done  by  the  components,  and  consequently, 
when  the  forces  balance  each  other,  this  sum  is  =  0.  If  the  pro- 
jections of  the  common  space  Ax  B^  =  A^  B^  etc.,  upon  the  di- 
rections of  the  forces  are  Ai  L^  A^  is,  etc.,  =  «„  «-,  etc.,  the  work 
done  by  the  resnltant  is 

P  s  =  Pi  5,  +  P,  «a  +  . 

This  law  is  a  consequence  of  one  of  the  formulas  in  §  91.  Ac- 
cording to  it,  the  component  Q  of  the  resultant  pai*allel  to  the  axis 
X  X\&  equal  to  the  sum 

Ci  +  ft  +  C»  +  . .  • 
of  the  components  of  the  forces  P„  P„  etc.,  which  are  parallel  to 

it.  Now  from  the  similarity  of  the  triangles  AxBxLi  and  A^PiQi 

're  know  that 

Qy_  _  Ax  Xi  _      8x 
P^  '^  AxB] 

and  therefore  we  have 


AB' 


PiSx 


P,8, 


Pa 


^'=z:b*^^  =  z^'*^-^^^^  =  z:b-  •  • 


Hence,  instead  of 
'^e  can  put 

14 


G=  ft  +  ft  +  ... 
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9.  B^nlibriom  fai  a  Rotuy  Motion^If  a  Bjrtetn  ot 

Pu  P»,  etc,  Fig.  136,  arctiag  in  the  asme  plane,  is  caosed  to 

turn    a    very   small    digtutet 

Fw.  125.  ^j^„j  ^  pgj^j.  Q^  jjj^  jsinoipk 

of  virtnal  velocaties  suBOtiDwd 
in  g  63  and  g  98  is  appltcslilt 
bere  idso,  as  can  be  demoo- 
Btrated  in  the  following  dud- 
ner.  According  to  g  89  the  mo- 
ment of  the  resaltant  P  ,  0  L 
=  P  a  ia  eqtial  to  the  sum 
of  the  momeutB  of  the  com- 
ponentfl,  or 
Pa=  P,a,  +  P,a,  +  ... 
■■  space  A,  £„  coirespoDding  to  a  rotation  tbrongh  a  small 
1,0  Bt=  P"  01  A  small  arc  /)  =  ^0^:  •  "**  is  sitnated  at  li^t 

to  the  radioe  0  Ai,  therefore  the  triangle  A,  B,  C,  formed 
ng  fell  the  perpendicular  B,  C,  upon  the  direction  of  the 
I  similar  to  the  tmngle  OAiL,  foimed  by  the  ana  OLt  =  <ir 
hare 

PL,  _A,  g, 

0A,~  A,£,' 
ro  pat  the  virtual  Telocity  A,  C,  =  v,  «id  Git  tie  A,  B, 
,,0,v/c  obtain 

0  Ai  .a^       a,  .  a, 

'^  =  OXTT  =  ^'  "nd  m  hke  manner  o.  =  ^ . ete. 

BtituttDg  these  TalaeB  of  a,,  Oe  etc,  in  the  abOTe  equBjaon, 

I  (3  is  a  common  diTiBor, 
P<j=  P,a,  +  P,a,  -i-  ..., 
lund  in  g  83. 

rcfore,  for  a  smaU  rotation,  the  work  {P  o)  done  by  the  re- 
is. equal  to  the  sam  of  the  work  done  by  the  components. 

K). — The  principle  of  virtual  Telocitiea  holds  good  fbr  any 

ily  great  rotation,  when,  instead  of  the  yirtual  volocitii^ 

points   of  application,  we   substitute    the    projectiofis 
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Lj  Cts  Lt  Ct,  Fig.  126,  of  the  spaces  deacribed  by  the  ends  Li,  Lg, 

Fzo.  120. 


eU^  of  the  perpendiculars;  for  multiplying  the  well-known  equar- 
tiQ^  for  the  statical  moipent 

P  a  =  iPi  «i  +  P,  a,  -f  . . . 
by  sii^  p  and  substitating  in  the  new  equation 

P  a  sin.  S  =  PiOi  siju  P  +  PtOt  sin.  fi, 
imtead  of  Oi  sin.  0y  a»  sin.  /3  , , .  the  spaxsea 

0  Bi  sin.  L,  0B^  =  D,Bi=LiC,  =  s^ 

0  P%  sin.  L^O  B%=^  D%  Bi  =  X,  C,  =  s^,  etc., 
ve  obtain 

Ps  =  Pi$i  -h  PiSi  -^  ... 

This  principle  remains  correct  for  finite  rotations,  when  the  di- 
rections of  the  forces  revolve  with  the  system,  or  when  the  point 
of  application  or  end  of  the  perpendicular  changes  continually  so 
that  the  arms  0  Li  =  0  -P,,  etc.,  remain  constant ;  for  ftx)m 

P  a  ^=  Pi  Ui  +  Pi  (h  +  •  •  •> 
by  midtiplying  it  by  0  we  obtain 

Pa  /J  =  P,  «,  j»  +  P,  a,  /}  +  . . .,  I.B., 

Jl    S  ^^  jt  1  S\   "T"   x^j  Si  ~r  •  •  V 

when  «,  St,  etc.,  denote  the  arcs  i,  J?i,  Lt  Bp  etc.,  described  by 
the  points  of  application  i„  Z^  etc. 

§  101.  A  Small  BIsplB/oBmeot  Referred  to  a  Rotatioii.— 

Srery  small  motion  or  displacement  of  a  body  in  a  plane  can  be 
considered  as  a  small  rotation  about  a  movable  centre  as  we  will 
^ov  proceed  to  show.  Let  A  and  By  Fig.  127,  two  points  of  the 
^y  (Bnr&u3e  or  line),  be  subjected  to  a  small  displacement,  in  con- 
sequence of  which  they  now  occupy  the  positions  -4,  and  jP„  A^  Bi 
"^8  ^  A  B.  If  we  erect  at  these  points  peipendiculars  to  the 
Pafts  A  Aty  and  B  Biy  they  will  cut  each  other  at  a  point  C,  about 
^bich  we  can  imagine  the  spaces  A  Ax  and  B  Pi,  considei-ed  as 
*^  of  circles,  to  be  described.    But  since  -4  P  =  ^i  Pi,  -4  (7  = 
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and  B  C  =  B,C,  the  two  triangles  ABC  and  A^  B,  C 
milar;  the  angle  B,  C  A,  is  therefore  equal  to  the  an^ 
A,  and  the  angle  of  rotation  A  G  A,  equal  to  the  an^ 
ation  B  C  By.  If  we  make  A,  Di  =  A  Dve  obtain,  since  the 
i  D,  AiC  and  DA  Cand  the  sides  CAi  and  (7^  are  equal 
:;h  other,  two  equal,  Bimilor  triangles  0  Ax  A  and  CAD, 
lich  CA  =  Ci)  and  ^  ^,  CA  =  L  A  C  D.  Conse- 
ly,  /.  A  C A^ia  also  =  L  D  G  Dy,vfA  when  the  displace- 
placemetit  of  the  line  ^  if  is  small, 
'^"  ""  CTery  other  point  D  of  it  will  de- 

scribe an  arc  of  a  circle.  Finally,  iff 
ia  a  point  lying  withont  the  line  A  B 
but  rigidlyconnected  with  it,  the  small 
space  E  E,  described  by  it  can  also 
be  regarded  as  a  small  arc  of  a  circle, 
whose  centre  is  at  C\  for  if  we  make 
the  angled",  AxBy  =  E  A  fiandthe 
distance  A^  E^  =  A  E,-<i!&  obtain 
again  two  equal  and  similar  trian- 
gles Ax  C  El  and  ACE,  whose  sides 
C  El  and  C  E  and  whose  .angles 
E,  and  ^  C  i^  are  equal  to  each  other,  and  the  same  thing 
Q  proved  for  every  other  point  rigidly  connected  with  A  B. 
an,  thei'efore,  consider  any  small  motion  of  a  surface  or  of  a 
body  rigidly  connected  with  A  B  e.i  di  small  rotation  about 
;re,  which  is  determined  by  the  point  of  intersection  C  of  the 
adicnlars  to  the  spaces  A  A,  and  B  A  described  by  two 
t  of  the  body. 

L02.  Generality  of  the  Principle  of  Virtaal  Velocities 

jording  to  a  foregoing  paragraph  (99)  the  mechanical  effect 
:  resultant  is  equal  to  the  mechanical  effect  of  its  components 
small  revolution  of  the  system,  and  according  to  the  last 
raph  (101)  any  small  motion  can  be  considered  as  a  revolii- 

the  principle  of  virtual  velocities  is  therefore  applicable  to 
nail  motion  of  a  body  or  of  a  system  of  forces. 

therefore,  a  system  of  forces  is  in  equilibrium,  le.,  if  tbc  re- 
it  is  null,  then  after  a  small  arbitrary  motion  the  sum  of  the 
uiical  effects  must  he  equal  to  0.    If,  on  the  contrary,  for  a 

motion  of  the  body  the  sum  of  all  the  mechanical  effects  is 

to  zero,  it  docs  not  necessarily  follow  that  the  system  is  in 
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Kiuilibriuniy  for  then  this  sum  must  be  =  0  for  all  possible  small 
motions.  Since  the  fonnula  expressing  the  principle  of  virtual 
velocities  fulfils  but  one  of  the  conditions  of  equilibrium,  in  order 
that  equilibrium  shall  exist  it  is  necessary  that  this  formula  shall 
be  true  for  as  many  independent  motions  as  there  are  conditions^ 
E.G.,  for  a  system  of  forces  in  a  plane  for  three  independent 
motions. 


CHAPTER    II. 

THE  THEORY  OF  THE  CENTRE  OF  GRAVITY. 

§103.   Centre  of  Ghravity.r-The  weights  of  the  different 
parts  of  a  heavy  body  form  a  system  of  parallel  forces,  whose  re- 
sultant is  the  weight  of  the  whole  body  and  whose  centre  can  be 
determined  by  the  three  formulas  of  paragraph  96,    We  call  this 
centre  of  the  forces  of  gravity  of  a  body  or  system  of  bodies  the 
centre  of  gravity  (Pr.  centre  de  gravity,  Ger.  Schwerpunkt),  and 
also  the  centre  of  the  mass  of  the  body  or  system  of  bodies.    If  a 
body  be  caused  to  rotate  about  its  centre  of  gravity,  that  point  will 
never  cease  to  be  the  centre  of  gravity,  for  if  we  suppose  the  fixed 
planes,  to  which  the  points  of  application  of  the  single  weights  arc 
referred,  to  rotate  with  the  body,  during  this  rotation  the  position 
of  the  directions  of  the  forces  in  regard  to  these  planes  change,  and 
on  the  contrary  the  distances  of  the  points  of  application  from 
these  planes  remain  constant    Therefore  the  centre  of  gravity  is 
that  point  at  which  the  weight  of  a  body  acts  as  a  force  vertically 
downwards,  and  at  which  it  must  be  supported  in  order  to  keep 
the  body  at  rest 

§  104.  Line  and  Plane  of  Gravity.— Every  straight  line, 
which  contains  the  centre  of  gravity,  is  called  a  line  of  gravity ^  and 
e^cry  plane  passing  through  the  centre  of  gravity  a  plane  of  gravity. 
The  centre  of  gravity  is  determined  by  the  intersection  of  two  lines 
of  gravity,  or  by  that  of  a  line  of  gravity  and  a  plane  of  gravity,  or 
by  the  point  where  three  planes  of  gravity  cut  each  other. 

Since  the  point  of  application  of  a  force  can  be  transferred  arbi- 
^^ly  in  the  direction  of  the  force  without  affecting  the  action  of 
IW  latter,  a  body  is  in  equilibrium  whenever  any  point  of  the  ver- 
tical line  passing  through  the  centre  of  gravity  is  held  fiist 


j 
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If  a  body  M,  Fig.  1S8,  be  anspended  at  the  cod  of  a  string  C  J. 
we  obtain  in  the  prolongation  ABfAVaS.^  string  a  line  of  grari^,  ud 
if  it  be  suspended  in  ouothw 
^^'  *^'  way  wo  lind  a  second  lice  oT 

gravity  DK  Tlie  point  of  inter- 
section S  of  the  two  lines  is  tht 
centre  of  graritj  of  the  whole 
body.    It  we  SQ^nd  a  body 
by  means  of  an  axis,  or  if  we 
balance  it  upon  a  sharp  ed^ 
(knife  edge),  the  vertical  plane 
passing  through   the  aiia  or 
knife  edge  is  a  plane  of  graTitj, 
Empirical    determinatioDs 
of  the  centre  of  gravity,  SQcl 
as  we  have  just  given,  are  seldom  applicable ;  we  generdly  emplo; 
some  of  the  geometrical  methods,  given  in  the  following  pages,  to 
determine  with  acearacy  the  centre  of  gravity.    In  many  bodies, 
such  as  rings,  etc,  the  centre  of  gravity  is  without  the  body.    If 
such  a  body  is  to  be  suspended  by  its  centre  of  gravity,  it  is  neees- 
Hai'y  to  fasten  to  it  a  second  body  in  sucli  a  manner  that  the  cen- 
tre's of  gravity  of  the  two  bodies  shall  coincide. 

§  lOS.  Detormination  ef  like  Centre  ef  Gravity.— Let  z>. 
s:„  .T-,  etc.,  be  the  distances  cf  the  parts  of  a  heavy  body  fh)m  one 
co-ordinate  plane,  y,,  y»  j/„  etc.,  tbose  from  the  second,  and  t„  t,. 
23,  etc.,  those  from  the  third,  and  let  P„  P»  P-,,  etc.,  be  the  weights 
of  these  parts,  we  have,  fVom  g  06,  for  the  distances  of  the  cmtre 
of  gravity  of  the  body  from  the  three  planes 

_  P,x,  +  A3,  +  P,y.  4-... 
^  P,  +  P,  +  P,  +  ...      ' 

P,y,  -1-  P,y,  +  Pfff,  +  ...       . 

-  Pi^  +  P><h  +  fi  g»  -f-  ■  .  ■ 
'  ~  P,  +  P,  +~P, 

If  we  denote  the  volume  of  these  parts  of  the  body  by  F„  V„ 
Va  et«^  and  the  weight  of  their  units  of  volume  by  ■>■„  y„  y,  etf- 
we  can  write 

_  _  ^'iTi^  +  y>y,^i  +  Vt y, X,  - 


v,r,  +V,r,  +  v,y: 


— ,  ete. 
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ff  the  body  is  homogeneooB,  1.IL,  if  y  is  the  same  for  all  the 
partSy  we  hare 


z 


^      (F,  +  r,  +  ...)y    ' 


or,  cancelling  the  oommon  factor  7', 


1)    x^ 


2)   y  = 


8)    «  = 


r  1  2?!  +   r  J  3?»  +   .  •  • 


F,  +  F,  +  . . .    ' 

F, +F, +  ...    '     ^ 
F,  2r,  +  F,  jg,  -f  >  ■ . 


Cons^nently  we  can  substitute  for* the  weights  of  the  different 
parts  their  Yolumes,  and  the  determination  of  the  centre  of  gravity 
becomes  a  question  of  pure  geometry. 

When  one  or  two  of  the  dimensions  of  a  body  are  very  small 
compared  with  the  others,  £.a.,  in  the  case  of  sheet-iron,  wire,  etc, 
we  can  regard  them  as  planes  or  lines,  and  determine  their  centres 
of  grayity  by  means  of  the  last  three  formulas,  substituting  instead 
of  the  Yolnmes  Fi,  F„  etc.,  the  surfaces  Fi,  Ft,  etc,  or  the  lengths 
K  k,  etc 


Fig.  120. 


§  106.  In  regular  spaces  the  centre  of  gravity  coincides  with 
their  centre,  E.G.,  in  the  case  of  the  cube,  sphere,  equilateral  trian- 
gle, circle,  etc  Symmetrical  spaces  have  their  centre  of  gravity  in 
the  axis  or  plane  of  symmetry.  A  body  A  D  F  H.  Fig.  129,  is  di- 
vided by  the  plane  of  symnictrv  A  B  CD 
into  two  halves,  which  differ  rniv  in  their 
position  in  regard  to  the  planj,  j;nd  the 
conditions  are  therefore  the  Ffimc  en  Ijoth 
sides  of  the  plane;  the  momonis  arc  con- 
sequently the  same  on  both  sides,  and 
the  centre  of  gravity  is  to  be  found  in 
this  plane. 

Since  the  axis  of  symmetry  E  F  di- 
vides the  plane  surfEkse  A  B  F  C  Dy  Fig. 
130,  into  two  parts,  one  of  which  is  the 
Inflected  image  of  the  other,  the  conditions  are  the  same  on  each 
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side;  consequently  the  momenta  on  bolli  eidee  are  the  same,  and 
the  centre  of  gravity  of  the  whole  surface  liee  in  this  line. 

Finally,  tlio  axia  of  symmetry  A'  i  of  a  body  A  B  Q  H,  Fig. 
131,  is  also  a  line  of  gravity  of  it ;  for  it  is  formed  by  the  int«rBet- 

Fio.  180.  Fio-  13L 


tion  of  two  planea  of  Bymmetry  A  B  C  D  and  E  F  Q  H. 

■  For  this  reason  the  centre  of  gravity  of  a  cylinder,  of  a  cone  and 
of  a  solid  of  rotation,  formed  by  the  revolution  of  a  surface,  or  by 
being  turned  npon  a  lathe,  is  to  be  found  in  the  axis  of  the  body. 

8  107.  Centre  of  Oravily  of  Lines.-— The  centre  of  grav- 
ity of  a  straight  line  is  at  its  centre. 

The  centre  of  gravity  of  the  arc  of  a  circle  A  M  B  =  h,  Fig.  138, 
is  to  be  found  in  the  radius  drawn  to  the  middle  if  of  the  arc ;  for 
tiiis  radius  is  an  axis  of  symmetry  of  the  arc    In  order  to  deter- 
mine the  distance  C  iS  =  y  of  the  centre  of  gravity  S  from  the  cen- 
tre of  the  circle,  we  divide 
Fio.  133.  the  arc   into  a  very  great 

number  of  parts  and  deter- 
mine their  statical  moment 
In  reference  to  an  axis  X  X, 
which    passes   through  the 
centre  C  and  is  parallel  to 
the  chord  ^  5  =  s.    If  PC 
is  a  part  of  the  are  Mid  P  N 
its  distance  from  XX,  its  statical  moment  is  =  P  Q  ■  F  ^'■ 
Drawing  the  radios  P  C=  if"C=rand  the  projection  Q  R  of  FQ 
parallel  to  A  B,-m  obtain  two  similar  triangles  P  Q  R  and  OPN- 
for  which  we  have 


§  ioe.] 


CENTRE  OP  GRAVITY. 


217 


PQiQR^CPiP  Ny 

whence  we  obtain  for  the  statical  moment  of  an  element  of  the  arc 

P  Q.P  N=QR.  CP=QR.r. 

Bat  in  the  statical  moments  of  all  the  other  elements  of  the  an' 
r  i3  a  common  factor^  and  the  sum  of  all  the  projections  Q  R  of  the 
elements  of  the  arc  is  equal  to  the  chord,  which  is  the  projection  of 
the  entire  arc ;  consequently  the  moment  the  ore  is  =  the  chord  s 
mnltiplied  by  the  radius  r.  Patting  this  moment  equal  to  the  arc 
b  multiplied  by  the  distance  y,  or  d  y  =  «  r,  we  obtain 

^  =  ^,  or  y  =  ^-. 

The  distance  of  the  centre  of  gravity  from  the  centre  is  to  (he  ra- 

dim  as  the  chord  is  to  the  arc. 

If  the  angle  subtended  by  the  arc  J  is  =  /J**  and  the  arc  cor- 

130 
responding  to  the  radius  1  =  /}  =  r^^  tt,  we  have  b  =  Pr  and 


180' 


*  =  2  r  sin.  ^,  and  consequently 


y  = 


2  sin. i  P.r 
13         • 


For  a  aemicircle  P  =  it  and  ««.  s  =  1>  whence 

2  7 

y  =  -  r  =  0,6360 . . .  r,  approximatively  =  t^  **• 
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§  108.  In  order  to  find  the  centre  of  gravity  of  a  polygon  or 

combination  of  lines  A  B  C  D,  Fig. 
133,  we  first  obtain  the  distances  of 
the  centres  //,  K,  L  of  the  lines 
AB=zl,,  B  C=l„  CD  =  hy  etc., 
from  the  two  axes  0  X  and  0  F, 
viz.,  ff  ffj  =  y„  im^  =  x^,  K  Kx  = 
y#  K K^-=  x^  etc.  The  distances 
of  the  centre  of  gravity  from  these 
axes  are 

v\  X\    +   Iq  X2  "!"••• 


0S^  =  88i  =  x  = 


Hj     KjSi 


M  "T"  '2  ~r  •  •  • 


»i  ~r  *8  ~r  •  •  • 
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E.O.,  the  distance  of  the  centre  of  gravity  Sof  a  wire  A  B  C,fig. 
134,  bent  in  the  shape  of  a  triangle  from  the  base  ^  ^  is 


FEa.184 


when  the  sides  opposite  the  angles 
A,  B,  C  are  denoted  hj  a,  bfC 
and  .the  altitude  C  Ohjk 

Ifwe  join  the  middles  f,  K,  U 
of  the  sides  of  the  triangle  and 
inscribe  a  circle  in  the  triangle 
thus  obtained,  its  centre  will  co- 
incide with  the  centre  of  gravity 
8;  for  the  distance  of  this  point 
from  one  of  the  sides  HE  is 


A  AB  C 


h 


a  ■¥  h       h 


ch 


a  +  J-fc'2      2  {a  +  b  -^  c) 
or  constant)  and  therefore  =  the  dis- 


FiG.  135. 


tances  S  E  and  8  F  from  the  other  sides. 

• 

§  109.  Centre  cf  Gravity  of  Plane  Figures.— The  cenb^ 
oC  gra\'ity  of  a  parallelogram  A  B  C  Dy  Pig.  135,  is  situated  at  iha 

point  of  intersection  8  of  its  diagonals ; 
for  all  strips  K  i,  formed  by  dra^rin,? 
lines  parallel  to  one  of  the  diagoiialt 
B  D,  are  divided  by  the  other  diagonal 
A  (7 into  two  equal  parts;  each  of  (Ih* 
diagonals  is  therefore  a  line  of  gravity. 

In  a  triangle  ABC,  Fig.  136,  every 
lino  C  D  drawn  from  an  angle  to  ihv 
centre  D  of  the  opposite  side  A  B  ibq,  line  of  gravity ;  for  it  bisects 
every  element  K Lot  the  triangle  formed  by  drawing  lines paitil- 
lel  to  A  B,  If  from  a  second  angle  A  we  draw  a  second  line  of 
gravity  to  the  middle  B  of  the  opposite  side  B  C,  the  point  of  i"- 
tcrsection  8  of  the  two  lines  of  gravity  gives  the  centre  of  graTity 
of  the  whole  triangle. 

Since  BD=z^BAaneLBF=iBC,  DBis  paraUel  to  AC 
and  equal  to  i  A  C,  the  triangle  D  E  8  \&  similar  to  the  triangle 
CA8m^  08=  2  8D.     Adding  8DyWe  obtain  CS-^-  SP. 
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LE.  CD  =  3  8D  BnA  inversely  SD  =  I  CD.  The  centre  of 
gravity  iS  is  at  a  distance  equal  to  v]  CD  from  the  middle  D  of  the 
base  and  at  a  distance  equal  to  ^  CD  from  the  angle  C.  If  we 
draw  the  perpendiculars  C  H  and  8  N\o  the  base,  we  have  also 


Fig.  18& 


Fio.  187. 


N S^l  C H'y  the  centre  of  gravity  5  is  at  a  distance  from  the 
ba^p  of  the  triangle  equal  to  one  third  of  the  altitude. 

The  distance  of  the  centre  of  gravity  of  a  triangle  ABC,  Pig. 

137,  from  an  axis  X  -Fis  8 8,  =^  D D,  ^  \  (C C,  -  DD,),hxit 
DD^  =  ^{A  Ai  -{-  B  Bi)y  and  consequently  we  have 

f,^S8,  =  -iCC,-^i.i{AA,+BB,)  =  iA±^^^, 

LE^the  arithmetical  mean  of  the  distances  of  the  angles  from  XX 
Since  the  distance  of  the  centre  of  gravity  of  three  equal  weights, 
applied  at  the  comers  of  a  triangle,  is  determined  in  the  same  way, 
the  centre  of  gravity  of  a  plane  triangle  coincides  with  the  centre 
of  gravity  of  these  three  weights. 

§  HO.  Tlio  determination  of  the  centre  of  gravity  of  a  trape* 
zoid  A  fB  G  D,  Fig.  138,  can  be  mado  in  the  following  manner. 
The  righi  line  M  N,  which  joins  the  centres  of  the  two  bases  A  B 
and  CZ>,  is  a  line  of  gravity  of  the  trapezoid ;  for  if  we  draw  a  great 
number  of  lines  parallel  to  the  bafics,  the  figure  will  be  divided  into 
a  number  of  small  strips  whose  centres  or  centres  of  gravity  lie 
upon  the  line  M  N.  In  order  to  determine  completely  the  centre 
of  gravity  8y  we  have  only  to  find  its  distance  S  H  from  the 
te  ^  7?. 

Let  the  bases  A  B  and  (7  Z>  be  denoted  by  Si  and  Ih  and  the  al-» 
titade  or  normal  distance  between  the  latter  by  lu  Xow  if  wo 
draw  D  E  parallel  to  the  side  B  (7,  we  obtain  a  parallelogram 


\ 
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B  C  D  Ey  whose  area  is  J*  h  and  the  distance  of  whose  centre  of 

A 
gravity  Sx  from  -4  i/  is  =  ^,  and  a  triangle  A  D  Ey  whose  area  ig 

'   ^         and  the  distance  of  whoso  centre  of  gravity  from  A  B 

.       h 
18=3. 


The  statical  moment  of  the  trapezoid  in  reference  to  A  B 
is  therefore 

^  y  —  Oin.^+ ^ .  g  =  (*i  +  3 6j)  -^, 

but  the  area  of  the  trapezoid  is  jP  =  (J,  +  *«)  x, 

consequently  the  normal  distance  of  the  centre  of  gravity  from 
the  base  is 

^  a  -  y  -    i  (*,  +  ft,)  A    -    *,  +  i,    •  3' 
The  distance  of  this  point  from  the  middle  line  K  L  ^    '       ' 
of  the  trapezoid  is 
U8-:^-ffS- j-j-j^ g,LB,y.-g-^^.g. 

In  order  to  find  the  centre  of  gravity  by  construction,  we  have 
only  to  prolong  the  two  bases,  make  the  prolongation  (7  &  =  2i  and 
the  prolongation  AF  =  b^,  and  join  the  extremities  -Pand  0  thus 
obtained  by  a  straight  line ;  the  point  of  intersection  /S^  with  the  line 

MNiB  the  required  centre  of  gravity;  for  from  ITS^^  ~ — r-'-g 

;t  follows  that 

^ra      Si  +  2  *,  MN      ,  ,^  .,      2  ft,  +  ft,  MN 

•     ^^  =  xTir-'-s- ^^^ ^^ '■  =  ftr+  ft: •  x^ "^  - 

jy/g_  ft,  +  2  ft,  _  ^  ft,  4-  ft,  __  j/4_+  yi  7''_  .177^ 

-AT  fif""  2  ft,  +  ft,  ~  ft,  4-  A  ft,  ^  6'7?  '^"NC'  N(? 
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which,  in  consequence  of  the  similarity  of  the  triangles  M  8  jPand 
X  S  0,13  perfectly  true. 

If  we  denote  by  a  the  projection  -4  0  of  the  side  A  D  upon 
A  By  the  distance  of  the  centre  of  gravity  from  the  comer  A  is 
determined  by  the  formula 

A  TT^      -  V  +  &!&»  +  V  4-g(»i  +  2^o) 

§  UX.  In  order  to  find  the  centre  of  gravity  of  any  other  four- 
sided  figure  A  B  C  D,  Fig.  139,  we  can 
divide  it  by  means  of  the  diagonal  A  C 
into  two  triangles,  and  then  determine 
their  centres  of  gravity  S^  and  S^  by 
means  of  the  foregoing  rules ;  thus  we 
obtain  a  line  of  gravity  Si  Sf.  If  we 
again  divide  the  figure  by  the  diagonal 
B  D  into  two  other  triangles,  and  de- 
termine their  centres  of  gravity,  we 
obtain  a  second  line  of  gravity,  whose 
iiitorscction  with  Si  *Si  gives  the  centre  of  gravity  of  the  whole 
ligiire. 

We  can  proceed  more  simply  by  bisecting  the  diagonal  A  C  hi 
^'1  and  laying  off  the  longer  portion  B  E  of  the  other  diagonal 
"pon  the  shorter  portion,  so  as  to  have  D  F  =  B  E,  We  then 
«lniw  ^  IT  and  divide  this  line  into  three  equal  parts;  the  centre 
of  gravity  is  at  the  first  point  of  division  8  from  M  as  can  be 
proved  in  the  following  manner.  We  have  M  Si^  \  M  D  and 
M Si=z  \  M  B'y  consequently  Si  Si  is  parallel  to  B  D,  but  8 Si 
multipUed  hj  a  ACD  =  SS,  multiplied  hy  A  A  OB  or  8 S^ 
^E=  SS^.BE^vfhcncGS Sii  8  8i  =  B  EiDE.  Butwehave 
l>  E  z=z  D  F  tmH  D  E=  B  Fy  consequently  also  8  Si :  8  8,= 
DP:  BR  Hence  the  right  line  M  F  cuts  the  line  of  gravity 
^1 8t  at  the  centre  of  gravity  8  of  the  whole  figure. 

5 112.  If  we  are  required  to  find  the  centre  of  gravity  8  o{  tk 
polygon  ABODE,  Fig.  140,  we  divide  it  into  triangles  and  find  the 

statical  moments  in  reference  to  two  rectangular  axes  X  Jfand  Y  Y. 
If  the  co-ordinates  0  Ai  =  Xi,  0  A^  =  y„  0  Bi  =  x.,  0  B^  =-. 
!/-  etc.,  of  the  corpers  are  given,  the  statical  momenta  of  the  tri- 
angles A  B  Oy  B  C  0,  C  D  Oy  etc.,  can  be  determined  very  simply 
in  the  following  manner.  The  area  of  the  triangle  A  B  OiSy  ao- 
cording  to  the  remark  which  follows,  =  i>,  =  1  (a:,  j/i  —  x^  yi), 


QENEBAL  PRINCIPLBB  OP  MECHANICS. 


[gm 


f  the  following  triangle  B  C  Om  =  D,=  J  {a-,  y,  —  «,  jf,), 
le  distance  of  the  centre  of  gravity  oiABO  from  Y  Y'm, 
ing  to  §  109, 

_    =»!    +  ^   +  P  _  g|    +»» 


lat  from  JT  JT  IB  =  f ,  = 

tiie  triangle  B  C 0dm 

x,  +  x, 

«.  =  — ^- 


^  y.  +  y» 


those  of  the  centre  of  grav- 


and  V,  = 


y»  +  y. 


iltiplying  these  distancee  by  the  areas  of  the  triangles  we  ob- 
\e  statical  moments  of  the  latter,  and  substituting  the  Taloc^ 
tiund  in  the  formnlaa 

"  =     A4-A  +  ..     ""'''  =  TTTATTTr^' 

itain  the  distances  u  =  0  .S',  and  v  ~  0  S,q(  the  reqoired 
I  of  gravity  8  from  the  axes  Y  ¥  and  X  X. 
we  divide  in  two  ways  a  polygon  of  n  aides  by  means  of  a  di- 
l  into  a  triangle  and  a  polygon  of  {b  —  1)  sides,  and  then 
he  centre  of  the  former  with  that  of  the  latter,  we  obtain  in 
ay  two  lines  of  gravity,  whose  intersection  gives  the  centre 
rity.  By  repeated  application  of  this  operation,  we  can  find 
istmction  the  centre  of  gravity  of  any  polygon. 
UtpLR.— A  pentagon  ABODE,  Fig.  140,  is  (pven  by  the  co-ordi- 
Pia.  1«. 


of  its  comers  J,  B,  (7,  et;^,  and  the  co-ordinates  of  its  c 
r  ore  leqniied. 
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f""" 

Co-ordiBatc» 

pven. 

Double  area  of  ihe  triaogiQs. 

The  triple  co-ordi- 
nate of  the  centre 
of  i^nvity. 

.       .     .-                       .      .,                                   y 

The  sextuple  rutical 
moment 

1 
1 

Z 

y 

3««e 

Z% 

6i),«. 

6Ar.  i 

1 

1 

1 

24 

7 

-i6 

—  12 

i8 

II 

21 

15 
-  9 

—  12 

24.  21  —  7.  11=427 

7.15  +  21.16=441 

16.9+12.15=324 

12.  12  +  18.9  =  306 

18.  11+24.12  =  486 

31 

-  9 

-  28 

+    6 

+  42 

'      32 

36 

6 

—  21 

—  I 

13237 
-3969 

-9072 

1836 

20412 

13664  ■ 
15876  1 
1944 
—6426 
-  486 

Total,           1984 

22444 

24572 

The  distance  of  the  centre  of  gravity  from  the  axis  F  Fis  therefore 

^^  1    23444      __ 

5^,  =  «  =  j.-j5Qj=8,m 


andfiomXXitis 


1    24572       .,^„ 

8  8^  =f,  =  g.-j^g^  =  4,128. 


Rbxabk.— If  C  A^z=  a?,,  (7  Ji=  a?,,  C7-4,  =  y^  and  CP,  =  y,  are  the 
oo-oidinates  of  two  comers  of  a  trian^e  A  B  O^  Fig.  141,  the  third  comer 
C  of  which  coincides  with  the  origin  of  co-ordinates,  its  area  is 


Fifi.  141. 


D  %  trapezoid  A  BB^  A^  +triangle 
CBB^  —  triangle  CAA^ 


(H*-)  («.  - .,)  * 


2    "•         2        • 

The  area  of  this  triangle  is  there- 
fore the  difference  between  those 
of  two  other  triangles  GB^  A^  and 
C  A^  B^y  and  one  co-ordinate  of 
one  point  is  the  base  of  one  trian- 
gle and  the  other  co-ozdinate  is  the  altitnde  of  the  second  triangle.    In 
like  manner  one  co-ordinate  of  the  second  point  is  the  altitude  of  the  first 
triangle  and  the  other  co-ordinate  is  the  base  of  the  second  triangle. 

§  113.  The  Centre  of  Gravity  of  a  Sector,  A  O  By  Fig. 
U2,  coincides  with  centre  of  gravity  S  of  the  arc  -4,  5„  which  lias 
Uie  same  central  angle  as  the  foimer  and  whose  radius  (7  ^1  is  two 
thirds  of  that  C^  of  the  sector;  for  the  latter  can  be  divided  by  on 
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initc  namber  of  radii  into  small  triangles,  whose  centres  of  gravitj 
are  situated  at  a   distance   fixmi   ihe 
FiQ.  142.  (jg^tre  C  equal  to  two   thirds  of  ra- 

dius ;  the  continuous  saccesuon  of 
these  centres  forms  the  arc  A,  3f,  B,. 
The  centre  of  graritj  6'  of  (he  sector 
lies,  therefore,  upon  the  radius  which 
bisects  this  suriace  and  at  the  distance 

m  the  centre,  when  r  denotes  the  radius  of  sector  and  ji  the 
■  which  measures  its  central  angle  A  C  B. 

For  the  semicircle  /J  =  t,  sin.  J  )3  =  sin.  90°  =  1,  whence 

4  14 

S  =  o—  r  =  0,4244  r,  or  approximatirely  ^  r. 

For  a  quadrant  we  have 
i  for  a  sextant 


§  114.  The  Centre  of  Gravity  of  the  S^meat  of  a  Circle, 
ABM,  Fig.  143,  is  found  by  putting 
^*'-  ***>■  its  moment    equal  to    the    difference 

of  the  moments  of  the  sector  A  CBJil 
^^^^^^^^  and  of  the  triangle  A  C  B.    U  r  Ss 

^^1^^^^^^^       the  radius  G  A,8  \hG  chord  A  B  saA. 
^^^^^^^^/°     A  the  area  of  the  segment  A  B  M.'^e 
\v      Y*  y^  ^"^  tl*^  moment  of  the  sector 

\]/^  =  sector  multiplied  by  C  iS,  = 

*^  r.arc    chord    2     _  1      , 

>  moment  of  triangle 

triangle  multiplied  by  C  5.  = 

s  r'  s' 
"3  ~  12' 
3  consequently  the  moment  of  the  segment  A 
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4      rTa         A  1        ,        /sr*         »'\         «* 


Henoe  the  required  distance  is  y  =  T^A' 

I 

For  a  semicircle  8  =  2r  and  A  z=:  -nr\  and  therefore 


y  = 


8r' 


13 


n  r 


aa  we  faaya  already  fonnd. 


In  the  same  way  the  centre  of  grav- 
ity 5  of  a  section  of  a  ring  A  B  D  By 
Fig.  144^  can  be  found;  for  it  is  the 
difference  of  two  sectors  A  C  B  and 
D  C  E.  If  the  radii  are  C  A  =  ri  and 
C  E  •=  T^  and  the  chords  A  B  ^  Si 
and  D  E  =  Si,  we  have  the  statical 

moment  of  the  sectors -^rr^  and  '   * 


3 


KLdeoDfleqnently  that  of  the  portion  of  the  ring 

jf  =  - — = — y  or  since  -  =  — , 

3  '  «i       r, 


ir= 


r,"  -  r.' 


The  area  of  the  piece  of  the  ring  is  F- 


P  r:      P  r.' 


=''(=^> 


2  2 

in  which  p  denotes  the  arc  which  measures  the  central   angle 
AG  B  ;  hence  the  centre  of  gravity  iSof  the  section  of  the  ring  is 
determined  by  the  formula 
CS^     —  —  -  TlZIi.    ?    A_  —  ?  /n'  —  rA    chord 


arc 


=  I  "^  •  ^:^  = -^(' -  A  (t)> -:>— 

=  h  and  r,  +  r,  =  2  r. 

I^XAMFLE.7-If  the  radios  of  the  extnvdos  of  an  ardi  is  r^  =  5  feet,  and 
that  of  the  intrados  is  r,  =  8}  feet,  and  if  the  central  angle  is  z?'  =  180% 
the  distance  of  the  centre  of  gravity  of  the  front  surface  of  the  aich  from 
its  centre  k 

4^J55^     5»  -  8,5^  _  4  .  0,9068     125  -  42,875  __  8,6252  .  82,121 


3  are.180 
=  8,480  feet 


5'  -  8,5»      8  .  2,2689  *     25  -  12,25    ""  6,8067  .  12,75 
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(§  115.)  Determination  of  the  Centre  of  Gravity  by  the 
Aid  of  the  Calculus. — ^The  determination  of  the  centre  of  grayity 
i-*-  means  of  the  calculus  is  accomplished  in  the  following  man- 
ner. Let  A  NP,  Fig.  145,  be  the  given 
surfiace,-4  iV=a:its  abscissa  and iVP  =  ^ 
its  ordinate.  The  area  of  an  element 
of  the  surface  is 

d  F  =  y  dx  (see  Introduction  to  the 
Calculus,  Art.  29)  and  its  moment  in  ref- 
erence to  the  axis  of  ordinates  A  Y  is 

Ol£.dF=zAN.dF—xydx\ 
if  we  put  the  distance  L  S  =  A  Kot  the 
centre  of  grayiiy  8  of  the  whole  snrfiice 
^from  the  axis  -4  rj  =  w,  we  have 

Fu  —  f  xy  dXy 

_  ._      ^^  f  X 1/ d  X      Sxydx 

and  consequently    1)  w  = ^ —  =     ..  ^ , — . 

^        J       '  p  J  ydx 

Since  the  centre  or  centre  of  gravity  if  of  the  element  N  M  P 
is  at  the  distance  N  M  =  \y  from  the  axis  A  X,  the  moment  of 
d  Fin  reference  to  this  axis  ^  JT is 

TM.dF=  iydF=  ^y'dx] 

putting  the  distance  K  8  =  A  Lo{  the  centre  of  graviiy  8  of  the 
whole  surface  ^from  the  axis  A  X,  =  r,  we  have 

Fv  =  /^j^dx,  and  therefore 

^^  "^  ""        F  '^  77^' 

E.G.,  for  the  parabola,  whose  equation  is  y'  =  ^  a;  or  y  =  i^ .  ^h 
we  have 

__  fVp.xkxdx  _  Vpfa^  d  X  ___  fx^  dx 

fVp.xkdx   "  Vpfx^dx"^/^^^ 


u  = 


-^— =  frr, 


or  L8=AK=^iANy  imd,  on  the  contrary, 


Vfifx\  d  X 


1 


or 


£8^  AL'-=^  ijsrp. 


\ 
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Fio.  146. 


§  116.  The  Centre  cf  Gravity  of  Cnrved  Surfaces.— The 

centre  of  gravity  of  the  cnrved  surfape  (envelope)  of  a  cylinder 

AB  CDy  Fig.  146,  lies  in  the  middle  8oi 
the  axis  M  N  oi  this  body ;  for  all  the  ring- 
shaped  elements  of  the  envelope  of  the  cyl- 
inder, obtained  by  cutting  the  body  parallel 
to  its  base,  have  their  centres  and  centres  of 
gravity  npon  this  axis ;  the  centres  of  grav- 
ity form  then  a  homogeneous  heavy  line. 
For  the  same  reason  the  centre  of  gravity 
of  the  envelope  of  a  prism  lies  in  the  middle 
of  the  line,  which  unites  the  centres  of  gravity  of  ita  bases. 

The  centre  of  gravity  S  of  the  envelope  of  a  right  cone  A  B  C^ 
Rg.  147,  lies  in  the  axis  of  the  cone  one-tjiii'd  of  its  length  from 
the  base,  or  two-thirds  from  the  apex ;  for  this  curved  surface  can 
he  divided  into  an  infinite  number  of  infinitely  small  triangles  by 
means  of  straight  lines  (called  sides  of  the  cone).  The  centre  of 
gravity  of  all  these  triangles  form  a  circle  H  K,  which  is  situated 
at  a  distance  equal  to  two-thirds  of  the  axis  from  the  apex  C,  and 
whose  centre  or  centre  of  gravity  S  lies  in  the  axis  C  M. 


Fio.  14a 


The  centre  of  gravity  of  a  zone  A  B  D  E,  Fig.  148,  of  a  sphere, 
and  also  that  of  spherical  shell,  lies  in  the  middle  Sot  its  height 
^^l  for,  according  to  the  teachings  of  geometry,  the  zone  has 
the  game  area  as  the  envelope  F  O  HKof^  cylinder,  whose  height 
18 equal  to  that  M Not  the  zone  and  whose  radius  is  equal  to  that 
(^Oof  the  sphere,  and  this  holds  good  even  in  the  ring-shaped  ele- 
ments obtained  by  passing  an  infinite  number  of  planes  parallel  to 
the  base  through  the  zone;  hence  the  centre  of  gravity  of  the  zone 
^tt  of  the  envelope  of  the  cylinder  coincide. 

«®*ABK. — ^Tbe  centre  of  gravity  of  the  envelope  of  an  oblique  cone  or 
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lid  is  to  be  foand,  it  is  troe,  at  a  distance  from  tbe  base  eqoal  to  ox- 
of  tbe  altitude,  bat  not  in  the  rigbt  line  joining  tiie  apex  to  Ae 
of  grarity  of  the  periphery  of  tbe  base,' since  by  cutting  the  at- 
i  parallel  to  the  latter  ne  divide  it  into  rings  of  different  thicknem 
ferent  sides. 

117.  Centre  of  Qravi^  of  Bodies. — The  centre  of  grantj 
a  prism  A  K,  Fig.  149,  is  the  centre  of  the  Iiab  anitiDg  the 
centrea  of  graTity  Jf  and  JVof  the  two  baaea 
^^■^-  ADaaAQE;  for  hy  passing  planes  parallel 

to  the  base  through  the  body  we  divide  it 
into  simUar  eIIcgb,  whose  centres  lie  in  J^^', 
and  whose  continnons  snccession  form  tbe 
hotnogeneous  heavy  line  M  N. 

For  the  same  reason  the  centre  of  giari^ 
of  a  cylinder  is  to  be  found  in  the  middle  rf 
its  axis, 
he  centre  of  gravity  of  pyramid  A  D  F,  Pig.  150,  Ues  in  tiw 
[ht  line  if /"joining  the  apex  /"with  the  centre  of  gravily  M 
s  base ;  for  all  slices  ench  V£  N  0  P  QR  have,  in  consequence 
tir  similarity  to  the  base  ABODE,  their  centre  of  gravity 
this  line. 

Pig.  150.  Pio.  151. 


the  body  is  a  tnangnlar  pyramid,  like  A  B  CD,  Fig.  161, we 
onsidcr  each  of  the  fonr  comers  aa  the  apex  and  the  opposite 
IS  the  base.  The  centre  of  gravity  is  fhereforo  determined  by 
itersection  of  the  two  straight  lines  drawn  from  the  cornen 
i^  to  the  centres  of  gravity  Jf  and  Jfof  the  opposite  snifece* 
CaaAB  CD. 
'  tbe  right  lines  E  A  and  ^  D  are  also  given,  we  have  (aooord- 
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Fig.  152. 


ing  to  §  109)  E  M^\EAfaidLEN=z  lED.    MNib  therefore 
parallel  to  ^  Z>  ai}d  ^  \  A  Dy  and  the  triangle  M  Ji Sis  similar 

to  the  triangle  DAS.  In  confie- 
qnence  of  this  eimilarity  we  have 
also  MS  =  1  2>6'or  D  S=:3M,^ 
miMD  =  MS+  SD  =  4  3//S', 
or  inversely  Jf /S  =^  \  M  D.  The 
distance  of  the  centre  of  gravity 
of  a  triangular  pyramid  from  its 
base  along  the  Hne  joining  the 
centre  of  gravity  M  of  the  base  to 
the  apex  D  of  the  pyramid  is  equal 
to  one-fourth  of  this  line. 

If  the  altitudes  DHmi  S  G 
are  given  and  if  we  draw  the  line 
H  M,  we  obtain  the  similar  triangles  D  H  M  and  S  0  M,m  which, 
as  we  have  just  seen,  S  G  =  i  D  II.    We  can  therefore  assert  that 
the  distance  of  the  centre  of  gravity  of  a  triangular  pyramid  from 
its  base  is  one-fourth  and  from  its  apex  three-fourths  of  its  altitude. 
Finally,  since  every  pyramid  and  every  cone  is  composed  of  tri- 
angular pyramids  of  the  same  height,  the  centre  of  gravity  of  every 
pyramid  and  of  every  cone  lies  at  a  distance  from  the  base  equal  to 
one-fourth  of  the  altitude  and  at  a  distance  from  the  apex  equal  to 
three-fourths  of  the  altitude. 

We  determine  the  centre  of  gravity  of  a  pyramid  or  of  a  cone 
by  passing  a  plane,  at  a  distance  from  the  base  equal  to  one-fourth 
tbe  altitude,  through  the  body  parallel  to  its  base  and  by  finding 
the  centre  of  gravity  of  this  section  or  the  point  where  a  line 
drawn  from  the  centi*e  of  gravity  of  the  base  to  the  apex  will  cut  it 

§  118.  If  we  know  the  distances  A  A^,  B  jB„  etc.,  of  the  four 
comers  of  a  triangular  pyramid  A  B  C  D,  Pig.  153,  from  a  plane 
SKy  the  distance  S  Si  of  its  centre  of  gravity  S  from  the  plane  is 
their  mean  value 

^  o       AAi-h  BBi-^  CCi-h  DDi 

SSi  = J , 

^Wch  can  be  proved  in  the  following  manner.    The  distance  of 
the  centre  of  gravity  M  of  the  base  ABC  from  this  plane  is  (§  109) 


j,,-^       A  A,  •¥  BBi-^-  CC, 
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of  the  centre  of  gravity  8  of  the  pyramid  is 
I  S^^MMt  +  i{DD,-  MM,), 


I  the  distance  of  the  apox.    Combining  the  hat  Iwo 

liain 

^ if,  +  .  D  a  =  AA.+B3,i-qC^Dn 

i 

;  of  the  centre  of  gravity  of  four  etinal  weight; 
meiB  of  the  triangular  pyramid  is  also  equal  to  tht 

in 

A  A,  +  li  n,  +  C  C,  +  D  D, 


rK 


3  centre  of  gravity  of  tlie  pyramid  coiuciilcs  wilt 

ights. 

Remark.— Tl:a  detenninaliun 
^-  ^'"'  ofthcvolumeof  a triangularpjni' 

mid  from  the  co-ordinates  i>f  il^ 
corners  h  very  simple.  If  we  p«* 
through  the  opex  O  of  sncb  » 
pyramid  .1  BOO.  Fig.  154,  tli.-n' 
co-ordinate  planes  X  Y,X  Z^  I' ^■■ 
and  denote  the  flistances  of  ihi' 
comers  A,  B,  C  from  these  \i\m-* 
bya„e„«,;y„y,.y,  andi„ij^,. 
we  have  the  viilunioof  thepyraniiil 

+  «i  y,  e,)], 
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which  is  found  b;  ctnmdering  the  pyramid  as  the  aggregAte  of  four  ob- 
Kqnel;  truncated  priamB 

The  distauces  of  the  centra  of  grarity  of  tids  pynuoid  from  the  three 
co-ordinate  planes  TZ,  ZZand  XF»n 

•  =  J— ^ — ', ,  -  -1- ,'—  •,  ..d .  =  J—. — 1 

g  119.  The  centre  of  gravity  S  of  an;  polyhedron,  snch  as 
A  B  CD  O,'  Fig.  155,  can  be  foand  by  adcQlaUng  the  statical 


moments  and  volumes  of  tlio  triangular pynunids,  such  os ^  B  CO, 
a  C D  0,  into  which  it  can  be  decomposed. 

If  thediatanceaof  thecoiTicrs^,  B,  C,  etc.,  from  the  co-ordinate 
planes  YZ,XZii\\A  X  Y,  passing  throngh  the  common  apex  Oof 
ill  the  pyramids,  are  ar,,  a-,  x^,  etc.,  y,,  y„  y^,  etc.,  and  z„  a..-,  z„  etc., 
we  have  the  volumes  of  the  various  pyramids 

^■'  =  ±{(x,y,t,  +  X,  y^z,  +  Xt  y,  z,  ~  x,  y,z^-  x,y,z,- :r,y,z,), 
i^tc,  and  the  distiinces  of  their  centi^  of  gravity  frora  ihe  co-ordi- 
nate planes  are 


_X,    +  Xt  +  Xi 


.v,  =  ^ 


Prom  these  valnes  ve  calculate  the  distances  u,  v,  w  of  tbi> 
wntre  of  gravity  S  of  the  whole  body  by  means  of  tlie  fonnalaa 


u  = 


l^VJX 


—,  and 
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~~v,  +  F,  +  ...  ''  ^'-""f;  +  r,  +  ... 

__  Vi  Wi  4-_F,  tr,  +  . . . 

Example. — A  body  A  B  C  D  0,  Pig.  155,  bounded  by  six  triangles,  is 
determined  by  the  following  values  of  it9  co-ordinates,  and  vfc  wiah  to  tmi 
the  co-ordinates  of  the  centre  of  gravity. 


Given  Co- 
ordinates. 


|20 
45 

38 


y 

23 

20 
40 

35 


41 

30 

28 

20 


The  sextuple  volume  of  the 

triangular  pyramids 
A  BCOandB  CD  O. 


0T^= 


6T?  = 


20.29.28 
-( 23  80.12    - 
41.45.40. 
45.35.28 
29.20.12    - 
30.88  40 


Quadruple  i 

Co-orai-    | 

nates  of  the  I 

Centres  of ; 

Gravity.    , 


Twenty-fear  IbU 
Statical  Moments. 


If 

^3 


20.40.30 

28.28.45  }•  -  81072  77 
.41.12.29 
f  45.40.20' 
29.28.38  !■  =  17204 
30.12.35 


Total  48276 


^    - 1      24 
^  1^,  F.«. 


104 


78 


16843S0 


24 

F.€. 


24 


g2;90  23025442858624  307612^ 


1780216!lS419ie 


i  4026924  4G47840  441H:  i 


From  the  results  of  the  above  calculation  we  deduce  the  distances  of 
the  centre  of  gravity  /9  of  the  whole  body  from  the  planes  YZ^X  Zand  X  T, 

4    •    48278 
1      4647840 


u  = 


4026924 

™^  =  20,853, 


^=4 
1 


48270 


=  24,069,  and. 


4418040  _ 
18276"  -  ^^'^®" 


Hemabk. — ^We  can  also  determine  the  centre  of  gravity  of  a  polyhedron 
by  dividing  it  in  two  ways  by  means  of  a  plane  into  two  pieces  and  br 
joining  tbe  centres  of  gravity  of  each  two  pieces ;  the  intersection  of  the  tw<> 
lines  gives  the  required  centre  of  gravity.  Since  l>oth  lines  are  lines  of 
gravity,  the  intersection  must  be  the  centre  of  gravity  of  the  whoh  body. 
If  the  lx)dy  has  a  great  number  of  comers,  this  process  becomes  very  lonsr, 
in  consequence  of  the  number  of  times  this  division  must  be  repeated. 
The  five-cornered  body  in  Fig.  155,  which  must  be  divided  in  two  ways 
into  two  triangular  pyramids,  has  its  centre  of  gravity  at  the  intersection 
of  the  lines  joining  the  centres  of  gravity  of  each  two  of  these  pyramids. 
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Fie.  156. 


''is 

•  • .  a 


;» 


'     i  :  • 


§  120.  The  centre  of  gravity  of  a  truncated  pyramid  or  frus- 
tum of  a  pyramid  A  D  Q  N,  Fig.  156, 
Ilea  in  the  line  0  M  joining  the  centres  of 
gravity  of  the  two  (parallel)  bases.  In  or- 
der to  determine  the  distance  of  this  point 
from  one  of  the  bases  we  must  calculate 
the  tolumes  and  moments  of  the  ccmpleti* 
pyramid  A  D  ^and  of  the  portion  NQF, 
which  has  been  cut  awav.  If  the  areas 
of  the  bases  A  D  and  JV  §  are  =  (?,  and 
Oi,  and  if  the  perpendicular  distance  be- 
tween them  =  A,  the  height  x  of  the  por- 
tion of  the  pjrramid,  which  is  wanting,  is 
determined  by  the  formula 
g,  _  (A  +  xy 

ft""         7^       ' 


G  ft  • 


whence 


X 


and  j  +  ^^___-_ 

The  moment  of  the  whole  pyramid  in  reference  to  its  base  is 


ff,  (A  +  ic)     A  +  a;  _   1 


A'  ft' 


3  •      4      ~  12  ( /ft  -  VO,f 

and  thatrof  the  part  of  pyramid,  that  is  wanting,  is 

q^ij    x\_i    h'^o*       1       yg.' 

hence  the  moment  of  the  truncated  pyramid  is 

!l(^  -  4  g.  /gTft  -^  3  g,')  _  7i'  

12  (ff,  -  2  VoTGt  +  g.)      ~  "12  •  «^'  +  3  ^^^f,  g.  +  3  g,). 

^ov  the  contents  of  the  truncated  pyramid  are 

'id  th^ore  the  distance  of  the  centre  of  gravity  S  from  the 

base  is 
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g.  +  a  VoTe,  +  3  g.   a 
*       g7+  *^C^,  +  g,    ■  *' 

The  distance  S,  S  of  this  point  iVom  the  plane  JT  L,  passing 
>ugh  the  middle  of  the  bod;  parallel  to  ita  Inee  and  diTiding  itf 
:ht  into  two  equal  parts,' is 

,A_  ^  [8  (g.  +  Vg;~g,  +  0,)-(G,  +  2  /g7g^+  3  g,)]  A 
"  2      ^                              g,  +   Vg,  g,  +  g,  ^ 

^  / g,  -  g, \  A 

ig. +  4^grgr+  gJ  *■ 

[f  the  radii  of  the  bases  of  &frusium  of  cone  are  r,  and  To  « 
=  IT  Ti  and  g,  =  IT  T,',  we  hare 

a  r,  r.  +  3  r,'     It 


'  +  r,rt  +  r,'     '  i 
r,'-r,'  A 


and 


■^       r,"  +  n  r,  +  n      i 
SxAHFLB. — The  centre  of  gnLvit;  of  a  tmncstcd  cone  vbose  ttltitnde 
=  20  inches  and  whose  radii  are  r  =  13  inches  and  r,  =  8  inches  lie*. 
alvajB  the  case,  in  the  line  joiaing  the  centres  of  the  bases,  and  at  a 

..    12' +  2.  13.8  +  8.  8*      6.628      2640       „„„,  ,    , 


*^  ■        12"  +  12  .  8  +  8"  804  804  ' 

n  the  greater  base. 

J 121.  An  obelisk,  I.E.,  a  body  A  C  0  Q,  Fig.  157,  bounded 
two  dissimilar  rectangular  bases  and  by  four  trapezoids,  can 
be  decomposed  into  a  parallel  opt  pcdon 
A  F  R  P,  into  two  triangnlar  prisui-' 
E  H  R  Q  and  G  K  R  0  and  into  a 
four-sided  pyramid  HK  R.  By  (he  flid 
of  the  moments  of  these  component 
parts  we  can  find  the  centre  of  gniviir 
of  the  whole  body. 

It  is  easy  to  see  that  the  right  IJn^ 
joining  the  middle  of  one  base  to  thsl 
of  the  other  is  a  line  of  gravity  of  the 
y ;  T?e  have,  therefore,  but  the  distance  of  the  centre  of  grarily 
n  one  of  the  bases  to  determine,  Tjet  us  denote  the  lenglh 
7  and  the  width  A  B  oi  one  base  by  7,  and  J„  and  the  lengtli 
i"  and  the  width  P  ^  of  the  other  base  by  I,  and  A„  and  iJi? 
;ht  of  the  body  or  the  distance  of  the  bases  apart  by  A,    The 
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contents  of  the  parallelopipedon  are  then  =  Jj  7,  A,  and  its  moment 
ia  J,  7,  A  .  -  =  ^  J,  ^  A*.  The  contents  of  the  two  triangular 
prisms  are 

and  their  moments  are 

&nd  finally  the  contents  of  the  pyramid  are 

=  (*,  -  J.)  (7,  -  /.)  |, 
and  its  moment  is 

=  (J.  -  *.)  (i.  -  z.)  I .  f . 

From  the  above  we  deduce  the  volume  of  the  whole  body 

F=(6J,;,+  3*,7,+  37,J,-6J,Z,4-2J,7,  +  2S,7,~2ft,Z,-25,7,).g 

h 
=  (2  Ji  /,  4-  2  Jt  U  +  *i  7f  +  h  it)  T.y  its  moment 

u 

^y  =  (6  J,  Z,  +  2  M,  4-  2  /i  i,  -  4  J,  7,  +  J,  Z,  +  J,  7,  -  Ji  7.  -  h  i«) .  ^ 

and  the  distance  of  its  centre  of  gravity  8  from  the  base  },  Z, 

—   ^1  7i  +  3  }g  7>  +  hj  Za  +  },  Z,     U 
^  "  2  J,  Z,  +  2  ^,  Z,  +  i,  I,  +  Ml '  ^' 
We  can  also  put  (see  the  "  Planimetric  und  Stereometrie  ^  of 
C.  Koppe) 

IT  —  ^«  "^  ^g    Zi  +  Zg    ,  ^1  —  J«   Zi  —  Ij   h 
^  ""       2      •      2      •  ^*  ^  ~2~  •     2      •  3' 
The  distance  y^  of  the  centre  of  gravity  from  the  cross  section 
through  the  middle  is  detennined  by  the  formula  ' 

__  /*  b\l\  —  ftj  Z,  J 

yi-^-y- 3  (J,  +  b,) (Z,  +  h)  +  (b, - *o  (z, - /o " 

Remabe. — ^Tliis  formula  is  also  applicable  to  bodies  with  elliptical 
ijases.  If  the  setni-axcs  of  one  base  are  a^  and  b^  and  those  of  the  other 
4.  and  If,  the  volume  of  such  a  body  is 

F  =  ^  (2  «!  *i  +  2  ag  *f  +  «i  *«  +  «a  ^i)i 
and  the  distance  of  its  centre  of  gravity  from  the  base  rr  a^  b^  is 
—    *^i  ^1  4-  8  flj  ^8  4-  Oi  &2  +  o,  ft,      A 
^  "*  2  a,  Jj  +  2"a~J7T«,~J,  +  ^7  ^  '  ^ ' 
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Etahple.— If  llie  cnihuaknient  A  C  0  Q,  Fig.  1S8,  for  a  dam  i»  »  fw 
;b,  S60  feet  long  and  40  wide  at  the  bottom,  and  400  feet  long  ud  II 


it  wide  on  top,  what  ia  the  distance  of  its  centre  of  gravity  from  iU  but  I 
ire  &,  =  40, 1,  =  2B0,  b,  =  15,  !,  =  400,  and  A  =  SO,  and  conBeqnenllt 
3  distance  is 

^     40  .  850  +  8  ■  15  ■  400  +  40 .  400  +  IS  .  260      20 
*"  ~  2  .  40  .  250  +  2  .  15  .  400  +  40  .  400  +  is  .  850  ■  2 

g  122.  If  the  oircnlar  sector  A  CD,  Pig.  159,  ie  revolved  abont 

;  radius  C D,a  gpherictU  sector  A  C  Bia  generated,  the  centiv 

of  gravity  of  which  can  be  detennined  in 

^"^  ^^^'  the  following  manner.    Wc  can  conBidcr 

thia  body  as  the  aggregate  of  an  infinite 

number  of  infinitely  thin  pyramids,  whose 

common  apex  is  the  centre  C  and  whoso 

bases  form  the  spherical  zone  AD£.  Ttie 

centres  of  gravity  of  each  of  these  pyiamidf 

are  situated  at  a  distance  equal  to  j  of  the 

radius  CD  of  the  sphere  from  its'  centre 

0       .  C,  and  they  form  a  second  spherical  zone 

A,  D,  B„  whose  radius  C  D,  =  I  C  D. 

le  centre  of  grarity  of  this  curved  surface  is  also  that  of  the 

herical  sector ;  for  the  weights  of  the  elementary  pyramids  are 

uflUy  distributed  over  this  surfoce,  which  is  therefore  every- 

lere  equally  heavy. 

If  we  put  the  radius  C  A  =  C  D  —  r  and  the  altitude  D  if  of 
e  extfirior  zone  =  A,  we  have  for  the  interior  zone  CD,  =  ^  r 
d  ifi  A  =  3  A,  and  conseqnenUy  (§  116)  5 -«,  =  ^  if  A  =  I  A. 
d  the  distance  of  the  centre  of  gravity  of  the  spherical  sector 
im  the  centre  C  is 

»\ 


;''  =  ,"(>•■ 


For  a  hemisphere  r  —  Ii,  and  therefore  tiic  distance  of  its  cent  re 
gravity  8  from  the  centre  C  h 
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CS=  i 


2 


§  123.  We  obtmn  the  centre  of  gravity  5  of  a  spherical  seg- 
ment A  B  Dy  Fig.  IGO,  by  putting 
the  moment  of  the  segment  equal 
to  that  of  the  spherical  sector 
A  D  B  C  less  that  of  the  cone 
ABC.  Denoting  again  the  radius 
C  D  oi  the  sphere  by  r  and  the 
altitude  D  M  hy  A,  we  have  the 
'^ — ....■"::::::::.::.  moment  of  the  sector 

=  I  TT  r"  7* .  I  (2  r  -  A)  =  i  TT  r»  A  (2  r  -  A), 
and  that  of  the  cone 

:^-  J  TT  A(2  r  -  A) .  (r  -  A) .  I  (r  -  A)  =  ;}  TT  A  (2  r  -  A)  (r  -  A)'; 
hence  the  moment  of  the  segment  is 

Fy  =  J  TT  A  (2  r  -  A)  (r'  -  [r  -  A]')  =  i  tt  h'  (2  r  -  h)\ 
The  contents  of  the  segment  are 

F  =  i  TT  /i«  (3  r  -  A), 
and  consequently  the  required  distance  is 

^'^-y- -I  TT A" (3  r -  A)  "^  * •  '3"r=7r 

If  wc  put  again  A  =  r,  the  segment  becomes  a  hemisphere^  and, 
lis  before,  we  have  C  S  =  ^  r. 

This  formula  is  also  true  for  the  segment  A^D  B^otvk  spheroid 
generated  by  the  revolution  of  the  arc  Z)  ^i  of  an  ellipse  about  its 
major  axis  fi>  =  r ;  for  if  we  cut  the  two  segments  by  means  of 
planes  parallel  to  the  base  A  B  into  thin  slices,  the  ratio  of  the 


oorresponding  slices  is  constant  and  == 


MA,'      CA\'       V    ^ 
_— _--  =  -----  =  -„when 

MA*       CE'       ^ 
h  denotes  the  smaller  semi-axis  of  the  ellipse.    We  must  multiply 

not  only  the  volume,  but  also  the  moment  of  the  spherical  segment 
by  -5  to  obtain  the  volume  and  moment  of  the  segment  of  the 

spheroid,  and  therefore  the  quotient  C  8  =  -   .       -  is  not  changed. 

In  general  we  have  C  S  =  y  ^  ^  ^ ^  ,  in  which  r  de- 
notes that  semi-axis  about  which  the  ellipse  is  revolved,  when  gen- 
erating the  spheroid. 

%  124.  Application  of  Simpson's  Rnle.— In  order  to  fmd 
the  centre  of  gi'avity  of  an  irregular  body  A  B  0  D,  Pig.  161,  we 
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r  it,  by  means  of  planes  equally  distant  from  each  other,  infn 

ulicea  and  determine  the  ares  of  the  cross  sections  thus  oU 

1  and  their  moments  in  reference  to  the  first  parallel  pLiDv 

A  B,  which  serves  as  base,  and  -we  thou 

Fia.  161,  combine  the  latter  by  means  of  Simpson*; 

mle. 

If  the  areas  of  the  cross-aectioDS  ot' 
F^  Fy,  Ft,  Fi,  Fi  wid  the  total  height  or 
distanca  M  N  between  the  two  paraUf) 
planes  farthest  apart  =  A,  we  have,  ac- 
cording to  Simpson's  rule,  the  Tolume  of 
J    the  body 

ultiplying  in  this  formula  each  sur&ce  by  its  distance  from 

Be  ve  obtain  the  moment  of  the  body,  viz., 

>  =  (0.i!l  +  1.4j;  +3.8/; +  3.4^1  +i^.)  J.  A, 

iTiding  the  last  equation  by  the  first  wo  obtain  the  rcqulml 
ice  of  the  centre  of  gravity  S 

ua-      -  (0-  J1+  1  ■  *-F.  +  g-g-F.  +  3.4.F,  +  4 /*«)  h 
^"-y  F^  +  i  F^  +  2  F,  +  iF,  +  F,'  4' 

the  number  of  slices  =  6,  we  have 
O..F,,4-1.4f^+g.2-?;  +  3.4-F,+4.gJ'.  +  5.4J'.-f  Sf.    /' 

j;  -t  4  ^,  +  3/;  +  4/",  +  2  Ji  +  4/1  +  j;        '  o' 

is  easy  to  see  bow  this  formula  varies,  when  the  number  of 
is  changed.  The  rule,  however,  requires,  that  the  number  of 
shaU  be  an  even  one,  or  the  number  of  surfaces  an  uneven  one. 
.  many  cases  we  need  determine  but  one  distance,  as  a  line  of 
y  is  fJso  known.  Solids  of  rotation  formed  upon  the  tnm- 
ithe  are  very  common  examples  of  such  bodies.  Their  aiis 
ation  is  a  line  of  gravity. 

ills  formula  is  also  applicable  to  the  determination  of  tin- 
centre  of  gravity  of  a  snrface,  in  which  case  thr 
la.  162.  cross  sections  F^  /,,  F^  etc,  become  linesL 

ExAUPLE  1.  For  tlie  parabolic  conoid  ABC,  Fi?- 
169,  formed  by  tbe  revolution  of  a  portion  A  S  MoS 
a  parabola  about  itsaxisil  Jf,  we  obtain,  when  nemBl"' 
but  one  section  Z>JVi?  through  the  middle,  the  followinf! 
Let  the  altitude  ^  if  =  ft,  the  radiua  D  N  '  <■■ 
AS  =  N M  =  -  and  consequently  the  radius  D  -• 
=  p  Vj.    Tlie  area  of  the  section  through  A  is  F,  -  0- 
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that  through   JP  J",  =  r  Z»  Ji?'  =  -g-  and  that  through  X,Ff  =  irr 
Hence  it  follows  Uiat  the  Tolnme  of  this  body  is 

and  thkt  its  moment  is 

Fy  =^(1  .2Tr'  +  a>rr')  =  tfr'A'  =  if,A'. 
Cnnae^uentlj  the  distance  of  the  centre  of  gravitj  iSTrom  the  vertex  is 

Tia.  168.  Fio- 104. 


Example  2.  The  mean  half  widths  of  the  vessel  A  B  CD,  Fig.  IM, 
IK  %  =  1  inch,  r,  =  1,1  inches,  r,  =  0,9  inches,  r,  =  O.T  inches,  and  r, 
=  0,4  inches,  and  its  height  3fff'=  8.6  inches;  required  the  centre  of 
gniritj  of  the  space  within  it.  The  cross  sections  ore  i'',  =1  ;r, 
?,  =  1,21  17,  Ft  =  0,81  ft,  F,  =  0,4B  t  and  F^  =  0,16  ir,  and  thercfon: 
the  distance  of  its  centre  of  gravity  from  the  horizontal  plane  A  Bit 
y  o_0.1  jr-H.4.1.2l7r  +  2.a.Q.81  ff  +  8.4.  0.*9ff  +  4.0.16.ir    2,S 


14,60 


-4.1,21b 
2,6  _  86^ 


2.0,81  IT  +  4.0,41 
0,9502  inches. 


The  vacant  space  in  the  vessel  is  F=  9 


f  0,16 . : 


=  6,270  cubic  inches. 


(g  125.)  Cetennination  of  the  Centre  of  Gravity  of  Sor- 
tftces  and  Solids  of  Rotation. — The  centre  of  gravity  of  curved 
flo.  163.  Bnr&ces  nnd  of  bodies  with,  curved  enr- 

Q  faces  can  be  determined  generally  by  the 

aid  of  the  calcnItiB.      In  practice,  loltdt 
and  surfaces  of  rotation  occur  most  fre- 
quently, and  we  will  therefore  here  treat 
4  only  of  the  determination  of  the  centre 

of  gravity  of  these  forms.  If  the  piano 
curve  A  P,  Pig.  165,  revolves  about  il« 
axis  A  0,  it  deacribes  a  so-called  anrfacc 
of  rotation  AFP,;  and  if  the  surface 
A  P  Jf  bounded  by  the  carve  A  P  and 
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iU  co-ordinates  A  Maud  M  P  is  I'evolved  about  the  same  axis i 
solid  of  rotation  bounded  by  a  circular  surface  P  M  P,  and  hj  a 
surface  of  rotation  A  P  P,ia  produced. 

If  we  denote  the  abscissa  A  Mhy  x,  the  corresponding  ordinatt 
by  y  and  the  corresponding  arc  A  P  hj  s,  and  also  fbc  element 
M  N=  P  Rot  tlie  abscissa  by  d x,  the  element;  ^  ^  of  the  ordt- 
iiatc  hy  d  y  and  the  element  P  Q  of  the  curve  by  d  s,  we  liave  the 
area  of  the  bclt-ahapcd  element  P  Q  Q^  P,  generated  by  the  reto- 
hition  of  d  8,  when  we  put  the  sur&ce  of  rotation  A  P  P,  =  0, 

d0^iiT.PM.PQ  =  Zntjds, 
and,  on  the  contrary,  the  contents  of  the  element  of  the  solid  of  ro- 
tation A  P  P,  =  V,  limited  by  this  element  of  the  surface,  ar.; 
d  V^nPM'.MN^'Ky-dx. 
Since  the  distance  of  both  elements  from   a  plane  passini 
through  A  at  right  angles  to  the  axis  ^  Cia  equal  to  the  absdsa 
X,  tlie  moment  of  (2  0  is 

X  d  0  =  2  n  xy  d  s, 
uid  that  ofd  Via 

xd  V  =  TTXtf'  dx. 
Now  since 

0  =  fZni/ds  =  2n/ifdsmi 
V=  /■^fdx=^nfy'dx, 
and  since  according  to  the  above  formulas  the  moment  of  0  is 

/  %Tr  xy  ds  =  %  ■^  f  x  y  ds, 
and  that  of  V  is 

S^xy'dx=^Sxfdx, 

it  follows,  that  the  distance  A8=yQt  the-centrc  of  gravity  Jfroni 
the  origin  A  is 

1)  for  surfaces  of  rotation 

^  2n/xyda  ^  fxyda 
"       '2n/yda        /yds' 
and,  on  the  conti'ary, 

2)  for  solids  of  rotation, 

_  n/xy'dx  _  /xy'dx 
"~    ^fy'dx    ~'Jy'lU- 
F.o.,  for  a  spherical  zone  whose  radius  O  Q  =  rvic  have,  since 
P  Q       C  Q       ds        r  ,  , 

PR  =  QN'-^dlr  =  J  '''y^'  =  '■'^-'' 
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J  rdx  J  dx         X 

(Compare  §  IIC.) 

For  a  segment  of  a  sphere,  on  the  contrary,  we  have,  since  we 
(.*an  put  y^  =  2  r  «  —  :r', 

I  o  -     -  f{:ZrX''X^)xdx  _  f^TX'dx  -  /a?' Ja? 
S{:lrx-7?)dx    ^  f^rxdx  ^  fx'dx 

-  ll^JzJj^  ^  llTjui^)  ^  =  /8  r  -  3  a?\  ^ 
""    rx'-ia;*    ""      r-4a:""\3r  — a;M' 


and  consequently 

(75=  r  -  t*  =  }  ^7Z~--     (^^o^Pa^'^  §  123.) 

§  126.  Properties  of  Ooldinns. — An  interesting  and  often 
very  useful  application  of  the  theory  of  the  centre  of  gravity  is 
the  properties  of  Ouldinns  (Fr.  methode  centrobarique,  Oer.  die 
(fuldiniflchc  Begel).  According  to  these  the  contents  of  a  solid 
of  rotation  (or  the  ar^a  of  a  surface  of  rotation)  is  equal  to  the 
product  of  the  generating  stir  face  (or  generating  line)  and  the 
^mce  described  by  its  centre  of  gravity  while  generating  the  body 
(or  surface).   The  correctness  of  this  rule  can  be  proved  as  follows : 

If  a  plane  surface  A  B  D,  Fig.  166,  is  revolved  about  an  axia 

XX]  every  element  Fi,  Ft^  etc.  of  it  describes  a  ring;  if  the  dis- 
tances of  these  elements  Fx^  -F„  etc  from  the  axis  of  rotation 

XX  are  Ex  Kx,  F«  A" ,  etc.  =  r„  r^,  etc., 
and  if  the  angle  of  rotation  \&  F  K  Fx 
=  S  OSi  =  a"  or  the  are  corresponding 
p    to  the  radius  1,  =  «,  tlic  arc-8bap(?d 
paths  described  by  the  elements  are 
r,  a,  rj  a,  etc.    The  spaces  described  b}' 
■^i    the  elements  Fi,  F.,  etc.,  can  be  re- 
garded as  curved  prisms  wliosc  alti- 
tudes are  r,  a,  r^  a,  eta,  their  contents- 
are  therefore  Fx  rx  a,  F^  r,  a,  etc.,  and 
consequently  the  volume  of  the  whole  body  A  B  D  Z),  /^,  ^i  is 

Y-zz  FiTxa  +  jP,  r,  a  -f  . . . .  =  (^i  r,  4   F^  n  H   . . .)  a. 
16 
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tlie  distance  of  the  centre  of  gravity  S  of  ti»e  geu- 

im  the  axis  of  rotation,  we  have 

■  Ft  +  ...)s  =  F,r,  +  F,r,  +  ..^ 

the  volume  of  the  ivhole  body 

V=  (F,  +  F,  +  ...)ya, 
. .  is  the  area  of  the  surface  F,  and  y  a  is  the  art- 
led  by  the  centre  of  gravity;  hence  it  foUovr 
hich  is  what  was  to  be  proved. 
8  also  applicable  to  the  case  of  the  rotation  of  n 
er  can  be  considered  as  a  Gurfape  of  infiniteU 
this  instance  we  have  /*  =  i  w,  i.e.  the  sarfao' 
product  of  the  generating  line  {i)  and  the  epac 
ts  centre  of  gravity. 

the  semi-axeB  of  tbe  elliptical  cross  aectioa  A  B  E  IK 

mg  KK  C  A  =  a  oaA  C  B  =  5,  and  if  the  distaoce  C  H 

a  the  axis  X  X  =  r,  the  elliptical  generating  snrftw 

and  the  space  described  b;  its  centre  of  gravis  (C  i 

lence  the  volume  of  this  half  ring  is  K  =  n*  a  J  r,  »ni! 

ng  is  r,  =  S  r  =  2  ff'  o  6  r. 

IB  are  a  ss  H  inches,  5  =  3  inches  and  >*  =  0  inches,  tlw 

er  of  the  ring  is 

8.6  =  »,86»a  .5.9=  444,183  cubic  inches. 


107.  Fifl.  168. 


i  volume  of  a  ring  with  the  seBu-circular  ctobb  Mction 
when  O  A=  C  B  =  a  denotes  the  ladiua  of  this  cnt<«t 
r  that  of  the  hollow  ^ace, 


'^r)  = 


the  B^ment  of  a  circle  ADB,  Fig.  169,  revolves  abour 
»rallel  to  its  chord  A  B,  it  describes  a  sphere  AD,H 
lolo  A  BBi  ^,in  it.    If  ^  is  the  area  of  the  B^imeni 


IM]  CENTRE  OFGRAVITT.  ^-13 

id  t  the  length  otitacbatdAB  =  A,  fit.weliave  (J  114)  for  the  distance 
riis  centre  of  gravis  8  from  the  centre  C 

Q.l  consequently  the  Tolnme  of  the  sphere  with  the  cylindrical  hole  is 


For  a  complete  sphere  we  have  the  chord  or  height  of  the  bole  equal  to 
he  dianteter  d  of  the  sphere,  and  cooscqnentl;  its  Tolnme 


19  ne  know. 

EiAMFi^  4.  We  are  reqaired  to  find  the  area  of  the  surface  and  the 
coatentB  of  the  capola  ADB,  Fig.  170,  of  a  cloistered  arcb,  when  the  half 

FiQ.  ISB.  Fio.  170. 


"tidtli  jrA  =  MBi=  a  and  the  altitude -V  i>  =  ff  are  given.    From  the 
iwo  giren  dimeDsioDs  we  obtain  the  radius  C  A  =  <7  2>  of  the  generating 

dtcte 


Tht  central  angle  ACD  =  a\a  given  by  the  formnta 

The  centre  of  gTavity  S  of  an  aic  Z>  ^  2>,  =  2  J  /)  is  determined  by 
tUdittsoces 

„  „  chord  M  D      r  u«.  a      .  „  „ 

'*°«Vwirtlr  the  distance  of  the  centre  of  gravity  5  iiom  the  axis  Jf  2>  is 

MS  =  ■ ~  reot.a  =  r  I dot.  aj, 

toi  the  gptce  described  by  the  centre  of  gravity  in  describing  the  surface 
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The  generatrix  D  A  D^iB^r  a,  consequently  its  half  is  ^  2>  =  r  a,  ad 
the  surface  of  rotation  A  D  B  generated  by  the  latter  is 

(sin,  a  \ 
aw.  a  j  =  2  ?r  r'  (tin.  a-^  a  cos.  a). 

Very  oftesa  we  have  a°  =  60°,  or 

rt  =  ^,  Hn,  a  =  J-  Vs  and  cos.  a  =  )^; 

hence  the  required  area  is 

0  =  irr'  (VS  -  ^)  =  2,1515 .  r». 

The  distance  of  the  centre  of  gravity  of  the  segmental)  AD^  =  il  =  f* 
(a  —  ^nn.  2  o)  from  the  centre  C  is 

_  (2.MDy  _2   r' ««.» a 
"       12^       ""3'       A     ' 

and,  therefore,  its  distance  from  the  axis  is 

,^  ^       ^  «       ^-MM-      2  r*  sin.*  a 

M8=  08—  CM=  -g  — -^ rco9.a^ 

and  the  space  described  by  this  centre  of  gravity  in  one  revolution  around 
MD  is 

2  TT  ?•  2  TT  f* 

w  =£  —J-  (f  r'  «;i.*  a  —  -4  «?a.  o)  =  — j—  [f  «;i.*  a  —  (a  —  J^«».  2  a) cm.  o]. 

The  volume  of  the  body  generated  by  the  revolution  of  the  eegment 
D  AD^\%  found  by  multiplying  this  space  by  A^  and  the  volume  of  the 
cupola  by  dividing  the  last  product  by  two.      The  latter  volume  is 

K=  77 r'  [f  «».•  a-^ia--^ sin,  2  a)  coe,  a] 

E.O.,  if  a**  =  60°,  we  have 

• 

a  =  o,  nn.  a  =1  Vs,  nn,  2  a  =  j-  VS,  ckm.  a  =  4,  and  therefore 


r=  ff  r»  /f  V8  -  ^)  =  0.3966  .  r». 


§  127.  Tlie  properties  of  Gnldinus  are  also  applicable  to  bodies 
formed  by  the  motion  of  the  centre  of  gravity  of  the  generatbg 
surface  along  any  curve^  as  long  as  the  surface  remains  at  right- 
angles  to  the  curve ;  for  every  curve  can  be  regarded  as  composed 
of  an  infinite  number  of  infinitely  small  arcs  of  circles.  The  vol- 
ume of  the  body  is  here  also  equal  to  the  product  of  the  generating 
surface  and  of  the  space  described  by  its  centre  of  gravity.  The 
properties  can  also  be  made  use  of,  when  the  generating  surface  in 
moving  forwaixis  is  always  at  right  angles  to  the  projection  of  the 
path  of  its  centre  of  gravity  upon  any  plane.  In  this  case  the 
generating  surface  is  to  be  multiplied  not  by  the  space  described, 
but  by  its  projection. 


12a] 
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Fia.  171. 


Hence,  for  example,  the  volume  of  one  tuni  of  the  thread 

AHK,  Pig  171,  of  a  screw  is  de- 
termined by  the  product  of  its  cross 
section  A  B  D  E  hy  the  circum- 
ference of  the  circle,  whose  radiiiH 
is  the  distance  M  S  of  the  centre 
of  gravity  S  of  the  surface  ABD  E 
from  the  axis  C  Moi  the  screw. 

In  many  cases  we  can  combine 
the  use  of  the  properties  of  Guldi- 
nus  with  that  of  Simpson's  rule. 
E.G.,  to  find  the  contents  of  the 
curved  embankment  -4©  A  i?i  A  -^ s^ 
Fig.  172,  we  need  only  know  the  central  angles  So  08^  =  2  So  OS, 
=  ^  S|  C  jS,  =  ft  the  cross  sections  A^  A  =  f\,  Ax  A  =  ^i,  -4,  A 


-/*  and  the  distances  C  S^^z  n,  0  Si  =  r,  and  C  S^  =  r,  of  the 
centres  of  gravity  S^,  Si  and  S^  of  these  cross  sections  from  the  cen- 
tral axis  C  X.    The  volume  V  of  the  body  is  determined  by  the 

fonnula 

r  =  3  iF^r^  +  ^Firi  -¥  F,r,\  ^  0^  (F^  n  4-  4  J^^  n  +  F,  rA 
^  6  7       180"  \  6  / 

If  the  radii  ro,  r,  and  r,  are  equal  to  each  other,  or  if  they  differ 
^^t  little,  we  can  put  n  ==  ri  =  r^  =  r  and  therefore 

V  =  0,01745  fi^  r  [^±± -^-pJtAy 

§  128.  The  following  is  another  application  of  the  theory  of 
^ne  centre  of  gravity,  which  is  closely  allied  to  the' foregoing. 
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:  can  (issume  that  every  obliquely  truncated  prismatic  bodi 

C  L,  Fig.  173,  is  composed  of  lutJiiitely  tlitn  prisms,  snch  tr 

"PTO].    If  a»  0:,  etc.,  arc  the  bases  ami 

A,  /i«  etc.,  the  oltitndts  of  these  priGDUitic 

elements,  we  liarc  the  contents 

(?,  K  0,  h„  etc. 
and    conscqueDtly   the    volume   of  lli^ 
whole  ohliquely  truncated  prism 
V=  G,h,  +  GJh  +-■■- 
Now  an  element  /*,  of  the  obliquf 
section  A"  i  is  to  the  element  O,  of  tli" 
base  A  B  =  (?  ae  the  whole  oblique  gdi- 
face  .^  is  to  the  hose  O ;  hence  we  bsvii 


lally,  since  /",  A,  +  /",//(  +  .. .  is  the  moment  Fh  of  th- 
oblique  section,  we  can  put 

V=^.  Fh=  Ok, 

e  volume  of  an  obliquely  truKcaled  prism  is  equal  to  the  rrfu"" 
mpUte prisin,  which  gtandaon  the  same  base  and  ichose  aH'>- 
(  equal  to  the  distance  S  0  of  t/tc  centre  of  gravity  Sofllif 
t  section  from  the  hose. 

e  distance  of  the  centre  of  grarity  of  the  ohliqne  section  of  ;i 
trinngiilar  prism,  which   is  truncated  obliquely,  from  th( 


h  = 


h  +  A»  +  A. 


losequently  the  volume  of  this  prism  is 
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CHAPTER   III. 

EQUILIBRIUM  OP  BODIES  RIGIDLY  FASTENED  AND  SUPPORTED. 

§  129.  Method  of  Fastening. — The  propositions  relative  to 
the  equilibrium  of  rigid  systema  of  forces,  demonstrated  in  the  firet 
chapter  of  this  section,  are  applicable  to  solid  bodies  subjected  to 
the  action  of  forces,  when  we  consider  the  toeight  of  fJie  body  as  c 
force  applied  at  the  centre  of  gravity  and  acting  vertically  down- 
trards. 

Bodies,  which  arc  held  in  equilibrium  by  forces,  arc  capable  of 
moying  freely,  I.E.,  they  can  obey  the  influence  of  the  forces,  or 
they  are  in  one  or  more  points  rigidly  fastened,  or  they  are  sup- 
ported by  other  bodies. 

If  a  point  Cy  Fig.  174,  of  a  solid  body  is  rigidly  fastened,  any 

Fin.  i::. 


'>ther  point  P  of  the  body,  when  put  in  motion,  will  describe  a  path, 
vhich  lies  upon  the  surface  of  a  sphere,  whose  centre  is  the  fixed 
\mnt  C  and  whose  radius  is  the  distance  O  P  of  the  other  point.. 
from  C.  If,  on  the  contrary,  we  fasten  a  body  in  two  points  0 
^d  Dy  the  paths  described  by  all  other  points  in  consequence  of 
any  possible  motion  would  be  circles  ;  for  the  path  of  cacli  point  h 
^he  intersection  0  P  Q  of  two  spherical  surfaces  described  frori 
^ho  two  fixed  points. 

The  planes  of  these  circles  arc  parallel  to  each  other  and  jK'r- 
l>endicn]ar  to  the  straight  line  joining  the  two  fixed  points.  Tlji 
points  upon  the  latter  line  remain  immovable ;  the  body,  therefore* 
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this  lino  CD,  which  is  called,  for  this  reason,  lll^■ 
iv  ruvolutioii  of  the  body, 

erpcndicularto  this  axis,  and  in  which  tho  different 
re  called  Iho  planes  of  rotation  or  rcvolntion  of  ll;i 
n  the  radius  M P  ot  the  circle  0  P  Qhy  Icttiu- 
liar  upon  (he  axis  of  rovoliition  C  D.  The  great,  r 
ar  is,  tlio  greater  ia  tlio  cii-elo,  in  which  the  point 

3  of  a  body,  not  in  the  sanie  straight  line,  arc  finnh 
he  body  does  not  move  in  nny  direction,  sinn' 
Mil  surfaces,  in  which  the  body  mnst  move,  cut  cacli 
mint. 

rinm  of  Supported  Bodies. — Every  force  peu- 
fised  point  of  a  body,  E.G.,  through  the  centre  of  a 
oiut,  is  counteracted  by  the  support  of  the  body. 
X,  no  inflticneo  upon  the  state  of  equilibrium  (-f 
Ito  munncr,  if  a  body  is  supported  in  two  pointE  or 
brcc  whose  direction  cnts  tlic  axis  passing  througli 
ita  is  counteracted  by  the  supports,  without  pro- 
cr  effect  on  the  body.  A  couple  would  also  '> 
tho  supports  of  a  body,  if  the  i)Iano  of  tho  conpl;' 
3  of  revolution  passing  through  tboeo  points,  or  i.- 
samc.  Every  other  couple  (/",  —  P),  Pig.  I*''- 
3  contrary,  a  revolution  of. the  body  A  CS  about 
dntion  C,  if  it  is  not  liolanced  by  another  couplf 
)7).  Tf  tho  couple  retains  ita  direction  during  tlic 
r  arm  and  eonsetiucntly  ita  moment  is  variable,  ami 
0,  when  the  body  occupies  a  certain  position.  If.i 
body  A  G  B,  Fig.  175,  is  rigidly  fasi- 
'''■  ened  at  C,  and  if  the  direction  of  tli.' 

/r-P         jT  force  forms  the  angle  B.dP  =  QTviOi 

.f^       tho  line  A  B  passing  throngli  tin' 

..•■■''/ '^  two  points  of  application,  a  rotation 

/  A  CA,  =  (i  =  180'  -  a  is  ncceesarv 

/  to  annul  flic  moment  of  the  coupl'' 

{P,  —  P) ;  the  same  is  also  true  of  a 

I)ody  rigidly  fastened  in  an  axis  »nil 

acted  iipon  hy  a  couple,  whose  plani 

is  perpendicular  to  this  axis. 

1),  Fig,  17(i,  rigidly  fastened  at  C,'ia  acted  on  ly..; 
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force  Py  whose  direction  does  not  pass  through  C,  we  can,  by  the 
addition  of  two  opposite  forces  F  and  —  P,  decompose  this  force 
into  a  couple  (P,  —  P)  and  a  force  +  P,  applied  in  C  and  coun- 
teracted   by  the  point  of  support.    The  rela- 
tions are  the  same,  when  the  axis  of  a  body  \s 
rigidly  fastened  and  a  force  acts  upon  it  in'u 
plane  of  revolution.    Here,  however,  the  force 
4-  P  is  divided  between  the  two  points  of  sup- 
port.   If  a  is  the  distance  C  A  of  the  point  of 
application  A  of  the  force  from  the  axis  C  and  a 
the  'angle  A  C -4 „.  formed  by  the  line  C  A  with 
the  direction  of  the  force,  wo  have  the  moment 
of  the  couple  (P,  ~  P),  which  tends  to  turn  the 
body,  M  =  Pa  sin.  a.    If  the  direction  of  the 
force  P  remains  unchanged  during  the  rotation, 
if  changes  with  a  and  is  a  maximum  for  a  =  90* 
aud  for  a  =  0"  or  180*  it  is   =  0.      The  work  done  by  the  force 
P  or  by  the  couple  (P,  —  P)  during  the  rotation  of  the  body  is 

A  =  P  ,  E'lr  =  Pa  (1  -  COS.  a). 

131,  Stability  of  a  Suspended  Bcdy.— If  the  force  acting 
u])on  a  body,  supported  at  one  point  or  in  a  line,  consists  only  of 
Ua  weight,  the  conditions  of  equilibrium  require,  that  the  centre  of 
granty  shall  be  supported,  lb.,  that  the  vertical  line  of  gravity 
sUall  pass  through  the  -point  of  support 

If  the  centre  of  gi-avity  coincides  with  the  point  of  support,  we 
We  a  case  of  indifferent  equilibrium  (Fr.  equilibro  indifferent,  Oer 
indiflferentes  Gleichgewicht) ;  for  the  body  remains  in  equilibrium. 


Fig.  177. 


Fig.  178 


no 


matter  how  we  may  turn  it.    If,  on  the  contrary,  the  body  is 
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(orted  at  a  point  C,  lying  aboTO  the  ceotre 
I  in  siadle  equilibrium  (Fr.  stable,  Ger.  eich- 
we  bring  the  body  into  another  position,  one 
'  the  weight  S  caueea  the  body  to  return  to 
i  the  other  component  J'  is  counteracted  bv 

finally  the  body  A  B,  Fig.  178,  is  fastoncj 
ies  below  the  centre  of  gravity,  the  body 
ium  (Fr.  eq.  instahlD,  Ger.  unBichereB  or 

for  if  we  move  the  centre  of  gravity  out  of 
g  through  C,  the  weight  G  is  resolved  into 
'"of  which,  instead  of -tending  to  bring  the 
il  position,  moves  it  more  and  more  from  it. 
■avity  comes  vertically  beiow  the  point  of 

are  the  same,  when  a  body  is  supported  in 
;  it  is  either  in  indifierent,  stable  or  nnstsblo 
re  of  gravity  coincides  with,  or  is  vertically 
nt  of  Bupport  ■  If  a  body  is  supported  at  a 
axis,  the  moment  with  which  (he  Itody  seeJiS 
1  of  stable  eqailibrium  \s  M  =  G  a  sin.  «. 
notes  the  weight,  a  the  distance  C  S,  of  llw 
m  the  axis  C  and  a  the  angle  of  rcvolnfion 
i&\a  A  =  G  a{l  —  COS.  a). 

ipon  the  Foiots  of  Support  of  a  Body. 
),  Fig.  IIQ,  supported  in  two  points  C  and 
Fio.  179. 


system  of  forces,  in  order  to  determine  tli'' 
hhrium  we  refer  (according  to  §  97)  Ih'' 
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whole  system  to  two  forces,  the  direction  of  one  of  which  is  parallel 
to  the  axis,  while  that  of  the  other  lies  in  a  plane  normal  to  this 

line.  Let  i5/  iV  =  N,  Fig.  180,  he  the  force  parallel  to  the  axis  XX 
passing  through  the  points  of  support  0  and  D  and  A  P  =  P  the 

other  force,  whose  direction  lies  in  a  plane  Y  Z  y  perpendicular  to 

XX,  We  cu,n  resolve  the  firat  force  into  a  force  v  N,  tending  to 
tlisplacj  t:io  axis  in  it^  own  direction,  and  a  coiipb  (  A',  —  N)^ 
wliich  13  tr;in3mitt;Ml  to  th:^  points  of  support  in  the  shape  of  an- 
other eonpl*  (.^'„  -  JV',),  the  compononts  of  wliich  are 

JV',  =       N  and  -  A",  =  —     A, 

^/denoting  the  distance  0  B  of  the  parallel  force  AT  from  the  axis 
('  D  and  I  the  distance  C  D  of  the  two  points  of  support  from 
each  other. 


In  like  manner  we  decompose  the  force  P  into  a  force  +  P  and 
a  couple  (jP,  —  P),  and  the  former  again  into  its  components  P, 
and  Pff  the  first  applied  in  C  and  the  second  in  D.  Designating 
the  distances  C  0  and  D  0  of  the  points  of  application  0  from  the 
^wo  points  of  support  C  and  D  by  7,  and  Z.>,  we  hav^ 

P»  =  -^  P  and  P,  =  ^-  P, 

•ind  it  is  now  easy,  by  emplojdng  the  parallelogram  of  forces,  to  find 
tho  resultant  S,  of  the  forces  JVi  and  P,  at  C,  and  also  the  resultant 
'S  of  the  forces  —  A^,  and  P,  at  D, 

If  we  put  the  angle  V  0  (-{-  P)  formed  by  the  plane  A"  0  X 
^ith  the  direction  of  the  force  P  cr  -f  ^  =  «,  wc  have  also  the 
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\iW,DP,-  180°  -  o,  and  cocsequcntly  the 
C  and  V  are 

VAV  +/■,'  +  a  JV,  P,  C03.  a 
V_V,*  +  /•/-  3  A',  P,  co».  a. 
cs  the  peqK-ndioular  0  i  to  Iho  direction  ol' 
t  of  the  couple  {P,  —  P),  wliicli  tcnda  to  luni 
!.    If  tho  body  is  in  a  state  of  equilibrium,  a 
0,  and  therefore  P  must  pass  throngh  the 

entire  sjBtem  of  forces  acting  on  a  body  rigidlj 
Xbo  lednced  to  the  normal  force  P  =  36  ponnds, 
=  20 pounds;  let  the  distance  of  ttie  latter  force 
=  d  =s  1^  feet,  and  the  distance  O  D  between  tht 
e  Z  =  4  feet;  required  the  pressure  upon  the  axis 
'  and  D  supposing  that  the  directjon  of  tJie  force  i' 
with  the  plane  X  7*,  and  that  its  point  of  applica- 
f  O  =  i,  =  1  foot  from  the  point  (X 
x>ducea  in  the  axis  in  its  own  direction  a  thrust 
>  the  forces 

80  =  7,6  pounds  and  —  Jf^  =  —  7,5  ponnds, 
jythe  supports  Cond  D,     The  force Pgives  tiu-u< 

=  27  ponnds  and  P,  =  J  P  =  ^ .  36  =  0  pounds- 
th  the  former  force,  we  obtun  the  lesoltants 

2 . 7,5 .  27 ,  eo*.  66°  =  V  66,35  +  729  +  171,160 
Q,986  pounds,  and 


i.7,S.*.«M.ftB*  =  V66,86  +  81  -  67,054 
SSponnde. 

G  B  D,  Fig.  181,  firmly  enpported  in  two 
«d  upon  by  a  single  force  R,  whose  direction 
?  =  i3  with  the  plane  of  rotation  ¥  0  Z,tie 
rce  into  the  components 

AT  =  P  =  R  COS.  0  waA 

AN  -  N  ~  R  sin.  a, 
a  in  the  plane  of  rotation  and  the  sccoml 
id  ivo  can  treat  thc'sc  forces  in  exactiv  tlu' 
csultants  P  end  J^>'cf  the  syskm  cf  frras  in 
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the  last  paragraph.    Here  the  force  which  the  axis  must  counter- 
act in  its  own  direction  is  JV  =  iZ  sin.  j3,  and  the  components  of 


Fig.  181. 


the  eonple  (JV„  —  JVi),  which  act  in  Cand  D  in  opposite  directions 
and  at  right  angles  to  C  D,  are 

Nx  =  J  N  ^  J  R  sin.  j3  and  --  Nx  •=  —  j  R  sin.  ft 

/  denoting  the  distance  C  D  oi  the  two  points  of  support  C  and  D 
from  each  other  and  d  the  distance  0  ^  of  the  point  of  application 
A  of  the  force  R  from  the  point  0  on  the  axis. 

In  like  manner  the  force  acting  in  0  at  right  angles  to  CD  is 
■{-  P  =  R  COS.  P  and  its  components  in  C  are 

P,  =  J*  P  =  ^*  5  COS.  0,  and  in  D 

P,  =  ^jF  =  ^lRcos.0, 

h  and  2k  again  denoting  the  distances  C  0  and  D  0  of  the  points  C 

and  D  from  the  plane  of  rotation  Y  Z  Y. 

Substituting  the  values  of  iV^„  P„  and  P,  in  the  formulas 

8,  =   )/  N^  +  Pj'  +  2  NrPToosra 

for  the  normal  pressures  in  C  and  D,  in  which  we  designate  by  a 
tho  angle  YAP  formed  by  the  component  P  with  the  plane 
'1  ('  Df  we  obtain 
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in.  13)'  +  {I,  COS.  (ty  +  fidlt  aiii.  {i  cos.  0cot.a 

n-  0y  +  {It  COS.  fiy—id  hain.  0  cos.  0co3.a 

tlie  remaining  conplc  {P,  —  P)  is 

Oli  =  P  a  =  R  d  siiu  a  COS.  &. 

aro  applicable  to  the  discussion  of  the  stability 
.  182,  rerolving  about  an  inclined  axis  CD.  It 
is  here  the  weight  G  of  the  body. 
d  the  distance  0  S  =  0  S,  of  its 
centre  of  gravity  from  (ho  axis  of 
rotation,  o  the  angle  SOS,  =  OS,  L, 
which  the  centre  of  gravity  lias  de- 
scribed in  turning  from  its  position 
of  equilibrium  jSin  the  plane  Y  S  Y 
perpendicular  to  CD,  and  0  the  angle 
O  8,  P  formed  by  the  plane  of  revo- 
Intion  with  the  vertical  line,  or  that 
formed  by  the  axis  of  revolntion  C  Jf 
with  the  horizontal  line  J)  H, 

The  work  done,  when  the  body  is 
its  weight  to  its  position  of  equilibrium  and 

TScos.H  =  6  d  COS.  p  {I  -  COS.  a). 

irituq  of  Forces  around  aa  Axis. — ^Thc  n.'- 
:ed  liy  all  the  component  forces,  whose  direc^oiiB 
planes  normal  to  the  axis.  But  in  this  cast' 
the  statical  moment  P  a  is  equal  to  the  SDin 
.  of  the  statical  moments  of  the  components. 
S  are  in  equilibrium,  the  arm  a  is  ~  0 ;  for  thie 
trough  the  axis  itself,  and  coDBequcDtlTthisBmn 
P,  d,  +  P,  a,  +  . . .  =  0 ; 
'  supported  in  an  axis  is  in  equilibrium,  and 
without  turning,  when  the  sum  of  the  statical 
3  forces  in  relation  to  this  axis  is  =  0,  or  vhcn 
oments  of  the  forces  acting  in  one  direction  I'f 
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rotation  is  equal  to  the  sum  of  the  moments  of  thosr)  acting  in  the 
other. 

By  the  aid  of  the  last  formula  any  element  of  a  balanced  sys- 
tem of  forces,  such  as  a  force  or  an  arm^  can  be  found,  and  any 
force  of  rotation  reduced  from  one  arm  to  another. 

If  we  wish  to  produce  a  state  of  equilibrium  in  a  body  movable 
about  its  axis,  and  whose  moment  of  rotation  is  P  a,  we  have  only 
to  apply  a  force  of  rotation  Q  or  a  couple,  the  moment  of  which 
Qh  =  P  Gy  the  difference  in  the  two  cases  being  that  by  the  addi- 
tion of  the  couple  {Qy  —  Q)  the  pressure  on  the  axis  is  not  changed, 
while  by  that  of  a  force  Q  a  force  +  Q\&  added  to  the  pressure  on 
the  axis.  If  the  force  Q  or  its  lever  arm  i  is  given,  we  can  calcu- 
late either 

.       Pa      ^      Pa 

In  the  latter  case  we  call  Q  the  force  P  reduced  from  the  arm  a 
to  the  arm  d,  and  we  can  thus  reduce  the  given  force  of  rotation  P 
to  any  arbitrary  arm,  or  we  can  replace  or  balance  it  by  another 
force  acting  with  any  arbitrary  arm. 

We  can  also,  by  means  of  the  formula 

i^uce  a  whole  system  of  forces  to  one  and  the  same  arm. 

ExAiipLE. — ^The  forces  P^  =  50  pounds  and  P,  s=  —  35  pounds  act 

on  a  body  movable  about  an  axis  with  the  arms  a^  =  1^  feet  and  a,  = 

^  feet ;  required  the  force  ^  which  must  act  with  an  arm  a,  =  4  feet,  in 

order  to  produce  equilibrium  or  to  prevent  ir^otion  about  the  axis.     We 

bare 

60  . 1,25  -  85  .  2,5  +  4  Pj  =  0,  and 

n       87,5  —  62,5      ^  „^  , 

p^  =  —2 — '-  =  6,25  pounds. 

§  135.  The  Lever. — A  body  movable  about  a  fixed  axis  and 
acted  on  by  forces  is  called  a  lever  (Ft.  levier,  Ger.  Hebel).  If  we 
imagine  it  imponderable,  we  have  a  mathematical  lever;  but  if  not, 
it  is  a  nwieriai  lever. 

We  generally  assume  the  forces  of  a  lever  to  act  in  a  plane  at 
right  angles  to  the  axis  and  substitute  for  the  axis  a  fixed  point 
called  the  fulcrum  (Fr.  point  d*appui,  Ger.  Euhe,  Dreh,  or  Stutz- 
puukt).  The  perpendiculars  let  fall  from  this  point  upon  the  di- 
rection of  the  forces  are  called  (§  89)  the  arms  of  the  lever.  If  the 
directions  of  the  forces  of  a  lever  are  i)amllel^  the  arms  of  the  lever 
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form  a  single  right  line,  and  the  lever  is  then  called  a  straight 
lever  (Fr.  levier  droit,  Ger.  geradliniger  or  gerader  Hebel).  The 
straight  lever  acted  on  by  two  forces  only  is  one  or  two  armed,  ac- 
cording as  the  points  of  application  of  the  forces  lie  upon  the  same 
or  upon  opposite  sides  of  the  fulcrum.  We  distinguish  also  leyers 
of  the  first,  second  and  third  sort^  calling  the  two-armed  leFcr  a 
lever  of  the  first  sort,  the  one-armed  lever  a  lever  of  the  second 
sort  or  of  the  third  sort^  according  as  the  force  (load),  which  acts 
vertically  downwards,  or  that  (power),  which  acts  vertically  up- 
wards, is  nearest  the  fulcrum. 

§  136.  The  theory  of  the  equilibrium  of  the  lever  has  been 
completely  demonstrated  in  what  precedes,  and  we  have  only  to 
make  special  applications  of  it. 

For  the  two-armed  lever  A  C  B,  Fig.  183,  when  the  arm  C  A 
of  the  force  P  is  denoted  by  a  and  that  C  B  of  the  other  force  Qj 
which  is  generally  called  the  load,  by  S,  we  have,  according  to  the 
general  theory  P  a=  Q  b,iJE.  the  moment  of  the  force  is  eqw:^  to 


Fig.  183. 


k^ 
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R 


Fig.  181 
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the  moment  of  tlie  hady  or  also  Pi  Q  =  b:ayi:E,the  force  is  to  tke 
load  as  the  arm  of  the  latter  is  to  the  arm  of  tlie  former.  The 
pressure  on  the  fiilcrum  is  iZ  =  P  +  Q- 

For  the  one-armed  lever  ABC,  Fig.  184  and  B  A  C,  Fig.  185, 
the  relations  between  force  (P)  and  load  (Q)  are  the  same,  but  the 
direction  of  the  power  is  opposite  to  that  of  the  load,  and  therefore 
the  pressure  on  the  fulcrum  is  equal  to  the  difference  of  the  two ;  in 
the  firet  case  we  have 


B  =  Q  —  P,  and  in  the  second  R=  P  —  Q, 
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If  in  the  bent  lever  A  C B  the  anns  arc  C N=  a  and  C  0 
5, Fig.  186,  we  have  again  P:  Q  '-=b:ay  but  in  this  case  the 


Fia  185. 
p 


Bo 


It 


yc 


pressure  jB  on  the  fulcrum  is  the  diagonal  R  of  the  parallelogram 
6'P,  R  ^1,  constructed  with  the  force  P,  the  load  Q  and  with  the 
angle  Pi  C  Qi  =  P  D  Q  =  a  formed  by  their  directions  with  each 
other.  -— - 

If  0  is  the  weight  of  the  lever  and  CE  =:  e^  Fig.  187,  the  dis- 
tance of  the  fulcrum,  C  from  the  vertical  line  8  O  passing  through 
the  centre  of  gravity  /Sof  the  lever,  we  ijiust  put  P  a  di  .G  e  =^  Q  b, 
and  we  must  employ  the  plus  sign  of  O.  when  the  centre  of  gravity 
lies  on  the  same  side  as  .the  force  P,  and  the  minus  sign,  when 
upon  that  of  the  load  Q, 

The  theory  of  the  lever  is  often  applicable  to  tools  and  ma- 

Fio.  187.  Fio.  18a 


chineiy.   The  knee  lever  A  B  C  D,  Fig.  188,  which  is  sometimes 
cited  as  a  peculiar  sort  of  lever,  is  simply  a  bent  lever.    The  arm, 
^hich  is  movable  around  an  axis  0,  is  acted  upon  by  a  force  at  its 
17 


/ 


/ 
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acta  hj  means  of  a  rod  B  D,  (wbich  forms  with  the  arm 
g\e  A  B  D  =  C  B  E  =  a)  upon  the  load,  which  is  ap- 
If  a  denotes  the  length  of  the  arm  C  A  and  b  the 
le  arm  C  B,  we  have  the  lever  arm  of  Q 
(J  E  =h  tin.  a,  whence 
Pa=  Qb  sin.  a,  or 

P  =  -  Q  sin.  a,  and  iUTereelj 

'       b  sin,  a 
er  is  employed  for  presBing  together  materials.    The 

Teases  directly  with  P  and  t>  and  inversely  as  sin,  a.   By 

[  the  angle  a  this  force  Q  can  be  arbitrarily  increased. 

—1)  If  the  end  .A  of  a  crowbw  ACS,  Pig.  189,  be  prtwed 

force  P  of  60  ponnds,  and  if  the  arm  CAot  the  power  is  It 

timee  as  great  as  the  arm  CB 

of  the  load,  then  the  latter,  vr 

*™*  *™-  rather  the  force  Q  developed  in 

B,  is  13  times  aa  great  aa  P,  lod 

5  =  13  .  60  =  780  poiindt. 

2)  If  a  load  Q,  Fig.  190,  hmg- 
ing  troni  a  bar,  be  carried  bj 
two  workmen,  one  of  whom 
takei  hold  at  A  and  the  otto 
at  S,  tre  can  dctennloe  how 
mnch  weight  escb  has  to  sat- 
tun.  Let  the  load  be  Q  =  lU 
ponnds,  the  weight  of  tlie 
rod  be  0  =  12  ponnda,  the 
distance  A  Bof  the  two  wotk- 
men  from  each  other  he  =  > 
feet,  the  distance  of  the  toid 
from  one  of  them  Bbe  B  C  ^ 
2|  feet  and  the  distance  of  &e 
centre  of  gravity  of  the  bar  S 
from  the  same  point  be  B  8  = 
S^  feet.  If  wc  regard  2  as  the 
f\ilcrum,  the  force  P,  at  A  niul 
balance  the  load  Q  and  O,  ud 
therefore  we  have 
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P^.BA=:  Q.BO  +  G.BS,  I.B., 

6  Pt  =  d,5  .  120  +  3,6  .  13  =  800  +  42  =  842, 


and  therefore 


842 
P^  =  -^   =  57  pounds. 


If^  on  the  contrary,  A  be  regarded  as  the  fulcniip,  we  can  put 

Pj  .  A  B  =  Q  .  a1T+  G  .  jTS^  or  in  numbers 
6  P^  =  3,5  .  120  +  2,5  .  12  =  420  +  80  =  450, 
and  the  force  exerted  of  the  second  workman  is 

=  75  pounds. 


Pt  = 


6 


The  sum  of  the  forces,  which  act  upwards,  is  therefore  correctly 

Pi  +  P,  =  67  +  75  =  182  pounds, 
or  as  great  as  the  sum  of  those  acting  downwards 

C  +  6?  =  120  +  12  =  182  pounds. 

8)  The  load  upon  a  bent  lever  A  O  B.  Fig.  191,  weighing  160  pounds, 
acta  vertically  downwards  and  is  Q  =  650  pounds,  and  its  arm  C  B  =:  4 

feet,  and,  on  the  contrary,  the  arm  of  the  force 
PyCA  —  Q  feet  and  that  of  the  weight  CE—1  foot : 
required  the  force  P  necessary  to  produce  equili- 
brium and  the  pressure  R  on  the  bearings.  We  have 

'G~A  .  P  =  GB .  Q  +  GW.  G,  i.e., 

6  P  =  4  .  650  +  1  .  150  =  2760, 

and  consequently 

T.       2760 

P  =  -  /.  ■  =  *68f  pounds. 

The  pressure  on  the  bearings  is  composed  of  the 
vertical  force  C  +  G^  =  650  +  160  =  800  pounds^ 
and  of  the  horizontal  force  P  =  458}^  pounds,  and 
consequently  we  have 


S 


•4^ 


B 


ij  =  V(e  +  G)''  +  p» 

=  V  (800)'  +  (458i)» 

=  V^eSOOTO  =  922  pounds. 

§137.  More  than  two  forces  P and ^  may  act  on  a  lever;  it 
is  not  necessary  that  these  forces  act  upon  the  lever  in  one  and 
the  same  plane  of  rotation.  If  C,  Q^  Q^  are  the  loads  on  a  lever 
^  P^^Pig.  192,  and  h,,  J„  J,  their  lever  arras  C  ^„  C  A,  C  B^ 
^tile  the  power  acts  with  the  lever  arm  C  A  =  a,  we  have 

'IimI  if  the  lever  is  straight,  the  pressure  on  the  fulcrum  is 

R^  P  ^  Q,  +  Q,+  Q^ 
If  the  several  forces  of  a  lever  act  in  different  planes  of  rotation 
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C  D  BiBr,  Kg.  193,  the  formula  for  the  moment 
&,  +  ...  does  not  therefore  chimge,  hot  s  differ- 
if  the  total  pressare  ^  =  P+C,  +  Qt  +  Q» 
S.  Fio.  198. 


^/^ 


lu  n^- 


■8  place  between  the  two  poiats  of  snpport  or 
'.  If  we  denote  by  I  the  length  of  the  axis 
r  the  distance  of  the  fulcrums  from  each  other 
the  distances  C  0,  C  0„  C  0,  of  the  planes  of 
he  fulcrum  C,  the  presenrea  R,  and  R,  on  the 
C  are  determined  by  the  following  formulas 

«^«^t^-.and 

_  P{1-  k)  +  Q,(l-  h)  +  QAi-  U) 
I 
ting  upon  a  bent  lever  arc  not  parallel,  the  ex- 
^  ^1  +   ^1  ^1  +  . .  ■  remains  unchanged,  but  the 

is  reduced  to  the  fulcmm,  E.G.,  ~.  *,  -~,  -y-',  act 

DOS  and  cannot,  therefore,  be  combined  bysimi^ 
he  contrary,  we  must  combine  them  in  the  same 
forces  applied  to  a  point  and  acting  in  the  sanie 
id  80). 

lever  represented  in  Fig.  103  supports  the  loads  Q,  = 
=  480,  acting  at  the  distances  C  0,  =  i,  =  18  ioclie* 
I  inchea  from  the  bearing  C  with  the  arms  0,  B,  = 
0,  Bt~l,=  10  inches ;  required  the  force  P,  which, 
0  ^  =  a  =  60  ischeB,  is  necessary  to  prodoce  eqnili- 
nra  on  the  bearings  at  C  and  D,  nnder  the  assumption- 
t  a  distance  C  0  =  i,  =  18  inchea  ftom  the  jonnul  C 
ofthe  entire  axis  is  CD  =  1  =  82  inches. 
•Aia 

800.16  +  480.10        80.16  +  480       „„   ^er,-ttS 
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B^  = 


160 .  18  +'800 .  12  +  480 .  24 
83 


=562,5  pounds  and 


Fio.  104. 


B^  =  jB  —  i?,  =  800  +  480  +  160  —  562,5  =  877,5  poundB. 

Rkmakk. — The  action  of  gravity  on  the  lever  can  be  employed  witli 

advantage  to  determine  the  centre  of  gravity  8  and  the  weight  G  of  a 

body  A  B,  Fig,  194.  We  support  the  body 
first  at  a  point  C  and  then  at  a  point  C^  at  a 
distance  C  C^—  d  from  the  former,  and  each 
time  we  bring  the  body  into  equilibrium  by  a 
force  acting  at  the  distances  C  A  =z  a  and 
(7j  i4  =  fli  =  a  —  <?.  If  the  force  necessary 
in  the  first  case  be  =  P  and  in  the  second  case 
=  Pj,  and  if  the  weight  of  the  body  be  G  and 
the  distance  of  its  centre  of  gravity  8  from  ^  be  ^  -B  =  a?,  we  have 
Pa  =^  G(x  —  a)  and  P^  a^  =  G  {x  —  a^),  whence 


o  = 


Pa  —  Pi  a^ 
Pa  —  Ija^ 


Fia.  195. 


§  138.  PressTire  of  Bodies  upon  one  another — The  law 

iieduced  from  experiment  and  announced  in  §  65 :  "  Action  and 
reaction  are  equal  to  each  other/'  is  the  basis  of  the  whole  mechan- 
ics of  machines,  and  we  must  here  explain  at  greater  length  its 
meaning/    If  two  bodies  Jf  and  J[f„  Fig.  195,  act  upon  each  other 

with  the  forces  F  and  Pi,  the  directions 
of  which  do  not  coincide  with  that  of  the 
common  normal  X  X  to  the  two  surfaces 
of  contact,  a  decomposition  of  the  forces 
always  occurs ;  only  that  force  JV  or  JV^„ 
whose  direction  is  that  of  the  normal,  is 
transmitted  from  one  body  to  the  other, 
the  other  component  force  S  or  8j,  on 
the  contrary,  remains  in  the  body  and 
must  be  counteracted  by  some  other  force 
or  obstacle,  when  the  bodies  are  to  be 
held  in  equilibrium.  But  according  to 
the  principle  announced,  the  two  normal 
components  iV^and  Wi  must  be  exactly 
equal.  If  the  direction  of  the  force  P 
fonns  an  angle  N  A  P  ^  a  with  the  normal  A  X  and  an  angle 
'^  4  P  =  /3  with  the  direction  of  the  other  component  8y  wo 
have  (see  §  78) 
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sin.  {a  +  ay  "       «n.  (a  +  0)- 
latin^  in  like  manner  N,  A,  P,  bv  a,  and  8,  A,  P,  bv  ,1, 

Iso  " 

JVi  =  -=—7 — T— 7",  and  ^1  =        '  ' 


'  «n.(a,  +  (3.)  """  "'  ~  MM.  («,  +  (3,)* 
y,  since  Jf  =  Ji, 

_Pjin^^    _    J\^nn.  0, 
sin.  {a  +  ii)~  sin.  {a,  +7*7)' 
.K. — How  are  the  furcee  decomposed,  wben  a  body  Jf,,  Fig.  lEt 
beid  fust  by  an  itnpedimcDt  D  E,  ib  proHtl 
*^-  IM,  w^xi  by  anotber  body  Jf,  movable  about 

its  axb  (7,  witb  a  force  P=  3S0  paiuidcT 
The  angles  fonned  by  the  directions  *ir 
the  following; 

PAIf=  a  =  85' 

P,  A^  2f,   =  a,  =  6tP 
P,  ^,   S,  =  ;3,  =  50". 
The  noimal  preseare  between  the  t«u 
bodies  is  detennincd  by  the  flrat  fonnalii 

cond  we  hare  the  presstiTe  on  the  axie  or  bearing  C 
Ptin.a  280  ««.  83"        ,,,  ,„ 

8=-,  —r ;  =    -   .-    ,.„        =  144,47  pounds; 

•in.  (a  +  (J)  WW.  88'  '      '^  ' 

',  by  combining  the  third  and  foiirlli  fonnuta  we  obtain  Ibc 
which  pre88e»  againet  the  iinpedinicnt  D  E 
-  ^ij^"-  ^  _  18V8  "■".  fl 
'  ~      »iii.,i,      ~         tin." 60^ 


=  221,40  pounds. 


In  consequence  of  tlic  eqnality  of  action  and  reaction, 
irlum  of  a  supported  body  is  not  changed,  when,  ineteud 
port,  we  substitute  a  force,  wliith  counteracts  the  pressuit 
.  transmitted  to  the  support,  and  which  is,  tbercfon.', 
lagnitode  and  opposite  in  direction  to  it.  After  hsTing 
t  this  force,  any  body  supported  or  partially  rotaimii 
nsidered  as  entirely  frctv  and  consequently  its  state  of 
m  can  be  treated  in  the  same  manner  as  that  of  a  fK'c 
'  a  rigid  system  of  forces. 
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1^  a  body  My  Fig.  197^  is  movable  around  its  axis  C,  the 
is  transmitted  to  a  second  body  Mi^  the  force  8  is  counter- 
tr  the  axis  C  and  we  can  assume,  that  the  body  is  entirely 
[  that  besides  P  two  other  forces  —  -^  and  — /S  act  upoa  it 
ody  Mx  presses  upon  M  with  the  force  N^  and  against  the 
ane  D  E  with  the  force  S^y  the  equilibrium  would  not  bo 
)d,  if  instead  of  these  impediments  we  should  substitute  two 
)  forces  '—  Ni  and  —  Sx  and  combine  the  same  with  tho 
^E.G.  with  Px)i  which  act  upon  the  body.  In  a  state  of 
equilibrium  the  resultant  of  the  forces  in  the  one  as  well  aa  that 


i. 


in  the  other  body  must  be  null,  and  therefore  the  resultant  of 
-iVand  —  fi'must  l)e  counteracted  by  P  and  tho  I'esultant  of 
-  M  and  -  iS,  by  P,. 

Since  the  forces  iVand  Ny,  with  which  the  two  bodies  act  ui)<)n 
^i  other,  arc  in  equilibrium,  the  forces  P,  —  S,  Pi  and  -  N, 
must  be  in  equilibrium,  when  the  combination  of  the  two  bodies 
(¥,  if,)  is  in  equilibrium.  The  forces  K,  X^  are  called  tho  intcrior 
and  the  forces  P,  —  S,  /^  end  —  aS  thL*  exterior  cr  extraneous, 
forces  of  the  combination  of  bodies  or  of  ihc  system  offerees,  and 
we  can  therefore  assert  that  not  only  tho  interior  farces  arc  i«  equi- 
librium, but  that  the.  exterior  forces  are  so  also,  when,  as  is  repn»- 
8^nted  in  Fig.  198,  we  suppose  the  forces  applied  in  any  point  0. 

§  140.  Stability. — ^When  a  body  supported  upon  a  horizontal 
plane  ia  acted  on  by  no  other  force  than  that  of  gravity,  it  has  no 
Pudency  to  move  forwards ;  for  its  weight,  acting  vertically  down- 
wards, is  completely  counteracted  by  this  plane,  but  a  rotation  of 
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ic  body  may  be  producetl.     If  the  body  A  D  B  F,  Fig,  199,  n  ?  • 
ith  tho  poiut  D  on  the  horizontiil  plaue  H  H,  it  will  remain  l. 
rc-gt  as  long  as  its  ceiitrv  of  gravil y  .■•  \- 
Flo.  199.  supported,  i.n.,  as  long  as  it  lies  in  \\v 

vertical  liuo  (vertical  line  of  gmvin  . 
passing  tlirongli  llio  poiut  of  Eui>jxin  / . 
But  if  a  body  ia  supported  in  two  imio:- 
upon  tbc  horizontal  eurfacc  of  auoid': 
body,   the   conditionG    of   equilibrinm 
g     require,  that  the  vcrtieal  line  of  gravil} 
shall  pass  Ihrcugh  the  line  joining  ih' 
two  points  of  support.    If,  finally,  a  bwh 
fits  upon  three  or  more  points  on  a  liorizontal  plane,  eqailibriuni 
Lists,  when  the' vertical  line  of  gravity  passes  through  the  trianplt 
'  polygon  formed  by  joining  tlice^  points  by  straight  lines. 
We  mast  also  distingnish  for  6U])p«rtc<l  bodies,  stable  and  un- 
stable equilibrium.     Tho  weight  (/  of  a 
"'"  "^  body  A  B,  Fig.  200,  draws  tiio  cen(p 

of  gravity  S  of  the  same  downwarif: 
if  there  is  no  obstacle  to  tlic  aclii'i- 
of  this  force,  it  produces  a  rotation  ' ! 
the  body,  irhicb   continues  until  !'■ 
centre  of  gravity  has  assumed  its  low; :  i 
position  and  the  body  has  assnmcil  i: 
state  of  equilibrium.     We  can  a^&n 
(hat  the  equilibrium  is  stable,  when  iJ"' 
jnti-e  of  gravity  occupies  its  lowest  position  {Fig,  201),  that  it  L- 
Qstable,  when  it  occupies  its  highest  position  (Fig.  202),  and  fha' 
Fio.  201.  Fro.  303.  Fro.  2C3. 


oally  the  equilibrium  is  indifferent,  when  the  centre  of  grsTitv  n- 
lains  at  the  same  height,  no  matter  what  may  be  the  position  ^'l 
le  body  (Fig.  203). 
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Examples. — 1)  The  homogeneous  body  A  DBF,  Fig.  204,  composed 
of  a  hemisphere  and  a  cylinder,  rests  npon  a  horizontal  plane  H  R    Re- 
quired the  height  8 F  =  hof  the  cylindri- 
cal portion  in  order  that  this  body  shall  be 
in  equilibrium.    Any  radius  of  a  sphere  is 
perpendicular  to  the  tangent  plane  corre- 
sponding to  it,  but  the  horizontal  plane  Im 
such  a  plane,  and  consequently  the  radias 
81)  must  be  perpendicular  to  it  and  contain 
the  centre  of  gravity.      The  axis  F  8  L 
passing  through  the  centre  of  the  sphere  is 
also  a  line  of  gravity ;  the  centre  8,  as  inter- 
section of  the  two  lines  of  gravity,  is  therefore  tlie  centre  ot  gravity  of  the 
body.     If  we  put  the  radius  of  the  sphere  and  of  the  cylinder  8  A  = 
N5  =  ^i  =  r,  and  the  altitude  of  the  cylinder  8F=  BE=zk,vjc  have 
for  the  volume  of  the  hemisphere  Fj  =  1 5r  r',  and  for  the  volume  of  the 
cylinder  Fj  =  t  r'  A,  for  the  distance  of  the  centre  of  gravity  of  the  sphere 
***p  8  8^  =1  r  and  for  that  of  the  centre  of  gravity  of  the  cylinder 
>%,  8  8f=^h,    In  order  that  the  centre  of  gravity  of  the  whole  body  fall 
in  S  we  must  make  the  moment  of  the  hemisphere  f  ^r  r' .  |  r  equal  to  the 
moment  of  the  cylinder  t  r^  A .  J  A,  whence  we  have 

A»  =  f  r-  or  A  =  r  VJ  =  0,7071  r. 
If  the  body  is  not  homogeneous,  but  on  the  contrary  the  hemispherical 
portion  has  the  specific  gravity  e^  and  the  cylindrical  portion  the  specific 
gravity  fg,  then  the  moments  of  these  portions  are  f  ^r  r** .  Cj  -J  r  and 
-  r-  A  Cj .  J  A,  and  consequently  by  equating  them  we  have 


2 


r.  A'  =  e.  t\  or  a  =  r  i/ —*-  =  0,7071  i/-^ 


r. 


2)  The  pressure,  which  each  of  three  legs  A^  B,  C,  Fig.  205,  of  an  arbi- 


FiG.  205. 


.«r*,T^^ 


R 


8E 


Q  = 


CD'  ^  ~  A  ABC 

wid  in  like  manner  for  the  pressure  in  B,  we  have 


trarily  loaded  table  has  to  bear,  can  be 
determined  in  the  following  manner. 
Let  8  be  the  centre  of  gravity  of  the 
loaded  table,  and  8  E^C  B  perpendicu- 
lars upon  A  B,  Designating  the  weight 
of  the  entire  table  by  G  and  the  pres- 
sure in  G  by  i?,  we  can  treat  A  B  ae  an 
axis  and  put  the  moment  of  ^  =  the  mo- 
ment  of  G,  i.e.,  B,0  D=  G.8E^ 
from  which  we  obtain 
A  AB8      _ 


Q  =  - 


A  A  C8 


P=z 


A^l  CB 
A  BC8 
A  ABC 


G,  and  for  that  in  A 


0. 
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§  141.  Let  UB  now  investigate  more  fullj  the  case  of  a  body 
i-cating  with  one  base  upon  a  horizontal  plane.    Snch  a  body  poe- 
aesscs  stability  or  is  in  stable  equilibrium,  when  its  centre  of  gravilr 
is  supported,  lb.  when  the  vertical  line  passing  through  its  centre 
df  gravity  passes  also  through  its  base,  since  in  this  case  the  rota- 
tion, which  the  weight  of  the  body  tends  to  produce,  is  preyenletl     I 
by  the  resistance  of  the  body.    If  the  -vertical  line  passes  throngh     I 
the  periphery  of  the  base,  the  body  is  in  unstable  equilibrium ;  and      ' 
if  it  passes  outside  of  the  base,  the  body  is  not  in  equilibrium,  but      I 
will  rotate  around  one  of  the  sides  of  the  periphery  of  its  base  and      ' 
Iw  overturned.    The  triangular  prism  ABC,  Fig.  206,  is  conse-      | 
qTiently  in  stable  equilibrium,  since  the  vertical  line  S  Q  passes 
through  a  point  JVof  its  base  B  C.    The  parallelopipedon  A  B  CD.      \ 
V\g.  307,  is  in  unstable  equilibrium,  because  the  vertical  line  S  0 
passes  through  one  of  the  edges  D  of  the  base  C  D.    Finally,  the      ] 
cylinder  A  R  CD,  Fig.  208,  is  without  stability;  for  S  G  does  not 
pass  'through  its  base  C  D. 

Pio.  206.  Flo.  207. 


Stability  (Fr.  stability,  Ger.  Stabilitat  or  Standfahigbeit)  is  l!if 

capacity  of  a  body  to  maintain  I'V 

FiQ.  208.  ..  .,.     ,         .,  .,.  1 

its  weight  alone  \x»  position  iiuil 

to  resist  any  cause  of  rotation.    If 

we  wish  to  select  a  measure  for  Wv 

stability  of  a  body,  it  is  necessary 

to  distinguish  the  case  of  simply 

moving  the  body  from   that  of 

actually   overturning  it.     Let  us 

first    consider    the    former  caa? 

alone. 

S  142.  Formnlas  for  Stability. — A  force  P  whose  direction 

U  not  vertical  tends  not  only  to  overturn,  but  also  to  push  forwaid 

the-  body  A  B  C  D,  Fig.  209.     Let  us  suppose  tliat  there  is  an 
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iilMtacle  to  its  pushing  or  pulling  the  body  forwards,  and  let  uc 

ktonaider  only  tlie  rotation  around  an  cdgu  C.    If  from  this  edge 

wc  let  fall  a  perpendicular  C  E  =  a  upon  the  direction  of  the 

force   and    another    perpendicular 

Fio.  SOa  C  N  =  e  upon  the  vertical  line  of 

gravity  S  0  of  the  body,  wo  have 

then  a  bent  lover  E  C  N,  to  which 

the  formula  Pa=  0  ear  P  =  ~  Q 


is  applicable.    If,  therefore,  the  ex- 
terior force  P 18  slightly  greater  than 

— ,tbo  body  begins  to  turn  around 
''and  thns  loses  its  stability.  It3  stability  is  therefore  dependent 
upon  the  produet  {0  e)  of  the  weight  of  the  body  and  the  smallest 
liistance  of  a  side  of  the  periphery  of  the  base  ^om  tho  vertical  lino 
Ittsaing  through  the  centre  of  gravity,  and  0  c  can  therefore  be 
''')nsidered  as  a  measure  of  stability,  and  we  will  henceforth  call  it 
simply  the  staiility.  Hence  we  see  that  the  stability  inci-eases 
'"lually  with  the  weight  0  and  witli  the  distance  e,  and  conse- 
'lLi'?iitly  wo  can  conclude  that  nndcr  the  same  ciroum stances  a  wall, 
'■^■,  whose  weight  is  two  or  three  tons,  does  not  posscsa  any  more 
staliility  than  one,  whose  weight  is  one  ton  and  in  which  the  dis- 
tance or  arm  of  the  lever  e  is  two  or  three  fold. 

''gMS.  1)  The  weight  of  Jiparallelopipedon^  .B  C-D,  Fig. 210, 
«lni3e  length  is  /,  whose  breadth  \b  A  B  >=  CD  =  1  and  whoso 
hfight  is  ^  Z>  =  5  6'=  A,is  (?  =  Fy  =  J  S  if  r>  and  its  stability 

«  =  G  .  'DK  =  0.l(rD=^,^  =  {Vhly, 
V  lienoting  the  heaviness  of  the  material  of  the  parallclopipcdon. 
fio.  210.  Fio.  211. 


)  The  stabilities  of  a  body  B  D  E,  Fig.  211,  composed  of  two 
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llelopipctlons,  in  reference  to  the  two  edges  of  the  base  C'an<l 
re  diffen'nt  from  each  other.  If  the  heights  are  j9  C  and  E  h 
and  A,  and  the  widths  €  D  and  D  F  —  h  and  b,,  wc  have  thi- 
[hts  0  and  ff,  of  the  two  portions  =  bkly  and  ft,  h,  I  y^  thi- 
3  in  reforonee  to  C  arc  C  JV'  --  \b  and  C  0  =  b  -^  \  b„  and 
e  ill  reference  to  /''are  5,  +  A  5  and  I  bi,  luid  (h.-  cld)i!ity  is, 
,  for  a  rotation  around  C 

^=  ^Gd+  G^{b  +  ib,),t=  {'.Vh  +  bb,h  +  ib,'h,)l-), 
secondly,  for  a  rotation  abont  /•' 

%=  G{b,  +  -i5)  +iG,b,  =  {!ib,'h,  +  bbJt  +  \b'/i)ly. 

Hie  latter  stability  is  St,  —  St  =  {h  —  7i,)  bhly  greater  than 

former.     If  wc  wish  to  increase  the  stability  of  a  wall  A  C  bj 

ta  i>  .C,  wo  must  put  them  upon  the  Bide  of  the  wall,  towards 

;h  the  force  of  rotation  (wind,  water,  pressure  of  earth,  elc.i 

The  stability  of  a  wall  A  B  C  E,  Fig.  213,  which  is  battered 

on  one  side,  is  determined  aa  follows.    Let 

Ra.  flia.  tjjg  jgjjgth  of  the  wall  be  I,  the  width  on 

^  "         top  ^  i?  =  A,  the  height  £(7=  A  and  the- 

batter  =   n,  i.e.  when  the  height  A  K  = 

1  foot  the  batter  K  L  =  n,or  for  a  height 

A  feet,  =  n  It.    The  weight  of  the  parallel- 

opipedon  A  C  ia  G  =  bb  ^^jthat  of  tln' 

triangular  prism  A  D  E  =  G,  =  ^nJi  ■ 

hly;  the  arms  for  a  rotation  about  E  an- 

EN=ED  +  ib  =  nk+ibmiEO 

=  i  £D  =  ink.'  Hence  the  stability  i* 

t  =  0 (nh  +  lb)  +  i  0,nh  =  {3^b'  +  nhb  +  {n' h')hlr. 

i  parallelopipedical  wall  of  the  same  volume  is  fi  +  ^  n  A  wide. 

its  stability  ia 

SI,  =  }j  (b  +  inhy  Aly  =  (},b-  -i-  i  }ihb  +  In'  A')hly; 
stability  is  therefore  St  -  SI,  =  (6  +   {^  n  h)  .  i  nh'ly 
lei  than  that  of  a  battering  walL 
[?he  stabiUty  of  a  wall  with  a  batter  on  the  other  side  is 

St,  =  ib'  +  nhb  +  ln'li'').ihly, 
consequently  smaller  than  SI  by  aa  amount 
St  -  St,  =  (5  +  -J  »  A) .  i  n  A*  /  r, 
greater  by  an  amount  St.,  —  Sf,  =  -^^  n'  A*  I  y  tlian  the  sia- 
y  of  a  parallelopipedical  wall  of  llie  Eimo  volume. 
IXAVPLE. — What  ia  Uio  stability  per  r;;i;i'i:vt  i^t  of  r,  rIobc  nail  1" 
ligh,  1 J  feet  wide  im  lop  and  wiUi  c  l-attvr  i>r  J  ol"  ii  TiMit  0:1  its  back  t 
denBity  of  this  wall  can  be  put  (§  Gl)  =  3,-l, .  onsiquontly  iti  bcariow* 
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is  Y  =  62,4  .  2,4  =  149,76  pounds ;  but  we  have  Z  =  1,  ^  =  10,  &  =  1,25 

and  n  =  ^  =  0,2,  and  consequently  the  required  stability  is 

St  =  [J  .  (1,25)'  +  0,2  .  1,25  .  10  +  J  (0,2)* .  10  ]  10  .  1  .  149,70 

=  (0,78125  +  2,5  +  1,8838)  1497,0  =  4,6140  .  1497,6  =  6911  foot-pounds. 

If  the  same  quantity  of  materials  is  used,  under  the  same  circumstances 
tiie  stability  of  a  parallelopipedical  wall  would  be 
'*^^  =  [J  .  (l,2o)*  +  J .  0,2  .  1,25  .  10  +  i  (0,2)' .  10']  .  140,70.  10 

=  (0,78125  +  1,25  +  0,5)  14Q7,6  =  2,531  .  1497,6  =  3790  foot-pounds. 

The  stability  of  the  s:ime  wall  with  a  batter  on  its  front  would  be 
'•^s  =  [J  (1,25)'  +  J  .  0,2  .  1,25  .10  +  1  (0.2)'  .  10»]  149,76  .  10 

=  (0,78125  +  1,25  +  0,666)  1497,6  =  2,6970 .  1497,0  =:  4040  foot-pounds. 

Rkkabk. — We  see  from  the  above  that  we  economize  material  by  bat- 
tering the  wall,  by  furnishing  it  with  counterforts  or  ofibets,  by  building 
it  on  plinths,  etc.  This  subject  will  be  treated  more  in  detail  in  the  second 
Yo\mne,  where  the  pressure  of  earth,  arches,  bridges,  etc.,  will  be  con- 
si<lered. 

^    §144.  Dynamical  Stabilitjr.— We  must  distinguish  from 
the  measure  of  stability  given  in  the  last  paragraph  another  meas- 
ure of  the  stability  of  a  body,  in  which  we  bring  into  consideration 
the  mechanical  effect  necessary  to  overturn  the  .body.    The  work 
•lone  is  equal  to  the  product  of  the  force  and  the  space  ;  the  force 
in  a  heavy  body  is  its  weight,  and  the  space  is  the  vertical  pro- 
i'^ction  of  the  space  described  by  the  centre  of  gravity,  and,  con- 
s/quently,  in  the  latter  sense  the  product  O  s  can  be  employed  as 
liic  measure  of  the  stability  of  a  body,  when  s  is  the  vertical  height, 
which  the  centre  of  gravity  of  the  body  must  rise,  in  order  to  bring 
the  body  from  its  state  of  stable  into  one  of  unstable  equilibrium. 
Let  C'  be  the  axis  of  rotation  and  S  the  centre  of  gravity  of  a 

body  A  B  CD,  Fig.  213,  whose  dy- 
namical stability  is  to  be  deter- 
mined. If  we  cause  the  body  to 
rotate,  so  that  its  centre  of  gravity 
S  comes  to  /Si,  i.e.  vertically  above 
(7,  the  body  is  in  unstable  equili- 
brium ;  for  if  it  is  caused  to  revolve 
a  little  more,  it  will  tumble  over. 

If  we  draw  the  horizontal  line 

8  N,  it  will  cut  off  the   height 

N  S\  =  8,  which  the  centre  of  gravity 

has  ascended,  by  the  aid  of  which  we  obtain  the  dynamical  stix- 

Wity  Gs,    If  now  we  have  C S  =^  C S,  =^  r,  CM=  NS-  e 

••^nd  the  altitude  CN-^^MS-a,  we  obtain 


Fig.  213. 


A 


■/. 
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S,  N=s  =  r  —  a=   f'a'  -t-  e*  —  a, 
itj  in  the  second  sense  is 
Si  =  G  (  Va'~T?  -  a). 

s  =  ♦'a'  +  e'  —  a  gives,  for  a  =  0,  «  =  e,  for  a  =  '. 
1)  =  0.414  e,  Iota  =  n  e,  s  =  {  +'«*  +  1  —  «)  ^  «p- 
=  (n  +  2^  -  «)  e  =  ^,  thua  for  a  =  10  e,  »  =  ^', 
,«  =  —  =  0;  this  stability,  therefore,  becomes  greaur 
the  centre  of  gravity  hecomee  lower  and  lower,  anti 
more  and  more  to  Bero  as  the  centre  of  gravity  is 
and  more  above  the  baae.  Sleda,  wagons,  ships  etc. 
re  be  loaded  in  such  a  manner,  that  the  centre  of 
ie  not  only  as  low  as  possible,  but  also  as  near  an 
the  centre  of  the  base. 

y  is  a  prism  with  a  symmetrical  trapezoidal  section, 
esented  in  Fig.  213,  and  if  the  dimensions  are  thu 
igth  =  /,  height  MO  =  h,  lower  breadth  CD  =  bi- 
A  B  =  b„ve  have 

'  M  =  e  =  i  b„  whence 


'  =  /(¥ 


aical  stability  or  the  mechanical  effect  necessary  t" 
body  ia 

'*iV  4-  /*L±A^~?V  _  *i  +  ^  ^.  A] 
>"a/  "*"  W,  +  b,''Z/  b,  +b,  '3l 
What  is  the  stability  of,  or  what  is  the  mechanical  elect 
necessary  to  overturn,  the  granite  obelisk  A  BCD, 
Fig.  214,  when  its  height  ia  A  =  80  fitet^  its  upper  lengtli 
and  breadth  I,  =  I^  and  &,  =  1  foot  and  its  lover 
length  and  breadth  ^,  =  4  feet  and  A,  =  8)  feet  I  Tbi' 
Tolume  of  tfab  body  is 

r=  (3  6,  /,  +  36,  ;,  +  6,  J,  +  6,  (,)| 

=  (3.|.l  +  3.4.J+  1.4  +  J.I)V 
=  40.3«  .  S  =  301,85  cubic  feet 
If  a  cubic  foot  of  granite  wdghs  y  =  8  .  63,4  =  1 87.i 
pounds,  we  have  for  the  total  weight  of  the  bod; 
a  =  S01,aO  .  187,8  =  87«74, 
The  height  of  its  centre  of  gravity  above  the  baac  is 
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—  hh  -^  ^  ^i  ^  +  ^t  h  +  ^1  h     * 
"*  "  26,  i,  +  2  &^  i,  +  b^\  -^b^ll'2 

4.1  +  8.1.1  +  1.44-1.^  27,75.15  _ 

40,25  •  *  "^      40,25     ""  *"'^^  '^^  . 

Sappoamg  a  rotation  around  the  longer  edge  of  the  hase,  we  have  the 

horizontal  distance  of  the  centre  of  gravity  from  this  edge,  e  =  ^  &,  = 

}.^  =  ^  feet,  and  therefore  the  distance  of  the  centre  of  gravity  from  the 

asaia 

C8=r  =  Va'  +  ««  =  V(l,75)»  +  (10.342)"  =  'Jll6fl02  =  10,480 ; 
hence  the  height  that  centre  of  gravity  must  be  lifted  is 

«  =  r  -  a  =  10,489  -  10,842  =  0,147  feet, 
and  the  vrork  to  be  done  or  the  stability 

8 1  =:/13Sk=  87674  .  0,147  =  5688  foot-pounds. 


Fio.  215. 


§  145.  Work  Done  in  Moving  a  Heavy  Body.—In  order 
to  find  the  mechanical  effect^  which  is  necessary  to  change  the 
position  of  a  heavy  body  by  causing  a  rotation,  we  must  pursue  the 
same  course  as  in  calculhting  its  dynamical  stability.  If  we  cause 
a  heavy  body  A  C,  Fig.  215,  to  rotate  about  a  horizontal  axis  to 
Buch  an  extent,  that  the  inclination  M  C  8  =  a  of  the  line  of 

gravity  C  S  =^  r  becomes  M  C  Si  =  a„ 
the  centre  of  gravity  S  will  describe  the 
vertical  space*  J7  /S,  =  if,  /?,  —  if  5  =  «, 
=  r  {sin,  a,  —  sin.  a),  and  therefore  if  wo 
designate  by  0  the  weight  of  the  body, 
the  mechanical  eflEect  required  is 

Ai  =^  G  Si  =  0  r  {sin  Oj  —  sin.  a). 

If  the  axis  of  rotation  is  not  horizon- 
tal, but  inclined  at  an  angle  P  to  the 
horizon,  we  have 

»i  =  r  COS.  P  {sin.  a,  —  sin.  a)  and 

Ai  =  6  Si=  G  r  COS.  0  {situ  o,  —  sin.  a),  (Compare  g  133.) 
If  in  addition  the  body  is  moved  in  such  a  manner  as  not  to 
change  its  position  in  relation  to  the  direction  of  gravity,  and  if  its 
<^Qtre  of  gravity  and  all  its  parts  describe  one  and  the  same  space, 
the  vertical  projection  of  which  is  =  «„  then  the  moving  of  the 
hody  will  require,  in  addition  to  the  above  mechanical  effect,  an 
amount  of  work  J ,  =  G  s^,  and  consequently  the  total  work  done 

^Bbe 

A  =  Ai  -{-  Ai=  G,[r  cos.  P  {sin.  a,  —  sin.  a)  +  «».] 

The  space  described  by  the  body  in  a  horizontal  direction  doct 
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cuter  into  the  question,  when  wo  suppose  the  motioo  to  bo  e1o«. 

fhicli  case  tliu  work  of  inertia  can  be  put  equal  to  zero. 

[f  a  body  A  C, Fig.  216, lyiug  upon  a  horizontal  plaac  B  C\sXu 

j)Iacod  upright  upon  another  plane  Cj  Df,  we  have  3  =  0",  or 

COS.  0  =  1;  and  if  a  and  t 

^^■216-  denote   the   horizontal  and 

vertical  co-ordinates  of  the 

centre  of  gravi  ty  of  the  bodj, 

when  it   is  in  an   upri^t 

IKisition,  tho  radius  C  S,  = 

r  =  ^a'  +  e',  and  the  height 

•  Et  S,  =  a  =  r  sin.  a,.    If  a 

is  the  angle  of  luclinatioD 

BOS  formed  by  the  ride 

B  Cof  the  hody  with  the  line 

of  gravity  C  S,  we  hare  the 

original  height  of  the  centre 

of  gravity  silmve  the  eurfaec 

on  which  the  body  rcste 

K S~  CSain-B  CS~rsin.a=  Va'  +  e'sin.a, 

consequently  the  heiglit,  which  the  centre  of  gravity  ie  raised. 

le  the  body  is  being  placed  upright  is 

HSi  =  s,  =  B,S,- EiH=a~   Va"  +  e'  sin.  a. 
[f  now  s,  is  tho  rertical  distance  of  the  plane  C,  D,  above  tho 
.  plane  B  C,  we  have  for  the  entire  work  done  in  placing  tbi' 
y  upon  C,  D, 

A  =  Q  (a—  Va'  +  e' tin. a  +  s.). 
This  determination  of  tho  work  necessary  to  move  the  body  L^ 
ectly  correct  only,  when  tho  centre  of  gravity  ia  raised  by  a  con- 
LouB  movement  from  S  to  Sp  If,  on  the  contrary,  the  body  is 
;  placed  upright  and  then  raised,  tho  mechanical  effect  neces- 
■is 
■  G(F<}  +  s,)  =  0{a'0~Ji'8+g.;)  =  G  [Va^+7'  (l-si>i.a)-h$.]: 

the  work  G .  0  jV which  tho  body  jicrforins,  v.'licn  the  centre  of 
rity  sinks  from  0  to  6', is  lost. 

1 146.  Stability  of  a  Body  en  an  Inclined  Plane.— A  body 
.',  Fig.  217,  resting  upon  an  inclined  phnc  (Fr,  plaii  inclini'. 
,  schiefe  Ebcne),  can  assumo  two  motions;  it  can  slide  down 
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the  inclined  pUno,  or  it  can  oTertam  by  s  revolution  around  one 

of  the  edges  of  its  base.    If  the  body  ia  left  to  itself  the  weight  O  is 

deeompoaed  into  a  force  JVat  right  angles  to  and  a  force  P  parallel  to 

the  base;  the  first  is  counteracted  entirely  by  the  inclined  plane, 

the  latter,  however,  moves  the  body  down  the  plane.    If  we  put 

the  angle  of  inclination  of  the  plane  to  the  horizon  =  a,  wc  have 

also  the  angle  Q  8  N  =  a,  and 

P"*-  2^'-  consequently  the  normal  pressure 

^  V  N  =  O  COS.  a  and 

the  sliding  force 

P  =  O  sin.  a. 

If  the  vertical  hne  of  gravity 

S  0  passes  thtough  the  baso  C  D, 

as  is  shown  in  Fig.  217,  the  sliding 

motion  alone  can  take  place ;  but 

if  the  line  of  gravity,  aa  in  Pig.  218,  passes  without  the  base,  the 

Iwdy  will  be  overturned  and  is  without  stability. 

The  atability  of  a  body  A  (7  upon  an  inclined  plane  F  H,  Fig. 


M. 


Fig.  319. 


S19,  is  different  from  that  of  a  body  upon  a  horizontal  plane  H  R. 
ilDM  =  e  and  M s  =  a  me  the  rectangular  co-ordinates  of  the 
rontre  of  griTp-ity  S,  we  have  for  the  arm  of  the  stability 
D  E  =  D  0  -  MN=  ecos.a~a  sin.  a, 
•lide,  on  the  contrary,  it  is  =  e,  when  the  body  stands  upon  a  hori- 
Mntal  plane.  Since  e>  ecos.a  —  a  sin.  a,  the  8ta.biiity  in  refer- 
ence to  the  lower  edge  D  is  always  smaller  upon  the  inclined  plane, 

and  become  null,  when  ecos.a  =  a  sin.  a,  i.e.  when  tan^.  a  =  -'. 

if,  lien,  a  body,  whose  stability  ia  6  e  when  standing  upon  a  hori- 
zontal plane,  is  placed  npon  an  inclined  plane,  whose  angle  of  incli- 

natioQ  oorreaponda  to  the  expression  tang,  c 

18 
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1,  a  body  can  acquire  stability  upon  sr 
iDting  it  when  placed  upon  a  horizontal 
the  upper  edge  (7 the  arm  is  CEt  =  CO 
n,  a,  while  for  the  same  poeitioD  on  ■ 
{  =  «i.  I^  however;  e,  is  o^tiTe,  the 
as  long  as  it  rests  upon  a  horizontal 
an  inclined  plane,  the  angle  of  inclina- 

t  we  have  tang,  a  >  -',  the  body  acqnim 

irium.  If,  in  addition  to  the  force  of 
;ta  upon  the  body  A  B  C  D,  Fig.  209,  it 
irection  of  the  resultant  .A'' of  the  weight 
force  P  passes  through  the  base  C  H 


in  the  example  of  paragtvpli  144,  t  =  }m 
'  it  will  lose  its  st&bilitj,  wben  placed  npi 
igte  of  iDclinadon  we  baye 

7  7000 

Torn' ii^«  =  '■""'' 

b  therefore 


-Znclitifld  Plane. — Since  the  inclined 
plane  connteracta  only  the  preasnit' 
perpendicular  to  it,  the  force  P,  ne- 
cessary to  retain  the  body,  whieh  is 
prevented  from  turning  over,  on  the 
inclined  plane,  is  determiDed  bj  tfai; 
consideration,  that  tlie  resultant  A- 
Fig.  830,  of  /■  and  O  must  be  per- 
pendicular to  the  inchne^plane.  Ac- 
cording to  the  theory  of  the  parallel- 
ogram of  forces,  we  have 
_  sin.  PNO 
~  tin.PON\ 

mgle  G'OJV"=/'fl"B  =  a,andtlK 
\-  KO  N=  0  +  90°,  when  we  denote 
'  formed  by  the  direction  of  the  few 
3 ;  hence  we  have 
a  P    _  sin.  a 
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and  the  forcc^  which  holds  the  body  on  the  inclined  plane,  is 

p  —  ^  « »^ 

C08.P 

For  the  normal  prepare  we  hare 

If  _  sin._o  qjr 

O  "  sin.  ON  & 
or,  since  the  angle  0  G  N-  90°  —  (a  +  i3)  and  0  NG^PON 
=  90  +  i3, 

N^  __  sin.  [900  -  (a  +  )3)  ]  _  «w^  (a  +  P) 
G  ""        sin.  (90^  +0)       ""       COS.P     ' 
and  the  nonnal  pressure  against  the  inclined  plane  is 

^  _  Gc08.{a4-P) 
COS.  p 

If  a  +  j3  ia  >  90*  or  i3  >  90'  —  a,  J\r  becomes  negative,  and 
then,  as  is  represented  in  Fig.  221,  the  inclined 
plane  H  F  must  be  placed  above  the  body  0,  to 
which  the  force  P  is  applied.  If  the  force  P  is 
parallel  to  the  inclined  plane,  /3  becomes  =^  0  and 
COS.  /3  =  1,  and  we  have 

P  =z  G  sin.  a  and  N  =   G  cos.  a. 
ff  the  force  P  acts  vertically  a  +  /3  is  =  90% 
and  we  have 

COS.  0  =  sin.  a^cos.  (a  +  /3)  =  0, 
P  z=  G  and  JV  =  0.     In  this  case  the  inclined 
ptoie  has  no  influence  upon  the  body. 

I'inallyy  if  the  force  is  horizontal,  j9  becomes  =:  —  a  and  cos*  P 
=  fw.  G^  and  we  have 

D       (7  «t ».  a       ^  .  ji  TiT      G  COS.  0         (? 

"  = =  V  tang,  a  and  Jv  = 


COS.  a  *"  COS.  a        cos.  a 

^^XAHPLE. — In  order  to  retain  a  body  weighing  500  pounds  upon  a 
plane  inclined  to  the  horizon  at  an  angle  of  50**,  a  force  is  employed,  whose 
<firection  forms  an  angle  of  75**  with  the  horizon :  required  the  intensity  of 

u^t  toTce  and  the  pressure  of  the  body  upon  the  inclined  plane.    The 

fopceis 

_     500  dn.  50'         500  sin.  50*  _ 
^  =  ««:(75--56^  =  -Si;-25—  ^  ^^^^ ^'^^' 
ttd  the  preasore  upon  the  plane  is 
_.      5OOc0«^75'       ^.^„ 

§  148.  The  Principla  of  Virtual  Velocities.— If  we  com- 
^  the  principle  of  the  equality  of  action  and  reaction,  explained 


in  QENEHAL  PBISCiPLES  OF  ME0HiNIC3.  [§H8. 

in  g  138,  with  the  principle  of  virtual  velocities  (§  83  and  g  98),  we 

obtain  the  following  law.    If  two  bodies  M,  and  M,  hold  each  other 

JD  equilibrium,  then,  for  a  finite  rectilinear  or  for  an  infinitely  tmdH 

curvilifiear  motion  of  the  point  A  of  pressure  or  contact,  not  onlj 

the  sum  of  the  mechanical  effects  of  the  forces  of  each   sfpanUt 

body,  but  also  the  sum  of  the  rae- 

Fia.SSa.  chanical  effects  of  the  exterior 

forces  acting  upon  the  two  bodies 

(taken  together)  is  equal  to  «m 

If  P,  and  Si  are  the  forces  in 

one  body  and  P,  and  S,  those 

in  the  other,  when  the  point  of 

contact  is  moved  from  A  to  B, 

the  spaces  described  by  these 

forces  «kAD„A  E„  A  £>,ttoi 

A  E„  and  according  to  the  law 

announced  above  we  have 

P,.AD,  +  S,.A~M,  +  P,  JA  +  S,.A~I\  =  Q, 

or  without  reference  to  the  direction 

F,  I'D,  +  St .  AB,  =  P, .  AD,  +  B, .  AE,. 
The  correctness  of  this  law  can  bo  demonstrated  as  foUowB- 
Since  the  normal  forces  JV,  and  A",  aro  equal,  their  mechanic*] 
effects  Ni.A  6  and  N,.  A  C  must  also  be  equal  to  each  other,  the 
only  difference  being,  that  one  of  the  forecs  is  positive  and  the 
other  negatave.     But  according  to  what  we  have  already  seen,  the 
mechanical  effect  of  the  resultant  A',  .AOia  equal  to  the  Bum 
of  those  P,  A  Di  +  Si .  A  £,  of  its  components,  and  in  like  man- 
ner N,A  C=  Pt.A  D,  +  S,.  A  E,;  consequently  we  have 
P, .  AD,  +  8, .  AE,  =  P, .  AD,  +  S, .  AE,. 
This  more  general  application   of   the  principle  of  rirtnal 
Fia.  22SL  velocities  is  of  great  importance  in 

researches  in  statics,  the  determina- 
tion of  formulas  for  cquiiibrinm  be- 
ing much  simplified  by  it,  Jt,  EO., 
we  move  a  body  A  upon  an  iacluifld 
plane,  F  IT,  Fig.  223,  a  distance  A  B, 
the  space  described  by  its  weight  G 
is  ==  A  C=ABsin.ABC  = 
A  Dsin.FnB  =  A  Dsin<t, 
and,  on  the  contrary,  tliQ  space  dc- 
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scribed  by  the  force  P  is  =  ^  D  =  A  B  cos. B  A  D  =  A  B  cos.p,BSid 
finally  that  deEcribed  by  the  normal  force  JV  is  =  0 ;  but  the  work 
done  by  iV  is  equal  to  the  work  done  by  0  plus  the  work  done  by 
P^and  we  can  therefore  put 


N.0=-6.AC+  P.AD, 


consequently  the  force,  which  holds  the  body  upon  nn  inclined 
plane,  is 

P=^  ^ 


A  B' 


COS.P 


Fia.d24. 


-"N 


a  result^  which  agrees  perfectly  with  that  obtained  in  the  foregoing 

paragraph. 

On  the  contrary,  to  find  the 

normal  force  Ny  we  must  move 
the  inclined  plane  H  P,  Fig.  224, 
an  arbitrary  distance  A  B  at 
right  angles  to  the  direction 
of  the  force  P,  determine  the 
space  described  by  the  exterior 
forces  and  then  put  the  me- 
chanical eifect  of  the  weight  Q 
and  of  the  force  P  equal  to  the 
mechanical  effect  of  the  pressure 
iVupon  the  inclined  plane. 
The  space  described  by  J\ri6 

AD^ABc08.BAD-ABco8.ii\ 
that  described  by  O  is 

A  C=ABco8.B  A  C=ABco8.{a  +  p), 

^i  that  described  by  the  force  P  is  =  0,  hence  the  mechanical 
effect  is 


N.AD-O.AC+P.O, 


and 


^^_  G.AC_  ^    COS.  (a  -h P) 
^""      AD     ^^'      C08.P     ' 


as  we  found  in  the  foregoing  paragraph. 

V 

§  149.  Theoiy  of  tho  Wedge.— We  can  now  deduce  yery 
simply  the  theory  of  the  wedge.  The  wedge  (Pr.  coin,  Gier.  Keil)  is  a 
BttOTable  inclined  plane  formed  by  a  three-sided  prism  FUG. 
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Pig.  825.    The  force  K  P  —  P  acts  generally  at  right  angles  Ic 
the  back  F  0  o!  the  wedge  and  balances  another  force  or  weight 


A  Q=  Q,  which  presses  against  a  side  FHoi  the  wedge.  If  tli« 
angle,  which  measares  the  sharpness  of  the  wedge,  ia  F  H  6  =  « 
and  the  angle  fonned  by  the  direction  K  P  ot  A  Dot  the  fore-.- 
with  the  side  0  His  0  EE=  B  A  D  -  S,  and,  finally,  if  the 
angle  L  A  U  formed  by  the  direction  of  the  load  Q  with  the  ride 
FjBis  =  (3,  the  spaces  described,  when  the  wedge  is  mored  from 
tjie  position  .F  if  C  to  the  position  F,  ff,  0„  are  found  in  the  fol- 
lowing manner.    The  space  described  by  the  wedge  is 

AB  =  FF  =  ffff,, 
that  described  by  the  force  is 

A  D  =  A  Bcos.B  A  D  :!^  A  Beoa.4, 
aiid  thai  described  by  the  rod  ^  Z  or  by  the  load  Q  is 

.  - _  AB8in.AB0  _  A  B  sirt-a  _  A  Bgin.a 
nn.ACB      ~nn.IfAC~      ain.P    ' 
On  the  contrary,  the  space  described  by  the  reaction  ft  of  the 
base  E  0  BS  well  as  that  described  by  the  reaction  corrcspondiDg 
to  the  pressure  against  the  guides  of  the  rod  is  =  0. 

Now  putting  the  sum  of  the  mechanical  effects  of  the  exterior 
forces  P,  Q,  R  and  ft,  =  0,  we  have 

P  .  aD  ~  Q .  IT'  +  ft .  0  +  ft, .  0  =  0, 
from  which  we  obtain  the  equation  of  condition 

P  =  Q-^f^  „    Q  ■  AB  sJTi.  a   _     Q  sin,  a 
AD  jTb  cos.  S  sin.  0  ~  «"■  P  <»>•  ^ 

If  the  direction  A"  .ff  of  the  force  passes  throngh  the  edge  if  of 
the  wedge  and  bisects  the  angle  FH  0,-^0  have  "J  =  „■  and  therefort 
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If  the  directJOD  of  the  force  is  parallel  to  the  1}aae  or  side  0  H, 
vre  have  d  =  0,  and  consequently 

sin.  (i  ' 
tind  if  the  direction  of  the  load  is  also  perpendicular  to  the  side 
F  H,  we  hftve  (i  =  90',  and  consequently 
P=  Q8in.a. 
ExAKPiA — The  ebarpnesB  FS  Q  =  aoS  &  wedge  is  SO*,  the  dtrectioo 
of  the  force  ia  paistlel  to  tbe  biiae,  and  therefore  tt  is  =  0,  and  the  load  acta 
It  right  angles  to  the  aide  F  H,  lb.,  j3  is  =  BO' :  required  the  relatioDS  uf 
tlie  force  uiil  load  to  each  other;  io  this  case  we  have 

P  =  C  »«,.  a  or  ^  =  «n.  25°  =  0,4886. 

If  the  load  is  Q  =  130  pounda,  the  force  ia 

P  =  130  .  0.4836  =  M,938  pounds. 
Id  order  to  move  the  load  or  rod  a  foot,  the  wedge  must  deecribe  the 

AC 

■  0,4228  " 

BnuBx  1.   The  relation  between  the  force  P  and  the  load  Q  of  the 
w*dge  F  Q  Hy  Pig.  228,  cao  be  delermioed  hj  the  application  of  the 
parailelt^rain  of  forces  in  the 
^°-^8'  following  manner.      The  load 

apon  the  ro<l  .^  y  =  Q  is  de- 
composed   into    a    component 
A  K  =  JIT  perpendicular  to  the 
dde  ^iTond  into  a  component 
A  8  =  S  perpendicnlar  to  the 
aiis  (if  the  rod.     While  8  n 
counteracted  hy  the  gnidea  nf 
the  rod,  A  If=Ifiii  tranuuit- 
ted  to  the  wedge  und  combines, 
there  as  .'1 ,  N,  with  the  forc» 
"*  =  -*,  P=P  of  the  wedge  to  form  areaultant  AiR  =  R,  whosfr 
'^^Kctdos  most  be  perpendicular  to  the  base  G  ffof  the  wedge,  in  which 
'^u  it  will  be  transmitted  completely  to  the  aopport  of  the  wedge.     Tba 
P«a!lelogiatn  of  forces  .i,  P  RN^  gives 


^  ^  =  :nr-.  =  stW  =  2>868a  feet. 
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r,  vo  obtain  by  niultipljing  these  proporliotis  togetfarr, 
'"_P_      tin,  g 


\&Tge  text  of  this  paragraph. 

e  theory  of  the  lever,  inclined  plane  and  vedge  will 
^h  in  the  fifth  chapter,  when  the  influence  of  fiictian 
into'  coiuideratian. 


CHAPTER    IV. 

.remUM  IN  PDNICULAR  MACHINES. 

liar  MacbineB. — Wc  have  prcviouely  considered 
to  be  perfectly  rigid  or  stiff  bodies  (Fr,  corp« 
TQ  or  stcifo  Korper) ;  i.e.,  as  bodies,  whoso  vol- 
i  nncbongod  by  tlie  action  of  exterior  forces  npon 
n  in  the  practical  application  of  mechanics  tbe 
bodies  are  perfectly  rigid,  is  not  permissible,  asd 
sary,  therefore,  to  consider  these  bodies  in  two 
liese  states  ore  tliose  of  perfect  flesibility  and 
;ity,  and  consequently  we  distinguish  flesibk 
s  flexible ;  Gcr.  biogsame  Korper)  and  elastic 
s  Slastiqnes ;  Ger.  elastiache  Korper).  Flexible 
without  change  of  form  forces  in  one  direction 
erfectly  those  acting  in  other  directions;  elastic 
antrary,  yield  to  a  certain  extent  to  every  ftirct 

A  B,  Fig.  %%1, 1,  counteracts  completely  the  fimx' 
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P,  a  flexible  body  A  B,  Fig.  227,  II,  follows  the  direction  of  the 
force  P,  which  acts  upon  it,  insachamanncr,  that  its  axis  afisomes 


ihe  direction  of  the  force,  and  an  clastic  body  A  B,  Fig.  227,  III, 
rL'sistB  the  force  P  to  a  certain  extent  only,  so  that  its  axis  under- 
goes a  certain  deflection.  Cords,  ropes,  sti*aps  and  in  a  certain 
sense  chains  are  representatives  of  flexible  bodies,  although  they  do 
not  possess  perfect  flexibility.  These  bodies  will  be  the  subject  of 
the  present  chapter ;  elastic  bodies,  or  rather  the  elasticity  of  rigid 
Indies,  will  be  treated  of  in  the  fourth  section. 

We  understand  by  a  funicular  machine  (Fr.  machine  funicu- 
laire ;  Ger.  Seilmaschine)  a  cord  or  a  combination  of  cords  (the 
word  cord  being  employed  in  a  general  sense),  which  is  stretched 
t^y  forces,  and  we  will  occupy  ourselves  in  this  chapter  with  the 
theory  of  the  equilibrium  of  this  machine.  The  point  of  tlie 
funiculaire  machine  to  which  a  force  is  applied,  and  where,  conse- 
Muently,  the  cord  forms  an  angle  or  undergoes  a  change  of  direc- 
tion is  called  a  knot  (Fr.  noeud ;  Ger.  Knoten).  The  same  is  either 
^^  (Fr.  fixe ;  Ger.  fest)  or  movable  (Fr.  coulant ;  Ger.  beweg- 
lich).  Tension  (Fr.  tension ;  Ger.  Spannung)  is  the  force  propa- 
gated in  the  direction  of  its  axis  by  a  stretched  cord.  Tlic  ten- 
wons  at  the  ends  of  a  straight  cord  or  piece  of  cord  arc  equal  and 
opposite  (§  86).  A  straight  cord  cannot  propagate  any  other  force 
hnt  the  tension  acting  in  the  direction  of  its  axis ;  for  if  it  did,  it 
voxdd  bend  and  would  no  longer  be  straight. 

§151.  Eqailibrium  in  a  Knot. — ^Equilibrium  exists  in  a 
^wicukr  machine,  when  each  of  its  knots  is  in  equilibrium.  Con- 
seqoently  we  must  begin  with  the  study  of  the  conditions  of  equi- 
Wixan  in  a  single  knot 

Equilibrium  exists  in  a  knot  K  formed  by  a  piece  of  cord 
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!"  B,  Fig.  288,  when  the  resultant  K  S  =  S  of  the  two  tensioM 
le  conl  K  6',  =  S,  and  £  8,  —  S,  is  equal  and  opposite  to  the 
force  Papplied  ut  tho  koot;  for  the 
P'O'  338.  tensions  of  tlic  cord  Si  and  St  pro- 

[  duce  the  sama  cffi;ct  in  the  knot 
^as  two  forces  equal  to  them'  and 
acting  in  the   same  direction  sa 
they  do,  and  the  three  forces  are  in 
equilibrium,  when  one  of  them  is 
equal  and  opposite  to  the  resnltant 
of  the  other  two  (§  87).    In  like 
manner  the  resultant  R    of   ttic 
force  P  and  of  one  of  the  tensions 
S,  is  eqnal  and   oppoGite  to   the 
second  tension  S^,  etc.     We   can 
it  by  this  equality  to  determine  two  conditions,  E.O.,  the  ten- 
and  direction  of  one  of  the  ropes.    If^  E.Q.,  the  force  P,  tiie 
ion  S,  and  the  angle  formed  by  them 

AK  P  =  180'  -  A  JTS  =  180'  -  o 
riven,  we  have  for  the  other  tension 

St  =  V' P*  +  8,' -  2  P  S,  coiTi 
for  its  direction  or  for  the  angle  B  K  8  =  0  formed  by  it 

.     „       51  sin.  a 

""■"  =  ^5- 

XAUFLE.— If  the  Tope  A  KB,  Pig.  328,  is  fastened  at  ite  end  Biad 
:hed  at  its  eod  ^  by  a  weight  0  =  135  pounds  and  at  its  centn 

a  force  P  =  109  pounds,  whose  direclion  is  upwards  at  on  angle  of 
to  tho  horizon,  what  wilT  be  the  diri^ion  uf  the  tension  in  tbt 

ofcordfi'-B? 
be  intensity  of  the  required  tendon  is 

:  1/  JOB"  +  185*  -  2  .  108 .  133  eot.  (80'  —  26°) 

¥9480  .  os*65'  =  \/l786p  =  182,ft2  ponub. 


:  V 11881   + 

or  the  angle  0  we  have 


',logiin.p  =  0,06401  - 


0=  eT°0',  and  the  inclination  of  the  piece  of  cordtotiiehoiiioDb 
P"  _  M"  =  67*  0'  -  25°  0'  =  43*  0'. 


§152.] 
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§  152.  If  a  cord  A  K  By  Fig.  229,  fonns  a  fixed  knot  E  in  con- 
se<|uence  of  one  portion  of  the  cord  B  K  lying  upon  a  firm  sup- 
port My  while  the  other  portion  of 

the  cord  is  stretched  by  a  force  K  S 
-  iS,  whose  direction  forms  a  certain 
Jingle  S  K  Si  =  a  wilh  the  direction 
of  the  first  portion  of  the  cord,  we 
have  the  tension  in  the  portion  K  B 
of  the  cord 

K  Si  =  Si  =  S  COS.  a, 


while  the  second  component  K  N  =:  N  =  S  sin.  a  is  counteracted 
by  the  support  M.    We  hare  also 

8i  =  S  V 1  -  (sin.  a)\ 
and  therefore,  when  the  angle  of  divergence  is  small, 

5.  =  (l  -  I  («•«.  a)«) -S  =  (l  -  ^)  is; 
or  inversely 


.=-^=(..i>. 


2 

If  a  cord  is  laid  upon  a  prismatical  body,  and  its  directions  thus 
changed  successively  an  amount  measured  by  the  angles  Oi,  a^  Ot, 

the  foregoing  decomposition 
of  the  foroe  is  repeated,  so 
that  in  the  knot  Xi  the  ten- 
sion S  is  changed  into  /?,  = 
S  COS.  a„  and  in  the  knot  JT, 
the  tension  Si  into 
iSi=  Si  COS.  a,=  S  COS.  a,  cos.  o^ 
and  in  the  knot  Kz  the  ten- 
sion Si  into 
jSi  =  /8i  eoB.  Ot  =  Scos.  a,  cos.  a,  cos.  a,. 
If  the  angles  ai,  a^  a,  are  equal  to  each  other  and  =  a,  we  have 

/Si  =  S  (cos.  ay 
'    S,  =  S  {cos.  ay. 
If  the  prism  iW  becomes  a  cylinder,  a  is  infinitely  Email  and  n 
infinitely  great,  and  consequently 

w  if  we  denote  the  total  angle  of  divergence  n  n  by  0y  we  have 
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a,  =  (i-!^s,,.B: 

,  because  a  and  coneequently  -g-  is  infinitely  small  compartil 


hercfore,  a  cord  is  laid  upon  a  emootli  bmly  so  ns  to  cot<  r ;: 
of  the  periphery  of  its  cross  s».'ction,  its  tension  ie  nui 
[I  thereby ;  and  when  a  state  of  equilibnum  exists  tbe  tti- 
both  ends  of  the  cord  oi-e  equal  to  each  other. 

>3.  If  the  knot  Kia  movable,  if,  E.O.,  the  force  P  m  applied 
OS  of  a  ring  to  the  cord  A  K  B,  Fig.  231,  vhich  is  passed 
1  it,  tbe  resultant  iS'of  the  tensions  Si  and  St  of  the  cord  v 
nd  opposite  to  the  force  P  applied  to  the  ring;  besides  flu- 
3  of  the  cord  are  equal  to  each  other.  This  equality  is  a 
lence  of  g  152,  but  it  can  also  be  proved  in  the  fcUowinp 
'.  If  ve  pull  tbe  rope  a  certain  distance  through  the  ring- 
iihe  tensions  j6^i  describes  the  space  s,  the  other  tension  8%  the 
-  s,  and  the  force  P  the  space  0.  If,  therefore,  we  assume 
flexibility,  the  vork  done  is 

P  .Q  ^  Si.8  -  S,.S,l.^  Si8  =  StSOT  S,  =  Sf 

I  equality  of  the  angles  A  K  S  and  B  S  S,  fonned  by  the 
n  of  tbe  resultant  S  with  the  directions  of  the  rope,  is  dm  ■ 
lence  of  this  equality  of  the  tensions.    Putting  this  anf^l^ 
e  resolution  of  the  rhomb  £'j$,.iS  Ogives 
S=  P=2S,  au.  a,  and  inversely 

«  =  *  =  ,-:^.. 


Fio.  881. 


Fia.38a. 


i  and  B,  Fig.  232,  are  fixed  points  of  a  coi-J  ^1  A"  B  of  a 


^  153. 
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Fio.  233. 


given  length  (2  a)  with  a  movable  knot  K,  we  can  find  the  posi- 
tions of  this  knot  by  constructing  an  ellipse,  whoso  foci  are  at  A  and 
B  and  whose  major  axis  is  equal  to  the  length  of  the  rope  2  a, 
and  by  drawing  a  tangent  to  this  curve  perpendicular  to  the  given 
direction  of  the  force.  The  point  of  tangency  thus  found  is  the 
I)osition  of  the  knot;  for  the  normal  JT  S  to  tiie  ellipse  forms  equal 
angles  with  the  radii  vectores  II  A  and  K  B,  exactly  as  the  result- 
ant S  does  with  the  tensions  Si  and  S^  of  the  cord. 

If  we  draw  A  D  parallel  to  the  direction  of  the  given  force, 
make  B  D  equal  to  the  given  length  of  the  cord,  divide  A  Dxta 
two  equal  parts  at  M  and  erect  the  perpendicular  M  K,  we  obtain 
the  position  K  of  the  knot  without  constructing  an  ellipse ;  for  the 
angle  A  K M  =  angle  DK M and  AK=DK,  and  consequently 
the  angle  A  K  S  =:  angle  B£:SmiAK+KB  =  DK-^ 
KB  =  DB. 

Example. — ^Between  the  points  A  and  By  Fig.  283,  a  cord  9  feet  long  is 
itretehed  by  a  weight  (?  =  170  pounds,  hang  upon  it  by  means  of  a  ring. 

The  horizontal  distance  of  the  two  points 
from  each  other  is  ^  (7=0^  feet  and  the 
vertical  distance  of  the  same  C  B  z=z  2  feet : 
required  the  position  of  the  knot  as  well  as 
,  the  tensions  and  dirjctions  of  the  two  por- 
tions of  the  cord.  Frc»ai  the  length  -4  2)  = 
9  feet  as'  hypothenuse  and  the  horizontal 
distance  -4  (7  =  C J  feet,  we  obtain  the  ver- 
tical line 

CD  =  V9g  --6,5g  =  \^1  -  42,25 
=  V'3«,73  =  G,225  feet, 

and  from  this  the  base  of  the  isosceles  tUv 
Mgle  BDK 

BD=  C.B^C3=z  6,225  ~  3  =  4,225  feet. 
On  account  of  the  similarity  of  the  triangles  2>  jST^lf  and  BAG,  we  have 
^^      «r^      BM    ^    ,       4,225.9      „^^,,    , 

whence 

^IJT  =  9  —  8,054  =  6,940  feet. 

Hcacc  for  the  angle  a  formed  by  the  two  portions  of  the  cord  with  the  ver- 
tical line  we  have 

CM.  o  =  ^Ji=:l^^  =  0,6917,  whence  a  =  48°  14', 
BK       3,054  '         * 

Md  finally  the  tension  in  Ihe  cord  is 

^'  =  ^»  =  3^r«  =  arSn  =  *^^'*  "^"^^ 


ECHANICa.  [§  15t 

r  Polygon. — The  con- 
rgon,  I.E.  of  a  stretcfard 
acted  npon  in  different 
^by  forces,  are  the  snmi- 
ose  of  the  equilibrinin 
rcc8  applied  at  tlie  sann' 
.   IjetAKB,F\g.23*,t. 
cord  stretched  by  the 
i  F„  P,,  P„  P„  Pr,  P, 
P,  beiog  applied  in  A. 
Km^  /".and/", in  /(. 
IS  denote  the  tenuon  of 
rartion  of  the  cord  A  K 
I  and  that  of  the  portion 
by  St,  then  we  have  .S 
le  resultant  of  the  tvo 
B  /•,  and  /*,  applied  in  A. 
sferring  the  point  of  ap- 
have  Si  as  resultant  of 
ig  the  point  of  applica- 
S^  OS  the  resultant  of  /'> 
i,P„axi.d.P„  this  system 
re  aaeert,  that  if  certain 
ton  are  in  equUibrium. 
tliey  will  also  hoU 
each  other  in  equi- 
librivm,   tekxn  iheg 
are  applied  withotit 
change  of  direction 
s»  or  intensity  to  a  sin- 
gle point,  E.O.  to  (' 
(II).     If  the  roi* 
s^AK,E,...B,¥i%. 
'  835,  is  stretched  in 
the  knotB  K„  Kr 
etc,  by  the  weights   ■ 
0„  Q^  etc,  and  if 
its  extremities   on' 
held  fast  by  the  ver- 
tical forces  V,  ami 
r,  and  by  the  hori- 
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zontal  forces  Hi  and  H^,  the  Bum  of  the  vertical  forces  is 

F,  +  F. -((?,  +  <?,  +  »,  +  ...), 
and  the  sam  of  the  horizontal  forces  is  Hi  —  H^    The  conditions 
of  equilibrium  require  both  these  sums  to  be  =  0^  and  therefore 

we  have 

1)  F,  +  F,  ==  ff,  +  ff,  +  (?,  +  .. .  and 

2)  //,  =  jy«,  LB. 

the  sum  of  the  vertical  farces  or  tensions  at  the  extremities  of  the 
ropes  of  a  funicular  polygqn  stretched  by  weights  is  equal  to  the  sum 
of  weights  hung  upon  it,  and  the  horizontal  tension  at  one  extremity 
is  equal  and  opposite  to  that  at  the  other. 

If  we  prolong  the  directions  of  the  tensions  Si  an8  &  at  the 
extremities  A  and  B,  until  they  cut  .each  other  in  C,  and  if  we 
transfer  the  point  of  application  of  these  tensions  to  this  point,  we 
obtain  a  single  force  Pz^Vi  +  V^-y  for  the  horizontal  forces  Hi  and  ZT, 
balance  each  other.  Since  this  force  balances  the  sum  G',  +  O,  + 
G^i  +  . . .  of  the  weights  attached  to  it,  the  point  of  application  or 
centre  of  gravity  of  these  weights  must  be  in  the  direction  of  this 
force,  LE.  in  the  vertical  line  passing  through  C. 

m 

§  155.  From  the  tension  Si  of  the  first  portion  A  JT,  of  the 

rope  and  from  tlie 
angle  of  inclination 
Si  A  Hi  =  a,  we  ob- 
tain the  vertical  ten- 
sion Vi  =  Si  sin.  a, 
and  tlie  horizontal 
tension  Hi = Si  cos.  af. 
If  we  transfer  the 
H»  point  of  application 
of  these  forces  from 
A  to  if,,  we  have,  in 
addition    to    them, 
the  weight  0„  which 
acts  vertically  down- 
wards, and  the  verti- 
cal tension  in  the 
following      portion 
^i  -Ki  of  the  rope  is  Fi  =  F|  —  ff,  =  Si  sin.  a,  —  (?„  while  the 
horizontal  tension  Hf  =  Hi  =  H  remains  unchanged.    The  two 
latter  forces,  when  combined^  give  the  axial  tension  of  the  second 
portion  of  the  rope 


jr~* 
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n  a,  ia  determined  by  the  formula 

n  o,  C03.  a, 

jwr.  o,  =  tang,  "i  -  2^ 

tlie  point  of  application  of  V,  and  If,  from  Z,  to 
lie  addition  of  the  ivciglit  G,  a  new  vertieal  forti 
=  V,  -  (O,  4-  0,)  =  S,  «i».  a,  -  (ff,  +  C), 
ho  thinl  portion  of  tlie  rope,  while  the  horizony 
nains  unchanged.'  The  total  tension  in  this  Ibird 
"d  is 

«=  r  v.-  +  n--, 

idination  a,  is  determined  by  tlic  formula 
_  V,      a  Jiii.  a,  -  (ff,  +  (?,) 

^-B srsT^ — '  '-^ 

of  inclination  of  the  foniili  portioa  of  the  cord 

Oi  =  tang,  tti ''~lf '  '^'^'^• 

—  becomes  >  tang,  a,  or  Ci  +  (?,  +  (?,>  I:. 

conaequently  a,  becomes  negative,  and  llie  cor- 

j  K,  of  the  polygon  is  no  longer  directed  down- 

The  conditions  are  the  same  for  any  jwint,  fur 

G,  +  . . .  ia  >  F,. 

'ij  Si,  iSj,  eta,  aa  well  as  the  angles  of  mdination 

tie  different  portions  of  tho  ropo  can  easily  be 

trically.     If  we  make  tho  liorizontal  line  c'a  = 

C  B,  Fig,  336,  =  tlie  horizontal  tension 

— ^B    //andtheverticalline  CA''i  =  theTertical 

/^       tension  V,  at  the  point  of  suspension  J. 

/         tiia  hypotliennse  A  K,  will  give  the  total 

tension  S,  of  the  first  portion  of  the  rop', 

and  the  angle  OAK,  the  inchnation  of 

the  same  to  the  horizon.    If,  now,  wo 

lay  off  upon  C^,(,hc  weights  G„  (?„  G.  ■ 

etc,  OS  the  divisions  K,  Id,  A',  A'»  etc, 

and  draw  the  transverse  lines  A  K„  A  Eu 
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the  latter  will  indicate  the  tensions  of  the  diffti*ent  succeeding 
portions  of  the  cord,  and  the  angles  C  A  K^y  C  A  K^  etc.,  the 
angles  of  inclination  a„  a^  etc,  of  these  portions. 

%  156.  From  the  investigations  in  the  foregoing  paragraph  we 
(•an  deduce  the  following  law  for  the  equilibrium  of  a  cord  stretched 
Ijy  weights : 

1)  Th»  horizontal  tension  is  in  all  parts  oftlie  cord  one  and  the 
i<(tmey  viz, : 

11=  Si  cos,  Oi  =  Sn  cos.  a„. 

2)  The  vertical  tension  in  any  portion  is  equal  to  the  vertical 
tension  of  the  cord  at  the  end  above  it  minus  the  sum  of  the  weights 
*njfpended  above  it,  or 

This  law  can  be  expressed  more  generally  thus:  The  vertical 
t^'nsion  in  any  point  is  equal  to  the  tension  in  any  other  lower  or 
liigher  point  plus  or  minus  the  sum  of  the  weights  suspended  be- 
tween them. 

If  we  know  besides  the  weights  the  angle  a^  and  the  horizontal 

tonsion  H,  we  obtain  the  vertical  tension  at  the  extremity  A  by 

nmua  of  the  formula 

Vi  =  H .  tang,  a„ 

Jind  that  at  the  extremity  B  is 

F.  =  {Gi  +  e. +  ...+  0,)-  F,. 
If)  on  the  contrary,  the  two  angles  of  inclination  a,  and  a«  at 
tbe  two  points  of  suspension  A  and  B  are  known,  the  horizontal 
and  vertical  tensions  are  determined  in  the  following  manner^ 
ve  have 

Z".  =  tang.ay 
F,       tang,  a,' 

«id  therefore  F,  =  ^^f^"-. 

tang,  a, 

Bat  since  F,  -I-  F.  =  (7,  +  ft,  +  . . .  le., 

nang.  a.  +  tang,  ax 

\         tang,  a^         f 

we  have 

r,  ==  (<?i  -^  g^  -f  . . . )  tang,  Ci  -.  (q    x   g    .         \  ^in^jty^s^^ 
tang,  a,  -{-  tang,  a„        "~  V    i         «       •  •  •  /  ^-^  ^^^  _l_  ^^^ 

and 

r  -  (Oi  +  Gj  -^  ...)  tang,  a,  _  /^r    .   /^    .         x  sin^a^cos,  r, 
te^j^.  aj  +  tow^r.  fl„  '  stn.  (o,  -h  a„) 

*ttd  consequently 

19 


'LES  OP  MECHANICS.  UlM 

'  gin.(<h+  a.. 
have  the  same  inclination,  we  hart 

— ' ;  then  one  end  A  carries  oa  mmii 

le  to  any  pair  of  points  or  knots  of 
Bubatitute inBtead of  Q,  +  G,  ■¥  ■■■ 
aspended  to  the  eord  between  tin 
ins  of  a  cord,  on  which  a  weight  f/. 
lation  of  which  ore  a.  and  a.  ^  „  ari 

J— 7— and 

+  colg.  B„  ianff.  o„  ^ , 

g. 

'  1  +  tang,  a,  colff.  o.  +  ,* 

any  funicular  polygon  Gtretchcd  1} 

ate  instead  of  the  vertical  the  dirw  ■ 

pn  A  £■,  S,  Kt  B,  Fig.  237,  ia  rtietcbt.! 

SO  and  O,  =  IS  pounds  as  well  it  bt 
the  borizuDtai  force  Zf,  =  ^' 
pounds ;  required  the  axial  tn- 

-^>Si     aions,  supposing  the  eztremilief 

'  I  A  and  B  to  have  the  same  uig)r 
I         of  inclination.    The  vertical  t«i 

^11       rionsattheendeare  equal  and  tn 

F.  =  F,  =  ^'  -^  °'  +  '^' 
SO  +'80  +  16       „„  , 

The  vertical  tendon  of  ibr 
second  portion  of  the  corf  i" 
F,  =  r,  -  O,  =  88  -  20  =  13 
pounds ;  that  of  the  thiid  i-°, 

-  F,)  =  83  -  16  =  17  ponudi. 

I  a^  of  these  eztremitJcB  are  detenniori 

-  a-  -  23  -  ^■'*^' 

[>iia  bj  the  fononlas 

-  ^'  =  1,83  -  ^  =  0,8S  and 


a 


=  1,32  -  =;  =  0,68 ; 
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whence  we  have 

a^  =z  a^=  52°  51',  a,  =  27°  28',  a^  -  84°  18'. 
Finally  the  axial  tensions  are 

5,  =  5^  =  VKi"  +  JSf'  =  V  83^  +  25^  =  VT7r4  =  41,40  pounds, 

iSj  =  VFj*  +  H'  =  V  13'  +  25^  =  VW4  =  18,18  pounds  and 

-Sj  =  VF,'  +  -ff*  =  VT?"  +  25^  =  80,28  pounds. 

§  157.  The  Parabola  as  Catenary.— Let  us  suppose^  that 
the  cord  A  C  B,  Pig.  238,  is  stretched  by  the  weights  6r„  Gj,  &„ 

etc.,  hung  at  equal  hoiizontal 
distances  from  each  other.  Ijct 
us  denote  the  horizontal  dis- 
tance A  M  between  the  point  of 
suspension  A  and  the  lowest 
point  C  hy  b  and  the  vertical 
distance  C M  hy  a;  let  us  also 
put  the  similarly  placed  co-ordi- 
nates of  a  point  0  of  the  funicu- 
lar polygon  0  N  =  y  and  C  N 
—  X,    If  the  vertical  tension  in 

i  is  =  Vy  that  in  0  is  consequently  =  ? .  F,  and  therefore  we 

have  for  the  angle  of  inclination  to  the  horizon  N  0  T  =  R  0  Q 
=  <f>  of  the  portion  of  the  cord  0  Q 

tang.  ^  =  i  -  ji> 

in  which  ZT  designates  the  horizontal  tension. 

Prom  this  we  obtain  Q  R  =  OR,  tang,  0  =  0  R   . 

y    V     , 

^  •  nF>  which  is  the  difference  of  height  of  two  neighboring  corners 

of  the^funicular  polygon.  If  we  put  y  successively  =  0  R,2  0  By 
^0  R,  etc.,  the  latter  formula  gives  the  difference  of  height  of 
^"G  firsts  second,  third,  etc.,  comers,  counting  from  the  lowcfet 
point  upwards ;  if  now  we  add  all  these  values,  whose  number  we 
^^  suppose  to  be  =  w,  .we  obtain  the  height  ON  of  the  point  0 
^We  ihe  lowest  point  C.    Here  we  have 

^  .  ^(d~R  +  20~R  +  30^+  ...  -hm/OR) 
ir--~j-(l+2  +  3-f-...  +  7w)=^  .  — y;-^—  •  ~f- 


^  =  Ci\r=:Z 


^^  accordance  with  the  rule  for  summing  an  arithmetical  series. 
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Example, — The  entire  load  of  the  chain  bridge  in  Fig.  239  is  O  ^  2  V 
=  'i^OOOO  pounds,  the  ^pan  is  AB  =z2h  ^  150  feet,  the  height  of  the  arc 
C  Sf  =  a  =  15  feet ;  required  the  tension  and  other  conditions  of  the 
:haui.    The  inclination  of  the  chain  to  the  horizon  is  determined  by  the 

formnla 

2a      80      2 
tariff.  a  =  -y  =  ~  =  -  =  0,4,  whence  a  =  21**  48'. 

The  Tertical  tension  in  each  point  of  suspension  is 
F=  I  weight  =  160000  pounds, 
the  horizontal  tension  is 

£[=  VcTtg.  a  =  160000 .  ^  =  400000  pounds, 
tnd  the  total  tension  at  one  end  is 


a=z  V  r»  +  i^"  =  F  V  1  +  cotg}  a  =  160000  .  |/l  +  i^\ 
=  160000  y  -j-  =  80000  V39  =  480813  pounds. 

§  158w  The  Catenary. — ^If  a  perfectly  flexible  and  inextensible 
GOTd,  or  a  chaiii  composed  of  short  links,  is  stretched  by  its  own 
weight,  the  axis  of  the  same  will  form  a  curved  line,  which  has  m- 
ceWed  the  name  of  the  catenary  curve  (Fr.  chainette,  Gr.  Ketten- 
linie).    The  strings,  ropes,  ribbons,  chains,  etc.,  which  we  meet 
with  in  practice,  are  imperfectly  elastic  and  extensible,  and  conse- 
quently form  cuiTcs,  which  only  approach  the  catenary,  but  which 
can  generally  be  treated  as  such.    From  what  precedes  we  know, 
that  the  horizontal  tension  in  the  catenaiy  is  equal  at  all  points, 
^Thile,  on  the  contrary,  the  yertical  tension  in  one  point  is  equal  to 
the  vertical  tension  in  the  point  of  attachment  above  it  minus  the 
weight  of  the  portion  of  the  chain  between  this  point  and  the  point 
0^  suspension.    Since  the  vertical  tension  at  the  vertex,  where  the 
^^tenary  is  horizontal,  is  =  0,  or  since  the  vertical  tension  at  the 

point  of  suspension  is  equal  to 
the  weight  of  the  chain  from 
the  point  of  attachment  to  the 
vertex,  the  vertical  tension  in 
any  point  is  equal  to  the  weight 
of  the  portion  of  the  chain  or 
cord  below  it. 

If  equal  portions  of  the  chain 
are  equally  heavy,  the  curve 
produced  is  the  common  cate- 
nary, which  is  the  only  one  wo 


Fig.  240. 
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n  of  the  chain  or  cord  one  foot  long 
ponding  to  tlie  co-ordinates  C  M  =  n 
0  C  "  l,y/e  have  for  the  weight  of 
in  ff  =  /  y. 

igth  of  tiie  arc  corrcepooding  to  th' 
0  =  yis  =  s,  we  have  for  the  weigbt 
,  Anally,  the  k-ngth  of  a  Eimilar  piet 
al  to  the  horizontal  tension  II,  =  t. 
e  for  the  angles  of  inclination  a  and 

{  H=  -„  =  — '  =  -and 

//       cy       c 

H  cy  c 
rizontal  line  C  H,  Fig.  241,  equal  f 
tlic  chain  measnrlng  the  horizontal 
length  ?  of  arc  of  the  chain  on  oin' 
15,  the  hypothennse  Q  H  gives  Ihf 
tension  of  the  cord  at  tho  point  of 

.       C  G       I       ^ 
C II      c 

IP  =   Vt'T~?  .  y  =  WH.  y. 
ual  parts  and  draw  fh»ra  H  to  t)\f 
B  of  division   1,  2,  3.  etc.,  straigh' 

tho  latter  give  the  intensity  and  di- 
rt of  tho  tensions  obtained  by  dividin); 
ngth  of  the  arc  of  the  chain  A  Cinlo 
ny  equal  parts.  For  cxflmple,  the  lint 
pves  the  magnitude  and  direction  of 
nsion  or  tangent  at  the  point  of  <li- 

(P)  of  the  arc  ^  P  r,  since  at  this 
the  vertical  tension  =  V  E  .y,-w'\ii\': 
orizoatal  tension  is  constfmt  and  = 
and  therefore  for  this  point  wc  havt 
^  (fK'.y  CK 
tang.<^=    -^  =  ^11 

■eally  shown  Uy  the  figure. 

Iiis  peculiarity  of  the  catenary  can  be 

ihanicaily,  approximatively  correctly, 
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this  coire.  After  having  di Tided  the  given  length  of  the  catenary 
to  he  conjstructed  in  very  many  equal  parts  and  laid  off  the  line 
(^  H  ^  Cy  which  measures  the  horizontal  tension,  we  dmw  the 
tTansverse  lines  HI,  H2,  H3,  etc.,  and  lay  off  on  (7 Zf  a  division 

^ '  1  of  the  arc  of  the  curve  as  C  a,  pass  through  the  point  of  division 

i^i)  thus  obtained  a  parallel  to  the  transverse  line  ti  1  and  cut  off 

again  from  it  a  part  ab  =  C  h    In  like  manner  wc  draw  through 

the  point  (b)  thus  obtained  a  parallel  to  the  transverse  line  112  and 

cut  off  from  itb  c  ==  01  equal  to  a  division  of  the  arc.    Wc  now 

draw  through  the  new  point  (c)  a  parallel  to  HS  and  make  c  d 
equal  to  a  division  of  the  arc  and  continue  in  this  way,  until  we 
have  obtained  the  polygon  Cabcdef,   We  now  construct  another 

polygon  Ca0y  6  etphj  drawing  C  a  parallel  to  JlJ,  a  )3  to  i/2, 

JytcHd,  etc.,  and  by  making  C  a  =  a  i3  =  /3  y,  etc.,  =  CTl  = 

12  =  23,  etc.  If,  finally,  we  pass  through  the  centre  of  the  lines 
oa,  Jj3,  cy.../0a  curve,  we  obtain  approximatively  the  catenary 
nK|uired. 

For  practical  purposes  we  can  often  obtain  accurately  enough 
a  catenary  corresponding  to  given  conditions,  E.O.  to  a  given  width 
Mid  height  of  the  arc  or  to  a  given  width  and  length  of  arc,  etc., 
by  hanging  a  chain  witii  small  links  against  a  vertical  wall. 

§  160.   Approzimate  Equation  of  the   Catenary. —In 

many  cases,  and  particularly  in  its  application  to  architecture  and 
machinery,  the  horizontal  tension  of  the  catenary  is  very  great 
(•ompared  to  its  vertical  ono,  and  therefore  the  height  of  the  arc  is 
small,  compared  with  its  width.  Under  this  assumption^  an  equa- 
tion for  this  curve  can  he  found  in  the  following  manner : 
Let  8  denote  the  length,  jr  the  abscissa  C  A"  and  y  the  ordinate^ 

A^  0  of  a  very  low  arc  C  0, 
Fig.  242.  We  can,  according 
to  the  remark  upon  page  298,. 
put  approximatively 


Fi3.  242. 
M 


£ 

N                       ^-^"^^ 

u^- 

— 

U    ^^^.^-^--^ 

^^ 

« 

c 

• 

=[-l(l)> 


••^tid  therefore  the  vertical  tension  in  a  point  0  of  a  low  arc  of  a 

catenary  is 


M'^UlTi'y 
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By  inyersion  we  obtain 

y^  =  2cx-  j|^  =z2cx-  ^^-,  =  2ca:  -  y,'  whence 


JT 


2)  y  =  y   2  c  a:  —  — ,  or  approximatively, 


j,  =  V2..  (1-:-). 

The  measure  of  the  horizontal  tension  is  given  by  the  fonnula 

c=y-^     y'     -  it  4-  j!-  i^  IE. 

2a;^2a;.12c'       2a;  ^  24  2; '   j^*  ' 
The  tangential  angle  is  detennincd  by  the  formula 

='if[-i(r/][-Kin- 

The  formula  for  the  rectilication  of  the  curve  is 

'>•=»[■- 1  (in =^['- J  (?)']• 

Example — 1)  The  length  of  the  catenary  for  a  width  of  ore  2  &  =  16 
feet  and  for  a  height  of  arc  a  =  2}  feet  is 

.,=..[>. i(j)-]=...[..i(f)-] 

=  16  +  10  .  0,065  =  17,04  feet; 
and  the  length  of  the  portion  of  the  chain,  which  measures  the  horizontal 
tension,  is 

«  =  ^+g-  =  y  +  ^  =  12,8  +  0,417  =  18;817  feet; 
the  tangent  of  the  angle  of  inclination  at  the  point  of  suspenBion  is 

whence  the  angle  itself  is  a  =  82''  50'. 

2)  K  a  chain  is  10  feet  long  and  the  width  of  span  is  Oj^  feet,  the  hei<i:ht 
of  arc  is 


-V  -2(*-^)*-r    2 2 •  ^-r    3   •    16-V    32 


57 
32 

=  •/i778i2  =  1,885  feet, 


g  161 J 
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*=8.y3  =  y(l4-[l  +  i+  (i)*]  ^yX  ^r  more  accurately 

=  y  (i  +  LI  +  i  +  a)*  +  (i)»  + . . .]  87,). 

But  1  +  }  +  (i)»  +  (i)'  +  . .  .  is  =  j--]l=*  (see Ingenieur, page  82), 
and  tlicrefore 


1  + 


y 


""("    ■  0r2 


jy; 


« 


fjr  substituting  instead  of  r  the  abscissa  B  M  ^  x   by  putting  2  r  «  =  y", 
we  obtain 

=['^ '(:)>■ 

Tills  formula  is  not  only  applicable  to  the  arc  of  a  circle,  but  also  to  all 
lir.v  arcs  of  curves. 

Remark  2.  If  we  compare  the  equation 

y  =  j/  2  c  a?  —  -g , 
found  above,  with  the  equation  of  the  ellipse 


Fig.  244. 


=  -  V  2  a'a? 
a 


.8 


(see  Ingenieur,  page  169),  we  find 

—  =  tf  and  -J  =  J,  and  consequently 

o  =  8  c  and  5  =  a  VJ  =  c  \^8. 
The  curve  formed  by  a  powerfully  stretched  string  can  therefore  be 
considered  as  the  arc  A  CB,  Fig.  244,  of  an  ellipse,  the  major  axis  of  which 

iilC(7r=a  =  8c  and  the  minor  axis  is  J5rD=  K  E  =z  J  =  dV3  = 
a  %  J  =  0,577  a. 

(§  161.)  Equation  of  the  Catenary. — The  complete  equa- 
tion of  the  catenary  can  be  found  in  the  following  manner  by  the 
aid  of  the  calculus.    According  to  §  158,  we  have  for  the  angle  of 

suspension  T  0  N  =  (f>.  Fig.  245, 
formed  by  the  tangent  0  T  to  Oi 
point  0  of  the  catenary  A  C^  with 
the  horizoirtal  co-ordinate  0  X, 
when  the  arc  C  0  is  denoted  by  s 
and  the  horizontal  tension  by  fl'  = 
cy, 

But  0  is  also  eqnal  to  the  angle 
0  P  R  formed  bv  Ihc  clement  of 


RINCIPLE3  OF  MECHANICS.  [J  h-i 

the  element  P  B  —  dy  of  the  ordinaii 

hI  as  an  clement  d  xo(  the  abscissa  ('  .V 

followE,  that 

3       diT      e' 
=  ~,  or  -.-^  =  -V 

,  or  d  y'  =  d  s'  —  d  a:',  whence 
*  —  dx'  _  c' 

of  &actiona  and  transposing,  we  obtain 

=  '''''>"'^  =  7?T?- 

Te  have 


ain  (according  to  Article  18  of  the  I 


ConsL 

s  ia  also  =  0,  we  have  0  = 


or  inyersely 


VZcx  +  a:',  and 


(7 £,10  feet  long  and  weighing  SO  po<uidi,i> 
thatthe  height  of  the  tUG  is  (7  JT  =  4  feet.  <Fe 


=  f 

it&l  tension 

r=e}'=8.|  =  8|  ponnd& 

par^raph  by  eliminating  dyve  ohtwm-J 

arc  s  and  the  al)8ci8sa  .r.  in  like  manm'' 

I  dednco  an  of(iiation  between  thi!  arc' 

this  purpose  we  sulistitiitc  in  (ho  i-(]iialii'" 
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d  x^       8*  ^ 

and  obtain  the  equation 

-^  = /  'i      >  ^^  d  y'  (*'  +  c")  =  ^  d  8%  whence 

cds 
dy=z 


Dividmg  the  numerator  and  denominator  by  c  and  putting 


-  =  V,  we  obtain 


'^'s) 


,  - .  c  d  V 


^^  -  (:-)■ 

and  the  formnia  XIII,  in  Article  26  of  the  latrodaction  to  the 
Calculus,  giyes  ns  the  corresponding  integral 

^"^"•^  7TTT' "^ '^ ^ ^^ "^      ■*■  ^'^'^"^ 
2)y  =  c^( ^ ). 


or 


Substituting  in  this  formula  «  =  i^2  c  a;  +  a:',  we  obtain  the 
proper  equation  for  the  co-ordinates  of  the  common  catenary 

\S  —  Xl  2  X        \8  —  xl 

PinaJly,  by  inverting  2  and  3,  we  obtain 

5)«^(^_e-T).^and 

^denoting  the  base  2,71828  ...  of  the  Naperian  system  of  loga- 
rithms (see  Article  19  of  the  Introduction  to  the  Calculus). 

Jsunpi^^ — The  ^^Q  corresponding  co-ordinates  of  a  point  of  the  cate- 
7  are «  -5,  2  and  y  =  8 ;  required  the  horizontal  tension  c  of  this  curve. 
^^Ppioxitnatively,  according  to  No.  3  of  paragraph  160,  we  have 

V*      X      ^      2       ^^^ 
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V\  §  1-63.  Eqnilibrinm  of  the  Pnlley.— Ropes,  belts,  etc.,  are 
the  ordinary  means  employed  to  transmit  forces  to  the  pulley  and 
the  wheel  and  axle.  We  will  here  discuss  only  the  most  general  part 
of  the  theory  of  these  two  apparatuses,  so  far  as  it  can  be  done  with- 
out taking  into  consideration  the  friction  and  the  rigidity  of  cordo/re. 
A  pulley  (Fr.  poulie ;  Ger.  Bolle)  is  a  circular  disc  or  sheave 
A  B  Cy  Figs.  246  and  247,  movable  about  an  axis  and  around 

Pro.  246.  Fig.  247. 


7 


^hose  circumference  a  string  is  laid,  the  extremities  of  which  are 
pulled  by  the  forces  P  and  Q,  The  block  (Fr.  chape ;  Ger.  Gehaust* 
or  I^iger)  of  a  fixed  pulley  (Fr.  p.  fixe ;  Ger.  feste  El),  in  which  the 
axles  or  journals  rest,  is  immovable.  That  of  a  movable  pulley 
(Pr.  p.  mobile ;  Ger.  lose  R)  on  the  contrary  is  free  to  move. 

When  a  pulley  is  in  equilibrium,  the  forces  P  and  Q  at  the  ex- 
trymities  of  the  cord  are  equal  to  each  other;  for  every  pulley  is  a 
lever  with  equal  arms,  which  we  obtain  by  letting  fell  from  th(» 
axis  C  the  perpendiculars  C  A  and  C  B  upon  the  directions  D  P 
and  DQ  of  the  forces  or  cords.  It  is  also  evident,  that  during  any 
rotation  about  C  the  forces  P  and  Q  describe  equal  spaces  r  (3, 
when  r  denotes  the  radius  CA  =  CB  and  /3"  the  angle  of  rotation, 
and  fix)m  this  we  can  conclude,  that  P  and  Q  are  equal.  The  forces 
P  and  Q  give  rise  to  a  resultant  C  R  =  R,  which  is  counteracted 
by  the  journal  or  axle  and  is  dependent  upon  the  angle  A  D  B  =  a 
formed  by  the  directions  of  the  cords,  it  is  given  by  construction 
as  the  diagonal  of  the  rhomb  C  PxRQx  constructed  with  P  and  a ; 

its  value  is 


R=  2  P  COS. 


2' 
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RofASK. — Tho  combinations  of  polleyB,  such  as  block  and  tackle,  etc., 
u  well  as  the  inQaence  of  IHction  and  of  the  rigiditj  of  cordage  upon  the 
Jtate  of  equilibrium  of  pulieTS,  will  be  treated  in  the  third  volume. 

§  16S.  'Wlieel  and  Axle. — The  n-liccl  and  axle  (Fr.  roue  sur 
farbre,  Ger.  Radwelle)  ia  a  rigid  eombinatiou  A  D  F  E,  Fig.  840, 
of  two  pulleys  or  whcele  moT- 
nblo  auout.  :t  common  axia. 
The  BmalJor  of  thcsa  nhecla 
is  called  the  axle  (Fr.  arbrc, 
Oor.  Wdle),  aad  tho  larger, 
the  whwl  (Fr.  rone,  Gcr.  Rad). 
The  rounded  ends  E  and  F, 
upon  which  the  apparatus 
rests,  arc  called  the  joamals 
(Fr.  tourillons,  Ger,  Zapfen). 
The  axis  of  revolution  opTt-^ 
wheel  and  aslo  ia  either  fiori- 
zontal,  verticul  or  inclined. 
We  will  now  discuas  only 
n  m  the  wheel  and  axle,  movable 

around  a  horizontal  axis.  We 
i«ill  also  suppose,  that  the  forces  P  and  Q  or  tho  force  P  and  the 
weight  Q  act  at  the  ends  of  perfectly  flcxihlo  ropes,  which  are 
wound  around  tlie  circumferences  of  the  wheel  and  of  the  axle. 
Tde  questions  to  be  answered  are,  what  ia  the  relation  between  tho 
force  P  and  the  weight  Q,  and  what  is  tho  prcaanrc  upon  tho  bear- 
ings at  £^  and /"  ? 

If  at  the  point  C,  where  the  plane  of  rotation  of  tlio  force  P 
™tj  the  axis  E  F,  \ve  imagine  two  e([nal  opposite  forces  CP  =  P 
and  CP  =  —  P  to  ba  acting  in  n  direction  parallel  to  that  of  tho 
force  of  rotation  P,  wc  obtain  by  the  combination  of  tlioso  throe 
forces  a  force  C  P  =  P,  which  acts  upon  tho  axis,  and  a  couple 
(A  -  P),  whose  moment  \s  =  P  .  V  A  =  P  a,  when  a  dcsignatca 
the  arm  of  the  force  .i  P  =  P  or  tho  radius  C  A  oi  the  wheel. 
How  if  we  imagine  the  two  forces  DQ=  Q  and  D  Q  =  —  ^  to  be 
"Wlied  at  the  point  D,  where  the  plane  of  revolntion  of  the  wcightK 
5  cats  the  axia  ifP,  we  obtain  also  a  force  D  Q  =  Q  acting  upon 
the  axis  and  a  couple  (ft  —  <)},  whoso  moment  i*  =  Q.  DB=Qb^ 
then  b  designates  the  arm  of  the  weight  Q  applied  in  B  or  tho 
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i.  Since  the  asial  forces  O  P  =  P  anA 
abed  by  the  bearings,  and  conseqaeutli 
ipon  the  revolution  of  the  machine,  it  if 
ave  a  state  of  equilibrium,  that  the  twc 
irallel  planes,  shall  have  equtd  momenta 

Pa=  Qb,ot 

F_h 

Q~a 

ule  which  is  in  equilibrium,  whatever  nuc 
Pa  of  th« power  is,  as  in  the  lever, equaiU 
id,  or  the  ratio  of  the  power  to  the  load  i> 
f  the  load  to  the  arm  of  the  power. 
xa  act  upon  the  wheel  and  axle,  the  Bum 
2s  tending  to  tnm  it  in  one  direcdoo  u 
m  of  those  tending  to  turn  it  the  other. 

[brccB  C  P  =  P  and  /)  ^  =  Q  can  bt 
;ical  forces  C  P^  =  P,  and  i>  $,  =  Q,  and 
aCP,  =  P,  and  DQ,~  Q,;  the  first  twc 
;  weight  of  the  machine  0,  which  sets  at 
!  of  tho  machine,  give  the  total  vertical 
which  is 

i-  F,  =  P,  +  C.  +  0. 
es  P,  and  Q,  produce  the  lateral  preamM 
^    If  o  is  the  angle  of  inclination  P  CPt 
brco  P  to  the  horizon  and  P  that  Q  D  Q, 

I  and  Pt  =  P  COS.  a,  as  well  as 

and  Q,  =  Qcos.  fi. 
;ngth  of  the  axis  E  F,d  the  distance  VE. 

the  distance  S^  of  .the  pointe  of  the  aitf 
■emity  E  of  the  axis,  we  have,  according  to 

E  as  fulcrum  of  the  lever  E  F,  which  is 
,  Gi  and  0, 

EC  +  Qt .  W3  +  0 .  'BS,  I.E. 
?,  e  +  Gs, 
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nhence  we  obtain  the  vertical  presenrc 

^       P,  d+Q,  e+Gs 


and 


2)  considering  F  as  the  fulcram  of  the  supposed  lever, 
r,.FE=  P,.FT'+  Q,.FI>+  G.F~S,l.B. 
V,l=P,{l-d)  +  e.U-e)  +  0{l~s). 
Khoncc  we  dednce  the  yertical  pressnre 

y_P.{l~d)+Q,{l~e)+  G{l-s) 
'"  I  •  • 

Fta.  840. 


The  horizontal  prcsenres  //,  and  ff,  are  found,  as  follows,  from 
thehorizonta]  forces  P,  and  Q^ 

1)  Considering  Etta  the  fulcrum  of  the  lover  E F acted  on  hj 
llieforera  P,  and  Q„  wo  obtain 

H,.EF=P,.Elj-  Q,.ED,1x. 
ir,l  =  P,d-Q,e, 
whenw;  we  obtain  the  horizontal  pressure 

H, J- . 

")  Congiilering  Faa  the  fulcrum,  we  have 

ff, .  F~E  =  P, .  TV  -  Q, .  WD,  lb. 
H,l=P,{i^d)-q,Kl-t\ 
"""  'liich  we  dednce  the  horizontal  pressure 
ff,  =  -P.  (?  -  «^  -  g.  (?  -  g) 


g  1C7.1  RESISTANCE  OP  FRICTION.  ETC.  309 

and  for  its  inclination  d^  to  the  horizon  we  have 

404  8 
tang.  6^  =  ~-,  log  tang.  cJ,  =  0,69502  or  d^  =  78*  85'. 

We  see  that  these  resalts  ore  correct,  for  we  have 

V^  +V^=  280  +  404,8  =  684,8  =  Pj  +  Ci  +  G^,  an<J 
H^+H^  =  81,7  +  18,8  =  100,5  =  Pf  +  Cg- 


CHAPTER    V. 

THE  RESISTANCE  OP  FRICTION  AND  THE  RIGIDITY  OP  CORDAGE. 

§  167.  Resistance  of  Friction. — Heretofore  we  have  sup-     v 
posed  (§  138)  that  two  bodies  could  act  upon  one  another  only  by 
foroea  perpendicular  to  their  common  plane  of  contact    If  these 
bodies  were  perfectly  rigid  and  their  surfaces  of  contact  mathemat- 
ical planes,  i.E.  unbroken  by  the  smallest  hills  or  hollows^  this  law 
would  also  be  confirmed  by  experiment ;  but  since  every  material 
body  possesses  a  certain  degree  of  elasticity  or  even  of  softness,  and 
since  the  surface  of  all  bodies,  even  the  most  highly  polished,  con- 
tains small  hills  and  valleys  and  in  consequence  of  the  porosity  of 
matter  does  not  form  a  perfectly  continuous  plane,  when  two  bodies 
press  upon  each  other  their  points  of  contact  penetrate,  pro- 
ducing an  adhesion  of  the  parts,  which  can  only  be  overcome  by  a 
particular  force,  whoso  direction  is  that  of  the  plane  of  contact 
This  adhesion  of  bodies  in  contact,  produced  by  their  mutual  pene- 
tration and  grasping  of  each  other,  is  what  is  called  friction  (Fr. 
frottement,  Ger.  Eeibung).    Friction  presents  itself  in  the  motion 
of  a  body  as  a  passive  force  or  resistance,  since  it  can  only  hinder 
or  prevent  motion,  but  can  never  produce  or  aid  it    In  investiga- 
tions in  mechanics  it  can  be  considered  as  a  force  acting  in  opposi- 
tion to  every  motion,  whose  direction  lies  in  the  plane  of  contact 
of  the  two  bodies.    Whatever  the  direction  may  be  in  which  we 
move  a  body  resting  upon  a  horizontal  or  inclined  plane,  the  fric- 
tion will  always  act  in  the  opposite  direction  to  that  of  the  motion, 
M.,  when  we  slide  the  body  down  an  inclined  plane,  it  will  appear 
as  motion  up  the  same.    If  a  system  of  forces  is  in  equilibrium,  the 
onaflest  additional  force  produces  motion  as  long  as  the  friction 
does  not  come  into  play;  but  when  friction  is  called  into  existence 
a  greater  addition  of  force,  the  amount  of  which  depends  upon  the 
friction,  is  necessary  to  disturb  the  equilibrium. 
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'  §  168.  In  OTercomiDg  the  friction,  the  porta  which  come  in 
Guutact  are  compressed,  the  projecting  parts  bent  over,  or  pcrhap.> 
torn  away,  broken  oflf,  etc  The  friction  is  therefore  dependent  not 
only  upon  the  roughness  or  smootlmess  of  the  surfaces,  bat  al»> 
uiHin  the  nature  of  the  material  of  which  the  Itodies  are  composed 

The  harder  metals  gene-rally  cause  leas  friction  than  the  Boflc-r 
Olios.  AVe  cannot  establish  d  priori  any  general  rales  for  the  &{- 
lieiidcncj  of  friction  upon  the  natural  properties  of  bodies ;  it  is  iu 
fact  necessary  to  make  citpei-iments  upon  friction  with  different 
material,  in  order  to  be  able  to  determine  the  friction  existing 
Ijetwccn  bodies  under  other  circumBtaiic^s.  The  nngnents  (Fr.  V^ 
enduits ;  Ger.  die  Schmieren)  have  a  great  influence  upon  tbi' 
fi'iction  and  upon  the  wearing  away  of  bodies  in  contact.  Thi' 
liorcs  of  the  bodies  are  filled  and  the  other  roughnesses  diminishd 
by  the  fluid  or  half  fluid  unguents,  such  as  oil,  tallow,  fat,  soaps- 
t>tc.,  and  the  mutnal  penetration  of  the  bodies  much  diminishiHl : 
for  this  i-eaeon  they  diminish  very  considerably  the  friction. 

But  we  must  not  confound  friction  with  adhesion,  i.e.,  wiiii 
Ihat  union  of  two  bodies  which  takes  place  when  the  bodies  conn- 
fn  contact  in  very  many  points  without  the  existence  of  any  prcs- 
^ui'u  Ix'tween  them.  The  adhesion  increase's  irith  the  surface  of 
contact  and  is  independent  of  the  pressure,  while  for  friction  tljt 
i-evcrse  is  true.  When  the  pressures  are  small,  the  adhesion  appears 
to  Iw  very  great  compared  with  the  friction,  but  if  the  pressures 
lire  great,  it  becomes  but  a  very  small  portion  of  the  friction  and 
i-M\  generally  be  neglected.  Unguents  generally  increase  the  adhe- 
sions, since  they  produce  a  greater  number  of  iwints  of  contact 

^  g  169.  Kinds  of  Friction. — We  distinguish  two  kinds  of 
friction,  viz.,  sliding  and  rolling  friction.  The  sliding  friction 
{t'r.  frottemeiit  do  glissement;  Ger.  glcitendo  Eeibnng)  is  that 
resistance  of  friction  produced,  when  a  body  slides,  i.e.,  moves  eo 
that  all  its  points  describe  parallel  lines.  Rolling  friction  (Fr.  £  Ai 
roulement;  Ger.  rollendo  or  w&lzendc  EeibiiDg)on  the  contrarr. 
is  that  resistance  developed,  when  a  body  rolls,  i.e.,  when  everr 
poiiit  of  the  body  at  the  same  time  progresses  and  revolves  and 
v.lion  the  point  of  contact  describes  the  same  spaca  npon  the 
moving  body  as  upon  the  immovable  one.  A  body  if.  Fig.  250. 
supported  on  the  plane  H  li,  slides,  for  example,  upon  the  plane 
and  must  overeome  sliding  friction,  when  all  points  such  os  A,  B,  C 
fie,  describe  tho  parallel  trajeetonea  A  A-,  B  Ii„  C  Cj,  etc^  and 
tliiToforo  the  same  points  of  tho  moving  bodv  come  in  contact  witi) 
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different  ones  of  the  support    The  body  My  Fig.  251,  rolls  upon 
the  plane  H  R  and  must  therefore  overcome  rolling  friction,  when 


Fio.  260. 
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the  points  A^  B,  etc.,  of  its  surface  move  in  such  a  manner,  that 
the  gpace  A  E  B^  =  the  space  A  D  B,—  ^\  A  ^h  -"  --^ )  that 
space  -4  JF is  =  the  space  A  D  and  the  space  B^  E  -  y.,  />„  etc. 

A  particular  kind  of  friction  is  the  friction  of  axles  or  journals 
which  is  produced,  when  a  cylindrical  axle,  journal  or  gudgeon 
revolves  in  its  bearing.  We  distinguish  two  kinds  of  axles,  hori- 
zontal and  vertical  The  horizontal  axle,  journal 'or  gudgeon 
(Fr.  touriUon  ;  Ger.  liegende  Zapfen)  moves  in  such  a  manner  that 
different  points  of  the  gudgeon,  etc.,  come  successively  in  contact 
with  the  same  point  of  the  support.  The  vertical  axle  or  pivot 
(Fr.  pivot;  Ger.  stchendo  Zapfen)  presses  with  its  circular  base 
upon  the  step,  on  which  the  different  points  of.  it  revolve  in  con- 
centric circles. 

Particular  kinds  of  friction  arc  produced,  when  a  body  oscillates 
npon  an  edge,  as,  E.O.,  a  balance,  or  when  a  vibrating  J)ody  is  snjv 
ported  upon  a  point,  as,  E.O.,  the  needle  of  a  compass. 

Friction  can  also  be  divided  into  immcdiak*  (Fr.  imraediat; 
Uer.  unmittelbare)  and  mediate  (Fr.  mediat;  Ger.  mittclbare).  In 
the  first  case  the  bodies  are  in  immediate  contact ;  in  the  latter, 
on  the  contrary,  they  arc  separated  by  unguents,  as,  e.g.,  a  thin 
layer  of  oil. 

We  distinguish  also  the  friction  of  repose  or  quiescenco  (Fr.  f.  do 
repos ;  Ger.  R.  dcr  Ruhc),  which  must  be  overcome  when  a  body 
at  rest  is  put  in  motion,  from  the  friction  of  motion  (Fr.  f.  do 
mouvement ;  Ger.  R.  der  Bewegung),  which  resists  the  continuance 
of  a  motion. 

§  170.  Laws  of  Friotions. — 1.  The  friction  is  proportional' 
to  the  normal  pressure  between  the  rubbing  bodies.  If  we  press- 
a  body  twice  as  much  against  its  support  as  before,  the  friction 
becomes  double.  A  triple  pressure  gives  a  triple  friction,  etc. 
If  this  law  varies  slightly  for  small  pressures,  we  must  asoril)e  the 
Tariations  to  the  proportionally  greater  influence  of  the  adhesion. 
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i  C,  Fig.  252,  presses  with  a  force  iV  against  its  support,  and  if 

[0  move  it  along,  i.e.,  to  overcome  its  friction,  we  require  the 

force  Fy  and  if  in  the  second  place,  when  pressing  with  the  force 

JViafoTce  i^i  is  necessary  to  transfer  it  from  a  state  of  rest  into 

one  of  motion,  we  will  have,  according  to  the  foregoing  paragraph, 

FN.  ^       F,     ^ 

-—  =  -— ,  whence  F  =  ,f  .  N. 

Fx       A,  Nx 

If  by  experiment  wo  have  found  for  a  certain  pressure  JV',  the 
corresponding  friction  F^y  we  sec  from  the  above,  that  if  the  rub- 
bing bodies  and  other  circumstances  are  the  same,  tha  friction  F 
corresponding  to  another  pressure  JV  can  bo  found  hij  multiply imf 

this  pressure  hy  the  ratio  I -^j)  bciiceeti  the  valun  Fx  and  JV'i  cor* 

rfsponding  to  the  first  observation. 

This  ratio  of  the  friction  to  the  pressure  or  the  friction  for  a 
pressure  =  1,  E.G.  pound,  is  called  the  coeflBciont  of  friction 
(Ft.  coeflBcient  du  frottement ;  Ger.  RcibungscocfBcient)  and  will 
m  future  be  designated  by  <t>.    Hence  we  can  put  in  general 

.     F=<t>N. 
The  coeflScient  of  friction  is  different  for  different  materials 
and  for  different  conditions  of  the  same  material  and  must  there- 
fore be  determined  by  experiments  undertaken  for  that  pui^pose. 
If  the  body  ^  C  is  pulled  along  a  distance  s  upon  its  'support,  the 
vork  to  be  performed  \a  F  s.    The  mechanical  effect  <!>  N  s  ab- 
sorbed by  the  friction  is  equal  to  the  product  of  the  coefficient  cf 
friction,  the  normal  pressure  and  the  space  described.    If  the  sujv 
port  is  also  movable,  we  must  understand  hy  s  =  Sx  —  s,.  the  relative 
space  described  by  the  body,  and  Fs  '=  ({^  Ksis  the  work  done  by 
the  friction  l)etween  the  two  bodies.    The  body  that  moves  the 
most  quickly  must  perform,  while  describing  the  space  ^i,  the  me- 
chanical effect  ((>  N  Si  and  the  body  which  moves  slower  gains  in 
consequence  of  the  friction  while  describing  the  spaco  s^  the  me- 
chanical effect  <f>  N s^'y  the  loss  of  mechanical  effect  caused  by  the 
triclion  between  the  two  bodies  is 

0  NSi  —  0  NSi  =  0  -tV(.9,  —  .Sj)  =  <;!)  Ks, 

^^^^A^ffLES— 1.  If  for  a  pressure  of  260  pounds  the  friction  is  01  pounds, 
the  conwponding  coefficient  of  friction  ia  ^  =  ^  =  ^  =  0,85. 

2'  In  order  to  pull  forward  a  sled  weighing  500  pounds  on  a  borizont;i] 
*QU  Tcry  smooth  snow-covered  road,  when  the  coefficient  of  friction  is 
*  =  ^,04,  a  force  F  =  0,04  .  500  =  20  pounds  is  necessary. 

^-  If  the  coefficient  of  friction  of  a  sled  loaded  with  500  pounds  and 
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palled  orer  a  paved  road  is  0,4S,  the  mechanical  effect  requiied  to  mon 
the  sled  480  feet  is  ^  iVf  =  0,45  .  000  .  480  =  108000  foot-pouDtK 

§  172.   Th«  Angle  of  Frlctioii  or  cf  Repose  and  tbe 
Cone  of  Friction. — If  a  bodt 

F:r..zr.i  A   C,  Fig.  253,  Iks  iiixin  an  in'- 

cJincd  piano  F II,  whose  angle  of 
inclioatiou  \a  F  H  R  =  a,TSQCm 
decompoao  its  weight  into  the  nor- 
mal i>re33nrc  N  =  0  cos.  a,  and 
into  the  force  S  —  G  sin.  a  paral- 
lel to  the  phine.  The  first  forct 
causes  the  friction  F=  iS>  G  cot.  «• 
which  resists  every  motion  npon 
ihe  plane;  consequently  the  force  necessary  to  push  the  bodynp 
the  plane  is 

P  =  F-\-S=<!>Gco3.a  +  0  sin.  a 
=  {sin.  a  +  <p  COS.  a)  G, 
and  the  force  necessary  to  push  it  dov/n  tlic  Eamo  \z 
I\=^F-  S=  {<!>  COS.  a  -  sill,  a)  0. 
Tho  latter  force  becomos  =  0,  i-r.  (he  Iwdy  holds  itself  upon 
III ;  inclined  plane  by  its  friction  ivhcu  sin.  c  =  i^  cos.  a,  i.e.  when 
//•/Iff.  a  —  <p.    As  long  0^  the  inclined  plane  has  en  angle  of  incli- 
nation, whose  tangent  is  less  than  <f>,  so  long  will  tho  body  remain 
i^l:  rc-st  upon  the  inclined  plane;  but  if  the  tangent  of  the  angle  of 
inclination  is  a  little  greater  than  i>,  the  body  will  slide  down  the  in- 
t'lined  plane.    We  call  tliis  angle,  i.e.  the  ono  whoso  tungout  is  cqiial 
to  (he  coefficient  of  friction,  tiic  angle  of  friciioa  or  of  repose  or  of 
n'sistancc  (Fr.  angle  du  frotfement,  Ger.  R-.'ibnngs  —or  Kuhcwlutfl). 
Hence  we  obtain  the  coefficient  cf  friction  (for  the  friction  cf  qui- 
escence) by  obsen'ing  the  angleof  friction  p find  putting <>  =  (m^-P- 
In  consequence  of  tho  friction,  the  surface  F II,  Fig.  *->i,  cf " 
body  counteracts  not  only  tho  normal  pro33nrj  JV"  of  onotlior  IwJy 
A  B,  but  also  iiny  oblique  pressure  i*  when 
tho  angle  N  P.  i'  =  a  forrai-d  by  its  direc- 
tion with  the  normal  to  the  BnrTac;  docs 
not  exceed  the  angle  of  friction ;  since  tlic 
force  F  gives  rise  to  the  normal  presEnre 
ITN  =   F  COS.  a,  and  to   the   lateral  or 
tangential  pressure  Ji  H!  =  S  =  F  sin.  a 
and  since  the  normal  pressure  P  ms.  a  pro- 
duces the  friction  ^  F  cos.  a,  which  opposes 
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I'yery  moYcmcnt  in  the  plane  F  H,  S  can  produce  no  motion  as 
long  as  we  have 

0  P  COS.  a"^  P  sin.  a  or  0  cos.  a  >  sin.  a,  i.e. 
tang,  a  <  ^  or  a  <  p. 
If  we  cause  the  angle  of  friction  C  B  D  =  p  to  revolve  about 
til*?  normal  C  By  it  describes  a  cone,  which  we  call  t\\d  cone  of  fric- 
tion or  of  resi8tanc3  (Fr.  cone  dc  fr.,  Ger.  Ilei])ungskegel).  The 
toiK^  of  friction  ombrdCO:3  the  directions  of  ull  Iho  i*orc:g,  which  are 
<".,mplctcly  counteracted  by  the  inclined  i)!anc. 

Example. — In  order  to  draw  a  full  luck(  t  weigliinsj  COO  pcunds  up  a 
^^oodcal  plane  inclined  to  the  horizon  at  an  angle  of  GO"",  the  co(  fficient  of 
friction  being  9  =  0,48,'  we  would  require  a  force 

P  =  (^  AW.  a  +  tin,  a)  G  =  (0,48  cos.  50°  +  dn,  50';  .  200 
=  (0,308  +  0,766)  .  200  =  215  pounds. 
In  order  to  let  it  down  or  to  prevent  its  sliding  down,*we  would  have  need 
of  a  force 

P^  —  (^  CM.  a  —  sin.  a)  G  =  --  (sin,  50**  —  0,48  coa.  50**)  .  200 
=  -  (0,766  -  0,808)  .  200  =^  -  01,5  pounds. 

§  173.  liZperiments  en  Friction. — Experiments  on  friction 
have  been  made  by  many  persons ;  those,  which  were  most  ex- 
tended and  upon  the  largest  scale,  are  the  experiments  of  Coulomb 
J\ud  Morin.  Both  these  experimenters  employed,  for  the  determina- 
tion of  the  coefScient  of  friction  of  sliding,  a  sled  movable  upon  a 
i^orizontal  surface  and  dragged  along  by  a  rope  passing  over  a  fixed 
pulley,  to  the  end  of  which  a  weight  was  attached,  as  is  shown  in 
Fig.  255,  in  which  ^  jB  is  the  surface,  C  D  the  sled,  E  the  pulley, 
and  F  the  weight  In  order  to  obtain  the  coeflBcients  of  frictions 
for  different  substances,  not  only  the  runners  of  the  sled,  but  also 
the  sur&ce  upon  which  it  slid,  were  covered  with  the  smoothest 
possible  plates  of  the  material  to  be  experimented  on,  such  as  wood, 
iron,  etc.    The  coeflacients  of  friction  of  rest  were  given  by  the 

weight  necessary  to  bring 
the  sled  from  a  state  of 
rest  into  motion,  and  the 
coefficients  of  friction  of 
motion  were  determined 
by  aid  cf  Ihc  time  required 
by  the  abd  to  describe  a 

the  weiglit  of  the  sled  and 
P  the  weight  necessary  to  move  the  same,  wo  have  the  friction 


\ 
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=  ^  Q,  tho  moving  force  =  P  —  i) 
whence,  occoi'diDg  to  §  68,  ihe  acoele 

atad  motion  engendered  is  _  J 

3]y  the  coefficient  of  frict 


have  also  {§  11)  a  =  ^p 

llow  the  sled  to  slide  dow] 
G  {sin.  a  —  tj>  cos.  a),  am 
'Ay  the  acceleration  is 

2  a  _  G  jain.  a  —  <peos.i 
_  ^ 

9 
In.  a  —  ^  COS.  ft,  and  coDset 

f  =  ta«s.a-- 

motes  the  altitude,  I  the 

Eine,  we  have  also  ^  =  -  - 

F  to  determine  the  coeffic 
journals,  they  employed 
ich  a  rope  was  wound,  t 
inded;  from  the  sum  of 
•e  R  upon  the  axle,  and  f 
J  periphery  of  the  pulley, 
1  /*  =  <A  (P  +  C)  on  th 
=  the  radios  of  the  axle  a 
e  hare,  since  the  statical 

^nently  the  coefficient  of 

3  contrary,  when  tho  weij 
stance  s,  the  coefficient  oj 
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^      \F^  Q     ffd  r 
The  engineer  Him  employed  in  his  (the  latest)  experiments 
apon  friction  of  journals  the  apparatus  represented  in  Pig.  257, 
Fig.  256.  Fio.  257. 


which  he  called  a  friction  balance  (Fr.  balance  de  frottement,  Ger. 
Iii*ibung8wage).  Here  (7  is  an  axle,  which  is  kept  in  constant 
rotation,  as,  E.Q.,  by  a  water-wheel,  Z>  is  the  bearing,  and  ABB 
i^  a  lever  of  equal  arms,  which  produces  the  pressure  between 
th  ^  journal  and  its  bearing  by  means  of  the  weigh* ts  Pand  Q.  The 
pivasure  on  the  axle  E=  P  ■¥  Q  produces  the  friction 

F  =  <;>R  =  <P{P+Q) 

^H'lween  the  journal  and  its  bearing.  With  this  force  the  revolving 
•^'iiffc  seeks  to  turn  the  bearing  and  the  lever  AD  By  which  is  attached 
t )  it,  in  the  direction  of  the  arrow ;  and  therefore,  in  order  to  keep 
the  whole  in  equilibrium,  we  must  make  the  weight  P  on  one  side 
A  so  much  greater  than  the  weight  Q  on  the  other,  that  P  —  Q 
^'ill  balance  the  friction.  But  the  friction  F  acts  with  the  arm 
CD  =  r  =  the  radius  of  the  bearing  and  the  difference  of  the 
weights  P  —  Q  with  the  arm  0  A  =  a,  which  is  equal  to  the  hori- 
zontal distance  between  the  axis  C  of  the  shaft  and  the  vertical 
line  through  the  point  of  suspension  A,  and  therefore  we  have 

iPr  =  <;:>  jB  r  rz:  <»(P  +  0  r  =  (P  -  0  ff, 

and  the  coefiBcicnt  of  friction  required 

P-Q     a 
r 


<>  = 


P+  Q 

Hekabe. — Before  Coulomb,  Amootons,  Camus,  Bulffinger,  Muschcn- 
brock,  Ferguson,  Vince  and  others  had  studied  the  subject  of  friction  and 
made  experiments  upon  i  t.  The  results  of  all  these  researches  have,  howcvc  •. 
little  practical  value;  for  the  experiments  were  made  upon  too  small  a  s'la'o. 
The  same  objection  applies  to  those  of  Ximenes,  v/hicb  v/erc  made  about 
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the  same  timo  as  those  of  Coulomb.  The  results  of  Ximenes  are  to  be  foiud 
in  the  work  "  Teoria  e  Pratica  delle  resistenze  de'  solidi  ne'  loro  attritl 
Pisa,  1782."  Coulomb^s  experiments  are  described  in  detail  in  the  work: 
"  Thdorie  des  machines  simples,  etc.,  par  Coulomb.  Nouv.  ^dit,  HKl." 
An  abstract  from  it  is  to  be  found  in  the  prize  essay  of  Mettemicb,  .^  Voiii 
Widerstande  der  Reibung,  Frankfurt  und  Mainz,  1789."  The  later  expen- 
ments  on  friction  were  made  by  Bennie  and  Morin.  Rennie  employed  in 
his  experiments  in  some  cases  a  sled,  which  slid  upon  a  horizontal  surftcc 
and  in  others  an  inclined  plane,  down  which  he  caused  the  bodies  to  slid;. 
and  from  the  angle  of  inclination  determined  the  amount  of  the  ^ctkra 
Rennie's  experiments  were  made  with  most  of  the  aubstances,  which  we 
meet  with  in  practice,  such  as  ice,  cloth,  leather,  wood,  stone  and  the 
metals ;  they  also  give  important  data  in  relation  to  the  manner  in  whidi 
bodies*  wear,  but  the  apparatus  and  the  manner  of  conducting  these  experi- 
ments do  not  allow  us  to  hope  for  as  great  accuracy  as  Morin  seems  to  barr 
attained  in  his  experiments.  A  German  translation  of  Ronnie's  Experiine&t> 
is  to  be  found  in  the  17th  Tolume  (1833)  of  the  Wiener  Jahrbuchcr  dt^ 
K.  K.  Polytechnischen  Institutes,  and  also  in  the  84th  yolume  (1829)  of 
Dingler's  Polytechnisches  Journal.  The  most  cztensive  experiments  sikI 
those,  which  probably  give  the  most  accurate  results,  are  those  made  by 
Morin,  although  it  cannot  be  denied  that  they  leave  certain  points  douhtfxil 
and  uncertain,  and  that  here  and  there  there  are  point3,  upon  which  mon' 
information  could  be  desired.  This  is  not  the  place  to  describe  the  metbo<i 
and  apparatus  employed  in  these  experiments ;  we  can  only  refer  to  Morin'^ 
writings :  **  Nouvelles  Experiences  sur  lefrottement,''  etc.  A  capital  discom- 
mon of  the  subject  '^  friction,"  and  a  rather  full  description  of  almost  all  the 
experiments  upon  it,  Morin's  included,  is  given  by  Brix  in  the  transactioin 
of  the  Society  for  the  Advancement  of  Industry  in  Prussia,  16th  and  17tb 
Jahrgang — Berlin,  1887  and  1888.  Later  experiments  on  mediate  frictioo, 
with  particular  reference  to  the  different  unguents,  made  by  M.  C.  A<1 
Him,  are  described  in  the  '^  Bulletin  de  la  soci6td  industrielle  de  Mulhoosc. 
Nos.  128  and  129, 1855,"  under  the  title  of  '<  Etudes  sur  Ics  principsox 
phdnomdnes  que  pr^sentent  les  frottemcnts  mddiats,  etc. ;"  an  abstract  odt 
is  to  be  found  in  the  <*  Polytechnisches  Centralblatt,  1855.  Lieferung,  10." 
The  latest  researches  upon  friction  by  Bochet  are  described  under  the  tit)r, 
"  Nouv.  Recherches  exp^rimentales  sUr  le  frottement  de  glissement,  psr  M. 
Bochet,"  in  the  Annales  des  Mnes,  Cinq.  Serie,  Tome  XIX.,  Paris,  1861- 
Prof.  Ruhlmann  gives  some  information  in  regard  to  the  experiments  with 
Waltjen^s  friction  balance  in  the  *' Polytechnisches  CentralbUtt,  1861. 
Heft  10."  > 

§  174,  Friction  Tablea— The  following  tables  contain  a  con- 
densed summary  of  the  coeflBicients  of  friction  of  the  substances 
most  generally  employed  in  practice. 
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TABLE  I. 


COEFFICIENTS  OF  FRICTION  OF  REST. 


Name  of  the  nablnog  bodies. 


Wood    upon 
xf  cod .... 


(  Minimum  value. 
Mean  " 

Maximum     *' 


Metal 


(  Minimum  yalue. 
upon 

metal....    Mean 

[  Maximum     " 
Wood  on  metal 


Uemp  in  ropes,  (  Minium  value, 
plaits,  etc.,  on  -I  Mean 
vood [  Max^m 

Thick  floleleath-  r 
er  aa  packing  I  On  edge  . 


u 


t( 


Flat 


;   on    wood   or 

«8t  iron  .  .  . 

!  Black    leather  f  „  ,     ^        , 
.    .  Made  of  wood. 

,  straps     oTer^ 

'drums....!       "       "'*"' 
Stone  or  brick 
',  ttpou  atone  or 

^rick,well  pol-  ]  Max'm 
'  iahed [ 

Stone  upon  wrought  (  Min.  val. 


Mini'm  value. 


Condition  of  the  sorfiices  and  nature  of  the  unguents. 


—     —    0,14 


^'^ (  Max. 

Pearwood  upon  stone 


(( 


i 

^ 

1 

S 

• 

•1 

■3 
5 

t 

X 

0,80 

0,65 

— 

— 

0,60 

0,68 

— 

0,21 

0,70 

0,71 

— 

— 

0,15 

— 

0,11 

0,18 

— 

0,12 

0,10 

0,24 

— 

0,16 

0,60 

0,65 

0,10 

0,12 

0,50 

0,68 

0,87 

0,80 

0,48 

0,62 

0,12 

0,62 

0,80 

0,13 

— 

0,47 

0,54 

^— 

— - 

— 

0,67 

0,75 

0,42 

0,40 

0,64 

I 


0,10  0,86 
0,25;  0,44 


0,11 


0,12  — 


0,22  0,80 
0,85 


0,40 


0,15 


0,10 


s 

1 


-  I  0,27 


0,28 


0,88 
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TABLE  II. 
COEFFICIENTS  OF  FRICTION  OF  MOTION. 


CoDdULonoflhewrfacBand 

«..„,„,,„ -E—. 

N-™<>f.h.njhKngb«IJa. 

i 

J 

■3 

1 

1 
1 

i 

i 

1 

i 

1 

1 

^ 

Hin.  T&lue. 

0,20 

— 

_ 

0,06 

0,00 

_ 

—  [0,I4 

0.08 

wd      upon     jj^^    ., 

0,80 

0,26 

— 

0,07  0,07 

_ 

—  ;0,10 

0,1! 

■o""-  ■■  •(!««.     ■■ 

0,48 

— 

_ 

0,07  0,08 

_ 

- 

0,16 

0,1s 

lUl     upon  f  ""•"'" 

0,15 

— 

0.06 

0,07  0,07 

0,06 

0,1  E 

Oil 

..U.....     »"    " 

0,18 

0,81 

0,07 

0,00!  0,09 

0,08 

0,15 

0.20 

0,U 

llUx.     " 

0.34 

— 

0,08 

0,ll[o,ll 

0,00 

0,17 

— 

0,1T 

ood     .pon  [«"■"•"■ 

0,20 

— 

0,05 

0,07 

0,00 

_ 

— 

0.10 

0,42 

0,24 

0,06 

0,07 

0,08 

0,08 

0,10 

0,20 

0,H 

IM„.     " 

0,02 

_ 

0,08 

0,08 

0,10 

— 

_ 

_ 

0,U: 

up  in  lopca,  i  On  wood. 

0,4! 

0,88 

tc (On  iron  , 

_ 

_ 

0,15 

_ 

0,18 

Iclcatberflat  (  B&v!  .  .  . 

0,54 

0,8C 

0,16 

_ 

0,20 

ponwoodor     Pounded. 

0,80- 

lotul.  ....     Greasy .  . 

-!0,25 

.esamc    on  f  jj^         _ 
dgcforpis-     Q^^y__ 
on  packing.  [ 

0,84.  0,31 

-0,24 

0,W 

_ 

0,14 

f 

[Ieuase. — More  complete  tables  of  tbc  coefficients  of  friction  are  to  1« 
id  in  the  '■  Ingenieur,"  page  408,  etc.    The  coefficients  of  frictiui  of 

18  granular  masses  trill  be  giren  in  tlic  Beeund  volume,  when  the  thcuir 
be  pressure  of  earth  is  treated. 

§  175.  The  Latest  Experiments  on  Friction.— From  the 
leriments  of  Bochet  upon  eliding  friction,  wc  find,  Ibat  the 
jita  obtained  liy  the  older  cxpcrioiL-ntera  Coulomb  and  Morin 
at  undergo  some  important  modifications.    Tiic  former  csperi- 
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ments  were  made  with  railroad  wagons  weighing  from  6  to  10  tons, 

which  were  caused  to  slide  on  a  horizontal  railroad  eitlier  upon 

their  wheels,  which  were  made  fast,  or  upon  a  kind  of  shoe  (patin). 

The  shoes  werc  fastened  to  the  frame  of  the  wagon  before,  between 

and  behind  the  wheels,  and  in  the  different  series  of  experiments 

they  were  covered  with  soles  of  different  materials,  such  as  wood, 

Lnither,  iron,  etc.,  on  which  a  pressure  of  2, 4, 6, 10  and  15  kilograms 

)>cr  square  centimetre  could   bo   produced     The    wagon,   thus 

transformed  into  a  sled,  was  moved  by  a  locomotive  attached  in 

front  by  means  of  a  spring  dynamcter,  which  gave  the  pull  or  force, 

which  balanced  the  sliding  friction.    In  order  to  prevent,  as  much 

as  possible,  the  resistance  of  the  air,  the  wagon,  which  preceded  the 

jlcd^  had  a  greater  cross-section  than  the  latter. 

The  correctness  of  the  formula  F  :=  <!>  N,  according  to  which 
the  friction  F  is  proportional  to  the  pressure,  is  proved  anew  by 
these  experiments ;  but  it  was  found,  that  the  co-efficient  of  fric- 
tion was  dependent  not  only  upon  the  nature  and  state  of  the  rub- 
bing surfaces,  but  also  upon  other  circumstances,  yiz. :  the  velocity 
of  the  sliding  body  and  the  specific  pressure,  I.E.,  the  pressure  per 
^nit  of  surface.    Bochet  puts 

«  —  y 

in  which  v  denotes  the  velocity  of  sliding,  k.  the  value  of  ^  for  infi- 
nitely slow  and  y  the  value  0  for  a  very  rapid  motion.  According 
to  this  formula  the  coefficient  decreases  gradually  from  ic  to  y  lui 
^he  velociiy  increases.  The  mean  value  of  the  coefficient  a  ig 
=  0,3,  when  v  is  expressed  in  meters,  and  on  the  contrary  =  0,091, 
when  V  is  given  in  feet.  Hence  wo  can  assume  the  co-efficient  of 
friction  to  be  constant  only,  when  the  velocities  vary  from  0  to  at 
most  1  foot  and  when  the  other  circumstances  remain  the  same. 
The  co-efficients  k  andy  are  different  for  different  materials  and 
*lopend.upon  the  degree  of  smoothness  of  the  rubbing  surfaces, 
upon  the  unguents,  upon  the  specific  pressure  etc. 

The  co-efficient  of  friction  tc  attains  its  maximum  value  for 
vood,  particularly  soft  wood,  leather  and  gutta-percha  sliding  upon 
<lry  and  ungreased  iron  rails.  Here  we  have  k  =  0,40  to  0,70.  The 
moan  value  for  soft  wood  is  /c  =  0,60  and  for  hard  wood  «  =  0,55. 

The  value  «  is  also  very  different  for  the  friction  of  iron  upon 
iron.  If  the  surfaces  are  not  polished  we  have  k  =  0,25  to  0,60 ;. 
and,  on  the  contrary,  for  polished  surfaces  we  have  «  =  0,12  to 
21 
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0,40.  The  friction  of  iron  upon  iron  is  not  diminiflhed  by  sprink- 
ling it  with  water,  but  the  friction  of  wood,  leather  and  gatt^- 
percha  is  considerably  diminished  by  wetting  the  raiL  When  the 
surfaces  are  oiled,  »  sinks  to  fix)m  0,05  to  0,20. 

The  co-efficient  y  is  always  smaller  than  «.  When  the  TelodiieK 
are  great,  the  surfaces  smooth,  the  unguent  properly  applied  and 
the  specific  pressure  a  medium  one,  y  has  nearly  the  same  rdlne  for 
all  substances. 

The  friction  of  rest  is  greater  only  in  those  cases  where  wood 
or  leather  slide  upon  wet  or  greased  rails,  and  then  it  is  twice  us  grett 

According  to  these  experiments,  we  hate 
1.  for  dry  soft  wood,  when  the  pressure  is  at  least  10  kilo- 
grams per  square  centimeter  or  142  pounds  per  equate  inch. 

0,30 

*  =  rTo;rj;  +  ®'3<^' 

2b  for  dry  hard  wood  under  the  same  pressure 

3.  for  half  polished  iron,  dry  or  wet,  under  a  pressure  of  more 
than  300  kilograms  per  square  centimeter  or  4267  pounds 
per  square  inch, 

0,15 

*  =  r:r^  +  ^'^^' 

4  for  the  same  either  dry,  under  a  pressure  of  fit  least  100 
kilograms  per  square  centimeter  or  polished  and  greased 
under  specific  pressure  of  at  least  20  kilograms^  and  abe 
for  resinous  wood  with  water  as  unguent  und^  tiie  same 
pressure, 

*  =  r^ -«.«»' 

5.  for  wood  properly  polished  and  rubbed  with  fatty  water  or 
fat  under  a  pressure  of  at  least  20  kilograms  per,  sqiuuv 
centimeter  (284  pounds  per  square  inch), 

If  V  is  given  in  feet,  we  must  substitute  in  the  d^dcttninator 
0,091  V  instead  of  0,3  v. 

Rbmabk. — It  is  very  desirable  that  these  experiments,  made  on  so  laige 
a  scale  and  giving  results  which  differ  so  much  from  tiiose  already  knows, 
ahoald  be  repeated. 
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§  176.  Inclined  Plane. — One  of  the  most  important  appliea- 
3ns  of  the  theory  of  sliding  friction  is  to  the  determination  of  the 
>nditioDS  of  equilibrium  of  a  body  A  C  upon  an  inclined  plane 

Fff,  Fig.  258.     If,  aa  in  §  140, 
^o.  268.  FffR  =  ai8  the  angle  of  incli- 

nation of  the  inclined  plane  and 
P  0  Si  =  P  the  angle  formed  by 
the  direction  of  the  force  P  with 
the  inclined  plane,  we  have  the 
normal  force  due  to  the  weight  O 
JV.  =  (?  COS.  a, 

the  force  which  tends  to  move 

the  body  down  the  plane  =  5= 

O  sin,  a,  the  force  JVi,  with  which 

the  force  P  seeks  to  raise  the 

body  from  the  plane,  =  P  sin.  P  and  the  force  Si  with  which  it 

draws  the  body  up  the  plane  =  P  cos.  0.     The  resulting  normal 

force  is 

N-  N^-  Ni=:  Gcos.a^  P  sin.  p, 

and  consequently  the  friction  is 

F=  <i>{Gcos.a  —  P  sin.  ff). 

If  we  wish  to  find  the  force  necessary  to  draw  the  body  up  the 
pkse,  the  friction  must  be  overcome,  and  therefore  we  haye 

By^ S -k-  Fyi.^  P COS.P  =  O sin. a  '\-  ip{Oeos.a  ^  P sin. P). 

But  if  the  force  necessary  to  prevent  the  body  from  sliding  down 
the  plane  is  required,  as  the  friction  assists  the  force,  we  will  hare 

8i  +i'=  S,  1.E.PC0S.P  +  <l>  {Ocos.a-^Psin.P)  =  ff  sin.a. 

IVom  these  equations  we  obtain  in  the  first  case 


P  = 


sin.  a  +  0  cos.  a 
COS.  0  +  <l>sin.p 


.  Oy  and  in  the  second  case. 


p  ^  sin.  a  —  0  COS.  a    ^ 
cos.P  —  ip  Sin.  P 

If  we  introduce  the  angle  of  friction  or  of  repose  p  by  putting 


<^  =  tang,  p 


_  sin.p 

""  COS.  p 


,  we  obtain 


p  _  sin,  a  COS.  p  ±  cos,  a  sin.  p    ^ 
COS.  0  COS.  p  ±  sin.  0  sin.  p  '    ' 


324  GENERAL  PRINCIPLES  OF  MBCHANICa 

or  according  to  a  well-known  trigonometrical  formula 


Ml±P) 


ff; 


COS.  {&  T  p) 

the  npper  signs  are  for  the  case,  when  motion  is  to  be  produoed,  ud 
the  lower  ones,  when  motion  is  to  be  prevented. 
Ab  long  as  we  have 

CM.  (3   +  p)  CM.  (/3  —  p) 

the  body  will  move  neither  up  nor  down. 

If  a  is  <  p,  the  force  necessary  to  posh  the  body  down  tbe 
pUne  is 

_  tin,  (p  -  a) 
^  -  COS.  (p  +  0)"- 

The  latter  formula  can  be  found  by  the  simple  application  of 
the  parallelogram  of  forces   0  F  Q  0,  Fig.  259.     Since  a  bod; 
counteracts  any  force  from  another  body, 
Fia.  3S9.  when  the  angle  of  diTergence  of  the  di- 

rection of  tbe  force  &om  that  of  the  nomtal 
to  the  surface  is  eqnal  to  the  angle  of 
friction  p  (§  173),  a  state  of  equibbrimo 
will  esisji  in  tbe  foregoing  case,  when  tbe 
resultant  OH  =  Qo(  the  forces  P  and  C 
forms  an  angle  N 0  Q=  p  with  the  nor- 
mal   If,  in  the  general  formnla 
P  _8in.G0Q 
0~  ain.POQ' 
veenhBtitube  G  0  Q  =  00 N  +  JiO  Q- 
a  +  p«adPOQ=:POS  +  SOQ  =  li* 
90°  —  p,  we  obtain 
P  ^        sin,  (a  +  p)        ^  8tn.  (a  +  p) 
0       sin.(0  ~  p  +  90°)     COS.  {0  —  p)' 

If  the  force  P,  is  to  prevent  the  body  from  eliding  down  the 
inclined  plane,  the  resultant  Q,  falls  on  the  lover  side  of  the  normal  ^ 
0  N,  and  the  angle  of  friction  p  enters  in  the  calculation  with  s 
negative  sign,  and  consequently  we  have 

P  _  sin.  (a  —  p) 
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If  the  body  lies  upon  a  horizontal  plane,  a  is  =  0,  and  the  force 
icessary  to  move  it  forward  becomes 

/>  —         0  O  _      O  sin,  p 

""  co8.0-\'(l>8in.p  ""  cos,  (j3  —  p)' 
If  the  force  acts  parallel  to  the  inclined  plane,  le.,  in  the 
irection  of  its  slope,  we  have  i3  =  0,  and  thercforo 

^  =  {sin.  a  ±  ff>co8.a)  G  =  f^Udl^ll .  g.    (Compare  §  172.) 

If,  finally,  tho  force  acts  horizontally,  we  have 
/J  =  —  a,  COS.  /3  =  COS.  a  and  sin.  /3  =  —  sin.  a,  and  consequently 
p  _  sin.  a  ±  <p  COS.  a     ^  _  tang,  a  ±  <(>      ^ 

coa.  a  =f  ^  sin.  a  1  =F  0  tang,  a 

P  =  tang,  (a  ±  p)  O,  which  is  also  given  by  the-  direct 
resolntion  of  the  parallelogram  0  P  Q  G. 

Farther,  the  force  necessary  to  push  the  body  up  the  plane 
becomes  a  minimum,  when  the  denominator  cos.  (j3  —  p)  becomes  a 
maximum,  that  is,  when  it  is  =  1,  or  when  i3  —  p  is  =  0,  LE.  when 
P  =  p.  When  the  angle  formed  by  the  direction  of  the  force  with 
that  of  the  inclined  plane  is  equal  to  the  angle  of  friction,  this 
force  is  a  minimum  and  is  P  =  sin.  {a  +  p) .  G. 

Example. — What  is  the  pressure  along  the  axis  of  a  wooden  prop 
A  By  Fig.  260,  which  prevents  the  mass  of  rock  A  B  C  D^  weighing  O  = 
5000  pounds,  from  sliding  down  an  inclined  plane  (the  floor  of  a  mine), 
when  the  inclination  of  the  prop  to  th'e  horizon  is  SS"",  that  of  the  inclined 
plane  (7  2>,  50"*  and  when  the  coeffici^t  of  friction  ^  is  =  0,75  ?     Here 

G  =  6000,  a  =  60%  /?  =  Se'*  -  60^  =  -  15**  and  ^  =  0,76, 
tnd  the  formula  gives 

p  —  **"'  ^  —  ^co».  a     -  _^  nn.  60^  —  0.75  cos,  50°     ^^ 
-  ^^  _  ^  nnT^  •  ftw.  15**  +  0,75  «/i.  15"  *  ^"^" 

0,766  —  0,483     -^^        1420       .^^.a  a 

-^mirtm  •  ^^^  =  T;160  =  ^^24  pounds. 

If  the  prop  was  horizontal,  we  would  have 
Ro.  260.  ,i(?  =  —  SO**  and  tang,  p  =  0,75,  or  p  =  86'  63', 

from  which  we  obtain 

P  =  G  tang,  (a^  p)^  6000  iang,  (50**  —  86'  63') 
=5000  tang,  18°  8'=5000 . 0,3888=1166  pounds. 
In  order  to  push  the  same  mass  of  rock  by 
means  of  a  horizontal  force  up  the  floor,  when 
the  other  circumstances  are  the  same,  a  force 
P=  Q  tang,  {a  Jf  p)  r=i  5000  tang.  86°  63' 
=  6000  .18,3676  =  91888  pounds  would 
be  necessary. 


] 


iHG  OENEBAL  FBINCIPLES  OF  MECHANICS. 

177.  Tlie  normal  preBSure,  with  which  a  body  A  O  pnstt 
upon  the  inclined  plane  F  H,  Fig.  361,  while  being  pushed  op  it.  li 
„      „  Gtnn.  OPQ  Gsin.(W-a  —  0) 

_  g  CTS.  (a  +  J3)  COS.  p 
""  C08.  0  —  (>) 

KoA,  on  the  contnu'y,  vhcn  we  prevent  its  shdiog  down,  we  bare 
G  COS.  {a  +  fi)  COS.  p 
'         COS.  (3 +"p). 
If  the  direction  of  the  force  is  parallel  to  the  direction  of  thi 
plane,  we  have  /J  =  0  and  M  =  6  cos.  a,  and  when  ita  direction  i- 
horizoQtdt  we  hsTe  0  =  ~-  a  and 

~  COS.  (a  ±  p)' 
Fro.  301.  Fro.  368. 


:   ^i  COS.  QiO  Nt  =   Qy  COS.  f 


The  normal  pressure  becomee  null,  when  cos.  (o  +  /3)  =  0  or 
o  +  (3  =  90',  and  becomes  negative,  when  o  +  /Ji8>90'or/3i3 
>  W  —  a.  In  the  latter  case  the  inclined  plane  is  not  under  but 
over  the  body,  as  is  represented  in  Fig.  2C2.  Here  a^in  the  two 
extreme  cases  of  equilibrium  exist  when  the  reeultont  Q  or  Q» 
which  is  transmitted  to  the  inclined  plane  F  H,  diverges  from  the 
Domml  either  above  or  below  it  at  an  angle,  which  is  that  of  the 
friction  NOQ^NOQ,  —  p. 

In  the  foregoing  development  of  the  formulas  for  tbc  eqalli- 
brium  of  a  body  upon  an  inclined  plane  it  is  supposed,  that  the 
resultant  Q  can  be  completely  transmitted  from  the  body  A  C  io 
the  support  .f  ^ ii,  which  forms  the  inclined  plane;  this  is  only 
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possible  (according  to  §  146),  when  the  direction  of  this  force  passes 

through  the  supporting  surface 
G  D  oi  the  body  A  C.  Other- 
wise the  body  A  C,  Fig.  263,  hai 
a  tendency  to  revolve  or  overturn 
about  the  outer  edge  C7,  and  this 
tendency  increases  with  the  dis- 
tance C  K  =^  eof  this  edge  from 
the  direction  0  Q  oi  the  result- 
ant Q. 

If  a  denotes  the  distance  C  L 
of  the  direction  0  P  of  the  force 
and  h  the  distance  C  E  oi  the 
vertical  line  of  gravity  0  0  oi 
the  body  from  the  outer  edge  (7, 

then  the  moment,  with  which  the  body  seeks  to  turn  from  left  to 

right  about  Cj\^  Qe  =  P  a  '-  Oh 

U  P  a  were  =  0  b  or  ,7  =  ->  the  resultant  Q  would  pass 

through  the  edge  C  and  would  be  counteracted  by  the  inclined 
plane ;  if  P  a  were  <,  G  b,  the  body  would  have  a  tendency  to  turn 
from  right  to  left,  which  turning  would  be  prevented  by  its  im- 
penetrability. 

If,  on  the  contrary,  Pa  is  >  0  ft  the  body  must  receiye  a  seoond 
anpport  or  be  guided  by  a  second  inclined  plane  P,  //,.  If  this 
second  inclined  plane  countci'acts  in  A  the  force  N  and  the  Mc- 
tion  ^  i\r  caused  by  it,  tlie  inclined  plane  P,  H^  will  react  upon  the 
i)ody  in  A  with  the  opposite  forces  —  N  and  —  0  JV,  which  pre- 
vent the  turning  of  the  body  about  O,  and  the  sura  of  the  moments 
of  these  forces  must  be  equal  to  the  moment  of  rotation  of  the 
force  Q,  ixlNI  +  ^  Nd  z=zQc=Pa-G  by  or 

1)  Nil  +  (pd)==Pa-Gb, 

'  and  (f  designating  the  distances  C  Z>and  CB  of  the  edge  A  from  0 
in  the  directions  parallel  and  at  right  angles  to  the  inclined  plane. 

If,  further,  JV,  is  the  pressure  of  the  body  upon  the  inclined 
plane  PHai  (7  and  <p  Ni  the  friction  caused  by  it,  we  can  put 

2)  Pco8.0-  0  sin.  a  +  (l>  (N  +  iVi)  and 

d)  Psin.0=  0  COS.  a  +  JV^  -  iVv 

Eliminating  iV,  from  the  last  two  equations  we  obtain  the  equa-* 
tion  of  condition. 
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P  {cos,  0  +  <t>  sin,  p)  =  O  {sin,  a  ^  <!>  cos.  a)  4-  2  0  A", 

jj  ft r*  h 

and  substituting  the  value  N  =  —^ -,—  from  equation  (1)  irv 

have  the  equation 

P  {cos.  /3  +  0  sin.  p)  =  G  {sin.  a  +  ^  cos.  a)  H ^  ;   ^  "~  , ''    ' 

or  P  / — ^ ---  (cos.  i3  +  0  sin,  /J)  —  0  o  J 

=  G^  I — ——■  {sin.  a  +  0  c(7s.  a)  —  0  b)y 

from  Tirhich  we  obtain  finally 

p  _  (Z  +  0  c?)  (sm.  g  -f  0  C05.  a)  —  2  0  J  ^ 
""  (r+~0  J)  (COS.  )3  -I-  0  siwT]})  —  2  0  a 

—  (^  +  ^  ^)  ^^^'  (^  "^  P)  ~_^  0  ft  COS.  p     ^ 

""  (Z  4-  0  rf )  COS.  (jti  —  p)  —  2  0a  COS.  p  ' 

If  JVis  =  0,  we  have  P  a  =  6  b  and 

si/i.  (a  -H  p)       b     , 

^^TT — 4  =  -,  whence 

COS.  (jj  —  p)       a' 

COS,  {P  —  p) 
as  we  found  before.* 

§  178.  The  Theory  of  the  Equilibrium  of  Supported 
Bodies  referred  to  the  Equilibrium  of  Free  Bodies. — In 
investigating  the  conditions  of  equilibrium  of  a  body,  taking  into 
consideration  the  friction,  we  will  accomplish  more  surely  oar 
object,  if  we  imagine  the  body  entirely  free  and  suppose,  that  every 
body,  with  which  it  comes  in  contact,  acts  upon  it  with  two  forces, 
viz. :  with  one  force  N,  which  proceeds  fi'om  it  and  is  normal  to  thf 
surface  of  contact,  and  with  another  force  0  N,  which  opposes  tho 
supposed  motion  of  the  point  of  contact  on  this  surface  and  which 
is  caused  by  the  friction  between  the  two  bodies.  In  this  way 
we  obtain  a  rigid  system  of  forces,  whose  state  of  equilibrium  cod 
easily  be  determined  according  to  the  rules  given  in  §  90,  as  is 
shown  in  the  following  special  case. 

A  prismatical  bar  A  B,  Fig.  264,  is  so  placed,  that  its  lower  end 
rests  upon  a  horizontal  floor  C  //and  that  its  upper  end  leans 
jigainst  the  vertical  wall  C  V\  ai  what  inclination  B  A  C=  <i 
does  it  lose  its  equilibrium  ?  We  can  hero  express  the  reactions 
of  the  floor  upon  the  body  by  a  vertical  force  R  and  by  the  fric- 
tion 0  R,  which  acts  horizontally,  and,  on  the  contrary,  the  reaction 
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of  the  wall  by  a  horizontal  force  N  and  by  a  friction  0  JV  acting 
upwards.     Hence,  if  G  is  the  weight  of  the  rod  acting  at  its  centre 

of  gravity  S,  we  have  here  a  system  of  ver- 
tical forces  (?,  i?,  ^  N  and  a  system  of 
horizontal  ones  N  and  ^  E. 

When  these  forces  are  in  equilibritini, 
we  have 

1)  0  =  R  ^  4>^f 

2)  0/2  =  JV^and 


3)  G.A  E=  N.AD  +  0  JNT.  A  C. 
But  the  arm  A  E  is  =  A  S  cob.  a  = 
}(  A  B  COS.  a,  the  arm  A  D  =  A  B  sin.  a 
and  the  arm  A  C  =  A  B  cos.  a,  hence  the 
third  equation  becomes  simply 

}j  0  COS.  a  =  Ji  {sin.  a  +  fj)  cos.  o). 
Combining  the  first  two  equations,  we  obtaiu 

G  =  R  -h  fp^  R  =  {1  -h  <!>')  By  whence 

R  =  z. -r  and  N  =  - — —z. 

!  +  <?>'•  1  +  0* 

Substituting  this  value  ofiVin  tlic  equation  (3),  we  have 

\    n  <!>  G      .    ,'  ,      ,  . 

:.  G  COS.  a  =  - —  — -  {si7i.  a  4-  0  cos.  a\  or 

1  +  0'  ^  ^' 


1+0' 
20 


=  tang,  c  +  0, 


and  the  tangent  of  the  required  angle  of  inclination  is 
^'  2  0  2  0  2  tang,  p 


_  COS.*  p  —  sin.*  p  _  COS.  2  p  __ 


cotg.  2  p 


2  sm  p  C05.  p        sin.  2  p 
=  tang.  (90*  —  2  p) ;  therefore 
/.  5^(7=a=90*--2pand  Z  ^2?C=i3  =  2p. 

§  179.  Theory  of  the  Wedge. — Friction  has  also  a  great 
mftuence  upon  the  conditions  of  equilibrium  of  the  wedge  (sec 
»  H9).  Let  us  suppose,  that  its  cross  section  forms  an  isosceles 
^^gle  ABSy  Fig.  265,  the  acute  angle  of  which  A  S  B  =  ff, 
that  the  force  acts  in  the  centre  M  of  the  back  of  the  wedge  A  U 
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and  st  right  angles  to  it  and  that  the  body  C  H  K  presses  with  & 
ceiifiia  force  A' against  the  Enrfoce  of  the  wedgu  IS  ^,  while  the 
wcdg^  reposes  with  iti 
^»»»  «mfacj.<  S  npona 

horizontal  piano.  The 
body  CH  K  is  also  m- 
cloacd  in  two  gnidcs 
G  and  K,  wliich  com- 
pel it,  when  the  wedge 
is  pushed  forward  apoa 
the  horizontal  plane, 
to  rise  witli  t!ic  load  Q 
in  the  dircction  E  C 
perpendicnlar  to  tlie  surface  B  B' of  the  wedge. 

Since  the  direction  of  the  force  P  forms  equal  cngles  with  tbe 
two aur&cea  A  S  and  B  Sot  the  wedge,  the  Donnal  pressures  A^,  X 
and  consequently  the  fricfcions  ^  JV,  ^  JV  caused  by  tliem,  are  equal 
to  each  other,  and  the  forces  P,  N,  N,  0  JV"  and  <;>  N  must  hoM 
each  other  in  equilibrium.  If  we  decompose  each  of  the  last  four 
forces  into  two  components,  one  parallel  and  the  other  perpendicn- 
lar to  the  direction  of  the  force  P,  the  sum  of  the  forpcs  having  tkf 
same  direction  as  Pmuat,  of  course,  be  in  equilibrium  with  P- 
Itnt  the  directions  of  the  forces  N,  N  form,  with  the  direction  M^ 

«)f  tlio  forc3  P,  an  angle  90  —  5,  and  those  of  the  forces  <;>  If,^  ^ 
ta\  auglc  ^,  and  therefore  the  components  of  jV,  iVin  the  direction 
if  S  ara  JV  sin.  |  and  iVstJi. -.and  those  of  0  A''aiid<>  jVarei*-V 
cos,  ^,  and  <^  Ncos.  ;t,  and  consequently  we  can  put 

P  =  3  JVstn.^  +  80  JVais.  |  =  2  A'(s(n.  t  +  <>  «w-|)- 

In  consequence  of  the  friction  if>  If  between  the  surface  B  So! 
the  wedge  and  the  base  of  the  body  C II K,  this  body  is  pressal 
with  an  opposite  force  ~  ^  N  against  the  guide  Q  H,  which  canss 
a  friction  J",  =  ^, .  ^  iV  =  0  0,  JV,  which  reaist^  the  upward  inoTe- 
ment  of  the  body  G  H  K',  hence  we  have 

N-  Fi  =  QqtN(1  -  00,)  =:  $and 

1-00; 
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Substitating  this  value  for  JVin  the  above  equation,  we  obtain 
the  force  necessary  to  raise  the  weight  Q 

m     p  =z  • ^ —  {sin.  o  +  ^  C09'  oj'  *^PPro^i™atively 

_  /        a  a  .     fi\ 

ur  putting  the  coefficient  of  friction  tp  along  the  guides  equal  to 
that  along  tlu  surfaces  A  S  and  B  S  of  the  wcdgo,  we  obtain 

P  s=:  :p   " n  [sin.      H-  ^  cos,  ^j,  approximatively 

=  2  e  ((1   +  «•)  5*>*'  ^  +  <^  C©5.^). 

When  a  wedge  A  B  C,  Fig.  26C,  is  used 
for  splitting  or  compressing  bodies,  the  force 
upon  the  back  A  ^corresponding  to  the 
normal  pressure  Q  against  the  sides  A  O 
and  B  Ci» 

P  :=z2  Q  (si7l.  2   +  0  e?05.  -l 


Fig.  306. 

A         M        B 


EzA]fFLB.*-IjCt  the  load  on  the  wedge  lepse* 

eetited  in  Fig.  ^65  be  Q  =  650,  the  sharpness  ot 

the  wedge  a  =  £5^  and  the  coefficient  of  friction 

^  ;=  ^^  =  0)86 ;  required  the  mechanical  efiisct 

Dcceasary  to  move  the  load  Q  ^  foot  along  its  guides. 

The  force  ia 

1800 
=  1  -  0,lgft6  (^»^^^^  +  ^'^*  •  ^»®^*^> 
^^        1800  787,27 

=  0;870i  ^^^^^^  +  ^^^^^  ^  0^0~4  =  ^®'^  P^"^^- 
The  space  described  by  the  load  is  ^^^  =  «i  =  }foot,  and  that  d«- 
•cribed  by  the  force  is 


BL  =  8  =^  B B.  eos.zr  =  -, — -  cob,  -z  == 

^        2      mt.  a         2 


0,25 


2nn, 


9in.  l%y 


2 


0,25         ..„- 
^  0;2i64  ^^  ^'^^^  *^^*» 
Md  OQDsequently  the  mechanical  effect  necessary  is 

P  «  =  848,2  .  1,165  =  979,6  foot-pounds.  . 
If  we  neglected  the  friction,  the  work  dcme  would  be  P  «  =  Qb^  =  1  • 
S50  =  825 ;  consequently  the  friction  nearly  triples  the  mechanical  effect 
\w  cssiry  to  raise  Q. 


0 
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[§180. 


Fia.  267. 


§  180.  In  the  samo  way  we  can  And  the  fores  P  required,  when 
a  wedge  A  B  Cy  Fig.  267,  raises  a  load  Q  vertically  upwards,  while 
moving  forward  itself  upon  a  horizontal  plane  H  0.  Let  the 
normal  pressure  between  the  wedge  ABC  and  the  block  Z>,  whieii 
is  pressed  vertically  downwards  by  the  load  §,  be  =  JV,  the  normil 
pressure  of  the  wedge  upon  the  support  -ff  0  be  =  7?  and  Ihe  non«:il 

pressure  of  the  block  against  ih- 
guide  BEhe  =  S.  Then  P  must  bal- 
ance the  forces  72,  ^,  i?,  —  N.  and 
—  0  JV,  and  Q  the  forcea  S,  0,  Sy  X 
and  0  N. 

If  a  is  the  angle  of  inclination 
A  B  C  oi  the  surface  A  B  ot  the 
wedge,  we  can  decompose  JVinto  the 
vertical  force  JV  cos.  a  and  the  hori- 
zontal force  If  sin.  a,  and  ^  N  into 
the  vertical  force  0  Nsin.  a  and  the 
horizontal  force  ^  Ncos.  a,  and  thciv- 
fore  we  can  put 

1)  P  ^tf^^R-k-  jffsitu  a  4-  0  If  COS.  <?. 

2)  B  =  Ncos,  a  —  0  If  sin.  a, 

3)  Q  =  Ncos.a—ifi  If  sin.  a— ^fifand 

4)  iS'  =  If  sin.  0  +  0  Ncos.  a. 
From  the  first  two  equations  we  obtain 

P  =  [(1  —  0  0,)  sin.  a  -f  (0  +  0,)  co«.  a]  If, 
and  from  the  last  two 

C  =  [(1  —  0  0t)  co5«  a  —  (0  +  0,)  «iw.  a]  J\r; 
and  dividing  the  first  by  the  second,  we  have 

P  _  (1  —  0  0i)  ^n.  g  +  (0  +  0i)  COS.  a 

^  ~"  (I  —  0  0,)  «w.  a  —  (0  -h  0,)  «».  a 

K  0  =  01  =  0iy  we  have,  since  0  =  tang,  p  and 
20 


1-0 


-  =  tang.  2  p, 


P  _  «tn.  a  +  COS.  a  tang.  2  p  __  f gyiff .  a  -f  fany>  2  p 
Q  ~  coA  o  —  sin.  a  tang.2p  "~  1—  tang.atang.2p 

=  /an^.  (a  +  2  p). 
K  we  disregard  the  friction  upon  the  points  of  support,  we  can 
put  0,  and  0,  =  0,  and  consequently 

P  ^  sin,  a  +  <pcos^  ^  tang^±J  ^  ^^  ^^^     (^omp.  §  17a) 

Q      COS.  a  —  0  sin.  a      1—0  tang,  a 


0 
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When  the  loud  Q  acts  at  right  angles  to  tbo  suriace  of  the 
wedgt^  the  equations  (3)  and  (4)  must  be  replaced  by  the  followiDg 
Q  =  N~  ^,5  and 

whence  Q  =  {1  —  't"l>,)  ^,  or  inversely, 

jV-=~-? — and 

P  _  (1  —  »  i^i)  Shu  g  +  (^  +  tti)  COB,  a 
Q~  l-«0. 

When  ^  JB  =  ^1  =  i^D  it  becomes 
P 

Q' 

The  formula  P  =  Q  tang,  (a  +  2  p)  is  applicable  to  the  deter- 
minafion  of  tbo  conditions  of  cqi]ilibriDm,ivhcn  twobodies  J^and  JV 
arc    fastened    together    by 
'^"-^  means  of  a  key  A   B,  Pig. 

268,  1.  and  II.  The  foree 
P  applied  to  tbc  back  of  the 
wedge  causes  the  tension, 
with  which  the  two  bodies 
arc  drawn  against  one  an- 
other, 

Q  =  Pcoig.{a  +  %p). 

On    the    contrary,    the 

force,  with  which  we  must 

press  upon   the  bottom  D 

of  the  key  in  order  to  loosen 

1^  I.E.  to  drive  it  back  in  the  direction  B  A,  is,  since  a  ia  neg- 

atiTc  here, 

P,  =  0  tang.  (Up-  a), 
"r  gnbetitnting  the  former  value  of  Q,  we  have 

p  =  p  Ian^-{^P-'') 
'  tang.  (2  p  +  a)' 

In  order  to  prevent  the  wedge  from  jnmping  back  of  itself,  « 
mnrt  <  2  p. 

§18L  Coefficients  of  Friction  of  Axles.— For  axles  the 
mction  of  ^motion  alone  is  important,  and  for  this  rcasoD  only  the 
f^snltsof  eiperiments  upon  it  are  given. 
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TABLE   IIL 
COEFFICIENTS  OP  FEICTIOS  OP  AXLES,  i 


HiatoC  iht 

niUiDg  bodiis. 

Condition  of  *e«jria. 

1 

II 

0 

1 

£ 
J. 

Bell  metal  upon  1*11  metal. 

_ 

_ 

_ 

o.< 

cast  iron... 

Wro't  iron    ' 

bell  metal. 

0,351 

0,18B 



0,i 

cast  iron.. . 

0,( 

Cast  iron      " 

" 



0,187 

O.flTO 

0,1 

bell  metal.  . 

0,1  M 

0,161 

0,( 

Wro't  iwm    " 

lig.  Titffi... 

0,188 

0. 

Cast  iron      " 

0.18S 

0, 

IJgn'mTitfB" 

cast  iron  . . 

0. 

"            " 

lig.  vite... 

- 

- 

_ 

From  this  table  the  following  practically 

can  be  drawn :  for  axles,  journals  or  gndge 

iron  running  in  bearings  of  cast  iron  or  bel 

with  oil,  tallow  or  lard,  the  coefficient  of  frii 

is,  when  the  lubrication  is  well  Bust 

and  with  ordinary  lubrication,  =  0 

The  values  found  by  Coulomb  differ  in 
above. 

Rehabs. — Bj  bin  experiments  upon  mediate 
fiidjon  balance,  Him  obtained  several  results,  w1 
those  alreadj  known.  The  axle  employed  b;  hi 
cast-iron  drum  0,33  metres  in  diameter,  and  0,S' 
cated  upon  the  outer  surface  by  dipping  it  in  oil 
water  to  pass  through  its  interior.  The  bronze  t 
of  tin)  was  pressed  upon  it  by  means  of  a  lever 
ing  50  kilogr.  while  the  axle  made  50  to  100  rei 
is  easy  to  see,  that  in  the  experiments  made  with  1 
and  adhesion  of  the  oil  employed  as  unguent  mu 
ant  part,  einee  not  only  the  Telocity  of  revoluti 
nriace  was  very  great  compared  to  the  pressure. 
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camference  of  tbe  dram,  dncc  its  circumference  was  73  centimetres  and 
since  it  revolved  -|  to  -^  times  in  a  second,  was  60  to  120  centimetres,  or  24 
to  48  inches,  while  in  machines  it  is  generally  but  from  2  to  6  inches.  The 
horizontal  section  of  the  axle  was  22  .  28  =  500  square  centimetres^  and 
consequently  tbe  pressure  on  each  square  centimetre  of  this  section  was 

50 

only  -—  =  0,1  kilogram,  i.e.  6,45 . 0,220  =  1,42  pounds  upon  a  square  inch, 

Duo 

^hiLe  this  pressure  in  ordinary  machines  is  generally  more  than  one  hun- 
dred pounds.  Hlrn's  experiments  were  consequently  made  under  condi- 
tions different  from  those  generally  met  with  in  very  large  and  powerful 
machinery,  and  under  which  the  other  experiments,  such  as,  B.O.,  those  of 
Morin,  were  tried,  and  therefore  the  variation  in  the  results  obtained  is 
perfectly  explicable.  The  principal  results  of  Him's  experiments  are  the 
following. 

The  mediate  friction  is  dependent  not  only  upon  the  pressure  and  the  na- 
ture and  character  of  the  rubbing  surfaces  and  of  unguent,  but  also  upon 
the  velocity  and  upon  the  temperature  of  the  rubbing  surfaces  and  of  the 
Borroundings,  as  well  as  upon  the  magnitude  of  these  surfaces.    The  fric- 
tion is  directly  proportional  to  the  velocity,  when  the  temperature  is  con- 
stant; and  if  the  temperature  is  disregarded,  it  increases  with  the  square 
root  of  the  velocity.    From  other  experiments  Him  concludes,  that  the 
mediate  Miction  is  also  proportional  to  the  square  root  of  the  rubbing  sur- 
faces as  well  as  to  the  square  root  of  the  pressure.    In  regard  to  the  par- 
ticular influence  of  the  temperature,  the  following  formula  was  given  by 
these  experiments: 


F  = 


0 


1,0492" 

.  in  which  t  denotes  the  temperature  of  the  rubbing  surface,  F^  the  ftietion 
at  0',  and  Fthat  at  t  degrees  of  temperature. 

One  of  the  principal  results  of  these  experiments  was  the  determination 
of  the  mechanical  equivalent  of  heat.  This  subject  will  be  treated  more  &t 
^gth,  when  we  discuss  the  theory  of  heat. 

§  182.  "Work  Done  by  the  Friction  of  Axles.— If  wo 

know  the  pressure  E  between  the  axle  and  its  bearing,  and  if  the 
'^os  r  of  the  axle,  Fig.  269,  is  giren,  wc  can  easily  calculate  the 
^otk  done  by  the  friction  on  the  axle  during  each  revolution*  The 
friction  ia  F  =  fl>  R,  the  space  described  is  the  circumference  2  itr 
of  the  axle,  and  consequently  the  mechanical  effect  lost  by  the 
friction  is  ^  =  <^  i2  .  2  TT  r  =  2  77  0  A  r.  If  the  axle  makes  u 
revolutions  per  minute,  the  mechanical  effect  expended  in  each 
ieocmdis 

L  =  2^<i.Rr.^^^^^^^  :.:  0,105. u<pRr. 
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The  work  done  by  the  friction  increases,  therefore,  with  Uif 
f)re66ure  on  the  axle,  with  the  radius  of  the  axle  and  with  tb 
number  of  revolutions.  We  have  therefore  the  following  practini 
rule,  not  to  increase  unnecessarily  the  pressure  on  the  axles  in 
rotating  machines,  to  make  them  as  small  as  possible  without  en- 
dangering their  solidity  and  durability  and  not  to  allow  them  to 
make  too  many  revolutions  in  a  minute,  at  least,  when  the  othei 
circumstances  do  not  require  it 


Fio.  269. 


Pro.  270. 


By  the  use  of  friction-wheels  instead  of  plumber-blocks,  tlio 
work  done  by  the  friction  is  diminished.  In  Fig.  270  A  Bis  d 
sliaft,  whose  journal  C  E  E^  rests  upon  the  circumferences  .ff  if 
and  Ex  Hi  of  the  wheels  (friction-wheels),  which  revolve  around  D 
and  A  and  lie  close  behind  one  another.  The  given  pressure  B 
upon  the  ishaft  gives  rise  to  the  j^ressure 


N=  Ni  = 


R 


a 
2  cos,  jj 


Here  a  denotes  the  angle  D  C  Dx  included  between  the  lines  join- 
ing the  centres,  which  are  also  lines  of  pressure.    In  consequenco 
of  the  rolling  friction  between  the  axle  Cand  the  circumference  of 
iiie  wheels,  the  latter  revolve  with  this  axle,  and  the  frictions  ^  3 
and  0  Nx  are  produced  on  the  bearings  D  and  i^i,  the  sum  of  which 

is  F  =  0  (iV^  +  iVO  =  -^-^-    K  the  radius  DB=  DxE^ho  d*^ 

noted  by  a,  and  the  radius  of  the  axle  Ly  r„  we  obtain  the  forc.\ 
which  must  be  exerted  at  the  circumference  of  the  wheels  or  at 
that  of  the  axle  C  to  overcome  the  friction,  and  it  is 
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^,  =  !jir=!:'. 


it>R 


Fig.  271. 


a,  fli  a' 

while,  on  the  contrary,  it  is  =  <t>  li,  when  the  axle  lies  directly  on  a 

step. 

If  we  neglect  tlie  weight  of  the  friction- 
wheels,  the  work  done  when  these  wlieels  are 

employed  is  i/>  = ^ —  times  as    great   as 

^1  COS.  ^ 

when  the  shaft  revolves  in  a  plumber-hlock. 

^V^^^HV^  If  we  oppose  a  single  frietion-whcel  O  H, 

^^B^  Fig.  271,  to  the  pressure  R  of  the  axles  and 

J  if  we  counteract  the  lateral  forces,  which  in 

other  respects  can  be  neglected,  by  the  fixed 

d 
cheeks  ^and  L,  a  becomes  =  0,  cos. «  =  1  ^^^  ^'^^   above  ratio 

Example.— A  water-wheel  weighs  80000  pounds,  the  radios  of  its  cir- 
cumference a  is  16  feet  and  that  of  its  gudgeon  is  r  =  5  inches ;  how  much 
force  is  required  at  the  cireumference  of  the  wheel  to  overcome  the  friction 
or  to  maintain  the  wheel  in  uniform  motion,  when  running  empty,  and  how 
threat  is  the  corresponding  expenditure  of  mechanical  effect,  when  it  makes 
5  reTolations  per  minute  ?  We  can  here  assume  a  coefficient  of  friction 
0  =  0,075,  and  consequently  the  friction  is  ^  ^  =  0,075  .  30000  =  225^ 

16    12       102 
pounds.    Since  the  radius  of  the  wheel  is  — i —  =  -—  =  88,4  times  as 

5  5 

{^reat  as  that  of  the  gudgeon  or  the  arm  of  the  friction,  the  friction  re- 
duced to  the  circumference  of  the  wheel  is 

^  R       2250 

=  38,4  =  SM  ="  ^®^^^  P°^°^'- 

2    5    T 
The  drcumference  of  the  gudgeon  is  —^^-^  =  2,618  feet ;  and  conse- 

qaently  the  space  described  by  the  friction  in  a  second  is 

2,618  .  6       ^«,^„^   , 
^^ =  0,2182  feet, 

and  the  work  done  by  the  friction  during  one  second  is 

L  =  0,2182  .  ^  i2  =  0,2182  .  2250  =  491  foot-pounds. 
If  the  gudgeon  of  this  wheel  is  placed  on  friction  wheels,  whose  radii. 

lilt  bat  5  times  as  great  as  the  radius  of  the  gudgeon,  that  is,  if  ~-^  =s  1^. 

the  force  necessary  at  the  circumference  of  the  wheel  to  overcome  the  fric- 
22 
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tion  would  be  only  f  .  08,69  =  11,12  ponnds  and  tbe  .mechanictl  c&i 
expended  but  ^^  =  98,3  pounds.  But  in  tliie  case  the  SD{)port  would  U 
mnch  leaa  safe. 

§  183.  Friction  on  a  Partially  Worn  Bearing. — Tbe  fii- 

Uon  of  an  axle  A  C  B,  Fig.  273,  upon  a  bearing,  which  is  partialli 

worn,  80  tliat  the  shaft  is  supported  in  a  single  point  A,  is  Bmalkr 

than  that  of  a  new  axle,  which  touches  all  points  of  ita  bearing. 

If  no  rotation  takes  place,  the  axle  press 

Fio.  272.  npon  the  point  B,  Uirough  which  the  diiectioii 

of  the  resulting  pressare  R  pasaee ;  if  the  shift 

begins  to  rotate  in  the  direction  A  B,  the  ailr 

rises   in  consequence  of  the  Mctlon  on  it^ 

bearing,  until  the  force  S  tending  io  move  it 

down  balances  the  fHction  F.     The  resnlt- 

E  ant  R  is  decomposed  into  a  normal  force  iY 

and  a  tangential  one  S,  N  is  trauGmitted  U, 

the  plumber  block  and  produces  the  friction  F  =  ^  N,  which  aeU 

tangentialty,  S,  bowever,  puts  itself  in  equilibrium  with  F,  tB& 

we  bave,  therefore,  8  =  <p  N.    According  to  the  theorem  of  Pyfhs- 

goras,  wo  have  i?  =  W*  +  S\  whence 

R?  =  {1  +  *•)  N', 
or  inyersely  tbe  normal  pressure 

iV  =     ,-  and  the  friction  F  =  --■    •  ---, 

or  introducing  tbe  angle  of  friction  p  or  ^  =  tang,  p 
„  R  tang,  p  „  ,  „    . 

r  =       ■  ..  —^^^=  =  R  tang.  (>  coe,  p  =  R  atn,  p. 
V  1  +  ian^.'p 
Consequently,  when  the  shaft  begins  to  tarn,  tbe  point  of  iaei> 
snre  B  mores  in  its  bearing  in  the  opposite  direction  through  sn 
angle  A  C  fl  =  the  angle^of  friction  p. 

The  moment  F.  C  A  =  Fr  ot  the  friction  on  the  axle  i» 
naturally  equal  to  the  moment  R  r  siti.  p  of  the  pressure  R  upon 
the  bed,  both  being  referred  to  the  axis  ef  revolution  C.  If  there 
were  no  motion,  we  would  hare 

F=<pR  =  R  tang,  p  =       ""'^ ; 

the  friction  after  the  motion  begins  is  cos.  p  times  as  great  5a 
before.  Generally  ^  =  tang,  p  is  scarcely  j'j  and  cos.  p  >  <ifi^ 
Bo  that  the  difference  is  scarcely  ^n'oo  =  3J0 !  ^0  can»  therefore, 
in  ordinary  cases  neglect  the  effect  of  the  motion. 
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Fig.  273. 


Fig  274 


If  tho  wheel  A  B  revolves  with  a  nave,  Pig. 
273,  about  a  fixed  axle  A  Cj  the  frietion  is  the 
same  as  if  the  axle  moved  in  an  ordinary  plumber- 
block,  bnt  when  the  nave  is  worn  the  arm  of  the 
friction  is  not  the  radius  of  the  shaft,  but  that  of 
the  opening  in  the  nave. 


§  184.  Friction  on  a  Triangular  Bearing. — If  we  lay  the 
axle  in  a  prismatical  beariag,  wc  have  more  pressure  on  the  bearing, 
and  consequently  more  friction  than,  when  the  bearing  is  circular. 

If  the  bearing  A  D  B,  Fig.  274,  is  tri- 
angular, the  axle  is  supported  at  two 
points  A  and  B  and  at  both  of  them 
friction  must  be  overcome.    The  result- 
ing pressure  R  is  decomposed  into  two 
components  Q  and  §„  each  of  which  is 
again  decomposed  into  a  normal  stress 
JVor  Ni  and  into  a  tangential  one,  which 
equal  to  the  friction   F  =   (t>  If  and 
i*^i  =  ^  JVi.    According  to  the  foregoing  paragraph,  we  can  put 
these  frictions  =  Q  sin,  p  and  Qi  sin.  p,  consequently  the  total 
friction  is  F  +  Fi  =  (Q  -h  Q^)  sin,  p. 

The  forces  Q  and  Qi  are  found,  by  the  resolution  of  a  parallelo- 
gram of  forces  formed  of  Q  and  ©„  with  the  aid  of  the  resultant  i?, 
of  the  angle  of  friction  p  and  of  the  angle  A  C  B  =^  2  a,  corespond- 
ing  to  the  arc -4  J9  included  between  the  two  points  of  contact; 
now  we  have 

QOR  =  ACD'^CAO  =  a^p  Q,ni 
Q^OR  =  BCD^  C^0  =  a4-pand  therefore 
^O^i  =  a— p  +  a-  +p  =  2a. 
By  employing  the  formula  of  §  78,  we.  obtain 

^  »in.  2  a  ^  8in.  2  a  ' 

*?lience  the  required  friction  is 


P-hFi  =  (Q  +  Qi)  sin,  p  =  (sin.  [a  —  p]  +  sin,  [a  +  p])  - — --?. 

But  from  trigonometry  we  know,  that  sin.  {a  —  p)-{-  sin,  (a  +  p) 
=  2  sin.  a  €08*  p,  and  that  sin.  2  a  =  2  sin.  a  cos.  a,  and  we  can 
therefore  put 

J5^ 4-  p  —  ?_£f5L?  ^  gfy^.  p  COS.  p  _  Rsin.2p 
'  *"        2  siTU  a  COS.  a         ""2  cos.  a  * 
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iThich,  owing  to  the  smalluess  of  p,  we  can  make  =  -. 

^  '  COS.  a 

a  tiianguliir  bearing  is  used,  the  frictioa  becomes  - 

than  when  a  circnlar  one  is  employed.    If,  E.9.,  A  D  S  is&f, 
A  C  B  is  180*  -  60'  =  120"  and  ^  0  D  =  a  =  GO;  we  haw 

i^Ki  timca  =  twice  as  much  friction  as  for  a  circnlar  bcarioz. 

cog.  60°  ^ 

g  185.  Friction  of  a  New  Bearing. — By  the  ud  of  the  latter 

fonnula  we  can  find  the  friction  on  a  new  circnUr  bearing  when 

the  axle  is  supported  at  all  points.    Let  A  D  B,  Fig.  275,  be  endi 

a  bearing.    Let  us  divide  the  arc  A  D  B  aloD^ 

Fio.  370.  which  the  bearing  and  axle  are  in  contact  into 

very  many  parta,  snch  aa  ^4  N,N  0,  etc.,  whose 

projections  npon  the  chord  A  B&k  equal,  and 

let  us  suppose  that  each  one  of  these  parU 

transmite  from  the  axle  to  the  bearing  eqiui 

portions  —  of  the  whole  pressure  R.    Here  n 

denotes  the  number  of  these  parts.    According 
to  the  foregoing  paragraph,  the  friction  of  two 
parts  N  0  and  N,  0,  opposite  to  each  other  is 
_  R       sin.  3  p 
~^'cos.  NCD' 

N  P 
Bnt  COS.  N  C  D'\i  also  =  cos.  0  N  P  =  -fj-ff  ^  ^  represent- 
ing the  projection  of  the  part  N  0  f>a  A  B,  and  therefore 
j^j.  p  _  chord  A  B  _ 

consequently  the  friction  corresponding  to  these  two  parts  JV  0  and 
■^i  0,  is        ^  Rsin.2p    n.WO  ^  Rtin.2p    -j^ 
~        n       '  chord  ~    chord 
In  order  to  find  the  friction  for  the  entire  arc  A  D  B,  we  haw 
only  to  substitute  instead  of  iV  0  the  arc  .d  /)  =  3^  jD^ff;  fortbe 

Hum  of  all  the  frictions  is  equal  to  — ; — ^ —  .  the  sum  of  all  the 
^  chord 

parts  of  the  arc ;  consequently  the  friction  on  a  new  bearing  ie 

ur  putting  the  angle  at  the  centre  A  C  B  corresponding  to  the  ait 
contained  in  the  bearing  =  3  a" and  the  chord  A  B  =  2  A  C sin-it, 
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j^       li  8in.2p       a  .      i..    i 

Jr  =  ^ — -  ,  —, —  or  approxunatively, 

Lssuming  2  p  =  2  sin.  p, 

JP  ^=  li  sin,  p  .  -: — • 

stfu  a 

Hence  the  initial  friction  increases  with  the  depths  that  the  axle 
is  sank  in  its  bearing,  E.Q.,  if  the  bearing  includes  the  semi-circum- 
ference of  the  axle,  we  hare  a  =  ^n  and  s^in.  a  =  1,  and  therefore 

* 

F  =  -  .  B  sin,  p  is  ^  =  1,67  times  as  great  as  it  is  when  a  bearing 
has  been  worn.  If  the  axle  does  not  lie  deep  in  its  bearing,  or  if  a  is 
small,  we  can  put  mn.  a  =  a  —  ~=a(l  —  —  j,  whence  it  fol- 
lows that  ^  =  ( 1  +  tt)  S  situ  p  or  =  iJ  sin,  p,  when  a  is  very 

cmalL 

(§  186.)  Poncelef  8  Theorem.— The  pressure  R  on  the  bear- 
ings is  generally  given  as  the  resultant  of  two  forces  P  and  Q, 
vhich  act  at  right  angles  to  each  other,  and  it  is  conseqiiently 

-^  P*  +  Q\    So  far  as  we  need  it  for  the  determination  of  the 
friction 

F=<I>R:=<I>  i^~P^+"Q% 
we  can  content  ourselves  with  an  approximate*  value  of  V  P*  +  Q\ 
partly  because  an  exact  value  of  the  coeflBcient  0  can  never  be 
given,  as  it  depends  upon  so  many  accidental  circumstances, 
partly,  also,  because  the  product  0  i2  is  generally  but  a  small 
fraction  of  .the  other  forces,  which  act  on  the  machine,  B.G.,  the 
lever,  pulley,  wheel  and  axle,  etc.,  which  is  supported  by  the  bear- 
mgs.    The  formula  for  calculating  the  approximate  value  of 

*  ^  +  C  is  known  as  Poncelet's  theorem,  and  its  truth  can  be 
iemonstrated  in  the  following  manner.    We  have 

VP-+  G*  =  P\/l  +  (I)'  =  P  i^" +^% 
i^  which  a?  =  ^,  and  if  §  is  the  smaller  force,  a;  is  a  simple  frac- 

tioiL  Now  let  US  put  Vl  -\-  af  :zz  fi  +  v  z,  and  let  us  determine 
the  coefficients  fi  and  v  corresponding  to  certain  conditions.  The 
'^'ative  error  is 
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This  equation  con-esponds  to  the  curve  0  8  P,  Fig.  276,  who^ 
ordinate,  when  the  abscissa  a;  =  0,i8-4  0=y  =  l— ^i,  and,vki. 

the  abscissa  -45=1,  isy  =  l  —  — ^* .   The  curve  also  cix\stb 

axis  of  abscissas  in  two  points  K  and  JV  and  at  S  lies  at  its  greats: 

tlistance  O  S  from  this  azi&  li 
Fia.  276.  y^f,  put  y  =  0  or 

^  ^  '^-^  I    and  solve  the  equation  in  rektion 

to  .T,  we  obtain 

the  values  of  which  are  the  abscissas  A  f  and  A  JVof  the  poinH 
f  and  JV,  where  the  curve  cuts  the  axis,  and  also  those  values  for 
which  the  error  is  =  0.  In  order  to  find  the  abscissa  A  Col  ih.' 
maximum  negative  error  C  8,  we  must  put  the  differential  ratio 

dy  _  (fi  +  vx)(l  -h  x^)-\  X  —  y  (1  +  a^)\   __ 
dx~^  1  +  X*  ~ 

(see  Article  13  of  the  Introduction  to  the  Calculus). 
This  condition  is  fulfilled  by  putting 

f/i  +  V  a:)  (1  +  a?')-i^r  =  v  (1  +  x'y  or 

V 
(fA  -i-  V  X)  Z  =:  V  (I    +  X\  LE.  a?  =  -. 
'  /* 

V 

According  to  this  formula^  the  abscissa  AC^  -  gives  the  greatest 
negative  ordinate. 

V  ' 

6'A'=i  -  7- — ,= -fe-^-  - 1)  =  -  ( f^  +  .•  -  n. 
1/1  +  ~. 

In  order  to  have  neither  a  great  positive  nor  a  great  negati^'e 
error,  let  us  put  the  three  ordinates  A  0  =  1  —  ]ii,  ^P  =  l- 

'  J^"  wid  C  8  =  T/*'  +  v"  —  1  equal  to  each  other,  and  deter- 
mine from  them  the  coefiScients  ^  and  v.    We  have 

ft  =  ?^-,  LE.,  V  =  (  V'T-  1)  ;*  =  0,414  /A  and 

V2 


2  -  /i  =  V^/i'  +  V,  LE^2  =  /*(1+  ^^1+  0,414') 
and  consequently 
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fi  = =  0,9C  and  V  =  0,414  .  0,96  =  0,40. 

1  +    1/1,1714 

We  can,  therefore,  put  VT-f  ^  =  0,90  H-  0,40  .  a:,  and  in  like 
manner  the  i-esultunt 

R  =  0,96  P  +  0,40  Qy 

nnd  we  know  that  in  tbis  ease  the  greatest  error  wc  can  make  is 
iy=l  —  /x  =  l  —  0,96  =  0,04  =  four  per  cent  of  the  true 
value. 

This  formula  supposes,  that  we  know,  which  of  the  two  forces 
is  the  greater ;  if  this  is  unknown  to  us,  we  assume 

vrvx'  =  /t  (1 4-  x) 

and  obtain  in  that  way 

^  fl+a:* 

In  this  case  not  only  z  =  0,  but  also  re  =  oo  gives  an  error 

V 

1  —  f*.    If  we  put  X  =  -  =  1,  we  have  the  greatest  negative  error 

= -  (i  I  -  0 = -  (-"^  -  >)• 

Patting  these  errors  equal  to  each  other,  wo  obtain 

l-,.  =  ^l/T-i;or^  =  ^-^.  =  ^-\^  =  j-L  =0,838. 

In  case  we  do  not  know,  which  of  the  forces  is  the  greatest,  wo 
can  write 

R  =  0,83  (P  +  Q), 
then  the  greatest  error  we  can  make  is  ±  y  -  1  —  0,83  —  17  per 
cent  =  J  of  the  true  vahic. 

If)  finally,  we  know  tliat  x  is  not  over  0,2,  wo  do  best  to  neglect 

-p  altogether  and  to  put  V~P^T^Q*  =  P;  if,  hoAvever,  rr  is  over 
^5,  it  is  better  to  make 

V'P'T'Q*  =  0,888  P  4-  0,400  .  Q. 
In  both  cases  the  maximum  error  is  about  2  per  cent* 

§  187.  Tho  Lever. — The  theory  of  friction  just  given  is  appli- 
^We  to  the  material  lever,  to  the  wheel  and  axle  and  to  other 
'^'^Wnes.  Let  us  now  take  up  the  subject  of  the  lever,  discussing; 
^^  once  the  most  general  case,  that  of  the  bent  lover  A  C  B, 

*  Poljteclinische  Mittheilangen,  Vol.  I. 
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Fig.  277. 


Rg.  277.    Let  us  denote,  as  fonii3rly  (§  136),  the  arm  of  the  levc 

C  A  of  the  power  P  by  n,  tb 
lever  arm  C  B  of  tlie  load  Q  bv  i 
and  the  radius  of  axle  by  r,  and 
let  us  put  the  weight  of  the  leu  r 
=  Gy  the  arm  C  E  of  the  auui 
=  s  and  the  angles  APE  cdiI 
B  Q  K  formed  by  the  dircctioni. 
of  the  forces  with  the  horizon 
=  a  and  /3.     The  power  P  produces  the  vertical  pressure  P  situ  c 
and  th3  load  Q  the  vertical  pressure  Q  sin,  ft  and  the  total  vertical 
pressure  is  F  =  ff  +  P  sin,  a  +  Q  situ  p.    The  force  P  produces 
also  the  horizontal  pressure  P  cos.  a  and  the  load  an  opposite 
pressure  Q  cos.  I3y  and  the  resulting  horizontal  pressure  is  H  = 
P  COS.  a  —Q  COS.  ft  and  the  total  pre  ssurc  on  the  axle  is 
R  =  H  F+  vII=fi{0  +  Psin.a  -h Q sin. 0) -^  v(Pcos.a'-Qcos.0\ 
in  which,  however,  the  second  part  v  [P  cos.  a  —  Q  cos.  j9)  is  never 
to  be  taken  as  negative,  and,  therefore,  when  Q  cos.  3  is  >  P  cos.a 
the  sign  must  be  changed,  or  rather  P  cos.  a  must  be  subtracted 
from  Q  COS.  0.    In  order  to  find  the  value  of  the  force  correspond- 
ing to  a  state  of  unstable  equilibrium  so  that  for  the  smallest  addi- 
tion of  force  motion  will  take  place,  we  put  the  statical  moment 
of  the  power  equal  to  the  statical  moment  of  the  load  plus  or  minus 
the  moment  of  the  weight  of  the  machine  (§  13G)  and  plus  the 
moment  of  the  friction ;  thus  wo  have 
Pa=  Qb±.  Gs  -{-  <l}Rr 

=  QbdhGs-r<;){fiV+v  H)  r,  whence 
_  Qh:^Gs  ■\-  <S>[ii{G  -h  Q  sin.  0)  ^  v  Q  cos.  j3]  r 
~  a  —  fM  <li  r  sin.  a  ^^  v  <}>  r  cos.  a 

If  P  and  Q  act  vertically,  we  have  simply  R  =  P  +  Q  +  G 
and  therefore  Pa=Qb±Gs  +  (;>{P+Q  +  G)r.  If  the  lever 
is  one  armed,  P  and  Q  act  in  opposite  directions  to  each  other  and 
Ria^P-'Q  +  G  and  therefore  the  friction  is  less.  But  B 
must  always  enter  into  the  calculation  with  a  positive  sign,  for  the 
friction  (t>  R  only  resists  motion  and  never  produces  it.  We  sec 
from  this,  that  a  single  armed  lever  is  mechanically  more  perfect 
than  a  double  armed  one. 

Example. — If  the  arms  of  the  bent  lever  represented  in  Fig.  277  an- 
a  =  6  feet,  6  =  4  feet,  «  =  }  foot  and  r  =  1 J  inches,  if  the  angles  of  incli- 
nation are  a  r=  70\  p  =  60',  and  if  the  load  is  Q  —  5600  pounds  and  the 
weight  of  the  lever  G^  is  =  900  pounds,  the  force  necessary  to  produce 
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instable  equilibrium  Is  determined  as  follows.    The  friction  being  disre- 
garded, we  have  JPa  +  G  s  =  Qb  and  therefore 

Ql--G$       5600.4-900.4       ^^^^ 
r  =  -^ = ^  =  8658  pounds. 

if  we  put  fi  =  0,96  and  v  =  0,40,  we  obtain 

/» (GF  +   Q  »n.  /?)  =  0,96  (900  +  6600  sin.  60^  =  4983  pounds, 

V  Qca9,  f3  =  0,40  .  5600  cos.  SO*"  =  1440  pounds, 
ftnn,a  =z  0,96  .  nn.  10"  =  0,902  and 

V  ftw.  a  =  0,40  .  COS.  70'  =  0,137. 

It  is  easy  to  see,  that  P  cos.  a  Is  here  smaller  than  Q  cos.  ji ;  for  since  P  is 
appioximatively  3658  pounds,  we  have  Pcos.  a  =  1251  pounds,  while,  on 
the  contrary,  Q  cas.  /3  is  =  3000  pounds ;  therefore  we  must  employ  in  this 
case  for  V  Q  eoa.  p  and  for  v  ^  r  cos.  a  the  lower  sign  and  put 

__  5600  .  4  --  900  .  ^  +  <^  r  (4982  +  1440) 
6  -  9  r  (0,902  -  0,137) 
Assoming  the  coefficient  of  friction  f^  =  0,075,  we  obtain 

^  r  =  0,075  .  yV  =  0,009375  and  6422  ^  r  =  60 
and  the  force  required 

^       22400  -  450  +  60        22010 
^  =  .     6-0,0717—  =  MOSS  =  ^^^^  P""°^'- 
Here  the  vertical  pressure,  when  we  substitute  the  force  P  =  3658  pounds 
determined  without  reference  to  the  friction,  is 

V  =  8658  sin.  W  +  5600  sin.  50'  +  900  =  8487  +  4290  +  900 
=  8627  pounds, 
and,  on  tlie  contrary,  the  horizontal  pressure  is 

ff=  5600  COS.  50  —  3358  cos.  70  =  3600  —  1251  =  2840  pounds. 
Here  -ffis  >  0,2  F,  and  therefore  we  have  more  correctly 

B=  0,888  .ff+  0.490  F*=  0,888  .  8627  +  0,490  .  2849  =  8811,  and 
consequently  the  moment  of  the  friction  is 

=  9  r  5  =  0,009375  .  8811  =  82,6  foot-pound? ; 
and  finally  the  force 

p  =  MOO  -  450  +  82.0  ^  g,,2  p^„„,^ 
which  value  differs  very  little,  it  is  true,  from  the  one  obtained  above.  "^     ^ ""  ^ 


§  18a  Friction  of  a  Pivot— If  in  a  wheel  and  axle  there  is 
»  pressure  in  the  direction  of  the  axis,  which  is  always  the  case, 
^hen  the  axle  is  vertical,  in  consequence  of  the  weight  of  the 
Diachine,  friction  is  produced  upon  the  hase  of  one  of  the  journals. 
%ce  there  is  pressure  at  all  points  of  the  base  between  the  pivot 
a^id  the  step  (or  footstep),  this  friction  approaches  nearer  to  the 
onlinary  friction  of  sliding,  than  to  what  we  have  previously  con- 
sidered as  axle  friction,  and  we  must  therefore  employ  in  this  case 
the  ooeflacients  of  friction  given  in  Table  II.  (page  320).    In  order 
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to  fiiid  the  work  done  by  thia  Miction,  we  must  know  the  mean 

spacj  described  by  the  base  A  B,  Fig.  878,  of  Bucb  a  pivot    '9t 

us8ume  thai,  the  pressure  R  is  equally  distributed  over  the  wboli^ 

BHi'face,  that  is,  we  suppose  that  the  friction  upon  equal  portifint 

of  the  base  is  equally  gi-eat     If  we  divide  the  base  by  means  of  tht 

radii  CD,  O E,  etc.,  in  equal  sectiona  or  triangles,  such  as  D  C E. 

these  correspond  not  only  to  equal   frictions,  but 

*^- ^'        also  to  equ^  momenta,  and  -nc  need  therefore  obJ.i 

find  the  moment  of  the  friction  of  one  of  ihe« 

triangles.     The  frictions  on  such  a  triangle  tan  bt 

considered   as   parallel    forces,  eince   Uiey  all  act 

tangentially,  i.e.,  at  right  angles  to  the  radius  CI>-. 

and  since  the  centre  of  gravity  of  a  body  or  of  » 

j        Vi       \     surface  is  nothing  else  than  the  point  of  applicsticm 

V  ^^^  '     of  the  resultant  of  the  parallel  forces,  which  are 

equally  distributed  oTCr  the  body  or  surface,  we  tsn 

consider  the  centre  of  gravity  S  of  this  sector  oi 

triangle  D  C  E  as  the  point  of  application  of  the 

resultant  of  all  the  frictions  upon  it.    If  the  pressure  on  this  Kctot 

is  =  —  and  radios  C  D  =  C  E  =  r,it  follows  (according  to  §  113), 

I  iiat  the  statical  moment  of  tiie  friction  of  this  sector  is 

=  CS. 

and  finally  that  tlio  statical  moment  of  entire  friction  of  the  pivot  is 

Sometimes  the  rubbing  surface  is  a  ring  ABED,  Fig.  273 
If  the  radii  of  the  same  arc  C  A  =  r^  and  C  D  = 

Fro.  370.  j.^  ^g  jj^^Q  |jj,j^  ^  determine  the  centre  of  graTift 

S  of  a  portion  of  a  ring.  Hence,  according  t^J 
g  114,  the  arm  ia 

'  r,'  ~  r,' 
and  therefore  the  moment  of  the  friction  ia 

\r,'  -  r,V 

If  we  introduce  the  mean  radius  -^-s —  = '' 

and  the  breadth  of  the  ring  r,  —  r,  ^  J,  we  obtain  also  for.llK 
moment  of  the  friction 
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if=«i?(r  +  j^j. 


^  =  i^**G:^)  =  ^^^^(^+12 


The  mechanical  effect  of  the  friction  is,  in  the  first  case^ 
A  =  27r.|0i2r  =  ^7r^i2r,  and,  in  the  second  case, 

From  the  aboye  data  it  is  easy  to  calculate  the  friction  upon  a 
journal  composed  of  one  or  more  collars,  when  a  vertical  slvift  is 
l)ome  by  it.  It  is  also  easy  to  see,  that,  in  order  to  diminish  the 
loss  of  mechanical  effect,  the  pivots  should  be  mode  as  small  as 
possible,  and  that,  when  the  other  circumstances  are  the  same,  the 
friction  is  greater  on  a  ring  than  on  a  full  circle. 

Example. — A  turbine,  weighing  1800  pounds,  makes  100  revolutioiis 
per  minute,  and  the  diameter  of  the  base  of  the  pivot  is  1  inch ;  bow  much 
mechanical  effect  is  consumed  in  a  second  by  the  friction  of  this  pivot  t 
Assuming  the  coefficient  of  friction  ^  =  0,100,  we  obtain 

^  J?  =  0,100  .  1800  =  180  pounds, 
the  space  described  in  a  revolution  is 

=  I  ,r  r  =  t .  3,14  .  A  =  0,1745  feet, 
and  therefore  the  work  done  in  one  revolution  is 

=  180  .  0,1745  =  31,41  foot-pounds. 
But  this  mac^ne  makes  in  a  second  iff-  =  j-  revolutions,  and  therefore 
the  required  loss  of  mechanical  effect  is 

=  — jj —  =  62,8  foot-pounds. 

§  189.  Friction  on  Conical  Pivots.— If  the  end  of  the  axle 
A  B  Z),  Pig.  280,  is  conical,  the  friction  is  greater  than  when  the 

pivot  is  flat,  for  the  axial  pressure  R  is 
decomposed  into  the  normal  forces  N,  N^, 
etc.,  which  produce  friction  and  whoso 
sum  is  greater  than  R  alone.  If  half  the 
angle  of  convergence  A  D  C=  B  D  C=  a, 
we  have 

sin,  a 
and  therefore  the  friction  of  this  conical 
pivot  is 

F=<l>  -?-. 
8%n,a 

Jf  we  denote  the  radius  C  A  =  C  B  of  ih^  axle  at  the  place  of 

entrance  in  the  step  by  r„  we  have,  in  accordance  with  what  pre- 

^  ties,  the  statical  moment^ 


PiQ.  380. 
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J^  .  ?  r  =  »  A  --^  ■ 
sin.  o  '  ^    '       *      sin.  a ' 

-  =  the  side  D  A  oi  tbe  cone  =  o,  we  haic 

M=  l<tt  Ra. 

i  to  penetrate  a  very  sliorf  tlistancs  into  ll  <■ 

s  than  for  a  flat  pivot,  and  for  this  rEa»)u 

pivota  with  advantage.    If,  e.o., 

-. =  ^,  or  fi  =  ^  f  sin.  a, 

iBe  radius  is  r„  occasions  only  half  as  much 
:t  OS  the  flat  pivot,  whose  radius  is  r. 
a  truncated  cone,  Fig.  281,  fViction  is  pro- 
urface  and  on  the  flat  baae,  and  we  have  for 
'  the  friction 

V  sm.al    *    r'  ' 

lias  C  AoA,  the  point,  where  the  pivot  enten 
of  the  hase  and  a°  half  tbe  angle  of  conver- 
!e  of  the  great  lateral  pressnre  N  the  Bttj' 
that  finally  only  the  pressure  on  the  ba*- 
loment  of  the  friction  becomes  M—\^Rrt 


pivots  are  very  often  ronnded  off  as  in  Fig*. 
;h  by  this  rounding  the  friction  is  not  in 
et  a  diminution  of  the  moment  of  the  Aio- 
by  diminishing  the  penetration  of  tbe  pivot 
ippose  the  ronnded  surface  to  be  spheriot- 
of  the  calculus,  for  a  hemispherical  8t«p  Die 

a  low  segment  approsimativejy 
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in  which  formula  r  denotes  the  radius  of  the  sphere  M  A  =  M  B 
iind  r,  the  radius  of  the  step  C  A  =  C  B. 

Rexabk. — The  pressure  B  apon  the  centre  A  D  B,  Fig.  S84,  of  tfae 
epindle  of  &  taniing-lnthe  is  perpendicular  to 
Pio.  384,  the  direction  of  the  aiis  D  X,  and  ia  decom- 

posed into  a  nonual  pressure  N  and  s  latenl 
pressure  ^parallel  to  ttie  axis.  Betsioing  tlie 
same  notation,  that  we  employed  above  for 
conical  pivots,  wc  have 

jf  = .and  S  =  B  long  a. 

The  moment  of  the  friction  caused  b;  JITia 
M=  ^N.ir,  =  S^  —'''■, 
or  since  r,  =  OA  =  DAtin,  ADC  =  a  sin,  a,  when  a  denotes  the  lenE^h 
^ Dot  the  portion  of  the  centre  which  ia  buried,  we  have  M  =  \^  Ra 

The  lateral  fi)rce  8  is  entirely  or  partly  counteracted  by  au  opposite 
force  S,  on  the  other  centre. 

ExAUFi-E.— Ifthe  weight  of  the  sfaaft  and  other  parts  of  a  whim  gin  is 
R  =  8000  pounds,  the  radius  of  its  conical  pivot  is  =  r  =  1  inch  and  the 
Kig\e  of  convergence  2  a  of  the  latter  is  =  90',  the  statical  moment 
of  the  friction  ia 
■1/  =  J  .  9  .  -. =  f  .  0,1  .  -^iy  ■  JO  =  S-—  =  ^".1  foot-pounds. 

If  the  shaft  in  hoisting  a  bucket  out  of  n  mine  makes  u  =  34  revola- 
tJons,  the  mechanical  effect  consumed  by  the  friction  of  the  pivot  during 
this  time  ia 

il  =  8  IT  w  .  }  ^  — -  =  8  «■ .  84  .  47,1  =  7108  foot-pounds. 

g  190.  The  so-callea  Anti-firiction   Pivots.— Supposing 
that  the  axial  pressure  on  n  pivot  ABBA,  Fig.  285,  is  propor- 
tional to  the  surface  of  the  cross- 
Fro.  286.  section,  ive  can  put  the  vertical 

•    ^    u        ^ 
pressure  per  square  inch  Ji,  =  j„ 

B  being  the  total  pressure  and  0 
the  area  of  tiie  vertical  projection 
A  D  D  A  oi  the  wliolc  rubbing 
surfaao  A  B  !i  A.  If  now  a  is  the 
K,  :uiglo  of  inclination  C  T  0  of  the 

clement  0  of  the  surface  to  the 
axis  C  Tot  the  pivot,  the  normal 
pressure    on    each    square    inch 


§190.]  RESISTANCE  OF  FRICTION.  ETC  351 

end  at  the  circumference  of  the  shaft  the  maximnm  radins  of 
friction  C  A  ■=  r  is  at  the  same  time  the  constant  tangent  a,  and 
therefore  the  moment  of  the  friction  M=  fp  R  ris  independent  of 
the  length  of  the  pivot.  When  the  rubbing  surface  is  flat  and  of 
the  same  radias,  the  moment  of  friction  is  Mi  =  I  (t>  E  r,  that  is, 
one  third  smallery  and  it  decreases  still  more  in  time ;  for  the  exte- 
rior portions  are  more  worn  than  the  interior  ones^  and  thus  the 

surface  of  friction  becomes  less. 

The  plugs  and  chambers  of  cocks  are  sometimes  made  in  the 

form  of  the  anti-friction  curve;  for  in  this  case  the  conditions  are 

the  same  as  in  a  pivot. 

Resiabk. — ^When  the  pressure  B  on  the  pivot  is  so  distributed  that  the 
amount  of  the  wearing,  measured  in  the  direction  of  the  pressure,  is  equal 
in  all  points  of  the  circumference  of  the  pivot,  we  have 

nn.  a^       an.  a^      sin,  a^  '  '  ' 
and  for  conical  pivots,  where 

«i  =  ttg  =  Os  . .  .  =  a;  -2f,  yj  =  ilT,  y,  =  JT,  yj  .  . . 
If  0^,  Og,  O,  ...  denote  the  surfaces,  upon  which  the  normal  pressures 
^i,  2r,,  if g  . .  .  act,  we  have 

12  =  if^  Oj  sin,  ttj  +  ifj  O^  sin,  a,  +  if,  0,  sin.  a,  +  .  .  . 
or  for  conical  pivots  B  =  (if^  O^  +  if,  0,  +  if,  0,  +  .  .  .)  «».  c 

The  portions  of  the  surface  can  be  considered  as  rings  of  the  same 

height  -,  whose  widths  are  — ; — ,  and  whose  radii  are  Vi,  y,,  y.,  conse- 

qne&tly  we  have 

^       ^  ^       ^    '    ^  h       ^        ^  h 

0.  =2iry-  — r — ,  0-  =  2Ty,  — ; ,  0,  =  2ffy.  — - — ,  etc 

*  '^  »  «w.  o'     '  "^  n  sm,  a'     '  ^*  n  sin,  a' 

0,  =  ^  0.,  0,  =  ?^  0. ,  etc.,  and  also 

Ijf^  0^  =  -2fj  0^=^  N^  0,  . .  .,  and  B  =  n,  N^  0^  sin,  a. 
Therefore,  under  the  above  assumption,  the  normal  pressure  on  the 
eqnaQj  high  rings  of  the  circumference  of  the  pivot  are  equal. 

B 

Inversely  we  have  if.  0.  =  — ; — ,  hence  the  moment  of  the  fiictiou 
•*  n  Sin,  a 

on  the  pivot  is 
^=^(^1  ^1  Vi  +  ^»  0^  y,  +  if,  0,  y,  +  . .  .) 

=  f  i^i  Oj  (y^  +  y,  +  . . .  +  y.)  =  —-^  (yi  +  y,  +  . . .  +  yw). 
If  we  have  a  truncated  conical  pivot,  whose  radii  are  r^  and  r,,  we  must 
P^i*  yi  +  y,  +  . . .  +  y.  =  ^  ^^^  ^  ^^\  from  which  it  follows  that  M  ^ 

2iw.a 

For  a  complete  conical  pivot,  whose  radius  is  r,  =  0,  we  have  M  = 
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. — -,  while  in  a  foregoing  paragraph  (g  189)  we  found  3f  =  |  ^  — ; — '-. 

See  the  article  by  Mr.  Reje  upon  the  Tiieory  of  Friction  of  Axles  in  VoL 
of  the  Ci?ilingenieur,  aa  well  as  the  article  upon  the  same  subject  bj 
ircctor  Grashof  in  the  5th  volume  of  the  Journal  of  the  Associatioo  of 
erman  Ingenieura. 

g  191.  Friction  on  Points  and  Enife-Edges. — In  order  u> 
iniinisli  as  much  as  possible  the  friction  of  the  axles  of  rotating 
»llc8,  they  arc  often  supported  on  shai-p  points,  knife^dges,  etc- 
'  the  bodies  employed  were  perfectly  solid  and  inelastic,  no  loss  of 
lechanical  effect  in  consequence  of  the  friction  would  take  placs 
f  this  method,  since  the  space  described  by  the  friction  is  immeas- 
rably  smull ;  but  since  every  body  possesses  a.  certain  degree  of 
aaticity,  upon  placing  it  upon  the  point  or  knife-edge,  a  slight 
jnetration  takes  place  and  a  surface  of  friction  is  produced,  apon 
hich  the  friction  describes  a  certain  space,  which,  although  small. 
jcasions  a  loss  of  mechanical  effect.  AVhcn  the  rotation  or  vibra- 
on  of  a  body  supported  in  this  way  has  continued  some  time,  such 
irfaces  of  friction  are  arcs  developed  by  the  wearing  away  of  the 
jint  or  knife-edge,  and  the  friction  ia  tlien  to  bo  treated  as  we  have 
roviously  done.  This  mode  of  support  is  tlierefore  only  employed 
I  instruments  such  as  compasses,  balances,  etc.,  where  it  is  impor- 
.nt  to  diminish  the  friction  and  where  the  motion  is  not  constant. 

Coulomb  made  osperimenta  upon  the  friction  of  a  body  sup- 
)rted  by  a  hard  atoel  point  and  movable  around  it  According 
I  these  experiments,  the  frictioD  increases  somewhat  faster  than 
le  pressure,  and  changes  with  the  degree  of  sharpness  of  the 
ipporting  point  It  is  a  minimum  for  a  surface  of  garnet,  greater 
r  a  surface  of  agate,  greater  for  a  surface  of  rock  crystal,  stilJ 
■cat«r  for  a  surface  of  glaas,  and  the  greatest  for  a  steel  surface. 
or  very  small  pressures,  as,  e.g.,  in  the  magnetic  needle,  the  point 
u  be  sharpened  to  an  angle  of  convergence  of  10°  to  20°.  If 
jwever,  the  pressure  is  great,  wo  must  employ  a  much  laigcr 
igleof  convergence  (30°  to  45°).  The  friction  is  less,  when  a  body 
!S  with  a  plane  surface  upon  a  point  than  when  the  point  plays  in 
conical  or  spherical  hollow.  The  circumstances  are  the  same  for 
knife-edgo  such  aa  that  of  a  balance.  Balam-s,  which  are  to  be 
Mvily  loaded,  have  knife-edges  with  un  angle  of  convergence  of 
1°.    When  tJie  balance  is  light  an  angle  of  .'JO"  is  suSRcient. 

If  we  assume  tliat  the  needle  A  B,  Kig.  SS'i',  has  pressed  down 
lO  point  F  C  G  aa  amount  D  C  E,  the  height  of  which  C  M=  h. 
id  the  radius  of  v/hich  D  M  =  r,  and  if  we  suppose  the  volume 
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'( TT  r'  A  to  be  proportional  to  the  pressure  R,  the  measare  of  the  fric- 
:ion  can  be  found  in  the  following  manner.  If  we  put  I  n  r*  h  = 
t  R,  in  which  /ti  is  a  coeflSeient  given  by  experiment,  and  substi- 
tute the  angle  of  convergence  Z>(7i^=2oorA  =  r  cotff,  a,  we 
obtain  for  the  radius  of  the  base 


=  l/^Ji^^Mi3,  and 


IT 

From  this  we  see  that  we  can  assume,  that  the  friction  on  a  pivot 
increases  with  the  cube  root  of  the  fourth  power  of  the  pressure' 
and  with  the  cube  root  of  the  tangent  of  half  angle  of  convergence. 

Fie.  287.  Fig.  288. 

C. 


The  amount  of  friction  of  a  beam  A  B,  Fig.  288,  oscillating  on 
a  knife-edge  C  Ci,  can  be  found  in  like  manner.  K  a  is  the  half 
angle  of  convergence  D  C  M^l  the  length  C  C,  of  the  edge  and  R 
the  pressure,  we  have 


0  J?r 


=.i/^ 


tang,  of 


§  192.  Fzietion  of  Rolling.— The  theory  of  rolling  friction 
i-^  as  yet  by  no  means  established  upon  a  firm  basis.  We  know, 
that  the  friction  increases  with  the  pressure,  and  that  it  is  greater, 
when  the  ladina  of  the  roller  is  small  than  when  it  is  large ;  but 
we  caimot  yet  give  the  exact  algebraical  relation  of  the  friction  to 
the  pressure  and  to  the  radius  of  the  rolling  body.    Coulomb  made 

a  few  experiments  with  rollers  of 
lignum-vitaB  and  elm  from  2  to  10 
inches  thick,  which  were  rolled 
upon  supports  of  oak  by  winding 
a  thin  string  around  the  roller  and 
attaching  to  the  ends  of  it  the  un- 
equal weights  P  and  Q,  Fig.  289. 
According  to  the  results  of  these 
experiments,  the  rolling  friction  is 
directiy  proportional  to  the  pressure 
and  inverselv  to  the  radius  of  the 


\ 
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ity  of  the  body  =  /,  we  liaye 

Fa  =  Qf, 
rrom  which  we  obtain  the  required  equation 

The  arm/ is  aqnantitj  to  be  determined  by  experiment  and  JB 
so  BToall,  that  we  can  enbstitnte  instead  of  a  the  distance  of  tlio 
lowest  point  A  from  the  direction  of  the  force  F,  aa  well  as  instead 
of  Q  the  total  presenrc  R. 

Hence  we  have  F=  —  B,  and  consequently;  when  the  force 
acta  horizontally  and  through  the  centre  C,  a  =  r  or 

F=  J-R, 
r 
and  on  the  contrary,  when  this  force  acta  tangentiolly  at  the  high- 
est point  ^  of  the  roller,        _        /  n 

The  80 -called  coefiBcient  of  friction /of  rolling  friction  is  there- 
fore no  nameless  quantity,  but  a  line,  and  must  therefore  be  ex- 
prcsGed  in  the  same  unit  of  measure  as  a. 

If  a  body  J  6^.8  is  placed  upon  two  rollers  Caudi>,  Fig.  201, 
and  moved  forward,  the  force  P  required  to  moTe  the  body  is  very 
small,  as  we  have  only  two  rolling 
Fio.  291,  frictions  to  overcome,  viz.,  one 

between  A  B  and  the  rollers  and 
the  other  between  the  rollers  and 
the  surface  H  K.    The  space  dc- 
ecribcd  progressively  by  the  roll- 
ers is  but  one-half  that  deficribed 
by  the  load  R,  so  that  new  rollers 
must  be  continually  pushed  tinder 
it  in  front,  for  the  points  of  con- 
tact A  and  B  between  the  rollers  and  the  body  A  B  move  exactly 
as  much  backward,  in  consequence  of  the  rolling,  us  the  axes  of 
the  rollers  move  forward.    If  the  roller  A  H  \\iA  turned  an  arc' 
-1  0,  it  has  also  moved  forward  the  space  A  A ,  equal  to  this  arc, 
0  has  come  in  contact  with  0,,  and  the  new  point  of  contact  0, 
liaa  gone  backward  behind  the  former  one  {A")  a  distance  A  Ox  = 
-1  0.    If  we  designate  the  coefScieuts.of  friction  on  It  Ki^i\.A  Ti 
by/md  /„  we  have  for  the  force  necessary  to  move  the  body  forward 


i"  =  (/+/.) 
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Re*iakk.— The  extenmye  experimi 
nagODB  on  roads  confirm  this  law,  ao 
creaks  directly  as  the  prcsenre  and  in 
Anotber  French  engineer,  Dnpuit,  on 
tncnts,  that  rolling  friction  iscreasea  c 
as  the  square  root  of  the  radius  of  tlu 
Poir^  and  Baarage  by  means  of  raiL 
man,  that  rolling  friction  increoaes  inr< 
of  the  wheel.  See  Comptes  rendaes 
Paris,  S  et  6  atm&e.  Particular  theor 
ing  {Viction  are  to  be  found  in  Yon  On 
in  Brix's  treatise  on  fiicfion,  Art:.  6. 
more  detail  in  the  Third  Part,  tmder 
and  railroads. 

§  193.  Friction  of  Cords.- 

Fio.m  J«\«f 

QeziDlo 
laid  0T< 
AB^, 
to  deyia 
angle  i? 
dnced  a 
friction 
force  P. 
thanQ, 
eqnilibr 


E  =  Vl'-Ky-!>PQ««. 

F=^VP-  +  (f  -^PQca. 
If  now  we  substitnte  P  =  . 
=  Q*  +  iQF,we  obtain 

F=1,V<i-  +  %QF+  Q- 

=  0  V2(l  -eoa.a)(Q' 


account  only  the  first  two  membc 
have 

and  consequently  the  friction  req 
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2  (p  Q  sin,  5 

F— , 

-I       ^    '    ^ 
1  —  <t>8tn.^ 

for  which  we  can  generally  write  accurately  enough 

F  =z2(p  Q  sin.  s  (^  +  ^  ^^^  o)>  *^^  ^®^  ^^^ 

when  the  angle  of  deviation  a  is  very  BmalL    Hence,  in  order  to 
draw  the  rope  over  the  edge  Ci  we  need  a  force 

2  0  sin.  Q  \ 

I>=Q  +  F=\  1  + -^]q, 

1  —(l>sin,  -xj 

and,  on  the  contrary,  the  force  necessary  to  prevent  the  weight  Q 
from  sinking  is 


we  can  put  approximatively 

P  =  [l  +  2  0  WW.  I  (l  +  0  si^u  ^ n  Q^  or  more  simply 

P  =  [i  +  2  <^  ^n.  I)  G  aiid 

P,  = A . ^^,or 

1  +  20  sin.  1(1  +  ^  «*'^  o) 

Pi  = ^ =  fl  -  2  0  sin.^  Q. 

1  +  20  «in.  ^ 

If  the  cord  passes  over  several  edges,  the  forces  P  and  Pi  at  the 
Either  end  of  the  cord  can  be  calculated  by  repeated  application  of 
these  formulas.  Let  us  consider  the  simple  case,  where  the  cord 
•1 B  (7,  Kg.  293,  is  laid  upon  a  body  with  n  edges,  and  where  the 
<lcTiation  at  each  edge  is  the  same  and  equal  to  a.  The  tension  of 
Ae  first  portion  of  the  cord  is 

Ci  =  (l  +2  05t«.^)  Q, 
^'hen  that  at  the  end  is  =  C;  that  of  the  second  is 
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V  of  the  arc,  which  is  coyered,  =  r,  we  have  for  the  angle  of  devia- 

tion  DBL  =  ACB=zay  sin.  ~  =  s— • 

2       2  r 

Example. — How  great  is  the  friction  on  the  circumference  of  u  wheel 
4  feet  high,  covered  with  twenty  links  of  a  chain,  each  five  inches  long 
aTid  1  inch  thick,  when  one  of  the  ends  is  fastened  and  the  other  subjected 
to  a  strain  of  50  pounds  ?    Here  we  have 

«  a  6  6 

Pi  =  50  pounds,  n  =  20,  «n.  ^  =  i^_^i  =  4^ ; 

iiow  if  we  substitute  for  ^  the  mean  value,  0,3o,  we  obtain  the  friction,  with 
vhich  the  chain  opposes  the  revolution  of  the  wheel 


60 


F  =  [(l+2.0,85.,A)"-l].50  =  [(l+-y-l]. 
=  [(J-^)"  -  1] .  50  =  2,974  .  60  =  149  pounds. 


§  194.  If  a  stretched  cord  A  B,  Fig.  295,  lies  upon  a  fixed 
cylindrically  roanded  body  A  C  B,  the  friction  can  also  be  found 

by  the  rule  given  in  the  foregoing  paragraph. 
Ilcre  the  angle  of  deviation  ia  E  D  B  =  a""  = 
"^'^h  at  the  centre  A  C  B  oi  the  arc  A  B  of  the 
•  :\l ;  if  we  divide  the  same  in  n  equal  parts  and 
i\'jard  tlie  arc  A  B  aa  consisting  9f  n  straight 


linos,  we  obtain  n  edges  with  the  deviation  -, 

and  thercfoi-c  the  equation  between  the  power 
and  the  load  is  as  in  the  foregoing  paragraph 

P  =  (l  4-  2  0  sin.  ,yjQ. 

On  account  of  the  smallness  of  the  arc  -,  sin.  -—  can  be  re« 

n         2  n 

placed  by  --  — ,  and  we  can  put 


2  n 


p = (1 .  t,)-,. 


Developing  according  to  the  binomial  theorem,  we  obtain 
^=  (l+«  **  4.  "  («  -  1)  ('f'  «)*  .  n(n-l)(n-2)  {<t>ay         \ 

<>'T|Bmceni8TeijgTeat  and  wecanpnt  n  —  1= «— 2  =  «  —  3 . . .— «, 
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EZAJCPI.E. 


Fio.  296. 


— In  order  to  let  down  a  shaft  a  vexy  great  but  indivisible 

weight  P  =  1300  pounds,  we  wind  tbe 
rope,  to  which  this  weight  is  attached, 
If  times  around  a  firmly  fastened  lo;;^ 
A  £,  Fig.  266,  and  we  hold  the  other 
end  of  the  rope  in  the  hand.  What  force 
must  be  exerted  at  this  end  of  the  rope, 
when  we  wish  the  weight  to  descend 
slowly  and  uniformly  ?  If  we  put  here 
0  =  0,3,  we  obtain  for  this  force 

Q=  i>«-*«  =  1200.c-^'^-^»^*'        '"^i^^'' 
=  1200.«--»» 

lQ=zl  1200  -  II  'T  =  7,0901  -  2,5918 

=  4,4988, 
or         log  Q  =z  1,9586,  whence 
Q  =  69,9  pounds. 


§  195.  Rigidity  of  Chains. — If  ropes  or  bodies  composed  of 
\mks,  etc.,  are  laid  on  a  pulley  or  a  cylinder  movable  about  its 
axis,  the  friction  of  cords  and  chains  considered  in  the  last  para- 
graph ceases,  because  the  circumference  of  the  wheel  and  the  cord 
have  the  same  velocity,  and  hence  force  is  only  necessary  to  bend 
tbe  rope  as  it  lays  itself  upon  the  pulley,  and  sometimes  to 
straighten  it  as  it  is  unrolled  from  the  pulley. 

If  it  is  a  chain,  which  winds  itself  around  a  drum,  the  resistance 
iluring  the  rolling  and  unrolling  consists  of  the  friction  of  the  bolts 

against  the  links,  since  the 


Fig.  297. 


former  are  turned  through  a 
certain  angle  in  their  bear- 
ings. If  A  B,  Fig.  297,  is  a 
link  of  the  chain  and  B  G 
the  following  one,  if  C  is  the 
aids  of  rotation  of  the  pulley, 
upon  which  the  chain,  stretch- 
ed by  the  weight  Qy  winds, 
and  if  finally  C  Jf  and  C  N 
are  perpendiculars  let  fall 
upon  the  major  axis  of  the 
links  ^  ^  and  ^  (?,  then 
M  C  ^  =  a°  is  the  angle 


.j' "• 
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or  assuming  in  the  nglit-band  member  P  approximatively  =  110 
P  =  1,016  .  110  +  0,0067  .  270  =  111,76  +  1,81  =  113,6  poraida. 


Fia.299. 


§  196.  Higiclity  of  Cordage. — li  a  rope  is  passed  over  a  pulley 
or  winds  itself  upon  a  shaft,  its  rigidity  (Fr.  roideur,  Ger.  Steifig- 
kcit)  comes  into  play  as  a  resistance  to  its  motion.  The  resistance 
is  not  only  dependent  upon  the  material,  of  which  the  rope  is  made, 
hut  also  upon  the  manner,  in  which  it  is  put  together,  and  upon  the 
tliickness  of  the  rope ;  it  can  consequently  be  deteiinined  by  experi- 
ment alone. 

The  principal  experiments  for  this  object  are  those  made  by 
Coulomb  and  those  made  more  recently  by  the  author  himself. 
Wliile  Coulomb  employed  only  small  hemp  ropes  from  \  to  at  most 
U  inches  in  thickness  and  made  them  wind  upon  rollers  of  1  to  at 
mo3t  6  inches  in  diameter,  the  author  employed  hemp  ropes  2 
inches  thick  and  wire  ropes  from  A  to  1  inch  thick  and  passed 
them  oyer  rollers  from  2  to  6i  feet  in  diameter.  Coulomb's  experi- 
ments were  made  in  two  different  ways.  In 
one  case,  like  Amonton,  he  employed  the 
apparatus  represented  in  Fig.  299,  where  A  B 
is  a  roller  around  which  two  ropes  are  wound, 
the  tension  being  produced  by  a  weight  Q 
and  the  rolling  down  of  this  roller  by  a  weight 
P,  which  pulls  upon  this  roller  by  means  of  a 
thin  string.  In  the  other  case  he  laid  the 
ropes  around  a  cylinder  rolling  upon  a  hori- 
zontal  surface  and,  after  having  subtracted  the 
rolling  friction,  calculated  the  resistance  of  the 
rigidity  from  the  difference  of  the  weights, 
which  were  suspended  to  the  two  ends  of  the 
rope  and  which  produced  a  slow  rolling  motion. 

According  to  the  experiments  of  Coulomb,  the  resistance  of  the 
ngidity  increases  tolerably  regularly  with  the  amount  of  the  ten- 
sion of  the  rope;  but  there  is  also  a  constant  member  K,  as  might 
have  been  expected;  for  a  certain  force  is  necessary  to  bend  an  uur 
stretched  rope.  It  was  also  shown,  that  this  resistance  was  inversely 
proportional  to  the  radius  of  the  roller;  that  for  a  roller  of  twice 
^he  diameter  it  is  only  one-half,  for  one  of  three  times  the  diam- 
'ter,  one-third,  etc.  Finally,  the  relation  between  the  thickness 
:ina  rigidity  of  a  rope  can  only  be  determined  approximatively  from 


these 


expenments,  as  we  might  have  supposed ;  for  this  rigidity  de- 


{ 
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a 

The  results  given  by  this  formula  are  not  suflSciently  accurate,  ex- 
cept when  the  tension  upon  the  rope,  as  is  generally  the  case  in 
pncrice,  is  very  great 

The  rigidity  of  tarred  ropes  was  found  to  bo  about  one-sixth 
?;reater  than  that  of  untarred  ones,  and  wet  ropes  were  found  to  be 
about  one-twelfth  more  rigid  than  dry  ones. 

ExAMFLK. — If  the  tension  upon  a  new  rope  0  line;?  thick,  which  passes 
njimd  a  pulley  5  inches  diameter,  is  850  pounds,  the  rigidity,  according  to 
Prony,  is 

^  =  I  (!)'•'  (14,89  +  0,289  .  850)  =  0,618  .  40,210  =  28,83  pounds, 
and  according  to  Eytelwein 

9«.850        „„^^ 

If  the  tension  were  but  Q  =  150  pounds,  we  would  have,  according  to 
Prony, 

8  =  0,618  .  28,1  =  14,16, 

and  according  to  fiytelwein 

^       81  .  150         .^  _ 
^  =  8604T^  -  ^^'^' 

hk  this  case  the  formulas  give  results,  which  coincide  better  with  each 
utber.    We  see  from  the  above  example,  how  uncertain  these  formulas  are. 

RiMABx. — ^Tables  for  facilitating  the  calculation  of  the  resistance  due 
to  the  ^dity  of  cordage  will  be  found  in  the  Ingenieur,  page  866.  Ac- 
cording to  Morin  (see  his  Lemons  de  Mdcanique  Pratique),  we  have,  when 
ft  denotes  the  number  of  strands  in  the  rope  and  a  the  radius  of  the  pulley 
in  centimetres,  for  untarred  ropes 


d  =  V6,1888  n  centimetres  and 


n 


a 

and  for  tarred  ropes 


-5  =  r-  (0,0297  +  0,0245  n  +  0,0868  Q)  kUograms 
=  —  (0,1110  +  0,6843  cP  +  0,1857  Q)  kilograms. 


^  =  V  0,186  n  centimetres  and 

5  =  ^  (0,14575  +  0,0846  n  +  0,0418  Q)  kilograms 

=  —  (O^OIS  +  0,5001  cP  +  0,1124  Q)  kilograms. 
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The  resistance  due  to  the  rigidity  is,  according  to  the  author's 
views,  due  less  to  the  rigidity  proper  than  to  the  friction  of  the 
diflferent  wires  or  strands  upon  each  other;  for  in  passing  over  the 
pulley,   they  naturally  change  their  relative  positions.    When  a 
wire  rope  passes  round  a  fixed  pulley,  the  first  part  of  this  resist- 
ance is  wanting,  as  the  rope,  in  consequence  of  its  elasticity,  givts 
out,  when  it  straightens  itself,  as  much  mechanical  effect  as  was  em- 
ployed in  hending  it  around  the  pulley.    Hence  the  rigidity  of  the 
rope  in  this  case  consists  solely  of  the  friction  of  the  wires  upon 
one  another,  a  conclusion  which  is  confirmed  by  the  author's  ex- 
periments ;  for  he  found  the  resistance  to  be  forty  per  cent  less, 
when  the  ropes  were  freshly  oiled  or  tarred  than  when  they  were 
dry.     The  conditions  are  different  in  the  case  of  hemp  ropes,  for 
they  do  not  possess,  especially  after  long  use,  any  elasticity,  and 
the  strands  and  fibres  require  force  not  only  to  bend  them,  but  also 
to  straighten  them. 

§  199.  New  Fonnnlas  for  the  Resistance  Due  to  the 
Rigidity  of  Cordage. — Since  the  rigidity  of  a  rope  depends  not 
only  upon  its  thickness,  but  also  upon  the  amount  of  bending  it  is 
subjected  to,  and  also  upon  the  manner  in  which  it  is  put  together, 
the  author  considers,  that  these  conditions  can  be  very  well  ex- 
pressed by  the  formula 

a       ' 
the  constants  K  and  v  must  be  determined  specially  for  each  kind 
of  rope.    The  experiments  of  the  author  also  showed,  that  for  wire 

IT 

ropes  we  should  put  simply  K  instead  of  — ,  or 

a 

1.  For  tarred  hemp  ropes  1,6  inches  thick  passing  round  sheaves 
from  4  to  6  feet  in  diameter,  he  found 

5  =  1,5  +  0,00565  ^  kilograms, 

when  the  radius  a  is  expressed  in  metres,  or 

8  =  3,31  +  0,222  ^  pounds, 

when  a  is  expressed  in  inches. 

2.  For  a  new  untarred  hemp  rope  |  inch  thick,  upon  a  pulley 
31  inches  in  diameter,  he  found 
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radius  0  A  —  C  By  r  the  radius  of  its  axle,  G  its  weight,  d  the 
thickness  of  the  rope,  Q  the  weight  suspended  to  one  end  of  the 
latter,  S  the  resistance  due  to  the  rigidity,  F  the  friction  upon  the 
:ixle,  reduced  to  the  circumference,  and  P  =  ^  +  ^  -f  5  the  force 
at  the  other  end  of  the  rope.  The  rigidity  of  the  rope  is  shown  by 
the  fact  that  the  rope  does  not  immediately  assume  the  curvature 
i>f  the  pulley  as  it  is  woimd  upon  the  sheave,  nor  straighten  itself 
immediately,  when  it  is  unwound.  On  the  contrary,  it  approaches 
the  sheave  in  an  arc,  the  curvature  of  which  constantly  increases, 
amd  leaves  in  an  arc,  the  curvature  of  which  constantly  diminishes. 
The  difference  between  the  clastic  wire  ropes  and  the  unelastic 
hemp  ones  is  that  the  former  leave  the  sheave  somewhat  sooner 
and  the  latter  somewhat  later ;  hence  the  arm  C  D  oi  the  force  in 
the  first  case  (Fig.  301)  is  somewhat  greater,  and  in  the  second  case 
(Fig.  302)  somewhat  less  than  the  radius  C  A  ^  a  of  the  sheave. 
If  we  neglect  the  friction  upon  the  axle  and  put  P  =  (§  +  8)^ 
wo  have 

{Q  +  S).CD=  Q.CE, 

and  consequently  the  rigidity  of  the  rope  is 


8 


= {^c^  «=(§!->)«. 


and  the  ratio  of  the  arms  is 

CD  Q' 

t  1 

the  value  of  which  can  easily  be  calculated  by  substituting  one  of 
tlie  values  of  8, 

We  can  also  determine  this  force  P  =  Q  +  8  +  F  without 
employing  the  ratio  of  the  arras  of  the  lever  by  substituting  in 
that  formula  either  with  Prony  for  thin  hemp  ropes 

8=^{K-^vQ\ 
or  with  the  author  for  wire  or  thick  hemp  ropes. 

a 

and  the  friction  upon  the  axles  reduced  to  the  circumference  of 
the  pulley  is 

F  =  fl>-{Q  +  G  +  P),oY  approximatively, 

Cw 


F=fl>-{2Q+  O). 
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FOURTH   SECTION. 

THE  APPLICATION  OF   STATICS  TO  THE  ELAS- 
TICITY AND  STRENGTH  OF  BODIES. 


CHAPTER    I. 

ELASTICITY  AND  STKENGTH  OP  EXTENSION,  COMPRESSION 

AND  SHEARING. 

m 

§  20L  Elasticity. — The  molecules  or  parts  of  a  solid  or  rigid 
body  are  held  together  by  a  certain  force,  called  cohesion  (Pr.  cohe- 
sion; Ger.  Cohasion),  which  must  be  overcome,  when  the  body 
changes  its  form  and  size,  or  if  it  is  divided.    The  first  effect,  which 
forces  produce  upon  a  body,  is  a  variation  in  the  relative  position 
ofits  parts,  in  consequence  of  which  a  change  of  form  and  volume 
occurs.   If  the  forces  acting  upon  a  body  exceed  certain  limits,  a 
separation  of  the  parts  takes  place  and  perhaps  a  division  of  the 
whole  body  into  pieces.    The  capability  of  a  body  to  resume  its 
onginal  form,  after  the  force  which  caused  its  change  of  shape  has 
been  removed,  is  called  in  the  most  general  sense  of  the  word  its 
^J^ticUy  (Fr.  (ilasticite ;  Ger.  Elasticitat).    The  elasticity  of  every 
body  has  certam  limits.    If  the  change  of  form  and  volume  exceeds 
a  certain  amount,  the  body  remains  of  the  same  form  after  such  a 
^ange,  although  the  forces  which  have  produced  the  variation 
^ave  ceaaed  to  act    The  limit  of  elasticity  is  very  different  for 
different  bodies.    The  bodies,  which  permit  a  great  change  of 
volume  before  their  limit  of  elasticity  is  reached,  are  called  perfectly 
^mic;  those,  whose  limit  of  elasticity  is  reached  when  they  have 
undergone  a  very  slight  change  of  form,  are  called  inelastic, 
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und  Festigkeit) ;  if,  on  the  contrary,  two  forces  P  and  —  P  press 
Fig.  304.  the  body  together  in  the  direction 

of  the  axis  of  the  body  A  By  Fig. 

304,  so  that  the  latter  is  compressed 
and  finally  crushed,  the  elasticity  and  strength  of  compression  or  the 
reacting  elasticity  and  strength  (Fr,  elasticite  et  resistance  de  com- 
pression, Ger.  Druck  or  ruckwirkende  Elasticitat  und  Festigkeit) 
must  be  overcome.  If,  farther,  three  forces  P,  ft  R,  which  balance 
each  other,  are  applied  at  three  different  points  Ay  By  Cy  in  the 
axis  of  the  body  A  By  Fig.  305,  and  act  at  right  angles  to  the  same, 
this  body  would  be  bent  or  perhaps  broken,  and  it  is  the  relative 
elasticity  and  strengthy  or  the  elasticity  and  strength  of  flexure  (Fr. 
elasticity  et  resistance  de  flexion,  Oer.  Biegungs  oder  relative  Elas- 
ticit&t  und  Festigkeit),  that  must  be  overcome,  in  order  to  bend 
or  break  it  If,  in  the  latter  case,  the  points  of  application  A  and 
C  lie  close  together,  as  is  represented  in  Fig.  305,  a  distortion  is 


Fia.  805. 
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produced  in  the  cross  section  D  />,  between  the  two  points  A  and 
C ;  if  the  force  P  is  great  enough,  the  body  is  divided  into  two 
parts,  and  in  this  case  the  elasticity  and  strength  of  sheering  (Fr. 
elasticite  et  resistance  par  glissement  cisaillement  ou  tranchant, 
Ger.  Elasticitat  und  Festigkeit  des  Abschierens)  is  overcome.  If 
two  couples  (P,  —  P)y  {Qy  —  Q)y  which  balance  each  other,  act  upon 
a  body  C  A,  Fig.  306,  in  such  a  manner  that  their  planes  are  at 
right  angles  to  the  axis  of  the  body,  a  twisting  of  the  body  is  pro- 
duced, which  may  become  a  wrenchingy  and  here  the  elasticity  and 
strength  of  torsion  (Fr.  elasticity  et  resistance  de  torsion,  Ger.  Dreh- 
ungs-elasticitat  und  Festigkeit)  is  to  be  overcome. 

If  several  of  the  forces  here  enumerated  act  at  the  same  time 
upon  a  body,  the  combined  elasticity  and  strength  or  a  combination 
of  two  or  more  of  the  simple  elasticities  and  strengths  comes  into 
play. 
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cteiuioiis  as  ordinates  B  Dy  M  Oy  etc^  parallel  to  F  F,  we  obtain 
cnrre  A  D  O  W,  which  represents  the  law  of  the  extension  of 


this  body ;  and  i^  on  the  contrary,  we  cut  off  on  the  negative  side 

of  the  axis  XX  from  A  the  pressures  or  thiiists  as  abscissas  A  By 
-41f„etc,  and  at  the  extremity  of  the  same  lay  off  the  correspond- 
ing compressions  as  oixlinates  Bi  Z>„  J/,  0„  etc,  we  obtain  a  curve 
-1  A  0,  Wij  by  wliich  the  law  of  compression  of  the  body  is  graph- 
ically represented.  According  to  the  results  of  many  experiments, 
these  two  curves  pass  without  interruption  into  one  another,  have 
consequently  at  ^  a  common  tangent  G  A  G^,  and  are  therefore 
properly  only  brauchcs  of  the  same  curved  line  W  OD  A  D,  0,  W,. 
Although  the  curve  as  a  whole  differs  considerably  from  a  right 
""e,  yet  in  the  neigborhood  of  the  origin  of  co-ordinates  A  it 
nearly  coincides  with  the  tangent  G  A  G^,  and  since  for  this  hne 
tne  ordinates  are  proportional  to  the  abscissas,  we  can  also  assume 
tliat  the  small  extermons  and  compressions  produced  hy  the  pulls  or 

nrusts  A  B,  A  B^,  etc.,  are  proportional  to  these  forces  (Hooks' 
Uw). 

The  total  extension  M  0,  produced  by  the  pull  A  M,  consists, 
of  two  parts,  viz. :  the  permanent  extension  or  set  M  Q,  which 
'^niains  in  the  body,  when  the  stress  has  ceased  to  act,  and  the 
'l^ic  extension  Q  0,  which  vanishes  with  the  pull.  It  is  the  samo: 
^or  compression.    The  total  compression  M,  0,  is  the  sum  M,  (),  -f- 
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Now  if  A  Bf  Fig.  311,  represents  the  tension  P  of  a  prism, 
vhose  length  is  =  unity  and  whose  cross-section  =  unity,  within 

Fig.  811. 

y 


the  limits  of  elasticity  and  B  D  the  corresponding  extension  <t, 
and  if  we  denote  the  angle  GAU=^DAB  of  the  tangent  to  the 
curve  of  extension  at  A  by  a,  we  have  also 

iang.  a  =  -y-t^  =  p ,  and  therefore 

a  =.  P  tang,  o,  whence  we  obtain 

PI  fang. a 
1)  ^  = jy • 

The  quantity  iang.  a  is  dependent  upon  the  physical  proper- 
ties of  the  body  and  can  be  determined  by  experiment  only.  If 
we  assume  I  =  1,  F  ^  1  and  P  =  1,  we  obtain  tang,  a  —  A,  and 
this  quantity  tang,  a,  to  be  determined  by  experiment,  is  the  ezten- 
mn  which  is  produced  in  a  prism,  wlwse  length  is  unity  and  whose 
crosS'Seetion  is  unity,  by  the  tensile  force  unity  (see  Combes :  Trait  v 
fie  Feiploitation  des  mines,  tome  L).  If  in  the  formula  (1)  w<? 
assume  ^  =  1  and  X  :=i  I,  we  obtain  the  expression 

1  =  P  tana,  a,  or  -— =  cotang,  a  t=z'  P\ 

tang,  a 

1 

hence is  that  force,  which  would  stretch  a  prism,  whose  cross- 

tang,  a 

»€dimisone  square  inch  (1),  its  own  length,  were  that  possible  with- 

"m/  surpassing  the  Umit  of  dnsticify. 
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ind  the  rdatlre  change  of  vol  time  is 

V      -^  '  I  '  F 


But  we  know  that  — ^— *-  =  |  (-^ — j, 


whence  it  follows  that 

i.G.«  the  increa^  in  volume  is  (m&4hird  the  inerecue  in  length, 

V  —  V         fl  —l\ 
According  to  the  theory  of  Poisson.  —-y       ==  J  ( -^ — |. 

ExAXFLE — 1)  If  the  modalus  of  elasticity  of  brass  wire  is  14000000 

pounds,  what  force  is  necessary  to  stretch  a  ivire  10  feet  long  and  2  lines 

t'lilck  one  line  ?    Here  we  have 

A 
/  =  10/12  =  120  inches,  X  =  -^i^inch  and  consequently  j~  =z.^J^x 

hut  F  =  -J-  =  0,7854  (tV)'  =  0,0218  square  inches,  hence  the  force  le- 

quired  is 

P  =  tAt?  .  0,0218 .  14000000  =  212  pounds. 
3)  If  the  modulus  of  elasticity  of  iron  wire  is  31000000  pounds,  and  an 
iron  snireyor's  chain  66  feet  long  and  0,2  inch  thick  is  submitted  to  a  pull 
of  l.M)  pounds,  the  increase  in  length  is 

160  66  .  12         ^^««  .     ,  ^  .«.  ,. 

'  =  0;7854 .  (0,2)»  •  81000000  =  ^'^^^  "^"^^  =  ^'^^^  ^'""^- 

« 

i^  205.  Proof  Load,  Proof  Strength,  Ultimate  Strength.— 

Hie  force  A  B,  Fig.  312,  which  Btretcfaes  a  priBmatical  body,  whoso 
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^/rength  of  compression,  and  we  denote  it  by  Ki.    If  the  crosa-sec- 
tion  of  the  jyiifimatical  body  ia  F,  we  have 

Fio.  818. 
V 


3) 


j  P  =  F  KtoT  the  force,  which  will  tear  the  body,  and 
{P,=  FK, 


for  the  force,  which  will  crush  it 
The  cross-section  of  bodies  is  often  determined  from  the  modn- 
liis  of  rupture  by  substituting  in  the  formulas 


4) 


F  =  -^and 


F^ 


P. 


K     K 

instead  of  K  the  worJcing  had  of  nipture,  I.E.  a  small  part  —  or  --, 

i^o.,  a  fourth,  sixth,  tenth,  etc.,  of  the  numbers  determined  by  ex- 
periment. We  call  n  a  factor  of  safety.  If  the  proof  strength  of 
all  substances  were  the  same  fraction  of  the  ultimate  strength,  that 

is,  if  the  ratios   .—^T.=  »and    .-r^  =  .J  were  fixed  constants,  the 

A  U      K         AU\      Ki 

determination  of  the  cross-section  by  means  of  the  moduli  of  proof 
strength  would  give  the  same  result  as  that  by  means  of  the  work- 
ing load  of  rupture ;  but  since  this  ratio  is  different  for  different 
lH)Q\e8,  the  determinations  by  the  aid  of  the  moduli  of  proof 
strengths  Tand  T„  or  rather  by  means  of  the  worhing  or  safe  loads 

and     ,  are  generally  more  correct  and  proper,  and  the  deter- 


m 


m 
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we  obtaiii  the  work  to  be  done  in  stretching  it  to  the  limit  o/elas- 
Hcity  a 


in  which  F  denotes  the  volume  Floi  the  body  and  A  a  number, 
given  by  experiment^  which  is  called  modultce  of  resilience  for 
extension  and  is  determined  by  the  expression 

A  =  i  A  C .  C  D  =  i  a  T=^  i^^  -  lo'  E. 

In  like  manner  the  work  necessary  to  compress  it  to  the  limit 
of  elasticity  is 

lu  which 

^=  i  ^  (7. .  a  A  =  i  <T.  T,  =  -i  ^  =  i  cT.«  E 

denotes  the  modulus  of  resilience  for  compression  at  the  limit  of 
^loiticity. 

Similar  formulas  can  be  employed  for  the  work  done  in  tearing 
ot  CTUBhing  prismatical  bodies ;  for  the  first  case  we  have 

wia  for  the  second, 

^  =  the  surface  A  ZJTT  denoting  the  modulus  of  fragility  for 
i^ring;  and  £,  =  the  sur&ce  A  V\  If,,  the  modulus  of  fragility 
f^  crushing. 
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in  which  G  =  y  Fl  denotes  the  weight  of  the  whole  body. 

If  this  weight  was  not  eqnally  distributed  in  the  body,  bat 
applied  at  its  end  B,  the  extension  would  be 

The  extension  A  =  .J  A,  of  a  body  in  consequence  of  its  own 
ircight,  is  but  one  half  as  great  as  that  produced  by  the  same  weight 
at  the  end  of  the  body. 

The  same  law  obtains  of  course  for  the  compression  A  produced 
in  a  body  by  ita  own  weight 

If  in  either  case  a  pull  or  thrust  P  acts  upon  the  body,  we  hare 
tbc  extension  or  compression  produced 

~FB       ^~FB^~     FE 

in  which  the  upper  sign  is  to  be  employed,  when  the  force  P  acts 
in  the  same  direction  as  the  weight  ff,  and  the  lower  one,  when  it 
acts  in  the  opposite  direction.  In  the  latter  case,  the  extension  is 
of  course  smaller  than  when  P  is  the  only  tensile  or  compressive 

force. 

The  total  extension  or  compression  is  =  0,  when 
i  G  =  P,  or  ff  =r  r  iJ'Z  ='  2  P,  or 

The  force  P,  acting  at  the  end  of  the  body,  extends  it  eqnally 

X         P 

in  all  parts,  viz.,  in  the  ratio  -j  =  -fTT?>  while,  on  the  contrary,  tha 

weight Q stretches  or  compresses  it  in  the  variable  ratio  v-  =  ^p. 

The  ratio  of  the  total  extension  at  any  point,  at  the  distance  x  from 
the  point  of  application  of  the  force  P,  is 


A,       X      dX       iP  ^        \  1 


If  the  force  P  acts  in  the  same  direction  as  ff,  the  maximuuL 
n^tio  of  extension  or  compression  is  for  a?  =  ?,  and  it  is  then 

I        \F  ^''  }  E  ~    FE 
25 
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For  jP  =  0  we  have  either 

T 
yl-  T=  0  and  Z  =   -or 

r 

yl-  K=  Oan€l^=  -; 

y 

the  firat  formula  being  applicable  to  the  case,  when  the  body  is  ex- 
tended or  compressed  to  the  limits  of  elasticity,  and  the  second  to 
the  case,  when  a  tearing  or  crushing  of  the  body  takes  place. 

Remark. — ^The  enei^y  stored  by  &  body,  which  is  extended  or  com- 
prc&sed  by  its  own  weight,  can  be  calculated  in  the  following  manner.  The 
clement  M  N,  Fig.  818,  whoso  length  is  rfar,  is  gradually  stretched  by  the 

weight  y  Fxoi  the  portion  of  the  body  B  Man  amount,  which 

FiQ.  816.  .  ,         y  xdx 

ucreases  gradually  from  0  to  a  A  =  - —  — ,  and  the  work  aonc 

in  accomplishing  it  is 
vl  y'  F  x* 

Integrating  this  expression,  we  obtain  the  expression  for  the 
quantity  of  work  done  in  extending  all  the  elements  of  the  rod 
from  B  to  if, 

and  that  done  in  extending  the  entire  rod 

_      y*Fl*  _      y^  F^l^l  _       0*1  __ 

•     ^ .  ^  01 

m^lnch  (according  to  §  207)  A  =  A  r=--  denotes  the  total  extension  of 

the  rod. 

^^XAMPLB. — If  a  lead  wire,  whose  modulus  of  rupture  is  ^=  8100  and 
the  weight  of  a  cubic  inch  of  which  is  =  0,412  pounds,  is  suspended  verti- 
cally, it  will  break  by  its  own  weight,  when  its  length  is 

i  =  —  =  ;f~  =  7524  inches  =  027  feet. 
y        0,412 

If  the  modulus  of  proof  strength  is  Trr  670,  it  is  stretched  to  the  limit 

of  elaadcity,  when  its  length  is 

T        670 
I.  =  —  =——  =  1626  inches  =  135,5  feet, 

y         0,4 1« 

And  if  its  modulus  of  elasticity  is  jE?  =  1000000  pounds,  we  have  for  the 
corresponding  extension 

'^^  =  ;g  ^  =  jQ^Q^  .  186,6  =  0,090786  feet  =  1,0894  inches. 

§  208.  Bodies  of  nniform  Strength.— If  the  pull  or  thrust 
l^pon  a  vertical  prismatical  body  is  sensibly  augmented  by  it* 
height  0,  we  must  of  course  put 

P^a^FToTP=^FT-a=^  F(T-  Zy), 
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But  tlie  sum  of  the  geometrical  series  in  the  parenthesis  is  (sec 
ngenienr,  page  82) 

nhence  it  follows,  that 

-■  -  7  [(l^)-  •]  =  ^^^''- 

and  that  the  weight  of  the  whole  body  is 

G={F,--  F,)  T. 

If  the  length  I  of  the  parts  is  very  small,  and,  on  the  contrary, 
their  number  n  very  great,  and  if  we  denote  the  total  length  n  ?by 
ff,  we  have,  reasoning  as  in  §  194, 

in  which  e  =  2,71828  is  the  base  of  the  Naperian  system  of  loga- 
rithms, and  therefore  we  have 

in  which  /^o  =  -^  denotes  the  ai'ea  of  the  first  cross-section. 
We  have  also  approximatively 

and,  on  the  contrary. 

The  volume  of  the  body,  composed  of  very  many  small  per- 
Uona,  is  found  in  the  manner  shown  above  to  be 

approximatively 
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he  required  cros&€ection  is 

„__         ^  75000  75000       ,^  ^„ 

^  -  T-ay  =  9300^112000  .  0,3782  =  5962  =  ^^'^®  ^^*'^  ""^^^^^ 

ftm\  tbe  i?eight  of  the  rod  is 

G  =  F.ay  =  12,58  .  12000  .  0,2782  =  42000  pounds. 

If  we  could  give  this  rod  tbe  form  of  a  body  of  imiform  strength,  we 
would  have  for  tbe  smallest  cross-section 

P        75000 

and  for  the  greatest 

F,=  8,06  .  «•»""*•'»'•  =  8,06  «"'"«•  =  8,06  .  1,432  =  11,54  square  inches, 

and  the  weight  of  the  rod  would  be 

G„z=:V^r^(Fn-  F)  T=  (11,54  -  8,06)  9800  =  32864  pounds. 

If  the  modulus  of  elasticity  of  wrought  iron  is  27  =  28000000  pounds, 
tbe  exteosion  of  the  rod  in  tbe  latter  case  would  be 

,       T  18600 .  1000       186       93  ^   ,       „  ^r.  -    ^ 

^  =  J-  ^  =  -28000000-  =  280  =  UO  ^'^^  =  ^'^^  ^°^^'^ 

and,  on  the  contrary,  in  the  first  case  it  is 

P  +  J  (?  .  _  75000  +  21000    ^  96000    -  ^^  _  ^  ^.     , 

PTir  ^  "  7500(m20b6  •  ''^^  -  in'OOO  *  ^'^^  "  0,54incnes. 

§  209.  Espsriments  upon  Eztexudon  and  Compression. 

—In  order  to  study  thoroughly  the  laws  of  the  elasticity  of  any 
substance,  it  is  necessary  not  only  to  subnxit  prismatical  bodies  of 
tbis  substance  (which   should  bo  made  as  long  as  possible)  to 
extensioR  or  compression  by  weights,  which  are  gradually  increased 
m  amount  until  rupture  is  produced,  but  also  to  observe  the  exact 
**xten8ion  or  compression  produced  by  each  weight.    If  we  place 
the  bodies  to  be  experimented  upon  in  a  vertical  position,  the 
weights  can  be  hung  or  laid   upon  tliem,  and  they  tlicn  give 
vlirectty  the  pull  or  thrust  to  which  tlie  body  is  subjected.    In 
order  to  avoid  experimenting  with  too  great  weights,  we  generally 
prefer  to  let  the  weights  act  upon  the  body  by  means  of  a  lever 
with  unequal  arms;  the  weights  are  always  hung  upon  the  long 
^na  (a),  and  the  body  is  acted  upon  by  the  shorter  arm  (^).    Mul- 
tiplying the  weight  Q  by  the  ratio  -=  of  the  arms,  we  find  the  corro- 

si)onding  pull  or  thrust  P  =z  -O,     The  so-called  hydraulic  prcsa 
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prodnced  either  by  a  hydraulic  press  or  by  a  one-armed  lever 
L  Oy  such  as  is  partially  represented  in  the  figure. 

While  the  ruptnre  of  a  body  by  tearing  occurs  in  the  smallest 
crossHsection,  and  the  body  is  therefore  divided  in  two  parts  only, 
the  rapture  by  crushing  takes  place  generally  in  inclined  surfaet^s, 
and  the  body  is  divided  into  several  pieces.  •Prismatical  bodies  an* 
divided,  in  the  first  place,  into  two  pyramids,  whose  bases  are  those 
of  the  body  and  whose  apexes  are  at  its  centre,  and  in  the  second 
place,  into  other  pyramidical  bodies,  whose  bases  form  the  sides  of 
the  body  and  whose  apexes  are  also  situated  at  its  centre.  Bodies, 
whose  structure  in  different  directions  is  different,  of  course  do  not 
act  thus ;  E.a.,  a  piece  of  wood  would  be  compressed  by  a  force 
acting  in  the  direction  of  the  fibres,  in  such  mannei*,  that  at  its 
smallest  cross-section  the  fibres  would  be  bent  out  in  a  spherical 
form. 

§  210.  Experiments  upon  Extension. — We  are  indebted 
to  Gerstner  for  the  first  thorough  experiments  upon  the  extension 
and  elasticity  of  iron  wire.  He  employed  in  his  experiments  iron 
wire  from  0,2  to  0,8  lines  in  diameter  and  made  use  of  the  lever 
apparatus  represented  in  Fig.  322  with  the  pointer  C  D  16  feet 

Fig.  322. 


long,  the  connter-balance  G  and  the  sliding  weight  Q,  The  wire 
fJ  Fy  which  was  about  4  feet  long,  was  firmly  fastened  at  one  end  E 
and  the  other  was  wound  round  a  pin  Fy  which  was  turned  by  the 
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hiid  the  iron  bar  or  wire  D  E^  which  was  fastened  to  the  shorter 

.rm  C  A^  was  stretched  to  any  desired  extent    In  the  apparatus 

(J  A 
ij^ed  by  Brix,  the  ratio  of  the  arms  of  the  lever  was  ^^^  ^  =  -^^y 

md  one  end  D  of  the  wire  was  attached  to  the  arm  C  A  with 
/lampsy  books  and  bolts^  and  the  other  end  was  fastened  in  the 
t^:imc  way  to  a  screw  8y  which  was  turned  by  means  of  a  train  of 
wlieels  by  a  crank  K.    The  increase  in  length  was  given  by  two 
Yirniers,  which  were  screwed  fast  to  the  ends  of  the  wire  and 
moved  along  two  scales  divided  into  quarter  lines.    When  the  wire 
l\ad  l>een  firmly  fastened  in  the  clamps,  the  scale-pan  was  gradually 
loaded  with  heavy  weights,  and  in  each  experiment  the  wire  was 
r^tretched  by  turning  the  crank  JT  until  the  lever  was  lifted  from 
its  support  and  the  tension  of  the  wire  balanced  the  weight  G. 
The  experiments  were  made  with  wire  1]  to  lA  lines  thick  and 
^vc  for  the  average  value  of  the  modulus  of  rupture  of  unannealed 
wire  K  =  98000  pounds,  and,  on  the  contrary,  after  annealing, 
A'  =  64500  pounds.    The  average  modulus  of  elasticity,  on  the 
contrary,  for  annealed   and  unannealed  wire  was  found  to  be 
A'  =  29000000  pounds ;  it  was  also  found,  that  the  limit  of  elas- 
ticity was  reached,  when  the  strain  was  0,5  ^for  unannealed  and 
'>,'*  A'  for  annealed  wire. 

When  the  tensions  were  greater,  the  extension  became  pcrma- 
'»  nt,  arid  the  total  extension  of  unannealed  wire  at  the  instant  of 
rupture  was 

-  =  0,0034,  and  that  of  annealed  wire  -  =  0,0885, 

•>r  20  times  as  much.  .In  the  apparatus  used  by  Lagcrhjelm  the 
t-'usion  on  the  wire  was  produced  by  a  hydraulic  i)rcGS,  the  piston 
r'xl  of  whioh  was  attached  to  the  end  of  tljc  iron  bar. 

Lagerhjelm- employed  in  his  experiments  iron  rods  3G  inches 
^'>»g»  :\  inch  thick,  the  cross-eections  of  which  were  circular  and 
*|uarc.  According  to  his  experiments,  the  average  modulus  of 
elasticity  for  Swedish  wrought  iron  is 

F  =  4C*000a00  pounds ; 
tlie  moduhis  of  rupturc  or  of  ultimat<^  strength  is 

^  =  rL  ^  =  92000  pounds ; 
oUU 

:«id  the  modulus  of  proof  strength 

r  =  a  .  ^  =  -1-- .  46000000  =  28750  pounds. 


f!'l 
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Wcrtheim,  ia  his  expcrimenta  upen  the  elasticity  and  cohcsi- 
of  the  metals,  allowed  the  wire  to  hang  freely,  and  fastened  to  I 
end  of  the  same  a  weight-box,  which  was  supported  upon  the  fli 
by  means  of  feet,  which  could  be  mised  or  lowered  by  turning 
Borew.  In  oi-der  to  stretch  the  wire  by  means  of  the  wcigi 
plact^d  in  the  box,  the  foot-screws  wero  turujil  uiilil  the  imx  Ewiii 
freely.  A  cathomcter  was  employed  to  det*Tniinc  tlic'ester.si<ii:  • 
the  wire. 

The  experiments  were  performed  at  very  different  kinjKt 
turcB,  and  with  wire  made  of  various  metals,  such  aa  iron,  sin 
brass,  tin,  lead,  zinc,  silver,  etc.  The  principal  results  of  ttieae  c 
periments  will  be  fonnd  in  the  table  given  in  §  812. 

The  apparatns,  with  which  Foirbaim  performed  his  experimeoi 
consists  essentially  of  a  strong  wronght>iron  lever  or  balaace-bci 
A  CD,  Fig.  325,  whose  fulcmm  D  is  firmly  rettuned  by  a  etroi 
bolt  I',  which  can  be  raised  or  lowered  by  means  of  a  nnt    Tv 

FIQ.82S. 


iron  pillars  give  the  necessary  resistance  to  the  bed-plate  //  li 
through  which  f  passes.  The  piece  of  iron  L  .1/  (o  be  cipcr: 
ment^d  upon  is  suspended  by  means  of  n  eliLiin  ti>  tlic  suiuhtI  A'  A 
which  reposes  upon  tlie  tw:>  columns  T  T  and  is  connec'  ■•l  !>  ^ 
bolt  and  clevis  to  the  stirrup  V  of  I  he  ]?ve:-  A  C  D.     To  ih-  lim?  ( 
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irm  of  the  latter  there  is  suspended  not  only  a  constant  weight  Oy 
bnt  also  a  scale-board  for  the  reception  of  smaller  weights ;  the 
bolt  JT  serves  to  support  the  lever,  and  the  latter  is  raised  by  means 
of  a  rope  O  Py  which  passes  over  a  pulley  and  is  wound  upon  the 
shaft  W  of  a  windlass  U  Y  Z.  After  the  weights  had  been  laid  on, 
the  arm  £1  of  the  lever  was  allowed  to  sink  gradually  by  turning 
the  crank  U,  until  the  piece  of  iron  to  be  tested  was  finally  sub- 
jected to  the  tension  produced  by  N  and  G. 

RESfAHK. — Gerstner's  experiments  upon  the  elaBticity  of  iron  wire,  etc., 
are  discossed  in  Geratner's  Mechanics,  Vol.  I.    For  the  experiments  of 
Lagerhjelm,  see  Pfaff's  translation  of  the  treatise :  Researches  for  the  pur- 
pose of  determining  the  density,  homogeneity,  elasticity,  malleability,  and 
strength  of  bar  iron,  etc.,  by  Lagerhjelm  (Niimberg,  1820),  and  the  informa- 
tion in  regard  to  the  experiments  of  Brix  is  to  be  found  in  the  treatise  on 
the  cohesion  and  elasticity  of  some  of  the  iron  wires  employed  in  the  con- 
struction of  suspension  bridges  (Berlin,  1837). 

The  experiments  of  Wertheim  upon  the  elasticity  and  cohesion  of  the 
metals,  etc.,  as  well  as  of  glass  and  wood,  are  discussed  in  "Poggendorf  ^s 
Annalen  der  Pbysik  und  Cbemie,"  Erganzungsband  II,  1845.  In  the 
latter  experiments  the  modulus  of  elasticity  of  the  bodies  named  was  de- 
termined not  only  by  experiments  upon  extension,  but  also  by  experiments 
apon  flexion  and  vibration.  For  Fairbairn^s  experiments  on  the  strength 
of  materials,  his  *'  Useful  Information  for  Engineers"  can  be  consulted. 

§  211.  Iron  and  Wood. — ^Tbe  most  complete  set  of  experi- 
ments upon  the  elasticity  and  strength  of  cast  and  wrought  iron 
are  those  more  recently  made  by  Hodgkinson.  By  these  we  have 
for  the  first  time  acquired  a  complete  knowledge  of  the  laws  of  ex- 
U'usion  and  compression  for  these  materials,  which  are  of  such 
great  importance  in  their  practical  applications.  Although,  accord- 
ing to  these  experiments,  iron  produced  in  diflTerent  ways  has 
tlifferent  degrees  of  elasticity  and  strength,  yet  it  is  possible  to 
express  the  hehavior  of  this  body  in  regard  to  extension  and  com- 
pression by  means  of  curves. 

The  average  modulus  of  elasticity  of  cast  iron  (Pr.  fonte,  Ger. 
^tusseisen)  is,  according  to  these  experiments,  for  extension  as  well 
as  for  compression 

E  =  1000000  kilograms,  when  the  cross-section  is  one  centime- 
ter, and  consequently 
^=  14,22  .  1000000  =  14220000  pounds  when  the  cross-section  is 

one  inch. 
The  extension  at  the  limit  of  elasticity  is 

-  ^  -   i_ 
^  ~~  I  "'  1500* 
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ipper  half  of  the  axis  of  ordinates  Y  Y  represents  the  corrcspond- 
ng  extensions^  and  the  lower  half  the  compressions.  It  will  at 
once  fitrike  the  eye,  that  the  curve  of  cast  iron  has  a  groat  develop- 
ment on  the  side  of  compression  and  that  of  wrought  iron  on  the 
side  of  extension ;  and  we  also  remark^  that  the  curves  form 
approximatiyely  straight  lines  near  the  origin  A. 

Fio.  826. 


Thomandtht  IOtY 

9 


Wrought  Iron 


Cut  Iron 

^Y-^10  ThouiandUif 

As  next  to  iron  woorf  (Fr.  bois ;  6er.  Holz)  is  most  generally 
employed  in  construction,  the  relations  of  the  elasticity  of  fir, 
beach  and  oak  wood  are  graphically  represented  in  the  figure  by 
a  curve.  The  average  modulus  of  elasticity  of  these  kinds  of 
wood  is 

E  =  110000  kilograms  =  1564200  pounds. 

The  limit  of  elasticity  is  reached,  when  o  =  -  -  -  of  the  length,  and 

the  corresponding  modulus  of  proof  strength  is 

T  =  -gQ^  -  =  180  kilograms  =  2607  pounds. 

Knally,  the  modulus  of  rupture  for  tearing  is 
JP  =  650  kilograms  =  9243  pounds, 
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1333 
4  =  ^  .  wy^rz^  =  0,444  Icilogram  centimeters  =  G,33  inch-pounds. 

Properly,  a  complete  series  of.  experiments  is  necessary  to  deter- 
mine the  modulus  of  fragility  for  tearing  or  cmshing;  for  this 
modulus  is  found  by  the  quadrature  (see  Art  29,  Introduction  to 
the  Calcnlns)  of  the  complete  branches  of  the  curve  on  either  side, 
and  this  is  especially  necessary  for  the  extension  of  wrought  iron  and 
for  the  compression  of  cast  iron,  since  the  curves  corresponding  to 
the  changes  in  these  bodies  differ  considerably  from  right  lines. 
The  extension  and  compression  of  wood  at  the  instant  of  rupture 
by  tearing  or  crushing  is  so  little  known,  that  we  arc  unable  ta 
give  with  any  degree  of  certainty  its  moduli  of  fragility.    If  ire 
iTixd  the  corresponding  curve  as  a  right  line,  we  obtain  the  modu- 
lus of  resilience  for  tearing 

/^«         650' 
'^  =  2  -^  =  iToboo  ~  "^'^^  kilogram  centimeters  =  27,3  inch- 
pounds,  and,  on  the  contrary,  the  modulus  of  fragility  for  crushing  is 

£^  *  450* 

/>^  J  -w = A .  .^^^^^  =  0,92  kilogram  centimetres  =  13,07  inch-lbs. 
'  Js     "   110000  ° 

When  cast  iron  is  ruptured  by  tearing,  assuming  the  extension 
to  be  (7i  =  0,0016  and  the  mean  value  of  the  force  to  be  560  kilo- 
grams, the  modulus  of  fragility  is 
/?  =  0,0016  .  650  =  1,04  kilogram-centimetres  =  14,8  inchJbs. 

When  cast  iron  is  ruptured  by  cmshing,  the  maximum  exten- 
sion can  be  assumed  to  be  <t,  ==  0,008  and  the  mean  crushing  force  ^ 
to  be  =  3600  kilograms;  hence  the  corresponding  modulus  of 
fragility  is 
^1  =  0,008  .  3600  =  29  kilogram-centimetres  =  411  inch-lbs. 

We  can  assume  as  the  mean  value  of  o^  for  the  rupture  of 
vroaght  iron  by  tearing,  0,008  and  for  the  mean  value  of  tho^ 
i'»rce  3000  kilograms;  henco  the  corresponding  modulus  of  fra- 
gility is 

ff  =:  0,008  .  3000  =  24  kilogram-centimetres  ='  341  inch-lbs. 

On  the  contrary,  for  the  rupture  of  wrought  iron  by  crushing,. 
^^'0  must  assume  g  =  0,0018  and  the  mean  force  to  be  =  1300 
Jiilograms;  whence  the  corresponding  modulus  of  fragility  is 

/^  =  0,0018  .  1300  =  2;34  kilogram-centimetres  =  33,3  inch-lbs. 

§  212.  ITtunbers  Determined  by  Ezperixnent — ^In  tho 

following  tables  I  and  II  the  mean  values  of  the  moduli  of  elas- 

2G  4 
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TABLE  L 


MODULI  OF  ELASTICITY  AND  STEENGTH  FOR  EXTENSION. 


N 


of  the  mauerial. 


Cast  iron 


Wro't  iron  in  rods. 


I 


m  -wire 


in  sheets. 


German  steel,  tem- 
pered and  annealed 

Fine  cast  steel. . . . 
Hammered  copper 
Sheet  copper 


Copper  wire. 


iZinc,  melted 

Brass 


Brass  wire 


Bronze,gun  metal.. 


Lead 

Lead  wire 


Extenskm 
\ 

'  =  7 

at  the  limit  of 
Elasticity. 


1500 
I 


1500 
I 

1000 
I 


1250 


I 

450 
I 


4000 

I 


3650 
I 


1000 

I 


4150 
I 

1320 
I 

742 
I 


1590 
I 

477 


1500 


=  0,000667 
=  0,000667 
=  0,001000 
=  0,000800 
=  0,001198 
=  0,002222 
=  0,000250 
=  0,000274 
=  0,001000 

=  0,000241 

« 
=  0,000758 

=  0,001350 

=  0,000629 

=  0,00210 

=  0,000667 


Modulus 
of  Elasticity  E, 


14  220000 
I  000000 

28  000000 

1  970000 

31  000000 

2  190000 

26  000000 

1  830000 

29  000000 

2  050000 

41  500000 
2  920000 

15  640000 
I  1 00000 

15  640000 
I  1 00000 

I  720000 
I  210000 

13  500000 
950000 

9  I 00000 
640000 

14  000000 
987000 

9  800000 
690000 

7 I 1000 
50000 

I  000000 
70000 


©8 


9480 
667 

18700 

I313 

31000 

2190 

20800 

1475 

34730 
2460 

92200 
6490 

3910 

275 

4285 

301 

1720 
I2IO 

3250 
229 

6890 

485 
18900 

1330 
6160 

434 

1490 

105 

667 
47 


IJ" 


3>i6 
0,222 

6,23 
0,44 

1,10 

8,32 
1,18 

20,8 
1,48 

102,4 
7,20 

0,49 
0,034 

0,59 
0,041 

8,60 
0,605 

0,392 
0,029 

2,61 
0,184 

12,76 
0,90 

1,94 
0,136 

1,56 
0,110 

0,22 
0,016 


"a '3 


t/i 


} 


18500  > 
1300) 

58200) 
4090) 

88300) 
6210) 

46800  ) 
3290  j 

I 16500 
8190 

145500 1 
10230  ) 

33800 
2380 

30400) 
2140) 

60300  ) 
4240) 

7500) 
526; 

17700) 
1242  I 

5 1960  \ 
3654) 

36400) 
2560) 

1850) 
130) 

3100) 
220) 
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TABLE  IL 
rHE  MODULI  OF  ELASTICITY  AND  STRENGTH  FOR  COMPRESSION. 


Name  of  the 


Cast  iron  . 


[Wrought  " 

Copper  .  . 
iBrass   .  . 

jLead .  .  . 

\Wood     in 
I  the  direc- 
tion of  the 
1  fibre.  .  . 

(Basalt .  . 

(Gneiss  and 
V  granite . 

Limestone 


Sandstone 
Brick  .  . 
Mortar. . 


Conprcsnoo 

'  =  7 

at  the  limit  of  elasticity. 


I 

1500 

I 

4000 


0,001333 
0,000667 
0,000250 


I 


t 


64 

b 
ii 


f 14000000 

X  990000 

( 28000000 
(  1970000 

15640000 
I I 00000. 


{ 


18700 

1320 

18700 
1320 

3910 

27s 


It 


12,44 
0,88 

6,23 
0,44 

0,49 
0,039 


f 


1 

•a 
3 

3 

3 

•8 


i 
I 

! 

) 
i 


6800) 

480  f 

28000  ) 

1970  f 
8300 

5200 

365 

4150  I 

292  ) 

«30( 

59  f 
526) 

37) 


ExAMFLB  1.  What  should  be  the  cross-section  of  a  wrought-iron  rod 
1500  feet  long,  which  is  subjected  to  a  pull  of  60000  pounds  ? 

T 
N^leeting  the  weight  of  the  rod  and  allowing  a  strain  of  -^  =  9850 

AOAOA 

ponnds  per  square  inch,  we  obtain  the  required  cross-section  F  = 

i/uOU 

=:  6,42  square  inches.    Taking  into  account  the  weight  of  the  rod,  the 
weight  of  a  cubic  inch  of  iron  being  y  =  0,280  pounds,  we  have 
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imsbing,  is  proportional  to  the  section  of  the  body,  or  rather  to  the 
irea  F  of  the  surface  of  separation,  and  in  the  case  of  wrought  iron 
B  approximately  equal  to  that  for  tearing,  so  i^at  the  modulus  of 
rapture  K  for  tearing  can  also  be  employed  as  the  modulus  of  rup* 
ture  for  shearing,  and  consequently  we  can  put  the  force  necessary 
to  produce  ruptm-e  by  shearing,  when  the  cross-section  is  jP, 
P  ^  F  K,  In  general  we  have  P  =  FEt^  JT,  denoting  the  ultimate 
strength  of  shearing  per  unit  of  surface  determined  by  experiment 

The  formula  P=  j  F  E  =^  o  F  Efor  tensile  and  compressive 

forces  within  the  limit  of  elasticity  can  also  bo  employed  for  the 

C  A 

shearing  force  P,  Fig.  329,  but  here  a  denotes  the  ratio  t  =  'Tr^ 

of  the  displacement  C  Aio  the  distance  C  B  oi  the  directions  A  P 

and  E  Fot  the  two  forces  from  each  other. 

The  following  Table  III.  contains  the  modulus  of  elasticity  (C) 

ttnd  that  of  rupture  or  ultimate  strength  (K^  for  all  bodies,  for 

which  they  are  known  at  present,  and  they  correspond  to  tlio 

formulas  P  =  i  F  Ctmi  Pi  =  FKttor  the  elasticity  and  strength 

of  shearing. 

TABLE  III. 

MODULI  OP  THE  ELASTICITY  AND  ULTIMATE  STRENGTH  OF 

SHEARING 


Names  of  the  Bodies. 

Modulus  of  Elastktty  C. 

Modulus  of  Ultimate 
Strength  A',. 

Cast  Iron 

Wrought  Iron 

Fine  Cast  Steel      .... 

Copper 

* 
Bia-ss 

^Vood  of  deciduous  Trees  .    . 

i^ood  of  evergreen  Trees  .    . 

(     2840000 
200000 

j     9000000 
j       630000 

j 14220000 
I 000000 

V 

(    6260000  ) 
(       440000  ) 

j     5260000) 
1       370000 ) 

f       569000 
1  .      40000 

«  (       616000 
1         43300 

32300) 
2270  ) 

50000  ) 
3500  ) 

92400  ) 
6500) 

683  1 
48  f 

2290  ) 
161  j 

Cia generally  taken  =  ^  E and  JT,  =  E. 
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4 


^,  =  (J  —  v,  d)  s  Ey  or 


"""      TTrf'      k; 

When  the  holes  in  the  plates  ore  punched,  the  strength  of 

ihearing  must  be  overcome,  but  in  this  case  the  surface  is  not 

plane,  but  cylindrical.    K  5  is  the  thickness  of  the  plate  and  d  the 

iliameter  of  the  hole  in  it,  wo  have  the  area  of  the  surface  of 

^^?pa^ation 

F  z=z  rr  d  8y 

and  consequently  the  force  necessary  to  punch  the  hole  is 

P  =  FK,  =  TTdsL't. 
(Compare  in  the  " Civil. Ingenieur,"  Vol.  1, 1854,  tlio  article  '*  John 
Jones'  experiments  on  the  force  necessaiy  to  punch  sheet-iron,"  by 
C.  Bomeman). 

£xA3iFLE~l)  An  iron  rivet  H  inch  thick  can  resist  with  safety,  if  we  as- 
same  JTj  =  1 .  50000  =  8300  pounds,  a  force 

P  =  -J-  JT,  =  4(0 )  •  ^^^  = 4 =  1^^^  poiuids, 

and  tbe  force  necessary  to  punch  the  hole  through  the  sheet-iron,  which  is 

^  inch  thick,  b 

3    1 
Pi=T(Z«.2r,  =  ir.^.-.  60000  =  87500  n  =  117810  pounds. 

2)  If  two  pieces  of  sheet-iron  arc  to  be  joined  together  by  a  row  of 
riyeta,  and  if  we  denote  the  thickness  of  the  plate  by  $  and  its  width  for 
wch  riyet  by  &,  we  have 

(b'^d)8  =  -  r  -,  whence 

4 


E.O.,  for  (J  =  I  and  «  =  |  uich 

b=  §lt  +  ~  I  =  5  inches. 


CHAPTER    II. 

Kl'ASTICITT  AND  STRENGTH  OP  FLEXURE  OR  BENDING. 

§  214.  Flezore. — The  most  simple  ease  of  flexure  is  that  of  a 
^^y  4  B  C  Fig.  332,  acted  upon  by  a  force  AP  =  P,  whoso  di- 
I'^'ction  is  normal  to  its  axis  A  B,  while  the  body  at  the  same  time 
^^  i^tained  at  two  points  B  and  C.    Let  I  and  U  be  the  distances 
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at  IB,  it  ceases  to  be  parallel  to  K  L  and  assumes  a  position  per- 
pendicular to  the  nen- 
^-  «M-  tral  surface  B  S.    The 

length  K Not  the  up- 
permost fibre  becomei^ 
in  consequence,  K  N„ 
and  tliat  of  Z  0  the 
lowest  fibre  becomes 
L  0,.  The  incireiise  is 
length  of  the  former  is 
therefore  JViV,,  and  the 
decrease  of  the  latter  is 
0  0„  while  the  fibre 
^  5  in  the  neutral  sur- 
face retains  its  primi- 
tive length  unaltered. 
The  intermediate  6bres, 
such  as  r  P,  r  r,  eta, 
are  increased  or  dimiU' 
ished  in  length  becom- 
ingrP^i,  rH'„etc.,and 
the  amount  U  U„  W  W„ 
etc..  of  the  increase  or 
decrease  is  determined 
by  the  proportions 
VV,_  SV 
NK,~  8N' 
WW>_8W 
0  0,"  &0' 
Ut  Qg  assume  the  length  of  the  fibre 

ns=  KN=  iO  =  unity  (1), 
wil  let  us  denote  the  extension  or  compression  of  the  fibres,  which 
ME  ailnated  at  the  distance  unity  (1)  from  the  neutral  surface,  by<T, 
then  we  have  for  a  fibre,  which  is  situated  at  a  distance  iS'  U  or 
SW=t  from  this  surface,  the  extension  or  compression 
UU,OTWW,  =  az. 
If  the  body  is  but  little  bent,  so  that  the  limit  of  elasticity  ie 
nowhere  BiirpiBsed,  we  can  put  the  strain  on  the  difforoiit  fibres 
IJroportJonal  to  their  extensions,  etc.,  and  we  can  consoqnonlJy  as- 
*'"af,  that  these  stnuns  are  proportional  to  their  diEiaiiee  from  ths 
inutret  eDrfkcc,  as  is  represented  in  the  figure  by  the  arrows. 
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■"of  the  cTossHsectioQ  JV  0  =  JV,  (?„  and  if  the  distance  of  these 
■ortiona  from  the  neutral  snrface  or  S  be  denoted  by  x„  2^  t„  etc^ 
be  Gtrains  ia  these  elements  are 

md  their  moments 

a  E.  F,z*,aE.  Fj «,',  o  E .  F,  s,',  etc. 
Since  these  forces  form  a  couple  {Q,  —  Q),  tLeir  sam 

9  B  (F,  2,  +  /*,*,  +  /",  ii  +  . .  -)>  J^nd  consequently 
Fi  «i  +  i^,  2,  +  J',  ;^  +  . . .  must  be  =  0. 

But  this  sum  con 
^«  834  ft.  only  be  =  0,  when  the 

point  S  of  the  axis  co- 
inoidcswith  the  centre 
of  grarity  of  the  sur- 
face F  =  F^-V  Fy-^ 
Fj  +  . . . ;  consequently 
//( e  new  tral  axis  of  a  bent 
body  passes  through  the 
centre  of  gravity  S  of 
its  cross-section  F.  The 
moment  of  the  couple 

(ft  ~  Q\ 

c  B  {F,  zC  +  Ft  2,' 

+  /;  2,'  +  . . .), 

should    now   be    pnt 
equal  to  the  moment 
oftheconplo(P,  -  P). 
If  we  denote  the  dis- 
tance.?//of  the  cen- 
tre of  graTity  S  from 
the  direction  A  P  ot 
the  bending  force  by  x, 
we  have  'the  moment 
of  the  latter  conple  = 
P  X,  and  therefore 
Px=  aE{F,T,' 
+  F,z:  +  .. .). 
naaHy, ire  have  for  the  radius  of  citrvature  M 11  =  MSot 
™e  DMitral  surface  the  proportion 

MR  _SU 
RS~  UU,' 
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ncreases  by  degrees  from  a  certain  finite  value  to  infinity,  when 
se  proceed  from  the  fixed  point  B  to  the  end  A. 

If  we  divide  a  portion  A  Soi  the  elastic  cane,  the  length  of 
Thich  is  =  «,  into  equal  parts,  and  erect  at  the  end  A  and  at  the 
points  of  division  8,,  S„  St,  etc,  perpendiculars  to  the  curve,  they 
will  intersect  each  other  at  the  centres  M^,  M„  M,  of  the  osculatoiy 
circles,  and  the  portions  cnt  off  if,  ^  =  Mo  Su  M,  S,  =  M,  S^ 
Jtf,  5i  =  jtf,  Su  etc,  are 
^'<»'35-  the  required  radH  of 

curvature  r„  r„  r,  of 
the  elastic  curve.  (See 
Introduction  to  the 
Calculus,  Art  33.)  If 
n  is  the  number  of  di- 
visions of  this  line,  we 
have  the  length  of  a  di- 
vision =  -  ;  and  if  wo 
n 

denote  the  length  of 

the  arc  (for  the  radius 
=  1)  of  the  angles  of 
curvalvre  A  M,  .9,  = 
6,;  S\  M,  S,  -  d,; 
,%  M,  S,  =  a,  eta,  by 
tfi,  &,.  (Jj,  etc.,  we  can 

put  -  =  iJi  ri  =  lii  fi  = 

'  S,  r„  etc.,  whence  we 

obtiina,  =  *     i,=  ~—,d,=  —.etc 
w  r,  nrt  Mr, 

If  we  BuppoEC  the  elastic  line  to  be  but  slightly  curved,  we  can 
Kibstitute  for  the  divisions  of  the  arc  their  projections  upon  the 
wiH  of  abscissas  A  X  perpendicular  to  the  direction  of  the  force, 
LB.  ire  can  put  A  K,  =  H,  S,  =  E,  K,  =  iT,  A",,  etc,  so  that  the 
"DU  of  the  force  in  reference  to  the  points  8„  S-,  Su  etc,  are 

««  =  ',■ 

fl;«,  =  ff,  a  +  si,  =  2-,  . 

B,  S,  =  S,  S,  +  5,  i,  =  3  -,  etc. 
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indetermincd  point  S  to  the  fixed  point  B,  we  must  substitute 
instead  of  s  the  entire  length  I  of  A  S  B,  or  approximately  the 
projection  A  C  of  the  same  upon  the  axis  of  abscissas,  and  under 
the  supposition  that  the  curve  at  B  is  i)erpendicnlar  to  the  direc- 
tion of  the  stress  or  parallel  to  the  axis  of  abscissas,  the  angle  0 

becomes  j  r,  n       r,        P  ^ 

A  JJ  B  =  p  = 


2  WB' 
and,  on  the  contrary,  the  angle  of  inclination  or  tangential  angle 

TSH=  S  TXi  becomes 

_  PP    _    Ps*    _  P  {r  -  s')  _  P(P-z') 

«-P      *>-^^^     2fKJ&""     2W£     ""     2\VB' 
I£  the  carve  at  the  fixed  point  B  is  not  perpendicular  to  the 

direction  of  the  force^  but  inclined  at  a  small  angle  a,  to  the  axis^ 

we  ^iU  haver         ^  .     -P  ^         j  ^i.     i« 

P  =  ®i  +  n  nr  et>  ^^^  therefore 


a  =  Oi  •{- 


2  WB 


§  217.  Equation  of  the  Elastic  Cnrve.— By  the  aid  of  the 
latter  formula  we  can  now  deduce  the  equation  of  the  clastic  curve. 
The  ordinate  of  the  curve  K  8  ^  y\»  composed  of  an  infinite 
number  (n)  of  parts,  such  as  K^  Si,  i,  /S,,  L^  Ss,  etc.,  which  are 
found  by  multiplying  an  element  of  the  arc 

AS,  =  S,Sf=:  St  /Si,  etc.  =  - 

n 

^J  the  sine  of  the  corresponding  tangential  angle 

8i  A  A',,  fii  S,  Lf,  Sz  8^  i3,  etc. 
Hence  we  have 

KS=:K,S,  +  L^8t  +  LiSzA- ...,  or 

g 

y  =  ~  (sin.  SiAE  ■¥  dn.  S^  /Si  is  +  sin,  SzSiLfh  ..  X 
n 

Substituting  the  abscissa  A  K  =>  x  instead  of  the  arc  A  S  =  «^ 

wid  for  the  sines  the  arcs  calculated  from  the  formula 

_  P{r-x^) 

auamtroducing  instead  of  a:  successively-,  — , — ,  etc.,  we  obtain 

'%-r#^p- ©•*'•- Ct)'-- #— 

Now  we  have  P  +  r  +  . ..  +  ?  =  «?  and 
27 
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and  for  the  length  of  the  b,vc  A  B  =  -^  A  A  ==  ^  I    Gonseqnently 
the  equation  for  the  co-ordinates  A  K  ^  x  and  K  S  ^  y\A 

4  WE  ""         48  W£        * 

I 

so  that  for  x  =  ^  6^  =  r-  the  deflection  is 


y  = 


% 


pp 


I 


pp 


y  —  BC^a,-^  fKJEf  »»-3  WE' 

i.£^  one  sixteenth  of  the  deflection  of  a  girder  (Fig.  333)  loaded  at 
one  end  with  an  eqnal  weight 

If  in  the  first  case  the  elastic  curve  A  B,  Fig.  336,  is  inclined  at 
a  small  angle  a,  to  the  axis  at  the  fixed  point  B,  we  mast  add  to 
tiie  former  expression  for  y  the  vertical  projection  of  the  portion  m 
of  the  tangent,  I.E.,  a^  x^  so  that  we  have  for  the  ordinate 


and  for  the  deflection 

a  —  (a, 


+ 


2  WE 


X 


pr 

3  WE 


) 


Fio.  838. 


(§  21&)  More  G-eneral  Equation  of  the  Elastic  Cnrve.— 
A  more  exact  equation  of  the  curve  A  8  B,  Fig.  338,  formed  by 
the  neatnd  axis  of  a  deflected  beam,  can  be  deduced  in  the  follow- 
ing manner  by  the  aid  of  the  calculus. 
If  we  substitute  in  the  general  equa- 
tion of  §  216,  WE  =  Pxr  the  value 
of  radius  of  curvature  {from  Art.  33  of 
the  Introduction  to  Calculus)^ 

d^8' 

~*       dsc*  d{iang.a) 
and  in  the  latter,  according  to  Art  32, 

d8  =  Vl  +  {tanff.  a)\  d  jX, 
we  obtain 

WE=:  -  ^^^^[1  +  (tang.ay]i 

d  tang.  a. 

When  the  girder  is  but  moderately  deflected,  the  angle  a  formed 
^7  the  tangent  with  the  axis  of  abscissas  is  but  small,  and  we  can 
therefore  write 

[1  +  {tang,  a)']  i  =  1  +  |  {tang.  a)\ 
sad  consequently 
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Since  for  a;  =  0,  y  =  0,  we  have  also  Con.  =  0,  and 

)^  =  24^[*' -I  n-w- (*•-*' -'  +  ^^'-'-t)} 

At  the  Tertex  t  =•  b  and  y  is  the  deflection  C  B  =•  a^  aad 
[lerefore 

ox    _  pv  L  ^  .  p*y  \ 

From  rf  «  =  V 1  +  (^on<7.  o)' .  rf  a;  =  [1  +  J  (ton^.  o)']  d  x  "we 

P  lb*  —  it*) 
obtain,  by  subetitnting  tang,  a  =  — X  or  p    > 

=  fdx+  g-^^  [/(i*^'^  -2b*c^dx  +  a*dx)] 
_./«/,,         26* «•  ^  x'\ 

LE,  the  length  of  the  arc 

K  we  assume  a;  =  J,  we  have  the  total  length  of  the  girder 

Inversely  we  have 

^  P'y      "■  r  ""  15  W'E'J  ^' 

and  therefore 


a  = 


P  r    /.         3  P'  ? 


3  WE 

I. 


/    _    3P'y  \  /         ,       P-M 
\         15  W'EV   V^  ^  ^«  •  If'«  jg»/' 


neglecting  the  members  containing  the  higher  powers  of 
f-^  we  obtain,  as  in  the  last  paragraph, 
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\  Zi,  and  it  is  positive  or  negative  bs  P  {I  +  Z,)  is  greater  or  less 
han  P\lx.  In  both  cases  the  moment  of  flexure  decreases  grad* 
lallf  from  A^  remaining  in  the  first  case.  Fig.  340,  positive,  and, 

Fi3.  340.  Fig.  841. 


on  the  contrary,  in  the  second  case,  Fig.  341,  becoming  =  0  for  » 

P  I 
point  0  at  a  distance  A^  0  =^  x^^  p  ^  P  ^^^"^  "^^^  *^^  greater 

valaes  it  takes  the  negative  sign,  and  at  the  fixed  point  B  it  is 

In  the  first  case  the  right  lino  H  (?»  Fig.  340,  II.,  which  repre- 
sents the  moment  of  flexure  at  a  point  Ky  between  A  and  B^  passes 
below  the  base  line  A  B  and  ends  at  a  point  0„  whoso  ordinate  is 
/Tff,  =  P  (/  +  /,)  —  p,  Zj,  In  the  second  case,  on  the  contrary, 
the  right  line  H  ff„  Fig.  341, 11.,  rises  from  the  point  0  above  A  B, 
and  the  ordinates  become  -ff",  ii  =  y,  —  —  [Pi  ar,  —  P  (Z  +  x^)] 
and  B  e,  =  ai  =;  -  [P,  l,  -  P(l  +  /,)]. 

WE 
Since  the  radius  of  curvature  r  =  —^  of  the  girder  is  inversely 

and  consequently  the  curvature  itself  is  directly  proportional  to  the 
moment  of  flexure  My  the  graphic  representations  in  II.  of  figures 
339, 340  and  341  furnish  us  also  a  representation  of  the  variation 
of  the  curvature  of  the  girder.  In  the  case  represented  in  Fig.  339, 
where  the  forces  P  and  Pi  acting  upon  the  girder  have  the  same, 
direction,  the  curvature  increases  gradually  in  going  from  A  to  P;. 
but  if  P  and  Pi  have  opposite  directions,  it  decreases  again  grad- 
naHv  as  we  recede  from  A^, 
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WE 
md^on  the  contrary,  for  the  point  -4„  r  =  -tjt*  and  for  the  point  By 

WE 

""'  ~    pJT-  P{i-^  hi 

According  as  P  I  is  greater  or  less  than  P,  /j  —  P  (i  -f  h)  eta, 
I.  E^  P  ^  Ti,  in  the  latter  case  we  have  r  g  ri  or  the  curvature  at 
Ax  greater  or  less  than  that  at  B. 

§  220.  The  Elastic  Curve  for  Two  Forces.—Tho  equn- 
tiona  of  the  elastic  curve,  formed  by  the  axis  of  a  girder  subjected 
:o  the  action  of  two  forces  P  and  Pi,  can  easily  be  deduced  from 
ihe  fonxLulas  found  in  paragraphs  216  and  217. 

If  a  denote  the  angle  of  incli- 
nation of  the  elastic  line  at  A^,  we 
have  first  for  the  portion  of  the 
curve  A  -4„  Fig.  344,  I,  the  arc 
measuring  the  inclination  of  the 
same  at  S 

i)«  =  «.  +  --^ljr^.  , 

and  the  ordinate  K  S  con^esponding 

to  the  abscissa  A  K  =  x 

PxiP^ia-) 


2  WE 


2)  y  =  a,  0?  + 

(compare  §  217). 

By  putting  a;  =  0  in  (1),  wc  deter- 
mine the  angle  of  inclination  in  A 
_  PP 

and,  on  the  contrary,  by  putting  a;  =  Z  in  (2),  we  obtain  the  ordi- 
nate at  ^,  ^   ^  ,         PP 

'  '         3  WE 

For  a  point  in  the  second  portion  of  the  girder  -4,  B  the  mt>- 
ment  of  flexure  P  {I  +  x,)  +  P,  re,  =  P  Z  +  (P  +  P,)  x,  is  com- 
posed of  the  two  parts  P  I  and  (P  +  P,)  a:,,  one  of  which,  being 
constant,  bends  this  portion  of  the  beam  in  an  arc  of  a  circle, 

WE 
whose  radius  is  r  =  -pj  and  whose  angle  of  inclination  at  a  point 

Ssitnated  a  distance  -4,  5,  =  a:,  from  A  and  P  /?,  =  Z,  ~  a;i  from 
'^  is  measured  by  the  arc 

^        h-Xi      Pl(h  —  X,) 

^^-=-r^  =  — We— 
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'  3  WB*  6  If  A' 

_  PH^P  +  3i:)  +i{P+  P,)i: 

-"''+  OWE 

=  "■ '  + no; 

If  the  beam  A  B  ia  not  horizontal  at  B,  bat  inclined  at  a  cer- 
lu'iD  angle  0,,  we  muat  add  in  (3)  0,  to  (3,  and  in  (4)  to  y„  p,  x,. 

If  the  force  Pi  acts  in  an  opposite  direction  to  P,  wc  muat  snb- 
siitnte  in  the  fundamental  formulas  (3)  and  (4)  P  —  P,  instead 
of  /*  +  P.. 

g  221.   Oirders  Supported  at  One  End. — The  fonnulas 
of  the  fore^ing  jparagraph  are  applicable  to  namerous  cases  in 
practice.    If,  for  exam- 
ple, a  girder  A  B,  Fig. 


rf^ 


345,  is  at  one  end  im- 
bedded in  a  wall  and 
at  the  other  merely 
supported,  the  qnestion 
arises,  what  is  the  bend- 
ing force  at  A,  or  what 
force  has  the  Bnpport  at 
A  to  bear,  when  the 
beam  is  loaded  with  a 

weight  Pt,  suspended  at  an  intermediate  point  Ai^ 

P  is  here  negative,  0,  ~  0  and,  since  A  and  £  are  at  the  same 

kTel,  the  snm  of  the  deflections  (7^4,  —  a  and  C,  B  =  a„  is  =  0, 

PIL  +  \<P  —  PM.' 
orainceo,  ::=  £-1  ■'■  X  .1±         ±2Ul  ^  ^o  have 

ppi,  +  ji{p-p,)i,'i  +  ipp  +  hPii,'  +  i{p-p,)i:  =  Q. 

Prom  this  it  follows  that 

P-         (3f  +  2M7,'         P, 

.   p  +  3(r'/,  +u:)  +  i,'  2' 

M,  tor  I  -  /„  that  is,  "when  P,  is  applied  in  the  middle  of  the 
Jirder,  ve  hare  p  _  ^_  p  t 

lenco  the  moment  of  flexure  at  ^i  is 
»»d,  on  the  contrary,  that  at  B  is 
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Hero  the  moment 


P  .  B  A  =  the  moment  Pj .  B  Ai, 
I.E.  P{1  +  h)  =  P,  /., 

and  oonseqncntly  the  pressure  on  the  point  of  support  A  is 

und,  on  the  contrary^  the  pressure  on  the  point  of  support  B  is 

Since  A  and  B  are  situated  in  a  horizontal  plane,  we  have 

a  +  fl,  =  0, 

and  the  angle  P  is  not  here  =  0,  but  is  a  negative  quantity  0  B  Ti 
to  be  determined. 
We  have  hero 

itad  also 

o,  -  -  P  ?,  + ^j^-jr , 

and  therefore  their  sum 

Pii  +  h)  -  g-^(2  r  +  6  r  Z,  +  G  ??.'  +  2  ?,') 

or 

=  [2P  +  6P  Z,  +  Gil,'  +  2Z,'  -  (3»,  +  2Z,')  (I  +  Z,)]  i', 
from  which  wo  dcdnce  the  angle  of  inclination  at  B 

_  PZ(2r  +  3ZZ, +  Z,')  _  PJl,{2P  +  3U,  +  l,*) 
'^~       G(l  +  It)  W£      ~       G{1  +  Z,)'  WIl 
and  that  at  A 

_  P,  Z  Z,  (Z*  +  3  Z  Z,  +  2  Z,') 
""  6(Z  +  /,)'  rii' 

If,  for  example,  P,  is  snspended  in  the  middle,  we  hare 

Z,  =  ZandP  =  <>  =  y, 
uid  therefore 

With  the  aid  of  the  angle  i3,  thus  determined,  all  the  relations 
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From  the  latter  measure  for  the  angle  ve  find  for  an  element 


of  the  ordinate 


X 


X 


«i**~  m'6  W 


S^P-^')'' 


): 


substitutiiig  instead  of  x^  successively  (  —  U  I  —  \  I  — 
obtain  the  required  equatipn  for  the  ordinate  K  S  =  y, 

9     [^^  ?. «  ^  ±  y.  (r  +  2«  +  . . .  +  ,^«)  j 


we 


X 

y  =  — 


f»'6  WJS 


y== 


m'  6  WE 


—      g^ 


^W  E 


LE. 


Assuming  again  2;  =  Z,  we  obtain  the  deflection 


ql 


QP 


eWE'*'       SWE       SWE 
L£^  I  of  what  it  would  be,  if  the  load  acted  at  the  end  of  the  girder. 
The  ordinate  of  the  middle  of  the  girder  is 


ql 

yi  =  — — 


V       32/  "  12  . 


_       31  gf 


12  WEV       32/       12.32  WE' 

liencc  the  distance  of  this  point  below  the  horizontal  line  passing 

through  ^  is  _     _      _       17  g  r 

yf-a      yi-12    32  lygy 

and  therefore  the  mechanical  effect  corresponding  to  the  deflection 
fl  or  to  the  sinking  (yt)  of  the  centre  of  gravity  of  the  load  Q  ^  Iq, 
when  Q  is  gradually  applied^  is 

r  ^  ,  n      -  1     7      -       ^"^  tL -       ^^  yP 

^-2«y. -2f?^y. -24732.  WE  "  w:32Tw~E 

If  the  girder  is  acted  upon  simultaneously  by  a  uniformly  dis- 
tributed load  Q  and  a  force  P  at  the  end,  we  have  the  deflection 


a  = 


PV 


+ 


QV    ^(P^Q 


\3         8/    W 


3  WE    •   8  WE       \3     •    8/    WE' 
If  the  girder  A  B  Ay  Fig.  348,  is  supported  at  both  ends  and 
carries  not  only  the  weight  P  applied  at  its  centre,  but  also  the 

load  Q  =  I  q  uniformly  dis- 
tributed over  its  length,  we 
find  the  deflection  C  B  ^ahj 
substituting  in  the  expression 


Feo.  848. 


«  =  (y-^¥) 


I' 


3     •    8/    WE 
for  the  case   represented    in 
Fig.  347,  instead  of  P  the 
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a  the  momenk  of  flexure  WE  in  relation  to  the  neutral  axis  JV K; 
consequently  we  liava 

W,I!  =  {W+Fd')E,  or 

and  inyersely 

W^Wi^Fd\ 

Therefore,  the  measure  W  of  the  mome^it  of  flexure  in  reference  to  the 
neuircU  axis  is  equal  to  the  measure  Wi  of  the  moment  of  flexure  in 
reference  to  a  second  parallel  axis  minus  the  prodtict  of  the  cross- 
section  F  and  the  square  (cP)  of  the  distance  between  these  axes. 

From  this  we  see  that,  under  any  circumstances,  the  moment 
of  flexure  in  relation  to  the  neutral  axis  is  always  the  smallest 
The  moment  of  flexure  of  many  bodies  in  reference  to  some  par- 
ticular axis  can  often  be  found  very  easily,  and  we  can  employ  it 
to  determine,  by  the  aid  of  the  formula  just  found,  the  moment  in 
reference  to  the  neutral  axis. 


Fig.  850. 


-X— 


§  225.  Let  C  K  =  X  and  G  L  ^  y.  Fig.  350,  be  the  coordinates 

of  a  point  -P,  referred  to  a  sys- 
tem of  rectangular  co-ordinates 

XXy  YY,  and  let  CM=u 
and  C  iV  =  v  be  the  co-ordinates 
of  the  same  point,  referred  to  an- 
other system  of  rectangular  co- 
ordinates TJ  UyV  Vy  and,  Anally 
let  (7^  =  r  be  the  distance  of  the 
point  jPfrom  the  common  origin 
C  of  the  two  systems  of  co-ordi- 
nates ;  according  to  the  theorem 
of  Pythagoras  we  have 
af  -f  y*  =  tt'  +  v'  =  r',  and  also 
F^  +  Fy"  =  Fu^  +  Fv"  =  Fr\ 
If  iu  this  equation,  instead  of  F,  we  substitute  successively  ttio 
elements  Fi,  F^y  F^,  etc.,  of  the  entire  cross-section,  and  in  like 
^"fw^aner,  instead  of  x,  y,  u  and  v,  the  corresponding  co-ordinatea 
^i>  ^  a^  etc.,  y„  y^  y,,  etc.,  «„  w,,  «s,  etc.,  and  Vi,  Vj,  Va,  etc.,  we  obtain. 
^y  addition  the  following  formulas 

^i«i*  +  F^x,^  +  ...  +  F^y,^  +  F^y^^  +  .,. 

"^  Fi  r*  '\-  F%  Tt  -{-  •  •  t} 
And  if  we  denote 
28 
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In  coDsequence  of  the  symmetry  of  the  figure,  every  element 

'^i,  /'a .  - .  corresponds  to  another  opposite  element  /"„  F^. ,  ^  for 

I'hich  y,  and  consequently  the  entire  product,  is  negative ;  hence 

he  sum  of  the  corresponding  products  for  two  such  elements,  and 

Jso  the  whole  sum 

X  (  Fzy)  =  0, 
md  therefore  we  have 

2  (i^v')  =  {Hn.  ay  S  {Ft?)  +  {cos.  ay  S  {Fy%  or 

W  =  {sin,  ay  W,  +  {cos.  a)»  W^ 

In  wliicli  W  denotes  the  measure  of  the  moment  of  flexure  in  refer* 

ence  to  any  axis  U  Uy  Wi  that  in  reference  to  the  axis  of  symme- 
try X  X  and  Wt  that  in  reference  to  the  axis  y  F  at  right  angles 
to  the  axis  of  symmetry,  provided  that  the  axes  U  U and  Y  T^ 

well  as  the  axis  of  symmetry  X  X  pass  through  the  centre  of 
gravity  S  of  the  figure. 

By  the  aid  of  foregoing  formulas  we  can  often  find,  from  the 
known  moments  of  flexure  of  a  body  in  reference  to  a  certain  axis, 
its  moment  of  flexure  in  reference  to  another  axis. 

§  226.  Moment  of  Flexure  of  a  Strip.— In  order  to  find 
the  moment  of  flexure  of  a  known  cross-section  A  B,  Fig.  352, 1, 
of  a  body  in  reference  to  an  axis  X  X^  let  us  imagine  the  cross- 
section  divided  by  lines  perpendicular  \jo  X  X  into  small  strips 
and  every  such  strip  as  (7  ^  to  be  divided  again  into  rectangular 
elements  i^„  Ff,  F^  etc.  If  a:,,  z^^,  eta  are  the  distances  {O  F)  ot 
these  elements  from  the  axis  X  X,  we  have  the  measure  of  the 
moment  of  such  a  strip 

jP,  z,'  +  F,  %!  +  jP,  a?,«  +  . .  • 
=  j^i  Zi  .  ^1  +  FtZf.Zt  +  Fz  Zi .  Zz  H-  ... 
Now  if  we  lay  off  in  Fig.  352,  II,  A  B  at  right  angles  to  and 

equal  U>  C  A,  and  join  B  and 
(7  by  a  straight  line,  it  cuts 
off  from  the  perpendiculars  to 
C  A,  erected  at  the  distances 
{O  F)  =  z^j  Ziy  Zi,  etc.,  pieces 
of  the  same  length  {F  G)  =r 
Ziy  Ziy  Zzy  etc.,  and  Fx  z^,  F,  z^ 
etc.,  can  be  regarded  as  the 
volumes  of  prisms,  and  ^1 «, .  «„ 
Fi  Zi .  z^y  etc.,  as  their  statical 
moments  with  reference  to  tlie 
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-A       -P^ 

labstitating  it  in  the  second  formnla  of  the  same  paragraph 

-  1  ^ 

"  ~  48  H'  E' 

we  have  for  a  beam  supported  at  both  ends 

_     PV 
'*~ibh'I!' 
[aversely,  from  the  deflection  a  we  obtain  in  the  first  case  the 
modnlns  of  elasticity         „  _  4  P  T 

~  rrh" 

and  in  the  second  „        PC 


EXAMFI.E — 1)  A  wooden  girder  10  feet  =  120  inches  long,  S  inches 

wide  and  10  inches  high  is  supported  at  both  ends  and  carries  a  unifonnly 

distributed  load  of  Q  =  10000  pounds ;  how  much  will  it  be  bent  t 

The  deflection  is 

_  e  ^^ -      10000 .  120»  _  50000 .  12'  _  1350000 

*""*46A'fi7~"'   S.IO^^""    83.8iJ?    ~    4. iff' 

135 
Substituting  E  =  1560000,  we  have  a  =  t— jgg  =  0,216  inches. 

2)  If  a  parallelopipedical  cast-iron  rod,  supported  at  both  ends,  is  2 
inches  wide  and  \  an  inch  thick,  and  is  deflected  j^  of  an  inch  by  a  weight 
^  =  18  pounds  placed  upon  it  at  its  centre,  the  distance  of  the  supports 
from  each  other  being  5  feet,  the  modulus  of  elasticity  is 
p        -PP  18.60»  18.60* 

~  4a6A*  "  4~T — 2~li?  ~  — i —  "  72. 216000=15552000 pounda 

§  22a  Hollow,  Double- Webbed  or  Tabular  O-irders.— 

The  moment  of  flexure  of  a  hollow  parallelopipedical   girder 

A  B  C  Dy  Pig.  354,  is  determined  by  subtract- 
ing from  the  moment  of  the  whole  cross-sec- 
tion the  moment  of  the  hollow  portion.  If 
A  B  =  h  and  -5  (7  =  /t  are  the  exterior  and 
-4,  J9,  =  Ji  and  B^  (7,  =  A,  the  interior  width 
and  height,  we  have  the  measures  of  the  mo- 
ments of  flexure  of  the  surfaces -4  (7  and  Ai  Ci 

-  "IT  ^*  T2"' 
and  consequently  by  subtraction  the  measure  oj 
^^  moment  of  flexure  of  the  tubular  girder 

^  "         12        • 


The  moment  of  fli 

Fig.  aoc. 

Kg.  3! 

height 

i!,  C, 

height 

tion 

The  moment  of  f 

cros 

Fid.  SIW. 

simi 

"■" 

the 

■ 

A,l 

iJU. 

and 

JVP' 

~^  tion 

rB"B 

^      moi 

In  the  same  maont 
of  many  bodies  wliich  ( 
Fig.  357,  with  a  T-shai 


These  moments  are  foi 
be  tho  half  of  rcctangli 
the  nentral  axis. 

Kow  the  snrface 
moment  is 

consequently  the  lever 
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^  ^  ""  ^  -  2{bh''b,h,Y 
the  prodact 

F.ei'  =  i{bV-  J,  Jh'Y  :  (J  h  -  J,  A,) 

and  the  measure  of  the  moment  of  flexure  of  the  body  in  reference 

to  the  neutral  axis  JV  JV,  passing  through  the  centre  of  gravity  Sm  is 

F=  JT.  -  ^.  ^.«  =  ^^''"^^'^'  -  i  (SA*  -J,  A,7  :  (iA  -  ft,  A.) 

_  4(ftA'  -  ft,  V)  (ftA  -  ii  AQ  -  3  (6 A"  -  ^  AiT 

12  (ft  A  -  ft,  A,) 

_  (t  A'  ~  ft,  A,y  -  4  ft  Aft,  A,  (A  -  A,)' 

12  (ft  A  -  ft,  A,) 

It  is  also  easy  to  perceiye,  that  the  high  webbed  and  flanged 
girders  have,  for  the  same  quantity  of  material^  a  greater  moment 
of  flexure  than  the  wide  and  massive  ones.  Since  this  moment 
increases  with  the  surface  (F)  and  with  the  square  (2*)  of  the  dis- 
tance from  the  neutral  axis,  the  same  fibre  is  better  able  to  resist 
the  bending  the  farther  it  is  removed  from  the  neutral  axis.  If, 
for  example,  the  height  of  a  massive  parallelopipedical  girder  is 
double  the  width  ft,  the  measure  of  moment  of  flexure  is  cither 

>y  -      12      -3^. or-     ^^     -g^, 

the  first  formula  obtaining,  when  we  place  its  greater  dimension 
-  ft  vertical,  and  the  latter,  when  it  is  placed  horizontal ;  in  tlie 
liret^  case  the  moment  of  flexure  is  four  times  as  great  as  in  the 
second.  If,  again,  we  replace  the  solid  girder,  whose  cross-section 
is  ft  A  by  a  double  webbed  one,  in  which  the  hollow  is  equal  to  the 
massive  part  of  the  cross-section  fti  A,  —  ft  A,  or  if  ft,  A,  —  ft  A  =  ft  A, 
i-E.,  ftj  A,  =  2  ft  A,  or  ft,  =  ft  V  jTand  A,  =  A  V^2,  the  measure  of 
the  moment  of  flexure  for  the  latter  girder  is 

ft,  A,'  -  ftA'  _  ft  VYjh  V2)'  -  ft  A'  _   ,  .  ,, 
12         -  "12  -i2bf^ 

LE.,  three  times  as  great  as  for  the  first  one. 

§  229.  Triangular  O-irders. — ^The  measure  of  the  moment  of 
flexure  of  a  body  with  a  triangular  cross-section  A  B  C\  Fig.  358,. 
can  be  found,  in  accordance  with  what  has  been  stated  in  the  last, 
paragraphs,  in  the  following  manner. 

The  measure  of  the  moment  of  flexure  for  the  prism  with  a  rec- 
tangular cross-section  A  B  C D\&y  when  we  retain  the  notations 

of  the  next  to  the  last  paragraph,  =  ---,  and  consequently  that  of 


its  half  with  the  triai 
centiral  line  ^i  Ni  is 


A 

' 

0 

\ 

^ 

■' 

s  \ 

B 

c 

r, -1 

r 

The  measui'o  of  t 
triangular  cross-sec tii 
ment  of  flexure  of  s 
which  lias  the  same  t 
has  but  double  the  vc 
dimensions  the  monn 
tliat  of  a  rectangular 

For  the  axis  ^Z, 
of  this  moment  is 

W,=  W 

and  for  the  axis  Z  Z, 

h;  =  W 

These  formulas  dc 
angled  triangle.  Thi 
Fig.  359,  whose  base 


/ 

\ 

-/ 

A 

/J 

^. 

ABC,m  that  we  h 
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W=  ^\h,h'  +  V(J*.*'=  I'ff  (Ji  +  ^)A'  = 


36' 


It  is  also  of  no  importance  whether  the  base  B  O  lies  above  or 
below  the  axis,  I.E.,  whether  it  is  placed  as  in  I  or  11.  The  mo- 
ment of  flexure  in  both  cases  is 

*^  36      ' 

when  the  modulus  of  elasticity  for  extension  is  the  same  as  that  for 
compreBsion.  The  same  formulas  can  also  be  employed,  when  the 
cross-section  is  a  rhomb  A  B  C  Dj  Pig.  360,  with  the  horizontal 
diagonal  B  D.  UBD  —  his  the  width  and  ^  C  =^  h  the  height, 
we  have  for  the  body  with  this  cross-section 

12  \  2  /         48  4   1%' 

I.E.,  one  quarter  of  the  measure  of  the  moment  of  a  girder  with  a 
rectangulap  cross-section  of  the  same  height  and  width.  From  this 
it  follows,  that  for  a  double  trapezoid  A  BUD,  Fig.  361,  the  height 
of  which  is  A  C  =  B  D  =  h,  the  exterior  width  A  B  =  CD  =  I 
and  the  interior  width  E  F  ^  Ji, 

If  =  T-o-  -  (*  -  ^0  iQ  = 7^ • 


12 


48 


48 


FiQ.  861. 


Fig.  862. 


-X n 


§230.  Polygonal  GHrders. — The  foregoing  theory  can  bc^ 
applied  to  a  body  with  a  regular  polygonal  cross-section  A  C  E^ 

%.  362,  whose  neutral  axis  X  Xia  at  the  same  time  an  axis  of 
symmetry.  Since  such  a  polygon  can  be  resolved  into  triangles, 
having  a  common  vertex  S,  the  determination  of  its  moment 


cooBiste  esse&tiollj  in  ] 
of  those  triangles  A  & 
of  the  polygon  or  the 


Thia  sum  holds  go 
gle,  and  therefore,  for 

W,  +  W,  =  -■ 
4 

when  its  area  n  .  -^,  i 

If  WD  dcaignate  t 

moment  in  reference  t 

=  i 

but  the  latter  is  also 

reference  to  ^  iS  i>  or 

W,  = 

or  ir,  [1 

LB.  W,  {a 

W,  = 

For  an  axis  UU,i 

the  axis  X  JT  of  symm 

W  =  W,  sin:  tp  + 

Now  if  we  snhstiti: 


we  obtain  for  any  arb 

of  the  moment  of  flex 
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Tr=F-.  =  Tr.  =  ^(A'  +  ^). 


or,  pnttiBg  the  radius  of  the  polygon  S  A  =  8  B  =  r  and  there- 
tore  A*  =  r*  —  -J-, 


W 


=?('"-^)- 


§  231.  Cylindrical  or  Elliptical  Girders.— For  the  circle, 
considered  as  the  polygon  of  an  infinite  number  of  infinitely  smaU 
sides,  «  =  0,  and  therefore  the  meiisui*e  of  the  moment  of  flexure 
of  a  cylinder  is 

H^=  ^  r'  =  ^'  =  0,7854  r\ 
4  4 

For  a  hollow  cyhnder  or  tube,  whose  exterior  radius  is  ri  and 

whose  interior  one  is  Tt,  we  have  by  subtraction 

in  which  F  =  ir  (r,*  —  ft*)  denotes  the  area  of  the  ring-shaped 

4*         I  I    M» 

cross-section,  r  =  -^-^ — -  the  mean  radius  and  J  =  ri  —  r,  the 

thickness  of  the  wall  of  the  tube.    The  horizontal  diameter  divides 

the  entire  circle  D  E,  Fig.  363,  into  two 
semicircles  ABB  and  A  E  By  and  the 
measure  of  the  moment  for  such  a 
semicircle  in  reference  to  the  diameter 
ABSa 

^' -  ^' "4"  ■"  ~8"' 

But  the  distance  of  the  centre  of 

gravity  8  of  tlie  semicircle  from  the 

4r 
centre  (7 of  the  circle  is  CiS  =  g-  (see  §  113),  and  therefore  the 

measure  of  the  moment  for  the  parallel  axis  W N  is 

IF=:  TT,  -  F.  CW=z  W,  -  F.  (I^y 

while,  en  the  contrary,  for  the  semicircle,  whose  diameter  is  vertical, 


In  reference  i 
with  the  as  is  ( 
moment  of  the  s 


for  the  meaeare 
an  ellipse  A  B  j 
of  the  relatioa 
lutrodnction  to 
whose  radius  0 . 
and  when  the  ot 

b,  we  have  the  n 

ellipse  to  that  D 
of  tiia  circle 


Bnt  since  the  m< 
simple  width,  th 
of  the  coirespoi 
qnently  the  mea 

elliptical  croBS>s( 

Ur  cross-section, 
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§23 


If  this  body  contains  also  an  elliptical  hollowj  the  Bemi-ozes  of 
whicli  are  Ai  and  i,,  we  have  for  this  body 

_  n  {a*  b  -  ai*  b,) 

If  a  body  with  a  rectangular  cross-section  has  an  elliptical  hoU 

low  around  its  axis,  or,  as  is  represented  in  Fig. 
Pig.  366.        366,  has  an  elliptical  cavity  on  the  side,  we  have 
D     the  measure  of  its  moment  of  iSexurc 

^  "  ii         4    ' 

— jc    b  and  h  denoting  the  length  A  B  and  the  height 
A   A   ^   B  B  ^i  the  rectangular  cross-section 
JD   ABB  A,  and,  on  the  contrary,  a,  aad  ft,  the 
B     semi-axes  C  E  and  C  Fot  the  semi-elliptical  hol- 
low i^/'JS'. 

The  measure  W  of  the  moment  of  flexure  of  a  cylinder 
or  a  segment  of  a  cylinder  may  be  determined  very  simply  in  the 
following  manner.  We  divide  the  quadrant  A  D  0  oi  the  segment 
of  the  cylinder  A  O  B  N^  Fig.  367,  into  n  equal  parts,  pass 

through  the  points  of  division  vertical 
planes,  such  fi&D  E^F  Qy  etc.  and  de- 
termine the  moment  of  flexure  for  each 
one  of  the  slices  D  E  F  Gy  which  we 
consider  to  be  right  parallelopipedons. 
The  sum  of  the  moments  of  these 
slices  gives  the  moment  of  flexure  of  the . 
semi-cylinder  A  0  B,  and  by  doubling 
this  moment  we  obtain  the  moment  of 
flexure  of  the  entire  cylinder.  If  r  de- 
notes the  radius  C  A  =  C  0  of  the  cir- 
cular cross-section  A   OBIf,a  division  D  G  of  the  arc  = 

-•.—  =:  -- — ,  and  m  consequence  of  the  similarity  of  the  triangles 

^  0  fl'and  C  D  KyWQ  have  for  the  thickness  K  L  of  the  slice  of 
the  cyUnder  DEFG-%DGLK  # 

^ow  according  to  the  formula  of  §  226,  the  measure  of  the  moment 
of  flexure  of  the  slice  D  E  F  Gib 


n 


_  KL.{2KDy  _  8     

"  12  "^12 'an 


3  n 


If  we  put  tl! 
tance  of  the  sli 
ordinate  or  half 

the  last  measure 

w  r'  3  +  4  rt 


3  » 
(see  the  "Ingcn 
the  moment  of 

the  factor  3  + 

finally  multiply 
added  n  times  t 
ia  =  0,  since  th 
and  opposite  to 
of  the  cosines  ii 

fourth  quodranl 
flexure  of  tlio  bc 


d  =  2t  denotii 

element  of  the  an 
ure  of  the  momeD 
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and  conseqaently  that  of  the  portion  A  B  ED  of  the  cylinder  is 
TT  =  ^  Ts  /  d0+3  I  eo9,%f^d(%^)  -\-i  /  eo8.4,fi>d{4:  9)),  I.B. 

W  =  r^  (3  ^  +  2  tfiA.  3  ^  +  j^  nn.  4  ^).    (See  Introduction  to  the  Caleului, 
§  26,  L). 

Substituting  ^  =  ^,  nn.  2  ^  =  nn.  fr  =  0,  and  «in.  4  ^  =  «»».  2  9r  =  0, 

and  doubling  the  result  obtained,  we  have  the  measure  of  the  moment  of 
flexure  of  the  entire  cylinder 


8t 


ff  t* 


TV- : __       Q    

12  •  2        ~   4  • 
For  tbe  segment  D  0  EyOn  the  contrary,  we  have 


12 


IT  =  -g (8  ^  +  2  «n.  2  ^  +  i  «».  4  ^) 

"  L      8  V  12  /J 


=  [6  (tt  —  2  ^)  —  8  wn.  2  ^  —  «n.  4  ^] 


48' 


By  simple  subtraction  we  obtain,  by  means  of  the  latter  formula,  the 
measure  of  the  moment  TTof  a  board  D  E  F  Gof&  finite  thickness  KL, 


(§  233.)  Beams  with  Curvilinear  Cross-sections. — The 
measure  of  the  moment  of  flexure  W  of  bodies  with  regular  curvi- 
linear cross-sections  is  determined  most  surely  by  the  aid  of  the 
calculus.  For  this  purpose  we  decompose  such  a  surface  A  NP, 
Pig.  868,  by  ordinatcs  into  its  elements,  and  we  determine  the 

moments  of  such  an  element  in  reference  to 
the  axis  of  abscissas  A  Xand  also  in  refer- 
ence  to  the  axis  of  ordinates  A  Y, 

If  a;  is  the  abscisstf  A  JV^and  y  the  ordi- 
nate N  Py  we  have  the  area  of  an  element 

d  F ^  y  dx 

(see  Introduction  to  the  CalculuSy  Art.  29) 
and  therefore  the  measure  of  the  moment 
of  flexure  in  reference  to  the  axis  A  X 

4W,  =  iy'.dF=lfdx 
(see  §  226),  and,  on  the  contrary,  that  in  reference  to  the  axis  A  Y 

d  Wi=^  a?  y  dxy 

,  « 

»ace  all  points  of  the  element  are  at  the  same  distance  x  from  A  Y, 
By  integration  we  obtain  for  the  whole  surface  A  N  P  =  F 


GENERAL  FBD<< 


If  we  have  determined  (ac( 
of  the  surface  A  N  P  and  ita 

we  find  tlio  measures  of  the  ir 
axes  passing  through  the  cent 
ordinate  axes  by  patting 

ir,  =  , 

and 


K.O.,  for  a  parabolic  surface  : 
we  have  {according  to  Art.  29 

F=  -^  xy,Bx. 

u  =  '^x  and 
hence 


Since  also  fh>m  i/'  =  px, 
-"— a,  wo  have 

12  .1 

and 

J     "         •/  p'      p 

3     2  , 

Finally  wc  obtain 
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For  a  symmetrical  parabolic  surface 
ADB,  Fig.  3G9,  whose  cord  AB  =  s  and 
whose  altitude  C  D  =-  h,  wc  can  put  the 
measure  of  the  moment  in  reference  to  the 
axis  of  symmetry  XX 

^  ""  ^       \2/    "    20    ""   LO ' 
while,  on  the  contrary,  tliat  in  reference 
to  the  axis  Y  Y  at  right  angles  to  it  re- 
mains 


1 0  Q 

175  17i> 


^h*s. 


§234. 


Fio.  370. 


CrossHsections.— If  we  are  required  to 
calculate  the  moment  of  flexure  of  a  body,  whose  cross-section 
forms  a  compound  or  iiregular  figure,  we  must  either  divide  this 
cross-section  into  parts,  for  which  the  measure  W  is  already  known, 
or  we  must  decompose  the  same  by  vertical  lines,  calculate  the 
measures  of  the  moment  of  flexure  of  these  strips  {according  to 
§  226),  and,  finally,  add  these  values  together,  in  doing  which  wo 
can  employ  with  advantage  SimpsorCa  or  Cotes?  rule. 

If,  E.O.,  A  B  E  Cj  Fig  370,  is  such  a  figure  or  such  a  portion  of 

the  cross-section  of  a  body  and  if  its  mo- 
ment of  flexure  in  reference  to  the  axis 
.^  X  is  to  be  determined,  wo  calculate  first 
the  measure  Wi  for  the  portion  of  surface 
A  B  0  D  and  then  the  measure  Yf\  for  the 
part  C ED'y  subtracting  the  latter  from 
the  former,  we  obtain  the  required  moment 

W  =  W,  -  W,. 
If  the  base  A  D  of  the  first  part  =  x^ 
and  the  altitudes  of  the  same  at  equal  dis- 
tances from  each  other  are  z^  0,,  5:..,  Zz,  z^,  wo 
have  the  corresponding  measure  of  the  mo- 
ment, according  to  Simpson's  rule, 

^  on  the  contrary,  the  width  C  D  oi  the  piece  C  D  B  to  be 
siibtracted  be  =  a:,  and  the  altitudes  of  the  same  are  y^,  1/^,  y^  yj, 
^e  have,  according  to  Cotes*  rule  {see  Introduction  to  the  CalculuSy 


-H55), 


29  • 


1       Xi 

3'"8 


(y/  +  3  y,*  +  3  y,»  +  y/). 
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in  the  cross-sect  ion  NO\t 
.   .S'        WS 

Now  iixia  the  dis- 
tance 5// of  the  cross- 
section  N  0  (mm  the 
point  of  application  A 
of  the  force  P,  wo  have 
also  M  =  P  X,  aai 
conscqacntly 

1)  Px  = , or 

.  fl 

Pxe=  WS, 
and  the  strain  in  iht 
bod;  at  the  distance  t 
&om  the  neutral  aiis  is 

'  IK  H^ 

The  latter  increases 
with  X,  and  is  therefore 
a  maximum  for  x  =  1, 
I.E.,  at  the  fiscd  point 
S.  In  like  manner  it 
incrcasoa  witli  c,  and  is 
therefore  a  maximam 
fo^thc  point  moat  dis- 
tant from  the  neutral 

I£  the  body  ia  no- 
where to  be  stretched 
-ijotid  the  limit  of  elasticity,  the  maximnm  strain  S  should  at 
"MBt  be  equal  to  the  modulus  proof  strength  T,  and  consequently 

W 

e 
'^e  proof  strength  ot  ii\ii  ^r&sr  A  KOB    ■ 
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IF=j^(«»*+«s*  +  a^'...)* 


and  therefore  also 


\  2r,  +  «,  +  «,+.../  12* 


We  can  make  Zi  =  f*i  c,  is,  =  f*,  c,  a;,  =  fi^  e,  /^i,  a^  f«j  denoting 
numbers  dependent  upon  the  form  of  the  cross-section^  and  there* 
fore  we  have 

Wl  ^  M'  +  ^,'  +  fi,'  +  . .  A  Fl 
^        V  Ml  +  A*t  +  /^  +  . . .  /  12' 

and  consequently  the  mechanical  effect 

3  V/*i+f*,+/i,  +  .../12* 
But         .        .        ^  *  coefficient  ^,  dependent  upon  the  form 

f*l     r  rH    •     P* 

of  the  body  alone,  and  Fl  =  Vis  the  volume  of  the  body;  hence 
the  work  done  L  =  ^^^rp  A  F  is  not  dependent  upon  the  indi- 
vidual dimensions,  but  only  upon  the  form  of  the  cross-section  and 
the  volume  of  the  body,  which  is  bent  When  the  bodies  are  of  the 
same  nature  and  of  similar  cross-sections,  the  work  done  is  propor- 
tional fx>  the  volume  of  the  body. 

For  the  work  done  in  producing  rupture  we  must  put 

B  denoting  the  modulus  of  fragility. 

§  236.  Formulas  for  the  Strength  of  Bodiea— For  a  paral- 
lelopipedical  girder  A  C  By  Fig.  372,  the  length  of  which  is  ?,  the 

width  i  and  the  height  A,  we  have 
Fig.  873.  ^  _  ^  ^^  ajid,  according  to  §  226, 

fr=  -^^  ;  hence  —  =  -77-,  the  proof 
12  e         6  *^ 

strength    of  the    girder    is   P    = 

—z-  -^y  and  its  moment  is  P  Z= J  A* .  -^. 

From  this  it  follows,  that  the  mechanical  effect  necessary  to  bend 
the  girder  to  the  limit  of  elasticity  is 

.       AWl       A    bh*2l      ,    .  ,  ,  ,       ,  jTT 
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If  llio  neutral  axis  JV  0,  as  in  Fig.  377, 1,  paases  through  the 
middle  of  the  opposite  sidt'S,^  =  r;  and  if,  as  in  Fig.  377,  II,  it 
passes  through  the  opposite  corners, 


Hence  it  follows,  that  in  the  first  case 

P I  =  — - — -^ Ty  and,  on  the  contrary,  in  the  second 

12  r  -^ 

Fil  = T^r-.- '  T,  while  m  both  cases 

12  h 


F=^,n8h  =  n7i  Vr'  ~  h'  =  i 


11  s 


(i  «)'• 


The  ratio  -j^  of  the  proof  strengths  is  =  j. 


If  the  nnm])er  n  of  the  sides  of  a  polygon  is  uneven,  as  in  Fig. 
377,  m,  we  must  substitute  c  =  r,  and  therefore  we  must  employ 
^hefirst  formula  only;  provided  always  that  the  direction  uf  the 
force  coincides  with  that  of  the  axis  of  symmetry. 

For  a  gquaro  cross-section  we  have  8  =  2  A  =  r  V2,  J^  w  «*. 
and  the  moment  of  the  proof  load 


and,  on  the  contrary. 


3 


-^7^T=-^r=0,333r*2; 


T  =  0,471  r»  T. 


For  a  hexagonal  cross-section  we  have 

8  =  r  =  —  *  ,  F=~.r^s'  =  2,598  8\  and  therefor© 

PI  =  ^^  s'T=  -i^  r'T=  0,541  r»  T,  and 
10  lb 

P,  ?  =  §  «•  r  =  I  rT  =  0,625  r'  JI 

For  a  regular  octagonal  cross-section  we  hayo 
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and,  on  the  cx)ntrary,  if  the  cross-sections  of  the  hollows  are  para- 

holas* 

p  ,       ^'^  b  h'  -  1%  5.  a,*  „  _  5b¥  —  32  h  a.'  rp 

^  ^  = Th  ^  -         30  A         ^' 

b  denoting  the  exterior  width,  h  the  exterior  height,  J,  the  depth 
of  the  hollow  and  Ci  the  height  of  the  same. 

§  237.  Difference  in  the  Modtdi  of  Proof  Strength.— 

W  T 
The  formula  P  =  — i-  for  the  proof  load  of  a  girder  fixed  at  one 

el 

end  Ay  Fig.  380,  holds  good  only,  when  the  extension  o  and  the 

compression  di  of  the  body  are  equal 

Fig.  880.  ^  qcj^q\^  other  at  the  limit  of  elas- 


■^j^,.  ,^       ticity;  for  under  those  circumstances 
tn^^       only   can    the    modulus   of    proof 
c  ifi^l^        strength  for  extension 


be  equal  to  thp.t  of  compression 

r,  =  a,  E, 

For  wrought  iron  this  assumption  seems  to  be  nearly  correct,  and 

for  wood  approximately  so,  but  these  relations  are  entirely  different 

in  the  case  of  cast  iron  ;  the  latter  has  not  only  a  much  grcater 

modulus  of  ultimate  strength  for  crushing  than  for  tearing,  but 

also  the  compression  a,  at  the  limit  of  elasticity,  which  can,  liow- 

e^er,  be  given  only  approximatively,  is  about  twice  as  great  as  the 

extension  a,  and  consequently  the  modulus  of  proof  strength  Tx 

for  compression  is  twice  as  great  as  the  modulus  of  proof  strength 

^  for  extension.  « 

In  order  to  find  the  proof  strength  of  cast  iron  or  of  any  other 

body,  for  which  there  is  a  jKjrceptible  difference  between  a  and  <t, 

or  between  T  and  T„  wo  must  first  sec  which  of  the  quotients 

T         T  T 

~-  and  —  is  the  lesser,  and  substitute  that  instead  of  —  in  the 
e         e,  e 

formula  p  __  W^  ^ 

e  I 

The  other  half  of  the  beam,  correspondinff  to  the  greater  ratio 

(T       T\ 

rj  or  —I,  is  of  course  not  stretched  to  the  limit  of  elasticity.    In 

order  to  reduce  this  cross-section  and  consequently  that  of  the 
^vhole  body  to  a  minimum  and  thus  to  economize  as  much  mate- 
rial as  possible,  it  is  necessary,  tliat  both  the  halves  of  the  girder 
shall  be  strained  to  the  limit  of  elasticity.  Therefore  we  must  give 
the  beam  such  a  form  and  such  a  position  that  we  will  have 
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liich,  when  transformed,  becomes 

f,  ''.  (4  -  3  /.,)  -  /4  ".  (4  -  3  /<,)  =  1. 

By  the  aid  of  tliis  formula,  vlien  three  of  the  ratios  [i„  v„  fi,  and  v, 
'  the  dintcosiona  are  giTcn,  we  con  calculate  the  fourtli.  K  we 
ake  i*t  ^  0,  wc  Lavo  the  crosa-section  reprcBcnted  in  Fig.  382,  the 
lOment  of  flcsuro  of  wbich  baa  already  been  determined  (§  228), 
id  for  which  wo  have  f,  v,  (i  —  3  fi,)  =  1. 

Rexakk. — Moll  and  Reulcaai  (aea  tlicir  work,  "Die  Festigkeit  der 
[aterialen,"  Brunswick,  I8C3)  recommend  for  the  detenu inatioa  of  the 
lOBt  advantageous  crosa-Bcctioii  the  use  of  a  balnncc,  tlie  beam  of  which 
>nns  a  tabic.  PattemB  of  the  croae-section,  cut  out  of  shcet-iroD,  are 
laced  upoa  it  in  such  a  manner  that  the  neutral  axis,  determined  by  the 

itio  —  =  — ,  bIuiII  lie  exactly  above  the  centre  of  rotiition  of  the  beam, 
f  the  pattern  has  the  most  advantageous  form,  tlie  beam  will  balance;  if 
t  does  not,  we  mast  causa  it  to  do  so  b;  cutting  away  portions  from  the 
dde  of  tbe  body,  ontil  the  beam  balances,  when  tbe  pattern  occupies  the 
ibove  position. 

ExAia>LB  I.^If  tbe  crose-section  of  a  cast-iron  beam  has  the  form  ot 
Pig.  881,  and  if  tbe  ratios  of  the  beighU  are 

A,      7  ,71 

we  have  for  the  ratios  of  tbe  width  the  condition 


77  .',  -  S9  V,  =  64. 
If  the  lower  flange  ia  omitted,  then  k,  =  0,  and  » 


ud  the  thickness  of  the  w 

U,  on  the  contrary,  we  make  v,  =  -^,  we  have  (77  —  -.  I  >-,  =  64,  ai 

.   0,81 


web  proper  is  b 

-6,  =  0,169  6. 

3  make  t>,  =  -^* 

,  we  have  1 77  - 

consequently  v, 

I  =  0,887  and  v. 

0,148.   ForA  = 

:  8  inches  and  b  = 

=  7  inches,  A, 

=  1  inch,  h,  = 

1 


=  Hi  inches,  h,  is 
=  S  inches  and  bf 
=  i  inch ;  BO  that  the  thickness  of  the  upper  and 
lower  flange  is  1  inch,  oud  that  of  the  vertical 
web  but  }  inch. 

EXAKFLG  2.— For  a  girder  ivith  a  T-ahaped 
cross-section.  Fig.  383,  we  have  found  (§  238) 

"~  i3"(6  h-b^h^)  ' 
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mate  stren^h.  Since  we  cann 
£  to  be  constant  beyond  the 
when  the  extension  of  compre 
nloa  of  elasticity  for  extensi 
compression,  the  strains  in  i 
proportional  to  tlieir  distaaoef 
quently  that  axis  no  longer  pe 
the  values  of  c  und  e,  differ  in 
ore,  when  tiio  limit  of  elasticity 
If  W  denotes  the  mcasare 
stretched  half  of  the  girder  an 
ot  the  eame,  and  if  W,  denoti 
portion  and  £,  tho  mean  mo< 
moment  of  the  bending  force,  i 

and  if  ve  pat,  at  least  approxii 

ffi  denoting  tho  modali  of 
crushing,  the  mument  of  the  f( 

P  i  either  =  — ^ — ^~~ 

If  we  again  docote  the  static 
itretched  portion  of  the  body  i 
and  that  of  t!i?  cross-section  oJ 
id  reference  to  the  same  axia  b 

= and  on  the  other  =  - 

form  a  couple,  M  E  =  M,  E^. 

the  neutral  axis  by  means  of  tl 

For  a  girder  with  a  rectanj 

Jr=-^ai 
and  therefore 

From  this  ve  obtain 
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18500  pounds ;  bat,  occoi-diug  to  the  resalte  of  many  experi- 
ente,  we  mast  pat 

K  =  3200  kilograms  =  46500  ponnds, 
L,  abottt  tlic  mean  value  of  the  modulaa  of  ultimate  strength  for 
aring  and  of  tliat  for  crushing. 

This  gi^eat  diffcrfnco  is  caused  not  only  by  the  difforfnce  of  the 
oduli  of  elasticity  ^and  E^,  but  also  by  the  granular  texture  of 
le  east  iron,  which  preclades  tho  supposition  that  the  beam  is 
imposed  of  a  bundio  of  rods. 

Many  different  circumstancefl  influence  the  elasticity,  the 
roof  strength  and  the  ultimate  strength  of  a  body,  so  tliat  nota- 
le  diflerences  occur  in  the  resnlts  of  experiment. 

The  wood,  for  example,  near  the  heart  and  root  of  the  tree  u 
Totigcr  than  the  sap  wood  and  that  near  tho  top,  and  wood  wil] 
2sist  a  greater  force,  when  the  latter  acts  parallel  to  llic  yearly 
ings  tlian  when  it  acts  at  right  angles  to  them ;  finully,  tho  soil 
nd  position  of  the  place  where  the  wood  grew,  tho  state  of 
lumiJity,  the  age,  etc  inflnencc  the  strength  of  wood.  Finally, 
he  deflection  of  a  body,  which  has  been  loaded  very  long,  is  always 
■  little  greater  than  that  produced,  when  the  weight  is  fu-st  Itud  on. 

§  239.  Ezperiments  tipoa  Flexure  and  Rapture.— Hzperi- 

necla  upon  elasticity  and  strength  were  made  by  Eijtclwein  and 
Centner  with  tlie  apparatus  represented  in  Fig.  383.  A  B  and 
ii  Jare  two  treaties,  upon  which  two  iron  bed-plates  Tand  Care 
lastencd,  and  D  Dia  the  body  to  be  experimented  upon,  which  ia 


H 

0 
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afety  and  sabstitute  in  the  formnks  for  the  proof  strength 
id  J  foand  for  wood 

either  instead  of  T,{  Tor  instead  otK,  j'o  ^, 
cast  iron 

either  instead  of  T,  ^  T  or  instead  of  S',  J  K, 
for  VTonght  iron 

either  instead  of  T,i  Tor  instead  of  ^,  J  K 

Conseqaently  we  can  hereafter  put  for  wood 

r  =  73  kilograms  =  1000  pounds, 

cast  iron 

T  ==  510  kilograms  =  7000  pounds 

1  for  wrought  iron 

T  =  6G0  kilograms  =  9000  poands. 

We  cannot  employ  these  T&laes  in  calcalating  the  dimensions 

shafts  and  other  parts  of  machines ;  for,  on  account  of  their 

istant  motion  and  of  the  wearing  away  of  the  parts,  a  greater 

tor  of  safety  must  be  introduced,  which  requires  us  to  assume  a' 

aller  Talue  for  T. 

If  we  substitnte  these  values  in  the  formnlas 

T  T  T 

Pi  =  Ji' ±-andP?  =  Trr- ~  =  TTd"^ 

■  parallelopipedical  and  for  cylindrical  girders,  we  obt^n  the  io\' 
x'ag  pradical  formulas : 
For  wood 

P  Z  =  167  6  A'  =  785  r"  =  98  (f  ineh-pounda. 
For  coat  iron 

P I  =  1167  6  A'  =  5500  r'  =  687  (T  inch-pounds. 
And  for  wrought  iron  the  greatest  value 

P  i  =  1500  J  A'  =  7070  7-"  =  884  d*  inch-pounds. 
If  with  Horin,  and  in  accordance  with  the  practice  in  England, 
B  put  for  cast  iron 

instead  of  7",  ^  to  y  =  750  kilograms, 
id  for  wrought  iron 

instead  of  7,  ^  =  600  kilograms, 
e  obtain  for  cast  iron 

P I  =  1778  ih'  =  8376  r"  =  1047  d'  inch-pounds, 
ai  for  wrought  iron  the  smaller  value 

P 1  =  1452  iV  =  6700  r'  =  838  d'  inch-pounds. 
If  the  load  Q  is  not  applied  at  the  end  of  the  beam,  but  is 
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:an  a  girder  of  fir  carry  at  its  middle,  when 
dth  iab  ::=  7  and  its  height  A  =  9  inches,  and  when  the  point  of  ap- 
ion  of  tbe  load  is  10  feet  distant  from  the  .sopports  ?  Here  we  have 
10  .  12  ==  130  inches,  and  therefore,  according  to  tbe  above  fonuula, 

PI  =  4. 167  6  A'  =  4.167.7.81, 
tie  required  working  load  is 

„      4e76.81_„„    „_, 


A.  cylindrical  stick  of  wood,  firml;  imbedded  at  one  end  in  masonry, 
aired  to  bear  a  weight  Q  =  10000,  nniformly  distributed  over  its 
!  length  {  ^  6  feet ;  what  sboald  be  its  diameter  ?    We  have  here 

Ql  =  2  ^-^  =  3  .  785  .  r", 
lonseqaently  by  inveraioa 

Lhe  leqaired  diameter  is  =  2  r  =  14,S3  inches. 
i  241.   Relative  Deflection.— Tbe  beuding  of  the  moving 
a  of  tnnnliinpji.  Rtinh  iw  tbfl  shafts,  axles,  eto,,  has  often  a  very 
bad  effect  upon  tiieir 
working,  either  by  giv- 
ing rise  to  vibrations 
and  concusgions,  or  by 
preventing  the  different 
parta  of  the  machine 
from  engaging  perfect- 
ly.    We   are  therefore 
in    certain    caeee    re- 
quired to  determine  the 
cross-sectionB  of  these 
parts  of  machines,  not 
■with  reference   to  the 
modulna      of     proof 
strength,   but    to    the 
deflection,   by    assnm- 
ing  the  deflection    to 
be  a  yery  small  definite 
portion  of  the  entire 
,j[    length  of  the  body  or 
part  of  the  machine. 
¥e  have  already  fonnd  (§  217)  the  deflection  for  a  prismatic 
ijASB,  Fig.  385,  fixed  at  one  end  B  and  loaded  at  the  other 
itobe 


X. 
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I  for  cylindrical  ones    - 

r~    ^    "^d'^a" 
.tinoting  the  extension  or  comproBsion  at  tbe  limit  of  elasticity 
Teaponding  to  the  strain  T. 

K  -  <  — ;  we  obtain  from  the  first  formula  the  greater  value 
P  I  and  if,  on  the  contrary,  -  >  - — ,  tlie  second  formula  gives 

!  greater  value  for  the  moment  of  the  force.  Therefore  for  a 
■en  moment  of  force  {P  I)  the  greater  dimensions  for  the  crosa- 
:tion  arc  given  in  the  first  case,  ^liere  the  length  oi  the  body  is 

a  than  I  =  ( — |  e,  by  the  formula 

6 

id  in  the  second  case,  where  I  >  (—  )  e,  by  the  formula 
3  0  WE=  PP. 

for  the  limit,  0  =  -^., 

_  0,000 
500  o 

3,G,  and  i 
cnkrly  for  a  prismaticul  Itcam  of  this  materia) 

y  and  ~  =  --  "  1,8. 
ft  a       10 

If  we  assume  for  east  and  wrought  iron  a 

Kfc  substances 


PP  ■■ 


bh'    „       3nr'E 


!  of  course  applicable  to  the  normal  case  above,  r.E.,  wlien  the  IhkIv 
i  liuded  at  one  end  and  fixed  at  the  otiicr.  For  a  load  eiiuul!} 
istribnted  we  mnat  substitute  (according  to  §  223),  instead  of 
°.  I  Q.    If  the  body  is  supported  at  both  ends  and  the  load  ie  sua- 
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I     & 

versely  proporti<med  to  the  length  {I)  aod  that  the  height  has  a 

h  greater  influence  than  the  width  uj)on  the  solidity  of  such  a 

er.     A  girder,  whose  width  is  double  that  of  another,  will  bciir 

twice  as  great  a  load  as  the  latter,  or  aa  much  aa  two  such 

ere  placed  side  by  side.    A  girder,  whose  height  ia  double  thjit 

nother,  bears,  on .  the  contrary,  (2')  =  4  times  as  much  as  the 

ir,  when  their  widths  are  the  same.    For  tliis  reason  we  make 

height  of  parol leiopipedical  girders  greater  tlian  their  width. 

re  place  tliem  on  edge,  or  in  such  a  position,  that  the  smaller 

icnsion  shall  be  pcrpendicuUr  to  the  direction  of  force  P  and 

t  the  greater  dimension  shall  be  parallel  to  it. 

Since  b  b  expresses  the  cross-section  F  of  the  beam,  we  liare  also 

T 
Pl=  Fh^; 

ice  the  moments  of  the  proof  load  of  bodies  of  eqnal  cross-section, 
S3  or  weight  are  proportional  to  their  height.    If,  for  example. 


another  body  orJ'=s3ft  =  SA  the  area  of  both  their  eroi-s- 

■tions,  the  bodies  have  the  same  weight,  when  the  other  circum- 
inees  are  the  same,  but  the  latter  bears  three  times  as  great  a 
id  as  the  former. 
If  i  =  A,  the  cross-section  of  the  beam  is  a  square,  and  we  can 
mininh  the  moment  of  proof  load  by  placing  the  diagonal  in  a 
rtical  position.  _  In  this  case,  W,  as  we  know  from  |  230,  remains 

ichaaged  and  is  =  -l-x-  =  -^,  while  e  becomes  equal  to  the  semi- 

^nai  i  b  VY  =  b  VX    Therefore  we  have 

hile,  if  it  were  laid  on  one  of  it«  sides,  we  would  have  P  l  =  b'  —. 
^e  §  236. 

The  equations  for  parallelopipedical  girders  are  analogous  to 
">8e  for  girders  with  an  eUipticcU  cross-section.    "We  have  in  the 

itter  ease  (according  to  §  231)  W  =  — ^^  and  e  =  a,  the  semi- 
^13  a  being  supposed  parallel  and  the  semi-asis  b  perpendicular  to 
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The  moment  of  proof  load  of  the  cylinder  {with  circnlar  base) 
in  the  first  place  smaller  and  in  the  second  pkce  greater  than 
at  of  a  paraUelopipedon  with  a  sqaare  base. 
Since  wooden  parallelopipedical  girders  are  cat  or  sawed  from 
e  round  trunks  of  trees,  the  question  arisea,  what  must  be  the 
,tio  of  the  dimenaions  of  the  croes-section  of  sncli  a  beam,  in  order 
lat  it  shall  have  the  greatest  moment  of  working  load  ? 
Let  .^  B  D  E,  Fig.  386,  be  the  cross-section  of  the  trunk  of  the 
tree,  A  D  =  dits  diameter  and 
f '«■  886.  AB  =  DE=b 

the  breadth  and 

AE=  BD  =  li 
the  height  of  the  beam;  then  we  have 
S'  +  A'  =  ^,  or 
A'  =  *?  -  b; 
and  the  moment  of  proof  load  is 

/>  ?  =  ^  .  S  A'  =  ^  5  (J  -  y). 

The  problem  now  is  to  make 

l{d'  -  5') 
ii*  great  as  possible.    If  we  pat,  instead  o{  i,h  ±  x,x  being  very 
small,  we  obtain  for  the  last  expression 

(S  ±  I)  (r  -  (A  ±  a;)'  =  J  (7*  -  6'  ±  (tP  -  3  S')  3:  -  3  5  x', 
Bhen  x"  is  neglected.    Now  the  difference  of  the  two  expressions  is 
y  =  T  ((P  —  3  5")  z  +  3  S  a:°. 
In  order  that  the  first  yalnc  shall  always  be  greater  than  the 
s«»nd,  the  difference 

y  =  :F  ((i' -  0  »')  X  +  3  S  i" 
must  be  positive,  whether  we  increase  or  diminish  5  by  a-.    But 
this  is  only  possible  when  rf"  -  3  S'  =  0 ;  for  this  difference  is  then 
=  S  i  i'  or  positive,  while,  on  the  contrary,  when  (T  —  3  5'  has  a 
ffal  positive  or  negative  value,  Zi  x'  can  be  neglected,  and  the  sign 
uf  the  difference  ^  {d'  ~Zh')x  varies  with  that  of  x.    Therefore, 
putting  d"  —  3  i'  =  0,  we  obtain  the  required  vridth 
b  =  d  VI,  and  the  corresponding  height 
h  =  Vd'-V  =  d  Vi; 
'!« ratio  of  the  height  to  the  width  is 
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W  =  -  —  or  J  ft'  =  ft*  -Jd'  -  A»,  or  (&  A')»  =  h*  (d»  -  A') 

great  as  posdble.    The  firat  differential  coefficient  of  tlie  latter  ezpies- 
m  mrefereoce  to6i8  6(i*A'»-  8  ft',  which  is  equal  to  zeio  for  A*  =ld; 


b  =  VS»-A»  =  Vi^  =  2- 

For  these  values  the  moment  of  flexure  of  the  beam  is  a  mimmum  (see 
troduction  to  the  Calculus,  Art.  13). 

A     Va 

Here  we  haTe  ^  =  -r-  =  1,7331,  or  about  J,  while  above  we  found  for 
le  nuLximum  of  the  moment  of  proof  load  ,-  =  J. 

This  condition  corresponds  to  the  construction  in  Fig.  387,  when  we 
lake  J  if  =  i>  JV  =  J  .1  ft 

§  244.  Hollow  and  Webbed  Girders.— We  have,  accord- 

n<t  tt>  §  228,  for  o-hoUoto  paTollelopipedical  beam 
_bh'~b,  ft,' 
12        ' 
ind  therefore  the  moment  of  proof  load  is 

e  i  h 

'h 
b 

j^ =  *  A*  (1  -  f*'  v), 

iuid,  since  the  cross-section  of  the  body  is 

F=bh  ~b,hy  =  bh{l-itv), 


^)l- 


=  (V 

- 1^' 
~  (I 

v)- 

Fh 

T 
■  6' 

li'    V 

1 

—  n 

V  + 

/.V 

■fiV 

1  - 

fiV 

_    1  -^  V 

iiiereases  with  v,  we  obtain  the  masimum  value  of  J*  ?  for  v  —  1, 

ami  it  is 

'»  '''  =  b  +  (t^)"]^*!  =<!  +  "  +  I-')"!- 
If,  on  the  contrary,  we  put  /i  =  v,  we  obtain 


4  • 
I  ■ 

■  I 


■ 
■ 

I 

■ 
I 

I 


1 
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l^Sii 


In  both  cases  we  must  make  ^  as  great  as  possible,  and  ther- 
fore  nearly  =  1.  If  we  wish  the  proof  strength  of  the  girder  to  \. 
a  maximum,  we  must  make  the  webs  as  thin  as  possible.  Heo 
we  have  for  fi  =  1  in  the  first  case 

T  T 

P  I  z=i  3  Fh  -TT  =  Fh  -zr-y  and  in  the  second  case 

6  /t 

m 

T  T 

P  I  =z  2  Fh  -g-  =  Fh  -^,  and,  on  the  contrary,  for^  =  0. 

T 
Pl  =  Fh^ 

In  all  three  cases  the  proof  load  of  the  girder,  when  the  crtiSf- 
section  (F)  or  the  weight  is  the  same,  increases  with  the  hcighi 
(A) ;  but  in  the  first  case,  where  the  girder  consists  of  two  flange^. 
it  is  a  maximum ;  and  in  the  second  case,  where  it  forms  a  parai- 
lelopipedical  tube,  it  has  a  mean  value ;  and  in  the  third  cz>j. 
where  it  is  composed  of  one  or  two  webs,  a  minimum  one. 

If,  for  example,  a  massive  girder,  whose  dimensions  are  bi  acu 
hi,  has  the  same  cross-section  or  weight  as  the  supposed  tuboiar 
girder,  we  have 

h    h 

F=bihi  =  bh  —  tihi,  I.E.  2  S,  7*1  =  J  A  or  -^  =  a  v  =  ^ 

on 

h  h 

K  we  assume  ~  =  -t-\  we  have  u  =  v  =  l/J,  and  therefore  i\\ 

b        h  ^ 

ratio  of  the  proof  loads  of  the  two  beams  is 

p,      1  —  fiv  hi    \i  —  y        -*  -* 

the  tubular  girder  is  therefore  capable  of  carrying  more  than  double 
the  load  that  an  equally  heavy  massive  girder  can,  whose  fonn  it' 
that  of  the  hollow  of  the  first  girder. 

The  same  relations  also  obtain  for  Ishaped  girders,  since  (^ 
§  228)  the  measure  of  the  moment  of  flexure  W  is  the  same  for 
both.  These  formulas  can  also  be  employed  for  bodies  with  tmr 
than  two  webs,  9&y  e.g.,  bodies  with  the  cross-section  represented  in 

Fig.  388,  in  which  case  b  denotes  the  width  of  ^^ 

upper  and  lower  rib,  h  the  entire  height  A  D  -  SC. 

bi  the  sum  jf  the  widths  and  hi  the  height  of  t^^ 

hollow  spaces  if,  JV,  0,  P. 

The  formulas  for  a  pipe  or  hoUow  cylinder  ^' 

analogous  to  those  for  a  parallelopipedical  beam.   I[ '' 

is  the  exterior  and  Ti  =  fir  the  interior  radian  ^'^' 

moment  of  proof  load  of  this  body  is 
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Thia  Talne  increaeee  aa  fi  =  —  approaches  unity,  and  therefore 

the  wall  of  the  pipe  becomes  thinner.    If  we  put  jt  =  1,  we  ob- 
ia  the  correBponding  maximnm  momeat  of  proof  load 


If  we  compare  the  proof  load  of  this  tube  with  that  of  a 
on  cylinder,  whose  radius  r,  =  fi  r  =  r  VJ,  we  have  then  for 

P 

sactly  what  we  found  under  the  same  suppositions  for  parallelo- 
'ipedieal  girders. 
We  can  see  from  the  general  equation 

'i=^=  (-p.'.' +  -^. '■•  +  ■■)  r=  (f.  ^,.  +  F.F,'  + .. ) « r, 

bat  the  moment  of  proof  load  of  a  body  increases  as  the  distances 
1  =  ft  c,  2,  —  fi,  e,  etc.,  of  the  portions  F„  F„  etc.,  of  the  cross-sec- 
iou  from  the  neutral  axis  become  greater.  But  since  this  distance 
ao  at  most  be  —  c,  those  girders  will  have  the  greatest  moment 
>f  proof  load,  the  different  portions  of  whose  eioss- sect  ion  are  at 
)ne  and  the  same  distance  (the  maximum  one)  from  the  neutral 
isis.  Sach  a  beam  consists  of  two  flanges.  Since  the  webs  which 
unite  the  two  Sanges  cannot  satisfy  the  conditions  of  maximum 
moment  of  proof  load,  it  is  impossible  to  attain  thia  maximum,  and 
"■e  must  therefore  content  ourselves  with  increasing  the  proof 
strength  of  the  girder  by  hollowing  it  out,  by  thinning  it  in  the 
neighborhood  of  the  neutral  axis,  or  by  adding  flanges  at  the 
greatest  possible  distance  firom  the  same  axis. 

THe  thickness,  which  the  web  must  possess  in  order  to  resist  the 
sliearing  strain,  will  be  determined  in  the  following  chapter. 

Rbiubx. — Under  the  suppoaitioD  tliat  the  proof  strength  increases  nnd 
tereasea  with  the  ultimate  strength,  the  English  engineers  increase  the 
3IW  of  that  portion  of  cast-iron  girders,  which  ia  subject  to  compression ; 
wr  that  material  resists  compression  best.  On  the  contrary,  they  incrcsnf 
'lie  dimenfflona  of  the  compressed  side  of  girders  of  wrought  iron,  as  the 
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mce  to  the  point  of  rapport  B  equal  to  that  of  P  in  reference 
e  same  point  and  in  like  manner  the  moment  of  P,  in  refer- 
to  ^  equal  to  that  of  P  or  P,  ?  =  P  i,  and  P,  i  =  P  /„  we 
n  the  reactions  at  the  points  of  support 

P,  =  ^PandP,  =  ^P, 
consequently  th|^  momenta  in  reference  to  the  points  of 
f^^^^  p  I  ^  p  I   ^  Pix\ 

''or  any  other  point  E,  whose  distance  B  E  from  the  point  of 
>ort  £  ia  ~  x,ve  have  this  moment 

Her  than  that  just  found,  and  consequently  at  B  we  have  the 
itest  deflection,  and  therefore  we  must  determine  the  proof  load 
eference  to  this  point  alone,  for  which  we  have 
PI,  I,       WT 


If  we  substitnte  I,  ■■ 
ment  of  the  force 


PIJ, 


.^6-^)g-)   ^g-^) 


I  I  I 

Dce  the  proof  load  is 


P  = 


J_     WT_      IWT 


"S--)« 


id  therefore  greater  or  less  as  z  is  greater  or  less.  For  "^  =  ^r 
Eq  for  2i  =  0,  in  which  case  P  is  transferred  to  the  point  of  sup- 
>rt  A,  we  have     _      IWT 

P  =    -TT =    00  , 

Qd  on  the  contrary  for  a:  =  0,  i.e.  if  the  force  P  is  applied  at  the 
^ntrc,  the  proof  load  is  a  minimum  and  is 

■&  we  know  already  from  g  240.    A  priEmatical  girder  supported 
■t  both  ends  will  sustain  the  smullcst  load,  when  the  latter  is  ap- 
ilied  at  the  centre,  and  more  and  more  as  the  weight  iipproachcs 
iie  pomta  of  support 
If  tre  lay  off  as  ordinatcs  the  moments  of  the  forec,  which  are 
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<  same  b;  an  ordinate  D  L,  the  moment  for  the  other  points  of 
B  will  be  cat  off  by  the  right  linea  L  A  and  X  B.  But,  aince 
■  the  points  within  E  Fih.^  forces  P,  and  P,  act  in  oppositioD 
t\ie  weight  placed  apon  it,  the  ordinates  between  E  G  and  F  H 
11  be  diminifibed.  For  the  centre  D  of  the  loaded  portion  E  F 
B  moment  of  half  the  weight 

ost  be  aabtracted,  and  there  remains,  therefore,  of  the  ordinate 
L  =  -^-= —  only  the  portion 

or  another  point  JV^  whose  abscisaa  isAN,  the  moment  is,  on 
le  contnuy, 

P,.NA-WE.q.^  =  P.z^^^^=JL+Jjrj. 


7  the  portion  if  R,  the  ordinate  N  8  will  give  the  total  moment 


PiX 


{x-h-^\c)-q 


HiiB  is  of  coarse  very  different  for  different  T^uea  of  x,  lb.  for  dif- 

p 
erent  points,  but  is  a  maximum  for  a;  —  /,  +  ^  c  =  — ,  and  tiien 

ts  Tslne  is 

Hence  we  must  put  the  proof  load  of  this  girder 
i'^U        '^  \  _  '*'  2" 


^u^, 


21/ 

^^iJiiFLE.— What  wdght  will  a  hollow  parallelopipedicol  girder,  made 
Df^iQchthickaheetiroiiiSapport,  if  itsexteriorheight  is  16  inches  and  ita 
eituior  width  ie  4  inches,  when  it  is  loaded  unifonnly  along  G  feet  of  its 
length,  the  middle  of  the  loaded  portion  twing  8  and  4  feet  distant  from 
lliepomt*  of  support  t    Here  we  have 

&  A'  -  J,  ft  •      4  .  16'  -  3  .  15'       „„,  „ 
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iAD=  CD,  etc.,  is  =  —7—  =  7;  conseqaently  their  mo- 


tis 


2  '4 
PI 


PI 
=  -^,  and  therefore 

WT 


P  =  - 


hence  ve  can  pat  the  proof  load 

le  '     I  e    ' 

Sach  a  girder  vill  bear  twice  aa  great  a  load  as  nben  it  is 
plj  supported  at  both  ends. 

PI 

If  we  make  the  ordinates  A  II  =  BK=CL=  -w-,  and 

V  the  Tight  lines  H  L  and  K  L,  they  will  cut  off  ordinates 
JV)  for  eyeiy  other  point  (Jf)  upon  the  beam  proportional  to 
moments  of  the  force  and  to  the  deflection. 
If  in  the  formula,  which  we  have  found,  we  snbstitate  the  modn- 
of  rupture  K  instead  of  the  modulus  of  proof  strength  T,  wc 
tdn,  of  course,  the  force  necessary  \a  break  the  beam,  which  is 

li  • 
Since  the  cnrrature  ie  the  same  in  A,  B  and  C,  the  rupture  will 
Le  place  at  the  same  time  iaA,B  and  C. 
If  the  poffition  of  the  girder  is  the  same  and  the  load  Q  =  Iq 
luiformly  distributed,  the  girder  asenmes,  it  is  true,  two  curva- 
:ee  upwards  and  two  downwards,  but  the  points  of  inflectioQ 
Fio.898. 


wii'.  Pig.  392,  do  not  lie  at  the  centres  of  the  semi-girders; 
r  the  deflecting  forces  S,  R  of  the  portions  A  D  and  B  Bare 
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Ihe  proof  load  of  this  beam  it 

WT _ 3    8  WT 
le    ' 

:  J  times  aa  great  as  in  the  fonncr  cose,  where  the  weight  acted 
he  centre  C. 

If  we  lay  off  y^-  ^  ordinate  in  A  and  B  and  aieo  -^  -  aa  ordi- 

-  and  0  L  =  —  ^  iWe  ob- 

a  three  points  H,  K  and  L  of  the  carve  HD  L  E  K,  which 
resents  the  yariation  of  the  deQection  of  the  girder. 
EsAMPLiK.— How  high  con  grain  be  piled  in  a  grain  bonee,  when  tho 
IT  resia  on  beams  85  feet  long,  10  inches  wide  ana  13  inclies  high,  if  the 
Unce  between  two  beamB  is  =  3  fuet  and  if  n  cubic  foot  of  com  weighs 
T  ponnila?    If  we  employ  the  lost  formula  Q  2  =  12  .  167  .  &  A*,  wa 

I3t  put 

A  =  10,  A  =  13,  {  =  2S  .  la  =  800,  and  conBeqnentl; 
„       13  .  167  .  10  .  144 

^  = 300 ■  ~  "^^^  ponndD. 

Now  a  parallelopipedical  mass  of  grain  86  feet  long,  3  feet  wide  an(T 

«t  high  weighs  35  .  3  .  «  .  46,7  pounds ;  if  we  fmbatitate  this  value  for 
•Kt  oht»in  the  required  hdght  of  the  roaes 
9S10 
75~"4 


ni—jin  =  2,75  feet 


g  247.  Beams  Dissimilarly  Supported.— If  a  beam  ABC^ 

g.  394,  is  fixed  at  one  end  A  and  supported  at  the  other  B  and  if 
c  load  acts  in  tho  middle  between  A  and  B,  we  have,  according. 
1 331,  the  reaction  of  the  support  B 

'       16      ' 
Id  thetefoie  the  moment  of  the  force  in  reference  to  C 

id,  on  the  contnuy,  that  in  reference  to  ^  is 


Il 


11 


il 


I 
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ti3<; 


A  H  = 


p\-pa 


Fio.  894. 


~^'(2""16)~16^^"32^'' 


Pi= 


or  greater,  and  consequei  :• 

ly  we  can  put  the  pro  f 

load 

16      WT 

3   '    le  ' 

For  an  intermediate  poiLt 
M,  at  a  distance  C  M  =  2 
from  the  centre  C,  this  mo- 
ment is 


I 


^  Px  =  F, 


I 


If  we  assume  x  = 


_      3 


iP.l 


-  {P-P,)x, 

.  -  =  --  L  we  obtain 

16  -  5      2       22  ^ 


P-P^ 

that  point,  for  which  the  moment  is  equal  to  zero  and  the  radius 
of  curvature  infinitely  great.  The  variation  of  this  moment  acd 
the  deflection  of  the  giixler  are  represented  by  the  ordinates  of  tbi 

right  lines  H  L  and  L  B,  passing  through  the  extremities  of  J  // 


=  ^PiandofCi  =  ~PZ. 

If,  finally,  a  girder  A  By  Fig.  395,  supported  in  the  same  man- 
ner as  the  lasty  is  unifoimlT 
loaded,  as  w^e  have  preTious- 
ly  generally  supposed,  with 
a  certain  weight  q  upon  the 
running  foot  of  the  girder. 
:xr^  we  can  determine  the  renc- 
T^  tion  Pi  at  the  support  B  in 
the  following  manner.  U 
the  length  of  the  beam  is  /. 
the  entire  load  \b  Q-U 
and  the  moment  of  the  force 
in  reference  to  a  point  i/i 
at  a  distance  j5  if  =  a:  froni 
the  point  of  support  B,  is 


f 
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%  ' 
ation 

g  {f  -  ^1 
6WE' 

±c  corresponding  deflection  Ij 
0       g(Par-iar-) 

G  WE       \ 
yel  with  B,  the  ordinate  in  A, 

tput 

IS 

--IQ- 

,  in  the  espression  for  the  mo- 
r);  and  therefore  tor  x  =  I 


t  is  =  0,  and  for  a:  =  S  £■  - 


the  moment  ^  ^  in  referenct; 

the  moment  K Bin  reference 
of  load  corresponding  to  the 

nined,  l^  we  must  pnt 

'J! 

e  ' 

s,  that  the  modulus  of  proof 
that  for  compression, 
les  as  great  as  it  would  be  if 
middle. 

[ntermediate  Points.— If  a 
ends  with  eqntd  weights  P,  P, 
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(x*  —  Ix  +  I')  q,  and  therefore 


%)'-i.'^t, 


iJ 


©■-^•. 


=  <  ^,  LE.  C  ^  <  CM.  ITnder 
meet  of  ficsnre  remains  alwa<r^ 

Fhe  moment  of  flexnre  is  a  maxi- 
nam  or  minimum  for  a;  =  ^  and 

rhile  the  moment  of  flexure  in  C 
aid  Z»  is  CX=  D~0  =  ^  q  l,\ 
\t,  therefore,  in  the  first  case, 

1  /,',  I.E.  l>kV^,  we  have  M  JST 
i  mnst  pnt  the  moment  of  proof 

while,  on  the  contrary,  we  haye 

mly  Loaded.— If  a  beam  A  B, 
bnt  in  euch  a  manner  that  the 
on  the  running  foot  increases 
trds  the  extremities  of  the  girder 
larly  with  the  distance  from  its 
re,  the  statical  relations  will  be  as 

tl  =  AS  =  Z  CA  =  2CBiB 
length  of  the  beam,  measured  bc- 
n  the  points  of  enpport  A  and  B, 
B  weight  of  the  load  perimit  of 
ux  of  the  cross-section  and  p  the 
e  of  inclination  A  CD  =  BCE 
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id  B,  with  a  weight  P  and  in  addition  carries  a  uniformly  dia- 
ited  load   Q  =  g  I,  the  reaction  of  points  of  support  A  and  II 

LP        0 

-J—  +  ~,  and  the  moment  of 

at  a  distance  A  N  =  x  from  the 


r)-l(^-)' 


Fia.  401. 


t,  for  X  = 


M^-Vf 


i>  OS,  I.E.,  I,  >  /,  and  x  <  I,. 
oment  of  flexure  is  at  C  {Fig.  401), 

^-1  -y  =  /„  we  obtain 
\-  I  _l,  -  I, 
I,  21,  ' 

Ike  girder,  when 
-  /,    . 
WJ-' « 
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In  like  manner,  according  to  the  formnia 

"         W 

proportional  to  the  expression 

or  a  Tninimam  simnltaneonslj 


is  constant,  and  the  maximum 

oent  P  xoi  the  force  only.    If 

W 
,  —  is  a  variable  quantity,  and 

[jnotient  also.  In  the  first  case 
ith  P  X,  EG., when  the  beam  is 
!  P  and  by  a  load  Q  =  q  x  nni- 
c,  f or  a;  =  I;  in  the  second  case 
.ined  unless  we  know  how  the 
id  the  point  of  maximum  stmin, 
bra  the  masimnm  of  the  expres- 

'  the  body  where  this  maximum 

hich,  if  the  load  is  sufficient,  tlio 
ad  also  to  K,  and,  consequently, 
fit  be  atttuned  or  where  rupture 
n  of  the  body  corresponding  to 

lerefore  called  the  section  of  rtip- 

Breehnngsqnerschnitt)  or  alsa 

cross-section,  with  the  variable 
we  have 


jsS'Section,  whose  ^"ariable  semi- 
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c  givea  the  minimam 

''  ia  at  a  distance  from 
c  or  to  tho  distance  of 
iDMF  in  the  other 


1_V   r 

e     '  6' 

1  the  same  length  /  = 

A  ^  the  height  is 


9  mnch  as  the  vedged- 
truncaied  pyramid,  the^ 
longed,  cnt  each  other 
r  the  truncated  portion 


ection  of  mptttre.    Bj 
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applied  at  the  end  of  the  body, 


=  y  X  ia  uniformly  distribated 


h  a  rectangular  croatsection  (see 
id  V,  we  most  make  ia  the  first 


^Doe  I  &om  the  extremity  the 
must  have  coaseqaently  in  the 

,  «  «'       h  A' 
cond  — r-  =  -s- 

we  have  in  the  firat  case 


ir         ,/x 


lat  of  a-parabola  (see  %  35,  Be- 

B  E,  Fig.  405,  of  aiich  a  body 

FiQ.  406. 


vertex  E  coincides  with  the  ex- 
h»  load  P. 

width  is  constant,  is  supported 
P  in  the  middle,  or  if  the  beam 
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eight  B  N=  khj  meana  <rf 

whose  faces  arc  planes,  is 
it  of  the  parabolic  girder  of 
1 1  A,  LE,,  5,7  per  cent,  smaller. 
In  like  .maauer  we  can 
coDstrnct  the  girder  A  NA» 
Fig.  410,  which  is  Bupportod 
at  its  extremities  A  and^^ 
of  two  portions,  bounded  by 
plane  snriaces,  which  have  a 
commoD  height  B  C  =  h,= 
1,0607  h  at  the  point  of  «p- 
mitiee  the  altitude 
=  0,3536  A. 
letermined  b;  the  formola 


11,  IB  to  be  made  with  all  its 
milar,  we  must  put 

=  r  and  therefore 

■  w'y  _  iA* 
e'x      ~     I  ' 

'         X  K         V  ./x 

■•  =  V"i=h  =  ^T 
h  and   height  are  therefore 
al  to  the  cube  root  of  corres- 
rms  of  the  lever.    When  the 
it-fold,  the  height  and  width 

truncated  pyramid  A  0  E  0, 
th  the  height  is  jtf  0  =  A.  = 
A'=J,  =  V|. ft  =  0,79374 
ly  the  same  aa  that  of  the  body 

agle  of  the  cnrre  t  =  V  ji  <" 

&.rt.  10  of  the  Introdaction 
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<d  and  iU  width  is  constant,  le. 
r>  or 

edge,  whose  elevation  is  a  trian- 
Fig.  41S. 


re  r  =  TTi  hence  the  horizontal 

limited  by  the  two  inverted  area 

liown  in  Fig.  415. 

...       -    ,        «'     r"     I* 

ona  Bimilar,  we  nave  -vr=  ri=5r. 

b'     h'     I" 

)rofiles  ore  cubic  paraboku,  the 

•&  proportional  to  the  sqaares  of 

Hpported  at  botli  ends,  is  nni- 
jnnlj  loaded  with  the  weight  q 
erranniDgfootorupon  itswholc 
;ngth  A  B  =  I  with  Q  —  ql,  wc 
aye  the  moment  of  the  force  at 
point  0,  situated  at  the  distance 
[  0  =  X  from  one  of  the  Bup- 
orta  A, 

|..-,..|=|(,.-^), 

nd,  on  the  contrary,  at  the  cca- 

re  C 

i        8  8  ' 

}dy  to  be  constant,  we  have 
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subjected  to  a  atrees  P  at  the  other,  the  deflection  ia  fotind  as 
)W8.     The  -well-kDown  proportion  -  =  -ht  gives  ns  the  formnla 

.  in  wTiiVli  thp  rn/lins  of  Curvature  is  a  function  of  tUe  dis- 

pendence  of  e  and  x  upon  each  othei', 
een  r  and  x,  from  whicli  we  can  dednce 

il8)  the  equation  of  the  co-ordinates  of 
ume  the  deflection  to  be  email,  we  can 
:  s  equal  to  the  abseissa  x,  and  conae- 
ials  d  8  and  d  x ;  hence  we  can,  as  be- 


rential  angle 

T  fdx 

eJ    e- 

ctangular  crosB>aection  «  =  j  v,  and 

"  fd  X 


u- 


ee  §  253),  and  therefore 


iVx  +  Cm*^ 


id  coneeqnenUy 
T  t^l 


tain 

-j-(ta-t^)<i., 

equation  of  the  co-ordinates  ia 


I-'.    •. 


1  '  • 
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For  X  =:  l,y  becomes  a;  the  deflection  is  then 


lisa 


a  =  i 


Eh' 


rp  ^  P  7 

But  P  Z  =  J  A* .  -  or  r  =  -T-rr,  and,  therefore,  the  deflectioa 


ft  A' 


is  given  by  the  formula 


8PP       ^    4PP 


^ftA' 


JSbV 


LE ,  it  is  twice  as  great  as  in  the  case  of  a  parallelopipedical  ffida. 

whose  height  is  h  and  whose  width  is  b  (compare  §  227). 

If  the  force  acts  at  the  middle  of  a  girder,  supported  at  hath 

P  I 

ends,  we  have  only  to  substitute  —  for  P,  and  jr  for  Z,  and  wo  obtain 


0=T« 


i.K^  it  is  16  times  smaller  than  when  the  force  acts  at  the  end. 
For  8  body  of  uniform  strength  with  a  triangtdar  base,  as  is 

represented  in  Fig.  408,  the  yariable  width  is  u  =  y  2,  and 

hence  the  radius  of  curvature  r  =  r-^^  •  -p  is  constaniy  the  enne 

formed  is  a  circle,  and  the  corresponding  deflection  is 

P 


=  I- 


2r~  bh*B~  '''bh'B' 
I.E.,  I  times  as  great  as  for  a  parallelopipedical  girder. 


§  256.  Deflection  of  Metal  Springs.~The  most  common 
examples  of  bodies  of  uniform  strength,  as  well  as  of  those  which 
bend  in  a  circle,  are  steel  or  other  metal  springs.  The  springs,  of 
which  the  spring  dynamometers  are  made,  are  of  the  finest  steel  and 
are  from  ^  to  1  meter  long,  from  4  to  5  centimeters  wide  and  in 
the  middle  from  8  to  21  millemeters  thick.  They  form  bodies  of 
uniform  strength,  and  their  longitudinal  profile  is  composed  of  two 
parabolas  united  in  the  middle  (see  §  253).  In  order  to  increase 
tlie  action,  the  spring  dynamometer  is  made  of  two  such  parabolic 
springs  A  A  and  B  B,  Fig.  418,  which  are  united  at  their  ends  A 
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te  Moria'a  Lemons  de  MScimiquo 
dque,  BuBistance  (lea  Materiaax, 
198).  Theee  dynamometers 
aare  the  force  P,  which  is  ap- 
1  to  the  book  D  in  the  middle 
ne  of  the  spriDgs,  by  the  space 
ribed  by  the  point  Z,  which  is 
onrse  equal  to  the  Bum  of  the 
ictioca  of  the  two  springs.  But 
1  what  precedes  we  know  that 

■£* 

pe 

sed  by  the  pointer, 
instrument,  whose  spring  were 
),05,  h  =  0,0211, 1  ri  1,0  meter, 
■  was  a  =  9,7  miUemeter,  when 
;  the  coe£Scient  of  this  dynam- 

WO      ,„„„ 


ilogramB, 

when  the  scale  is  divided  into 

,  wc  employ  triangular  onea  of 
p,  and,  therefore, 

t  dynamometer  with  parabolio 

,t  flexibility  with  great  strength, 
issary  to  know  the  exact  relation 
,  these  springs  arc  often  formed 
upon  one  another. 


succeeding 
noment:  of 

of  a  couple 
of  tlie  first 
lortcr  than 

hen  its  end 

ledicul,  and 
is  also  the 
,  which  has 
jf  the  force 
iSection  of 

roof  load  is 


me  as  for  a 
also  easily 
amotitit  of 

he  springs 
^nal  curva- 
uad  then  at 


r,  be  meas- 
3  fastening. 


'  I 
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[§357 


Bbhabe. — ^The  reader  can  consult  upon  tbe  sabject  of  wagon  spiiogi: 
F.  Realeuz :  Die  Constmction  und  Berechnung  der  fur  den  Masehinenbaa 
wicbtdgsten  Federarten.  Wintertbur,  1857;  also  Redtenbacher:  (& 
Gesetze  des  Locomotiyenbaues,  Mannbeim  1855,  and  Philips :  MemozR  sa 
lea  ressorts  en  acier,  etc.,  in  tbe  Annales  des  Mines,  Tome  L,  1862. 


CHAPTER    III. 


•I 


THE  ACTION  OF  THE  SHKABIKa  ELASTICTTT  IN  THE  BERDISC 

AND  TWISTING  OP  BODIES. 


if'i' 


i 


I! 


t 


\\ 


I 


§  257.  The  Shearing  Force  Parallel  to  the  Neutral 

is. — In  a  body,  which  is  subjected  only  to  a  tensile  or  com- 
pressive force,  the  bases  A  £  and  (7  Z)  of  an  element  A  B  CDg( 


Fza.422. 


►P 


the  body,  Pig.  422,  are  only  acted  upon  by  the  two  opposite  foroe* 
P  and  —  P,  which  balance  each  other,  while  the  sides  ^4  i?  w^ 

Pjq  423.  ^  ^  remain  free  from  the  bo- 

tion  of  extraneous  forces;  for 
the  neighboring  elements  of 
the  body  are  subjected  to  the 
same  axial  strain  as  tbe  sup- 
posed element  A  B  CDiteett 
But  the  case  is  different  vhen 
the  body  is  bent;  for  on  one 
side  ^  J?  of  the  element 
A  B  C  D  9,  strain  is  pro- 
duced which  is  opposite  in  <3> 
rection  to  that  upon  the  oth^r 
side  C  D  of  the  element,  anil 
in  consequence  of  tbe  cohesion 
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B  OD  IB  Enbjectfd  to  the  action 
uimam  for  an  clement  which  lies 
ent  is  here  subjected  on-  the  side 
Bide  CD  tan oompreeaion. 
at  the  distance  e  from  the  nen- 
=  1,  the  strains  apon  the  portions 
-section,  vhich  are  situated  at  the 
atral  axis,  are 

ection  I'l  +/',+  /',...  is 

i  +  ...)=-fs(^«). 

part  of  the  cross-section  on  one 
total  strain  on  that  side  of  the 
;  other  side  is,  according  to  the 
ompare  g  215),  cqnal  in  intensity 


',z,  +  .. .). 

a  distance  A  B  =  Xi  from  the  first 

f'.z,  +  F,x.  +  .. .), 

.  which  the  piece  ABB  tends  to 


r,  +  Jf,  *,  +  . .  .)- 


)  cross-section  at  the  nentral  azis, 
of  surface  in  this  axis  is 


+  /;  z,  + . 


Pl.(Fz) 
b.W   ' 


to  be  mptnred  by  a  sliding  along 
X,  =  the  modulus  of  ultimate 
tail  be  as  secure  against  rupturi! 
cross,  it  is  necessary  that  X„  shall 
of  proof  strength  T,  i.e.  that 


ff     •■ 


1 


1 


.f 
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r=j-^2(^.),orP  =  |^,and 


I§251 


1  {F  z)  is  also  =  Fi  8i  =  Ft  «»  when  J^,  and  F^  denote  the 
areas  of  the  portions  of  the  entire  cross-section  F  =  I^i  -\-  /» Ijiii^ 
on  the  opposite  sides  of  the  neutral  axis^  and  Si  and  s^  the  distances 
of  the  centres  of  gravity  of  the  two  portions  from  that  axis. 

For  a  rectangular  girder,  whose  cross-section  F  :=  b  hjife  havt 

S  (Fz)  .-=  i^i  5,  =  —  ,  -  =  — ,  W  =  -j^,  and  ig  =  A,  whemv 


P  =  |  J7i!randio  =  *  =  3 


Th: 


n  (f 


For  a  cylindrical  girder>  whose  cross-section  is  -F=  — ^— ,  we 


have,  since  the  centre  of  gravity  is  situated  at  a  distance 
the  centre. 


2 


3   TT 


4  ' 

dfrom 


S  {Fz)  =  Pi  5,  =  -—-.-—  rf  =  —,  and,  according  to  §  232, 


8      '3  TT 


TTrf* 


W^  =  -2,-7-,  and  Jo  —  ^9  whence 
P-  _!L^!_  r-?-^/Z«Tand 


=  4/; 


— ^  =  1,303  i/^. 


In  like  manner  for  an  elliptical  girder,  since   W  = 


TT  <i^h 


Ft  81  =  — ^  .  -  .  §  a  =  §  a'  J  and  J.  =  ^  ^^''^e  have  P  =  5  TraJT, 

Finally,  for  a  tubular  paraUelopipedical  girder,  whose  cros- 
section  is  P  =  ft  7i  —  S,  Ai  (Fig.  354,  §  228),  we  have 


8 


12 


hence 


P  -  ;.  (ft  -  ft.)  (ft  h'  -  6.  A.')  r 
^  ^  bh:"  -b,  Ih' 


The  shearing  force  X  diminishes  as  the  distance  of  the  snriace, 
in  which  it  exists,  from  the  neutral  axis  increases,  and  becomes 
finally  null  at  the  surface  of  the  body,  where  the  distance  from  the 
neutral  axis  is  a  maximum.      The  intensity  of  the  shearing  forw 
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im  the  neutral  axis  of  the  body 
formula  X  =  -f--,r^  found 
above,  if  inategd  of  S  (Fx) 
we  Bubstitate  the  eums  of  tho 
prodQcts  F,  z„  F,  Zi  .  .  .  oa 
one  side  of  A  B  C  D,  and  in- 
ttead  of  /),  the  width  i,  of  the 
Borface  at  the  given  dietaace 
Ai.  The  BumH  of  the  product* 
F.  z„  JP.  + ,  z„  + ,  fo/the  other 
eide  is,  however,  e()ual  to  the 
sum  of  the  products  F,  Xu 
F,  z,  .  .  .  since  the  products 
of  the  elements,  situated  mi 
asis  within  the  distance  ±  h, 

ler  is  rectangular,  we  have  for 
the  neutral  axis  and  the  Umit- 

rom  tho  neutral  axis 
J  A  =  s»j  i  h\ 


in  the  Plane  of  the  Cross 

ressive  forces  of  the  ends  of  ai 
}U)libriuni,  so  also  the  shearing 
;wo  couploa,  balance  each  other, 
le  height  B  G  ot  the  element, 
•1  5  and  C'iJ,  f  Xand  -  f  X, 
med  by  them,  f  X .  ?  =  f  4"  X, 
and  Z)  ^  aro  f  .^  and  -  C  Z, 
ed  by  the  latter  \a  =  K  Z .(  =^ 
1  must  hare  ^  ?  X  =  I C  ^,  lb.. 
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t  found 

+  3' .  S,  +  . . .  +  b'  .  J.). 

:  of  Sexure  for  this  half  of  th« 

.  ft,  +  ...  +  »'.  i,), 
shearing  force  along  tbis  snr- 

alf  of  the  crofis-section,  situated 
,  the  shearing  force  Ji,  =  —rn-, 
ring  strain  for  the  entire  croBs- 
9ince  the  measure  W  of  the  mo- 

iB-section  is  equal  to  the  sum 
;ntB  of  flezuro  of  the  two  por- 

imnin  Strain. — If  the  strains 
ain  in  any  given  cross-section 
rdinary  methods  for  the  corii- 
irees.  In  order  to  find  the 
en  clement  A  C,  Fig.  435,  of 
e,  whose  plane  forms  the  vari^ 
B  A  C  =  i>  with  the  longitn- 
of  the  body,  we  decompose  the 
1  the  projections  A  B  and  S  C 
ement  of  the  snrfaco  into  two 
ta,  one  of  which  acts  in  the 
.  C  and  the  other  at  right-angles 
we  then  combine  the  compo^ 
.4  C,  so  as  to  form  a  single 
3rce,  and  the  components,  acting 
C,  so  as  to  form  a  singia  tensile 
of  the  elements  A  B,  B  C  and 
n  put  the  shearing  force  along 
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'ain.  2  Vi  —  3  Q  COS.  3  V")  ««./*. 

aw.  2  tit,  I.E, 
ft 

"ax.' 

St  ^j 

2X« 
nm  Talae  of  the  Bheariqg  fon» 


^=^^(1)^ 


therefore  U„  =  Xand  tonj^. 
=  0  and  90°.  For  the  most 
a  =  0  and  z  =  e ;  therefore 

•r  3  V  =  90°  and  i>  =  45. 

is  to  the  oatmoat  fibre,  the 
anm  strma  change  gradnallj 
iB,  and  the  maximnm  strain 


rain  shall  not  hecome  greater 
iilated  by  the  aid  of  the  for- 

DodalQB  of  proof  strength  T, 

ther 


<,xe. 


in.  a  V  +  "1^  (1  —  (»«.  3  V) 
tt  make  cos.  ^  =  1,  we  obt«n 
y)  +  ^  (I  —  COS.  2  V  «»•  /» 
■|-(l-«s.3V) 
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=  ::~^.  Ixz+i/ (xzV  +  (yi  -3*1  Iforexample,* 
'It'],  and  for  x  =  0, 


ZG,  is  fixed  at  one  end  1 
nimuni  normal  forces  V 

I  be  represented  by  two 
lines,  wliicli  cut  the  ncu 
an  angle  of  45°,  and  t 
■e  and  each  other  at  an 
.  The  curves,  wliicli  arc 
vn wards,  correspond  to  tl 
;ee,  and  those  which  are 
sards  to  the  compressiv 
s  steeper  end  of  any  ci 
e  flatter  end,  on  the  coi 
ids  D  Euid  I),  both  thes 
lie  ends  C  and  C,  their  \ 

rangth  of  Shearing  n; 

0  capability  of  ;i  girder  tn 

Px 
hat  the  strain  S  =  — t^ 

P 

shearing  force  X,  =  --' 

the  modulus  of  proof  sti 
ntedly  givc'n  the  momeni 
tiite  for  P  xm  the  cxpn 
i'e  the  values,  which  wo  r 
i-cssion  for  X,. 

end  and  acted  on  by ; 
irectly  employed  in  the 

inpports,  in  addition,  a  i 

r  upon  the  unit  of  lengtl 
spression  P  +  qx  and 


Bma  ELASTICITT,  ETC.  fi^l 

ol  shearing  forco  at  the  distanot; 
«rt  A  is 

-f^-ip  +  i)",   _ 

ecomeip  (9  "  <^)  ~  .vp  '^^  for 

-')  =  --^  +  h  ■'■'"' 


^IfR)'- 


the  girder  the  shearing  force  i 
Dometit  of  flexnpe 


¥(^-4 


—  X,  LE.,  for  a;  =:  — ,  w  a  maxi- 

? 
=  0 ;  the  moment  of  flexure  of  a 
ho  same  point  at  which  the  verti- 
I  the  foregoing  caac  c  gives  that 
the  moment 

(p  +  q)  c' 
len  =  i^- — ~ — . 

le  to  girders  for  bridges,  where  q  c 

ing  load.    . 

;  (Fz) 

r-      ■  ■■  must  be  specially  conrnd- 

'orm  slrenglh,  the  croBS-section  of 

are  seen  above  (§  253),  might  in 

For  esample,  for  the  parabolic 


T' 
itrength  for  shearing. 
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TTS""* 

i  W E*       tWE' 

the  firet  eqaation  by  P  and  the 

equations  obtained  thim  one 

city  for  tensile  and  compressive 


m  and  the  formula  for  a,  we 
for  shearing  by  the  formula 
E_ 
PI'' 

. — In  order  to  investigate  the 

I  body  (sec  §  20S),  we  can  again 

0  L,  Fig.  429,  fixed  at  one  end, 

bnt,  in  order  to  avoid  any 

complex  change  of  form,  wo 

must  assumti.that  tbu  free 

cndia  acted  upon  byacouplc 

{P,-  P)  whose  plane  A  HB 

coincides  with  the  plane  of 

rotation  of  the  axis  C  D. 

Let  us  imagine  the  body  to 

be  composed  of  long  fibres, 

Buch   as   H  K,  which,  in 

consequence  of  the  torsion, 

'  assume  the  form  of  a  helix, 

by  whieli  "H  K  comes  into* 

the  position  L  K  and  the 

^allCL  ~  a.    If  the  portions 

ise  lengths  are  nnity  and  whoso 

)  a  lateral  displacement  through 

itc.,  we  can  put,  when  the  modu» 

E  corresponding  shearing  forces 

low  if  the  corresponding  angle 


Pie.  480. 
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_■  ineasare  of  the  moment  of  flexure  for  the  earns  cross-sec  Hon, 
for  example,  W^  is  the  measure  of  the  momeut  of  flexure  of  a 
surfuco  A  li  D,  Fig.  430,  re- 
ferred to  an  axis  X  X  and  W, 
the  same  in  reference  to  an  axis 
Y  Y&t  right  angles  to  the  first, 
we  have  for  tlie  measure  of  the 
moment  of  torsion  in  reference 
to  tlie  intersection  of  the  two  axes 
W  =  TV",  +  W^ 
fora  shaft  with  asji'areffros*- 
tecHon  A  B  D  E,  Fig.  431,  we 
have,  when  b  deiiotee  the  length 
of  the  side  A  B=  D  E,  according 
to  §  226,  the  meaiSiire  of  the  mo- 
lach  axis  X  X  and  Y  Y 

=  -**!  =  -*' 
~  12  ~  12' 
f  the  moment  of  torsion  is 

^•^  =  ^S  =  r. 

VC 

I       '' 

ular  cross-section  (5  A)  we  would 


;h  circular  eross-section  A  B,  Fig.  - 
,  the  measure  of  the  moment  of 
XXoT  i''r  is  (according  to  §231) 


263.]        ACTION  OP  THE  SHEABINQ  ELASTICITY,  ETC.  681 

uch  from  each  other,  these  variations  are  greater ;  E.O.,  for  a  pris- 
trosS'SectioD,  whoso  width  is  b  and 


-  = ^:^ ■',  and  therefore 

•)C 

1  correction,  when  7t  —  b,m  which 
.0  expect  that  when  b  differs  ms- 
Gnrface  of  the  sides  will  become 


36  sufficiently  accurate.    In  &ct, 
rping  of  the  siir&ces,  we  find  by 


imcnta  of  Werthheim,  the  mean 
of  correction  is  =  0,903 ;  conse- 


%  =  0,301 ,.",,,.  r 

I  (J*  +  A')  ( 

h,  we  hsTO 


fen  in  degrees,  patting  a  =  -^-^ 
hafta  with  a  circular  cross-section, 

a' TT'.r^  g' it'  tf 

180'. 3  180"  32 

983  a  d*  C  =  0,02742  a'  r*  C 

r  shafts  with  a  square  crosa-secUon, 
icn  wc  neglect  the  coefiicient  of 


fla   ELASTICITY,   ETC.  5^9 

anco  z,  is  =  -  S,  and  its  mi>. 
0 

mcnt  18  =  —   iS>  and  for  a 
(J 

crosE-section  Fi  it  is 

in  like  manner  the  tnomcntp 
of  the  shearing  forces  of  other 
ci-OBS-Bections  F^  F,  .  .  ., 
wliich  oro  at  tho  dielancea 
z„  z,...  from  tho  axis  C  D, 

axe^F,t,',—  F„  t,\  etc.; 
e  e 

hence  the  total  moment  of  tor- 

sion  of  the  body  is 

+  ...).  I'E- 

,      ,  W      Pa 
,  and  —  =  -Tj-. 

■  proof  strength  Tioi  Bhearing, 
!  elements  of  the  croee-section 
lio  formula 

■  determining  the  dimensions 
mnst  have  if  it  is  not  to  bo 
it  of  elasticity.  If,  instead  of 
e  Enbstitute  the  modulus  of 
the  moment  P,  a,  which  will 


,  whose  diameter d=%r,v9 

iforc 

>,19G3  (f  T,  and  also 

),1963  (?  K. 
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For  a  prismatic  body  with  a  circular  cross-section  W  =  -5- 
and  e  =  r,  whence 


and,  on  the  contrary^  when  the  cross-section  is  a  square 

b*  V 

W=  -w-  and  6*  =  -^,  and  therefore 

O  A 

r  _  Zl     *li  -  Zl     A. ;  -  ^1  IT 

fin  fm  ri  fjp        ^  rp 

Now  5-^  =  -^TrT  =  ~o"  ^s  ^'^  modulus  of  resilience  for  the 

limit  of  elasticity ;  hence  we  have  for  the  cylinder  L  =ziAV,  and 
for  the  parallelopipedon  L  =  I  A  V. 

The  work  dotie  in  both  cases  is  proportional  to  the  volume  of 
the  body  alone  (compare  §  206  and  §  235). 

We  can  also  put  for  the  mechanical  eflfect  necessary  to  rupture 
of  the  body  by  wrenching  L  =  i  B  V  and  j  ^  F,  in  which  B 
denotes  the  modulus  of  fragility  for  wrenching. 

If  we  assume  with  General  Morin  for  all  substances 

^  =  tang.  6  =  0,000G67 

or  the  angle  of  displacement  6  =  2  min.  18  sec.^  we  obtain  for 
cast  iron 

T  =  200000  .  0,000667  =  134  kilo.  =  1906  lbs., 
therefore,  when  we  employ  the  French  measures 

P  a  =  26,3  d*  =  31,6  V  kilogr.  centimeters, 
and,  on  the  contrary,  when  we  employ  the  English  measures 

P  a  =  374  d'  =  449  V  inch-pounds. 
Under  the  same  conditions  we  have  for  torought  iron 

T  =  630000  .  0,000667  =  420  kilo.  =  6974  lbs., 

and  therefore 

iP  a  =  82,4  d*  =  99,2  b*  kilogram  centimeters, 
or 

Pa  =  1173  d^  =  1408  V  inch-pounds. 

Likewise  under  the  same  conditions  we  have  as  a  mean  for 

wood 

F  =  41650  .  0,000667  =  27,8  kilogr.  =  395  lbs., 

whence 

P  a  =  5,46  d'  =  6,55  V  kilogr.  centimeters, 
or 

P  a  ^  Ttyh  (f  =  93,1  V  inch-pounds. 


XtiSQ  COLUMNS.  ETC. 


force  P,  Those  dirpctioit  is  tliat 
IT,  the  relations  of  the  flexnrt^ 


J  different  from  what  they  are 
m  in  g  314,  ete^  at  right  angles 
!  B  (II)  aesDmcs  in  thia  case 

the  force  P  is  represented  hy 
the  abscissa  A  M  =  x,  and  its 
iequently  the  radins  of  corva- 

expression 

E 

y' 

bending  force  acting  at  ri^t 

B 

'  x' 

r  ia  foetcncd,  y  becomes  the  de- 

yVE. 
vatnre  r  =  -p—  le  a  minimum 

.  On  the  contrary,  at  the  point 
radius  of  curvature  is  infinite 

I  meoBurca  the  angle  0  E  0,ot 
7  of  the  curve,  we  have  f  —  ■» 
I  if  0'  is  the  angle  of  inclina- 
is  A  C,  we  can  put  the  element 
d  therefore 
id  in  like  mooner 
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ell  &a  !, 

(■*)■ 

le  elements  of  tfa«  abecisaa  and  is 
the  elemcntB  of  the  arc  A  B  and 
ereforc  we  have  also 

a 
rye  A  B,  Fig.  434,  II,  is  therefore 

-X  y 
■    ^ 

I'  £/ 

length  of  the  colamn,  we  havo 
:refoi-o 

.,..-».(//,^)  =  i, 

I  wo  obtain  the  bending  force 

contain  the  deflection  a,  we  can 
icd  by  it,  is  ciipablo  of  Jiolding  the 
ich  the  body  may  be  bent.  This 
to  the  fact  that  (ho  increase  of 
ly  by  an  increase  of  itisiBtiince,  but 
arm  a,  and  consequently  of  the 

e  the  pillar  by  breaking  it  across,, 

WE 

r 


um"^. 


I  fonnnla  y  =  a  »n,  (a>  ^/ -^^V  i*  = 
e^natJon  of  the  elastic  carve  fbr  this 


OP  LONG  COLUMNS,  BTa 


V    ((f-rf,')g 


~  =  0,1211  (l-K)'y^ 

J.  437,  is  not  fixed  at  the  lower  end 
t  will  bend  in  a  Bjnimetrk'ul  curve, 
n^  (he  form  of  tlic  axis  of  a  column 
The  above  formula  can  be  applied 

ting-instead  of  Z ;  /  of  course  denotes 

The  proof  load  is  therefore  four 

OBd,  and  it  is 

I  when,  as  is  represented  in  Fig.  437, 

Fia.438. 


i :  V 


lillar  are  rounded  or  when  fhpy  arc 
sample  of  the  latter  case  is  tlic  con- 

1  ends,  as  is  represented  hy  B  A  B„ 
rill  be  bent  in  a  curve  BACA,  B„ 
3f  inflection  A  and  A„  and  in  which 
is  repeated  four  times,  substituting, 

le  norma]  case  j,  instead  of  I,  we  ob- 
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i  to  the  thickness  is  that  just  given, 
s  is  equal  to  that  of  cnisliing,  and 
onger  than  this,  that  the  resistance 
esistance  to  crushing.  In  this  case 
action  arc  to  he  calculated  by  the 

d  nf  a  cylindrical  pine  column  13  feet 
:  10  aa  a  fftctor  of  safctj,  is 

6400  =  80620  .  0,7001  ~  COOOO. 

on  of  out  iron  be  made,  wlien  its  length 
pounds  ?    Here,,  if  wo  pot  ioatead  of  B, 


V 


640000^.  240' 

1700000 


9;0T4  =  '''""'^'^- 
le  strength  of  cruBhing 
/4T 


Is  in  tbe  calcalatinn,  we  bare 


'    18  ir         ' 


,106  inches. 

ll.oa  inches,  the 


form   Resistance  to   Breaking 

440,  fixed  at  one  end,  is  so  shaped, 
strain  is  tlic  same,  a  solid  of  uui* 
h  requii'es  the  minimum  amount  of 
see  §  208  and  §  253).  The  cross- 
aly  a  maximum  at  the  fixed  end  B, 
'ards  the  end  A,  The  law  of  this 
denoting  again  by  x  and  y  the  co- 
Eis  of  the  column,  by  a  the  tangeu- 
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Bnt 

nd  therefore 

/u'dn  r   , /•     du 


(See  tbe  Introduction  to  the  Calculus,  Art  27  uud  3G.) 
Hence  we  have 


*    Id  P  ^ 


Id  P  I 

For  a  =  ?,  z  =  r,  the  radius  of  cross-section  of  tbe  base,  for 
wWch  sin.~^  ■  =  sjn.~'  1  =  ;;  and 

r  a 

«  V'r'"^"  2'  =  0.    Therefore  it  follows  that 
/  =  g  r'  y    -wr-p-  ""id  that  the  proof  load  is 

that  is,  f hrce-funrtbs  of  the  proof  load  of  a  cjlirdrical  pillar,  whose 
radius  is  r  (com])ai-c  §  2G5).  Consequently  tbe  radius  of  the  base 
of  a  cohimn  of  uniform  strength  is  =  '^  j  =  liOW  times  the 
radius  of  a  column  of  tbe  same  length  wlios"  proof  strength  is  tbe 
same. 

Compai-ing  tbe  abscissa  x  with  the  total  length  I  of  the  column, 
»e  obtain 

,  =  s     «n'  ''■  —  -yl  —  (-)J=o  '''nc3  the  area  of  the 

Kgmentof  a  circb, -whose  radius  =  1  and  whose  chords    - . 


\  a  table  of  segments  (sco  the  Ingenicur, 
ig  angle  ij>  at  tlie  c.-ntre,  and  from  it  we 
iscisea  s  the  corrcEponding  radius  of  the 
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•ad  the  strain  produced  at  the  exterior  surface  by  the  mom^t 
P  {a  +  e)  of  the  force  is 

_P{a  +  e)e         ^PEce 
A.  -  "      jp iWE-Pi' 


and  conseqnentlj  the  maximnm  strain  in  the  pillar  is 

Ece     _ ;?  /i 


^=^.  +  -^,  =  4+     ^^^'' 


P  /  %EFct    \ 

F    '  ^tVE''PC~F\'^  2  WE- per 


P  = 


Patting  iSf  =  to  the  modnlus  proof  strength  T,  we  hare 

P{2  WE-  Pr  +  2BFce)=:{2  W  E  -  P  T)  F  T. 
Now  if  P  iT*  is  small  compared  with  ( fT  +  Fce),vre  can  put 
2  WEFT  FT 


2E(W  +  Fee)  -h  FT^    \       YTe       F~T  J 


or 


FT 


W    •  %WE 


■= ,  in  which  ^  and  V  are  empirical  numbers. 

The  civil  engineer  Love  (see  "  Memoire  sur  la  ESsistance  du  fer 
etdelafonte^eW  Paris,  1853)  deduced  from  the  experiments  of 
Hodgldnson  the  values  ^  =  0,45  imd  ^  =  0^00337 ;  hence  we  have 

FT 

1,45  +  0,00337  ( J] 
firom  which  the  following  table  for  the  coeflBcient 

^  =  l,45  +  0,io337/A'  ^°^  ^°  calculated. 


I 

d~ 

x= 

1 

lO 

o,5S9 

20 

o,357 

30 
0,223 

40 
0,146 

•1 

SO 
0,101 

60 

70 

80 ' 

1 
t 

90 

100 

0,0285 

0,073s 

0,0556 

0,0435 

0,0347 

These  values  of  x  must  be  multiplied  by  the  modulus  of  proof 
strength  T  for  compression,  when  the  modulus  of  proof  strength 
for  long  pillars  is  to  be  determined  for  a  given  ratio  of  length. 

General  Morin  gives,  after  Bondelet,  the  following  table,  which. 
35 
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ss,  _  sjsr       ^  _  ^ 

SS,  "  NN,'^'^'  e  "  o' 

whence  «i  =  -  o^, 

a 

But  we  have  also  -  =  -  (§  235), 

hence 


ei  =  rci  — 


P  r  sin.  a 


FE 
The  radius  of  curvature  Vx  of 
the  neutral  axis   determined  in 
this   more    accurate    manner   is 
greater  by  the  quantity  (^,)  than 
that  of  the  neutral  axis  previously  considered ;  hence  we  have 

/I    .      \         /i    .   P^in.a\ 
r,  =  r  +  «,  =  r  (1  +  <r,)  =  r  ^1  +  —p^-y 

The  angle  a,  which  the  variable  cross-section  JV,  Oi  or  JVi  0% 
forms  with  the  direction  of  the  force  P,  is  equal  to  the  tangential 
angle  a  (found  in  §  216) ;  hence,  as  this  angle  is  small,  we  can  put 

P  (P  -  a:') 


or^  fiinoe 


r=^(§215), 


Px 


r  sin.  a  =  r  a=z 


^ 


2x 


>  &om  which  we  obtain 


X 


.    _P(?-_£) 
^>-    %FEx 

Hence  for  the  point  By  where  the  beam  is  fixed  and  for  which 
ic  =  i,  we  have  c,  =  0,  and  for  the  point  A  at  the  other  end,  where 

=  0,  «!  =  -^  =  00 ;  on  the  contrary,  for  x  =     n  p  p — ^  ^^ 

have  ^,  =  0 ;  consequently  the  neutral  axis  coincides  at  B  with 
the  priginal  one,  and  in  passing  from  ^  to  ul  it  separates  more  and 
more  from  it,  until,  finally,  it  reaches  the  concave  side  of  the  body, 
and,  if  prolonged  beyond  the  body,  at  the  end  A  it  is  at  an  infinite 
distance  from  the  other  axis. 

The  maximum  extension  produced  by  the  flexure  is 

Pex 


a  = 


WE' 
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If  the  two  forces  act  in  opposite  directions  and  the  moment 

of  the  negative  force  is  greater  than  the  moment 

P.AB  =  P{1^  +  I) 
of  the  positive  one,  in  which  case  the  girder  is  bent  in  two  opposite 
directions,  which  meet  in  a  point  of  inflection  F^  the  neutral  axis  consists 
of  three  branches  UV^.V^  F,  and  W^  B  (Fig.  444,  U.),  which  are  not 
continaons,  and  the  normals  at  the  point  of  inflection  F  is  an  asymptote 
to  the  last  two  of  these  carves ;  for  here  r  =  go  and  consequently 


«i  = 


Pr  nn,  a 
FE 


=  00 


If,  although  the  forces  act  in  opposite  directions,  we  have  P  (Z  +  Z^)  >  P^  Z|, 
as  represented  in  Fig.  444,  III.,  the  displacement  of  the  neutral  axis  upon 
one  side  of  ^^  is 

Pr9in.a 


Ar,=^  = 


FE 


and  that  upon  the  other  is 


>r~r  -^   _{P-P^)rdn  a 

and  at  the  cross-section  through  A^  there  is  a  break  in  the  two  branches 
U  Fj  and  F^  P  of  the  neutral  axis,  the  value  of  which  is 

§  271.  Eccentric  Pull  and  Thrust— If  a  column  A  B,  Fig. 

445  and  446,  acted  upon  by  a  tensile  or  compressive  force,  whose 

direction,  although  parallel  to,  is  not  that  of  the  longitudinal  axis 

of  the  body,  the  combined  elasticity  and  strength  will  come  into 

play.    This  eccentric  force  can,  as  we  know,  be  replaced  by  a  force 

P  in  the  direction  of  the  axis^ 

and  a  couple  (P,  —  P),  whoso 

lever  ann  c  is  the  distance  C  A 

of  the  point  of  application  of  the 

force  Pfrom  the  axis  of  the  body, 

and  whose  moment  is  therefore 

=  Pc.    The  force  ^1  P  =  P  in 

the  line  of  the  axis  produces  in 

all  the  fibres  the  constant  strain. 

p 
Si  =  -T7,  in  which  i^  denotes  tha. 

!iiiiBS39     cross-section  of  the  body;  the^ 


Fig.  445. 


[TY   AND  BTRENQTa 


Durth  of  what  it  would  be  if  the 
ongation  of  the  axis  of  tite  body 

For  a  Gjlindrical  pillar,  irith 
a  force  acting  at  the  circnm- 
fercnce,  wo  have  c  =  r,  and 
conseqncntlr 

F  ~ 
'  1  - 

LE,  but  one-fifth  what  it  would 
be  if  its  point  of  application  woa 
in  the  axis  of  the  bodj. 

These  formulas  can  be  applied 
to  rupture  by  extension,  eom- 
prcBsiou  and  breaking  across;  it 
is  only  necesBary  for  each  specieB 
lifforent   coefBcient  of   ultimate 


J_       F_ce' 

IB  of  rupture  by  compresdon  (or 
ng  across. 

imst — The  theory  of  combined 
larly  applicable  to  the  case,  where 
1  an  acute  angle  RAP  =  S  with 
)0.  One  of  the  two  components 
:  P  COS.  S  acta  as  a  tensile  force 
the  other  P  sin.  d  as  a  bending 
npon  the  body,  and  the  strain 

a  _  P  COS.  J 

need  in  the  whole  cross-section 
le  first  component  combines  with 
itrain 

¥0     / 

1.  d  of  the  second  component  in 

strain 
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ith  the  greatest  strain 


^  W 

roduced  l^  the  bending,  and  then  wo  mast  sabstitnte  in  tbS 


le»in.d\ 


F 

OS.S  +  ^!p-  sin.  tf) 

tlie  modulus  of  proof  strength  for  ex- 

aboTO  the  displacement  of  the  neutral 
e  of  gravity  is 

S/  Fcx    ' 

iicalb 


by  the  combination  of  the  maximum 

h  the  extension  or  compression  of  the 
bated  oyer  the  entire  cross-section  of 
Q  extension  or  compression 

~ e\  F  ^     w   r 

ulus  of  "proof  strength  T  and-for  the 


stTt.  8      COS.  d  +  —  sin.  S 
st  case  (Fig.  450) 
!_  _^  -          3640  .y 
wn.  0       COS.  o  -\ am,  a 

151) 

; 93C0  F 

■     »~    •     A   .  ^i    -A 
M7(.  o       eoa,  o  +  —  sin.  o 
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}  =  4  .  60  .  05  *  =  1B600  x,  and  consequently  the  presBure  npon  each 
oliarla 

<it  =  Q  «•'».  '0'  =  1G800  X  tin.  70'  =  1B6W) .  0,9897  *  =  14659  x  Yba. 

If  the  ends  .^  .<1  of  the  collar  furm  an  angle  of  70°  with  the  axli,  or  if 

I  =  20',  we  have 

,j»^„  a/T  a.  118,1. 780  176436 

"  ^  ^     ..-       a'  =  ..A.       "^  "  iW47 ' 
«?^.  20°  +  -J       8,747  +  —^^ 

nd  therefore 


:  1,13  feet  =  18,44  inches. 


~  10,747  .  14650  " 
The  required  distance  between  the  two  collars  is  therefore 
X  --  d  !=  1,44  inches. 

(§  274.)    Flexure  of  Qirders  Snl^ected  to  a  Tetudle 

ad  Pot  agirder  A  B,  Fig.  457,  ia  dimin- 
small  force  in  the  direction  of  the  asis 
.   If,  on  the  contrary,  the  length  of  the 
girder  and  the  tensile 
force    exceed     certain 
limits,  the  moment  of 
the  latter  acts  in  the 
opposite    direction    to 
the    moment    of    the 
bending  stress,  thus  di- 
minishing  the  deflec- 
ng  ita  proof  load. 

ardinates  of  the  elastic  curve  ASS, 
of  the  girder,  ^  .£"  =  a:  and  ^  5  =  y, 
forces  in  reference  to  a  point  S  in  the 

■ding  to  g  215) 
c-Cf/)r=:  WE, 


ential  angle  8  T  K,  and  denoting,  in 
}y)  dx  ,  ,  ,  V  J 
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Jiqli&d,  proper  fraction,  that  is,  if  the  girder  is  short  and  the 
force  in  the  direction  of  the  axis  is  smali,  we  can  put 


2 

+ 

g'P 
6 

fP 

g'P 

and  also 

hence  we  haye  the  moment  of  the  forces 

If,  on  the  contrary,  the  force  Q  is  so  great  that  q  I  becomes  at 
least  =  2,  we  can  then  neglect 

when  it  occurs  with  c^',  and  therefore  we  can  put 

99  that  jthe  moment  of  the  forces  becomes  simply 

(§  275.)  Proof  Load  of  a  Girder  Subjected  to  a  Ten- 
Bile  Force. — By  the  aid  of  the  moments  of  the  forces  P  and  Q, 
found  in  the  foregoing  paragraph,  we  can  determine  by  the  method, 
which  we  have  so  often  employed,  the  proof  load  of  the  girder. 

The  force  Q  produces  a  tension  per  unit  of  s'lrfaco 

14  the  direction  of  the  axis  of  the  body,  and  the  moment  P  Z  —  Q.a 
of  the  two  forces  P  and  Q  produces  a  tension  in  the  fibres  at  the 
maximum  distance  e  from  the  neutral  axis,  which  is 

hence  the  total  tension  Is 

.36 
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we  have  the  proof  load  

^  "V       FT)^    E    •  e* 
This  expression   becomes  a  maximum  with   the  expression 

^1q  _  .v_     3y  diflFerentiating  the  latter  and  putting  the  differ- 
F  T 

ential  equation  obtained  equal  to  zero>  wo  obtain 

FT 

This  maximum  yalue  is 


and  the  ratio  of  the  latter  to  the  proof  load  P,  of  a  girder,  which 
is  not  subject.ed  to  a  tensile  force,  is 

P,  ~»    ^3M^^'       *     "^  3  M- 
For  a  paiallelopipedical  beam,  whose  height  la  h  and  whose 

width  is  h,  we  have  F  =  Ih,  W  =  -^aa^e  =  ih,  whence 


p 

-*^  4/ 

/T 

p. 

3*^ 

E 

If  the  beam  is 

of  wood, 

a  = 

T 
B 

and  therefore 

P 

..r 

1 

600' 


p;  ~  *  ^  coo  •  h ""  ^'''''^  V 

B.O.,  for  ^  =  30,  P  =  1,632  P, ; 

the  girder  carries  nearly  two-thirds  more  than  when  it  is  not  sub- 
jected to  a  tensile  force. 

For  r  =  -TT7-  =  18,4,  P,  =  P,  and  for  values  of  ^  smaller 
n         544  A 

than  18,4,  P|  is  smaller  than  P,  and  the  proof  load  P  of  the  beam 

is  diminished  by  the  stress  Q. 

§276.  Torsion  Combined  with  a  Tensilb  or  Com* 
pressive  Force. — ^If  a  column  A  P,  Pig.  459,  is  acted  upon  at 
the  same  time  by  Sk  force  Q,  whose  direction  is  that  of  its  axiai,  and 
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^      AB    ^    .      .    ,  lAB  '.     B  C    .     A  „ 

S  =  j~Y,  -  oi  stn.  ^  +  I -j-T/  ^^'  '^  +  XZ^  **^'  ^)  ^«- 

But  -jyf  =  at».  V'  *^>^d~rT»  ~  ^^' '/'» whence 

=  /S,  {— — ^^^^^ — -)  +  ^«  «i^  2  ^  (compare  §  259). 

This  equation  gives  a  maximum  value  for  Sy  when  ^a^i^.  2  V'  = 

2  Oi        .     ^  ,  2  iSi  J        ft  I  ^1 


-^i  i^iS,*  +  (2  6y*  V'^,'+(2S,)'' 

and  this  maximum  value  is 

2  V      vs,*  +  (2  s,yf     ^6','  +  (2  s,y 

Substituting  the  above  values  for  S^  and  St  in  this  equation, 
we  obtain  the  required  maximum  strain 

NoWy  since  the  body  should  resist  with  safety  the  actions  of 
these  forces  P  and  Qy  we 'must  put  S^  =  to  the  modulus  of  proof 
strength  Tor  

from  which  we  obtain  the  equation  of  condition 
/P  a  e\*      ^,      Q  T 

The  allowable  moment  of  torsion  is  therefore 

and  the  allowable  force  in  the  direction  of  the  axis  is 

F  IP  a  c\* 


»)e  =  pr-^(^)' 


In  order  to  find  the  dimensions  of  the  cross-section  correspond- 
ing to  the  forces  P  and  Q^  we  put 
W  _^         Pa 

^  F 

when  the  force  producing  torsior.  is  the  greater^  and,  on  the 

contraryi 
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If  the  force  Q  in  the  direction  of  the  axis  is  a  cotnprcssiTe  one, 
the  i'ormalos  found  above  Gtill  liold  good ;  for 
irectlon  of  the  Ibrcu  jV,  (Fig. 
■,  but  also  the  forces  S.,  and  Z 
to  act  in  the  opjiositc  direc- 
vish  to  obtain  the  miiximuin 

f  a  verticyil  wooden  shaft  iveigh- 
a  IB  subjected  to  o  mainei't  i>f  tor- 
),  \be  required  radiua,  aesniniog 


)0/  10000^\H 


itely, 
4  lucbes, 


Combined.— Coses  often  oo- 
ipon  nt  the  i-p.mc  time  by  a 

Horizontal  sliaft^  are  gen- 
3t3.  Ill  order  to  invcstiguto 
IB  of  the  combined  action  of 
orcos,  let  lis  imagine  a  pris- 
■A  ;jf7AFig.  4C3,  fised  at 
D,  to  be  acted  npon  at  the 
by  a  bending  force  Q  and 
,c  time  by  a  twisting  couple 

If  l.  ia  the  length  ^  C  of 
ir,  the  measure  of  the  mo- 
exure  and  e,  the  maximum- 
an  element  of  the  cross-seo 
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6QI, 

6  Q  ;.\-> 


ft')'''"'* 


"V  h-T) 


cylindrical  sfmfl, 

I  — '-  =  -T- ;  hcDce  we  can  pat 

pic,  but  a  force  P,  acting  eccentrically 
he  torsion  in  the  body  B  CD,  Fig.  463. 
luch  a  force  can  Ixj  deeomposed  into  an 
[antral  force  C  P  —  +  P  and  into  a 
(P,  —  P),  whose  lever  arm  is  the  dis- 
C  A  between  the  asia  C  D  ot  the  body 
e  lino  of  application  of  the  force  J*,  we 
lere  a  case  of  combined  strength,  al- 
1  there  is  no  otiier  force  Q;  for  the 
g  produced  by  the  conplc  (P,  —  P), 
lea  with  tho  bending  produced  by  the 
brce  +  P.  The  above  formnlas  can 
ployed  directly  for  determining  the 
len  we  substitute  in  them  P  I  =  Q  I,. 
ocentric  force  P,  there  is  another  Q, 
ist  substitute  instead otPl,Pl+  Ql^. 
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ire  of  the  moment  of  flexnre,  ir  th( 
ncM  of  any  element  of  tlie  body  froi 
an;  clement  from  the  longitudim 


as  of  the  foregoing  paragraph  th 
IBS-section  of  the  body  can  be  foum 
iofQl  tlie  sum  Q,  I,  +  Q,  l^ 
2,  acts  upon  the  body  and  if  at  th 
a  single  twisting  force  P  instead  o: 

P  con  be  resolved  into  a  twistini 

P  acting  upon  the  axis,  so  tha 
tnte  in  the  latter  formuhi  P  I. 
ere  is  no  portion  of  mcchiinics  wliicb  ha 
meats  as  the  elasticity  nnd  otrcngtli  ©■ 
inrestigatpcl  and  oatiy  puintu  are  Btil 
la  subject  hare  been  mode  by  ArdnnI 
Mon,  Burg,  Daleau,  Ebbels,  Eytclwein 
,  Fairbaim  anrl  Hodgkinson.  Lageijbebn 
Reimie,  Rondelct,  Tredgold,  Wcrtbeim 
KUSMd  at  length  in  Eytciwein's  "  Hand 
i|.  IL,  and  also  in  Gerslner's  "  Hftndljucl 
B  tiieatise  on  tliis  aubicct  by  v.  Burg  i. 
mes  of  tbe  Jabrbuclier  dcs  P<ilytecba 
11  differ  somewhat  from  thoee  given  it 
tbis  treatise.  The  experiments  of  Grii 
I  mentioned  (pagu  3C4}.  Kcw  aud  veri 
Ling  Btrcn^h  of  different  kinds  of  stoni 

year  (1853)  of  the  tranBactions  of  Ihi 
wcrbeflciszes  in  Prcur^cn."  A  eimpli 
und  in  tbc  treatise  "  Eknicntare  Bercch 
er  KOrpcr  gegendie  Biectung,"  which  L 
Xitinna  of  Ihc  Preusiiacbcn  GewerbcTo 
intfl  upon  elasticity  have  already  beer 
act  of  Hodgliinson's  experiments  is  t( 
,1  Principles  of  Engineering  and  Archi- 
work,  tlie  title  of  which  is  '''Esperimcn' 

other  properties  of  cast  iron,  etc.,"  wai 
.    A  French  translation  of  it  by  Pirel 


572 


GENERAL  PRINCIPLES  OF  MECHANICS. 


[§278 


I      1 


1 


'■    i 
-      1 


appeared  in  Tome  IX.,  1855,  of  the  "  Annales  des  Fonts  et  Chansseea,"  aed 
an  abstract  of  it  by  Couche  in  Tome  XX.,  1855,  of  the  **  Annalo  des 
Mines."  Tredgold  has  published  a  treatise  upon  the  strength  of  ccst  iroc 
and  other  metals.  The  f«>llowin<^  works  are  also  recommended  for  rudj. 
Poncelet's  "  Introduction  a  la  Mdcanique  Industrielle,*'  Part  I.,  Navicr^ 
Rdsume  dcs  Le  ons  sur  I'application  de  la  Mecaniquc,  Part  I.,  traiK-atH 
into  German  by  Westplial  under  the  title  "  Mechanik  dcr  Bankunst,*'  t^ 
which  work  Poncelet  has  made  some  additions  in  his  theory  of  the  rtTa>t- 
ance  of  rigid  bodies  (see  his  Manual  of  Applied  Mechanics,  Vol.  IL,  tnm^- 
lated  Into  German  by  Schnusc).  We  would  also  recommend  particularly 
the  **  Resistance  des  Materiaux  "  (Lerons  de  M^canique  Pratique),  by  L 
Morin,  which  has  been  much  used  in  preparing  this  work.  Wc  may  meo- 
tion  further  the  **  Theorie  der  Holz-und  Eisenconstractionen  mit  besonderer 
Rucksicht  auf  das  Bauwcsen,"  by  George  Rebhan,  YieDna,  1856,  the  work 
of  Moll  and  Reuleaux  (already  qnoted  in  page  409)  apon*^die  Festignt 
der  Material ien,'^  a  ^^  Memoire  sur  la  Resistance  da  Fer  et  de  la  Fonte,  psr 
O.  H.  Lore,  Paris,  1852,"  as  well  as  Tate's  work  upon  the  strength  of  mat^ 
rials  as  applied  to  tubular  bridges,  etc.  The  theory  of  combined  ela$- 
ticity  and  strength  was  first  treated  by  the  author  in  **  der  Zeitscbrifl  filr 
das  gesammte  Ingenieurwesen  (dem  Ingenieor),  by  Bomemann,  etc..  Vol.  L 
In  the  first  volume  of  t\ie  new  series  of  this  magazine  (CivilTDgenienr. 
1854)  the  graphic  representation  of  the  relative  strength  is  treated  by  Mr. 
Bomemann,  and  the  results  of  the  experiments  made  by  Bomemann  and 
by  Lemarle  are  also  given. 

The  theory  of  elasticity  and  strength  will  be  treated  of  again  when  wc 
discuss  the  theory  of  oscillation  and  of  impact. 

Mr.  Fairbaim's  Useful  Information  for  Engineers,  L  and  11.  Seriea,  give? 
the  results  of  many  experiments  upon  the  strength  of  wrought  iron  of  dif- 
ferent forms,  as  well  as  upon  stone,  glass,  etc.  From  a  theoretical  point 
of  view,  we  can  particularly  recommend,  "  Lemons  ear  la  theorie  matb^ 
matiquede  rclasticitd  des  corps  solides,"  parLamd,  "  A  Manual  of  Applied 
Mechanics,"  by  W.  J.  Rankine,  the  "  Couib  de  Mecaniquc  appKqudc,"  I 
Partie,  by  Bresse,  and  the  "  Theorie  de  la  resistance  et  de  la  flexion  plane 
des  solides,"  par  Belanger.  The  treatise  of  Laissle  and  Schublen, "  Uebcr 
den  Ban  der  Bnckentrdger,"  is  a  fair  exponent  of  the  state  of  science  upon 
this  question,  when  it  was  written,  and  is  therefore  to  be  lecommcndeA 
Ruhlmann's  *•  Grundziige  der  Mechanik,"  3.  Auflago  (18C0),  contains  also 
a  treatise  upon  the  resistance  of  materials  worth  reading. 

The  "  Civil ingenieur  "  and  the  "  Zeitschrift  des  deutschen  Ingenicnr- 
vereins "  contain  several  valuable  treatises  upon  the  theory  of  elasticity 
and  strength,  particularly  those  by  Grashof,  Schwedler,  Winkler,  etc,  as 
well  as  several  good  translations  from  the  French  and  English  of  Bariov. 
Bouniceau,  Fairbairn,  Love,  etc.  The  results  of  many  experiments  by  Fair- 
baim,  Karmarsch,  Schunemann,  Volkers,  etc.,  arc  also  given  in  these  jouniala 
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OF    BiaiD    BODIES. 


?E  MOMENT  or  IXEP.TIA. 

don. — Tho  motion  of  a  rigid  body  is 
of  rotation,  or  u  comhmiUion  cftltc  two. 
a  (Fr.  monvcmcnt  do  translation  ;  Ger. 
iivo  Bcwcgung)  tho  spaces  dcBcribed 
ilfemoously  by  l\\a  dilTercnt  parts  of  the 
'  aro  parallel  and  equal  to  each  other; 
10  motion  of  rotation  (Fr.  monvcmcnt 
'otation;  Gcr.  drolicndo  or  rotircndo 
egung),  on  the  conti-ary,  tho  parta  of 
Iwdy  describe  concentric  arcs  of  circles 
it  a  certain  line,  called  tlie  axis  of  rota- 

(Fr.  axe  do  rolation ;  Ocr.  Umdro- 
a^saxc).  Every  compound  motion  can 
meidcrcd  as  a.  motion  of  rotation  around 
<vdbU  axis.  Tlic  lattiT  is  cither  varia- 
ir  cotislnnt.  Tlie  piston  D  E  and  the 
m-rod  B  Fofa  pump  or  steam  engine, 
465,  have  a  motion  of  translation,  and 
crank  A  C  lias  a  motion  of  rotation. 

connecting  rod  ,1  II  has  a  compound 
;on ;  for  ono  of  iis  extremities  B  has  o 
bn  of  translation,  while  the  other  A 
u  motion  of  rotation.  Tho  axis  of  rota- 
of  a  cylinder,  ndiieh  ij  rolling,  is  cor- 
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L  s'  SIO 

P  =  —  =  s—  .  O  =  --,  -  =  771  pounds, 

§  283-  Mctisn  of  Rotation. — If  the  motive  force  P  of  a 
vAj  A  B,  Fig.  4CG,  does  not  pass  tlirough  its  centre  of  gravity  8, 
jrns  around  that  point,  and  at  the 
aovca  fonvard  exactly  aa  if  tlio  force 
ly  at  the  point  S,  as  can  bo  sliown  in 
g  manner.  Let  us  let  fall  from  the 
ravity  6'  a  perpendicular  S  A  upon 
a  of  the  force  and  continue  it  in  the 
:ion  until  tlie  prolongation  8  B  ia 
2  perpendicular  S  A,  and  let  qb  Bup- 
«a  forces  +  h  P  and  —  J  P,  which 
parallel  to  P,  are  applied  at  B.  The 
olf  the  force  P  acting  in  A  and  giyes 

P  +  ;  P  =  P 

ty,  while,  on  the  contraiy,  the  force 
lalf  {\  P)  of  the  force  P  applied  in  A 
applied  eccentrically,  i3  equivalent  to 
id  at  the  centre  of  gravity,  and  which 
the  body,  and  to  a  couple  (J  P,  — 
o  turn  around  its  centre  of  gravity  S 
a  upon  it.    The  statical  moment  of 

'.^1T=P.'^~A=  Pa, 
<icrJ  of  the  force  P  applied  in  A  in 
vity  iS';   the  i-esulting  rotation  would 
ontre  of  gravity  S  were  fixed  and  /' 

a  body  A  B,  Fig.  407,  is  compelled, 
;ans  of  guides  i>  E,  D,  E„  to  assume 
ion  of  translation,  the  eccentric  force 
=  P  produces  the  same  cfTcct  upon 
lotion  of  the  body  as  an  equal  force 
J  at;  the  centre  of  gravity,  and  the 
'^  ('j  ^t  ~  i  ^)  '3  counteracted  by 
uidca.    If  «  is  the  eccentricity  S  A 

foreo  P,  or  the  distance  of  its  dirce- 
"rom  the  centre  of  gravity  S  of  tbf* 
and  if  b  denotes  the  distance  M  A' 
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6)  denoting  the  increase  of  angular  yelocity  in  the  element  of 
time  T. 

In  order*  to  find  the  spaces  81,  ««,  etc.,  the  velocities  t*i,  Vg,  etc., 
and  the  accelerations  ^i,^g,  etc.,  of  the  points  Jf,,  Jfj,  etc.,  of  the 
body,  which  are  situated  at  the  distances  C  Mi  =  ri,  C  Mt  =  r„ 
etc,  from  the  axis  of  rotation  C,  we  must  multiply  the  angular 
space  <py  the  angular  yelocity  a>,  and  the  angular  acceleration  p  by 
Ti,  rt,  etc. ;  thus  we  obtain 

81  =  <!>  Tif  8i  =  (t>  Tiy  etc., 
Vi  =  6>ri,  Vj  =  w  Ti,  etc.,  and 
Pi=:K TiyPi  =  « rj,  etc. 

K  the  whole  mass  if  of  the  body  is  composed  of  the  parts  J/j, 
iff,  etc.,  which  are  at  distances  equal  to  the  radii  ri,  r^,  etc.,  firom 
the  axis  of  rotation  C,  the  forces  with  which  these  elements  of  the 
mass  resist  the  rotation  are 

Pi  =  Mipi=z  tc  Ml  ri,  Pi  =  MiPi  =  KMi  r.;,  etc., 
and  their  moments  are 

P,  ri  =  «  Ml  r,',  Pg  r,  =  K  J/i  rj*,  etc., 

and  the  moment  necessary  to  cause  the  body  to  rotate  with  the 
angular  acceleration  k  is 

P  a  =  K  J/i  r,',  -h  «  i/i  r,'  +  . . . 

=  K  {Ml  n'  +  Mi  r,"  +  i/s  r,'  + . . .). 
In  like  manner  (according  to  §  84)  the  energy  stored  by  the 
elements  J/l,  i/g,  etc.,  while  they  acquire  the  velocities  Vi,  v„  etc.,  is 

Ai=:lMiVi'  =  l<^'Miri\ 
Jj  =  i  ifj  v«'  =  ^  w*  if,  rg*,  etc., 
and  therefore  the  work  dons  in  communicating  to  the  whole  body 
the  angular  velocity  o)  is 

A  =  Ai  -{■  Ai  +  ,,, 

=  ^a)'(ifir,»  4-ifsr,"  +  M,ri^  +  ...). 
The  force  of  and  the  energy  stored  by  a  body  in  rotation  de- 
pends principally  upon  the  sum  of  the  products  Mi  ri  4-  M^  r^  + 
if,  r,*  4-  . . .  of  the  different  elements  ifi,  M^  etc.,  of  the  mass  and 
of  the  squares  of  the  distances  r„  rj,  etc.,  from  the  axis  of  revolu- 
tion. This  sum  is  called  the  moment  of  inertm  (Fr.  moment  d'in- 
ertie,  Ger.  Tragheits-,  Drehungs-  or  Massenmoment),  and  we  will 
hereafter  denote  it  by  M  r'  or  W.  Hence  the  moment  of  the  force, 
by  which  the  mass  if  =  if,  '\-  Mt  +  .  r.  .,  whose  moment  of 
inertia  is 

W  =  Mr^  =  Ml  ri'  +  M^  r,'  +  . . ., 
37 
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has  imparted  to  it  the  angular  acceleration  k,  is 

1)  Pa  =  KMr"  =  /c  IF, 
and,  on  the  contrary,  the  work  done  in  putting  the  niiass  M'lz: 
tation  with  the  angular  velocity  w  is 

If  the  initial  angular  velocity  of  the  mass  was  c,  the  work  •! 
in  increasing  it  to  &>  is 

P5  =  1  G)»  IF-  ^ £»  ]F=  -J (^'  - «')  w: 

We  can  also  determine  from  the  work  done  and  the  initH  ^  - 
locity  e  the  final  velocity  w;  it  is 

Example. — If  the  body  A  B,  Fig.  469,  movable  about  a  fixed  aii- 
and  in  the  beginning  at  rest,  possesses  a  moment  of  inertia  of  50  f.-  • 
^  pounds,  and  if  it  is  set  in  rotation,  by  means  of  a  rope  passing  touz\  . 

pulley,  by  a  force  P  =  20  pounds,  which  describes  the  space  «  =  5  :-• 
the  angular  velocity  produced  is 


,/2P»       ./3.  20.5         rr       „,    , 
"  =  f -^  =  1/ — 50— =  ^^  =  2  feet, 

1  I.E.,  every  point  at  the  distance  of  a  foot  from  the  axis  of  rotation  J-- 

•  scribes,  after  this  work  has  been  done,  2  feet  in  each  second.    The  tinj  r. 

i  one  revolution  is 

t  =  — '-  =  3,1416  seconds, 

and  the  number  of  revolutions  in  a  minute  is 

"  =  T  =  8,1410  =  ^^'^' 
If  the  angular  velocity  w  =  2  feet,  just  found,  is  transformed  into  &u- 
locity  ^  =  f  foot,  the  work  performed  by  the  body  is 

Pj  «j  =  [2*  -  (J)']  .  V-  =  (4  -  A)  •  25  =  -fl .  25  =  85,93  foot-pouD-i^ 
E.Q.,  it  has  lifted  a  weight  of  10  pounds  8,598  feet  high. 

§  283.  Reduction  of  the  Mass. — If  the  angular  velocities  i 
two  masses  J/i  and  M^  are  the  same,  if,  E.O.,  they  belong  to  th 
same  rotating  body,  their  living  forces  are  to  each  other  as  thej 
moments  of  inertia  Wx  =  Jf,  rC  and  IF,  =  M^  r^',  and  if  the  Litivr 
are  equal,  both  masses  have  the  same  living  force.  Two  maiv-^ 
have,  then,  equal  influence  upon  the  state  of  motion  of  a  rotatin: 
body,  and  one  can  be  replaced  by  the  other,  without  causing  « 
change  in  that  state,  when  their  moments  of  inertia  J/i  r'  an : 
i/a  r^  are  equal,  or  when  the  masses  themselves  are  to  each  otL  .' 
inversely  as  the  square  of  their  distances  from  the  axis  of  rotan-'ii 
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','  =  ifi  r,'  we  can  redace  a  masB 
.  ve  can  Cnd  a  mass  M^  which  at 
cncc  on  the  state  of  motion  of  the 
.  M,  at  the  distance  r„  and  this 

_  r, 

~  r," 

ance  r,  is  equal  to  the  moment  of 

square  of  (hat  distance. 

upon  a  disc  A  C  B,  Fig.  470,  at 
inces  G  B  =  h  and  C  B,  =  a  from 

of  rotation  X  JT,  have  the  same 
e  upon  the  movement  of  the  disc 
]uence  of  their  inertia,  when  Q,  a* 

>r  Q,  =  -^,-.   If,  therefore,  a  fon'e 

J  arm  ia  C  A  =  C  B,  =  a,  causes 
iifhose  weight  is  Q  and  whose  dis- 
im  the  axis  of  rotation  isC  B  =  b, 
,  we  mnst  reduce  the  latter  to  the 
the  force  P  and  put  instead  of  Q, 


the  weight  P  ia 

Pa' 

b"'^  ~  Pa'-\-Qb 


roUtJDg  moss  is  Q  =  860  pounds,  iti 
IB  6  =  2,5  feet,  tbe  weight  acting  ai 
id  its  arni  ie  a  =  1,S  feet,  the  mam 
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im  Jf  of  all  the  maases  and  JT,  x,  + 
of  the  statical  momente ;  heoce  it 
ween  the  momeat  of  inertia  W,  of 
he  axis  D  and  its  moment  of  inertia 

)fd'  +  %dMx. 

atical  moments  of  all  the  elements 
isaing  through  the  centre  of  gravity 
ut  of  those  on  the  other,  the  alge- 
is  =  0,  and  we  have  Mx  =  0,  and 

'  +  Md'. 

iy  in  reference  to  an  eccentric  axis 
rtia  in  reference  to  a  parallel  axis 
■avity  plus  the  product  of  the  mass 
distance  of  the  two  axes  from  each 

the  moments  of  inertia  in  reference 
a  is  the  least,  whose  axis  is  a  line 

m. — It  is  very  important  to  deter- 
Tarions  geometrical  bodies ;  for  the 
itly  employed  in  the  different  calen- 
odies,  as  we  will  hereafter  sappose, 
■ortions  Jf„  M„  etc.,  of  the  mass,  arc 
Qg  portions  Fl,  Fi,  etc.,  of  the  vol- 
ment  of  inertia,  or  as  it  is  generally 
»n  be  replaced  by  the  sum  of  the 
e  volume  and  the  sqnare  of  their 
ation.  In  this  sense  we  can  also 
rtia  of  lines  and  surfaces.  If  we 
ody  concentrated  in  one  point,  we 
he  same  from  the  axis,  if  we  sap- 
.  of  the  mass,  which  is  thus  concen- 
hen  distributed  through  the  whole 
'us  of  gyration  (Fr.  rayon  d'inertie, 
bmesser).  If  IT  is  the  moment  of 
the  radius  of  gyration,  we  bare 

rw 
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We  must  nlao  rei 
point,  but  only  a  cL 
distributed  arbitrari] 

If  in  the  fonnni 
and  ir,  =  M  i,',  we 

I.E.,  the  square  of  th' 
equal  to  the  square  ( 
of  gravity  parallel  t( 
the  two  axes  from  ct 

§  286.  Moment 

ofan>d^5,  Fig.4' 


Multiplying  thes 
and  adding  the  prod 
inertia  of  the  rod 


but  since  1'  +  2'  + 
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F  P  «n.'  a 


ilome  of  the  half  rod,  which  we 

e  have 

=  I  Ml'  ««.'  a. 

i  of  the  rod  from  the  axis  X  X  i 

~!=.  B  D  =  a  =  l sin. a, 

ire  Bimply 

-\Ma', 

the  entire  rod,  when  we  unden 

od. 

of  a  mass  My  at  the  end  A  of  t) 

Ice  if,  =  j  M,  Ml  has  the  same 

mce,  so  far  as  the  moment  of  ii 

liffcrence  whether  the  mass  is 

>r  whether  one-third  of  it  is  cono 

t  W  ~  M  k*,  we  ohtoin  i'  =  3 

•ation  of  the  rod  ia 

ii  =  a*'l  =  0,5773 .  a. 
If  the  rod  is  at  right  angles  to  ' 
rotation  0  =  1,  and  consequentlj 

ir=  i  Mr. 

If,  linallj,  tlie  rod  docs  not  lit 
DC  plane  as  the  axis  of  rotatiot 
)rteBt  distance  Ijetwoen  the  axis 
n  and  the  axis  of  the  rod  is 

8Si  =  GC,  =  DD,  =  d, 
J  if  the  normal  distances  A  C  = 
!  ends  A  and  W  of  the  rod  from 
D,  passing  through  the  centre  of 
)f  the  rod  and  parallel  to  C,  D, 
re  (according  to  g  284)  the  moi 
irtia  of  the  rod 
r,  =  W  ^-  J  Ma'  =  M{d'  -1- 

id  Farallelopipedon. — The  r 
83  are  foand  in  exactly  the  Bam< 
W  =  F,  z,'  +  F,z,'  +  ...    We  { 


seqnently,  employ  here  tJ 

for  variona  surfaces,  as  th 

For  the  rectangle  A  1 


I.E.  equal  to  that  of  one-t 

If  this  rectangle  tan 
angles  to  ite  plane  and  w 
middle  S  of  the  figure,  t( 


d  designatiDg  the  diagoni 

imagine  here  also  oac-thi: 

at  one  of  the  comers  A,  i 

Since  a  regvJar  pardUi 


its  mass  applied  at  one  of 


par 
Th 
ami 
urjN 
reri 
fin 

rot 
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and,  finally,  the  moment  of  inertia  in  reference  to  the  cdge^  po^: 
through  the  points  A  and  ^of  the  bases,  is 

By  the  aid  of  the  latter  formnta,  we  can  calcnlate  the  mamal 

of  inertia  of  a  regular  right  prism  A  D  F  K,  Fig.  478,  whicli  ^^ 

Tolves  ahont  its  geometrical  axis.    Let  fJ 

Fio.  478.  =  C  5  =  r  he  the  radioa  of  haee  or  of  oat 

of  the  triangles  composJBg  the  base,  A  tbe  i'- 

titade  C Not  one  of  these  triangles  A  Cll 

and  M  the  mass  of  the  vholc  prigm,  thcD,  i*- 

'^     cording  to  the  last  formula,  when  we  suhsii- 

tnte  r  for  d,  we  have 

The  regular  prism  becomes  a  cylinder,  when  h  becomes  eqiu!    ■ 
to  r,  and  the  moment  of  inertia  of  the  cylinder  in  reference  to  it? 
geometrical  axis  is 

Tr=i^(^  +  r')  =  \Mr\ 
The  moment  of  inertia  of  a  cylinder  is  equal  io  the  tnomeni «/ 
inertia  of  half  the  mass  of  tJte  cylinder  concentrated  upon  itt  n>-    I 
nimference,  or  equal  to  the  moment  of  inertia  of  the  whole  maa  si 
t!ic  diBtance 

k  =  rVl  =  0,7071 .  r. 
If  the  cylinder  A  B  D  E,  Fig.  479,  is  holhw,  wo  mnet  gublnd 
u^^  ^^  themomentof  inertiflof  tbehoIloTJpif-' 

from  that  of  the  solid  cylinder.    I*'  ■ 
denote  the  length,  r  the  radiuB  C  J  ('f 
the  exterior  and  r^  that  C  G  of  the  intswr     | 
~^     cylinder,  then  we  have,  according  to  ili^ 
above  formula,  for  the  moment  of  incrta     ; 
"  "  of  the  hollow  cylinder 

W  =  -J  {M,  r,'  -  M,  r,")  =  i  n  (r,' .  r,'-  r,' .  r,')  ?  =  J  t  (r,*-  r,V     I 

=  -i  tr (r,*  -  r.')  {r^•  +  r,')l=^M (r,'  +  r,') ; 
for  the  volume  of  the  body,  which  may  also  be  considered  as  ii'- 

mass,  is  =  w  (ri*  —  r/)  I    If  r  denotes  the  mean  diameter  -^-p-     \ 
and  b  the  width  r,  —  r^  of  the  annular  snr&ce,  we  have 


I) 
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g  289.  Cooe  and  Pyramid.— With  the  aid  of  the  fommla 

for  the  moment  of  iaertia  of  a  cylinder  we  can 

FiQ.  480.  ealcnlate  those  of  a  right  cone  and  of  a  pyramid. 

'  '    '  "  "  Fig.  480,  be  a  coiie  turning  upon  \\a 

axis  and  \e^ir  =  D  A  =  D  B^k  the 

base  and  A  =  6'  i>  its  altitade,  which 

ith  the  axis.    If  bj  passing  planes 

parallel  to  the  base  and  at  eqnal  dis- 

oach  other,  we  divide  it  into  n  slices, 

discs,  whose  radii  are 


.  -,  TT  f  —  I  .  -,  ...etc. 


its  of  inertia  arc 

I     8  M       \  M  /     2  n' 

es  the  moment  of  inertia  of  the  entire 

S*  +  3'  +  . . .  +  n% 

f-  w'  =  -=-  and  the  inass  of  the  cone  is 


.^-.r'  =  ^^Mr\ 

lanner  we  have  under  the  same  cir- 

for  a  right  pyramid  ACE,  Fig.  481, 
s  a  rectangle, 

W=l  MO; 
mnla  d  denotes  the  half  D  A  of  the 
;be  base. 

in,  by  subtracting  one  moment  of 
another,  the  moment  of  inertia  of  a 
I  cone  [A  B  E  F,  Fig.  480)  in  refcr- 
somctrical  axis  X  Jt. 
ote  the  radii  D  A  and  0  ^by  r,  and  r, 
itdes  Ci> and  C  Oby  A,  and  At,  we  have 
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l^ae 


IF  =jV-^^'^- -***•)  =  St; 


Cn'  -  r.*). 


or^  smoe  the  mass  is 


Jf=|(r.»Ai-r.'AO  =  J-^-| 


(n*  -  r,«). 


ir  =  ,»a^^ 


§  290.  Sphere. — In  the  same  manner  tlie  moment  of  incrtl 
of  a  sphere,  revolving  upon  one  of  its  diameters  Z>  i^  =  2  r.  i* 
determined.    Let  us  divide  the  hemisphere  A  D  By  Fig.  482,  U 

planes  parallel  to  its  base  A  C  B,  into  u 
equally  thick  slices,  such  ss  6  K  H,  et* . 
and  let  us  determine  their  moments.  The 
square  of  the  radius  0  K  oi  one  of  the* 
slices  is 

and,  therefore,  its  moment  of  inertia  is 


7cr 


=  ^  (^*  -  2  ^*  •  C  A-  +  CK'). 


2n 


r   2  r  3  r    .      .    nr 


Substituting  successively  for  C  JT,  -,  ^^^,  ^^-^,  etc,  to  —  nnd 

n    n     n  n 

adding  the  results,  we  obtain  the  moment  of  inertia  of  the  hemisphen 
rrrr     .      2r*     «*       (rV    «'t 


!•£•« 


r='^(i-j*i)  =  i^. 


Now  since  the  contents  of  a  hemisphere  are  Jf  =  §  tt  r*,  wc  can 
put  Tr=|.|7rr\r*  =  iMr", 

and  if  we  consider  if  as  the  mass  of  tJie  whole  sjjherey  the  fonnnb 
still  holds  good. 

The  radius  of  gyration  is 

;fc=  rl^  =  0,6324.  r; 
two-fifths  of  the  mass  of  the  sphere,  at  a  distance  equal  to  the 
radius  of  the  sphere  from  the  axis  of  rotation,  has  the  same  moment 
of  inertia  as  the  entire  sphere.    The  formula 

holds  good  also  for  any  spheroid  whose  equatorial  radius  is  =  ^• 
(See  §  123.) 
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If  the  sphere  revoWeB  about  another  axis  at  the  dietance  d  from 
he  centre,  we  must  put  the  moment  of  inertia 
W=  M{tP  +  i  r'). 

§  291.  Cylinder  and  Cone. — The  moment  of  inertia  of  a 
circle  A  B  D  B,  Fig.  483,  in  reference  to  an  axis  poseiag  through 
its  centre  C  and  at  right  angles  to  the  plane  of  the  circle,  einoe  all 
|x)iitts  are  at  a  distauce  C  A  =  r  from  the  axis,  is 

.     W^Mr',  _  _ 

and  consequently  that  in  reference  to  a  diameter  X  X  Gt  Y  Y 
.compare  8  331)  is 

On  the  contrary,  the  moment  of  inertia  of  a  circular  dim 
A  B  D  E,  Pig.  483,  which  revolves  abont  its  diameter  B  E,iB 
fonnd  to  be,  Uke  the  moment  of  flexure  of  a  cylinder, 

_  Trr'  _  Mr* 

~     4  4  ' 

''anaequeotly  the  radius  of  gyration  of  this  sur&ce  is 

[.t,  half  the  radios  of  the  circle. 

Fio.  483.  Fia.  4S4. 


From  this  we  can  calculate  the  moment  of  inertia  of  a  cylinder 
A  BDE,  Fig.  484,  which  revolves  around  its  diameter  F  G,  which 
paaseB  through  its  centre  of  gravity  8.  Let  I  be  the  half  height 
-I  Faud  r  the  radius  C  A  ~  C  B  oitho  cylinder,  then  the  volume 
iif  one  half  of  it  is  =  t  r'  /,  and  if  we  pass  through  it  planes 
Jiarallel  to  the  base  and  at  equal  dietances  from  each  other,  we 

ilccompose  this  body  into  n  equal  partB,  each  of  which  is  =  — 

^mi  the  first  of  which  is  at  a  distance  -,  the  second  at  a  distance—, 
n  n 

"''  (iiird  at  a  distance  — -,  etc,  from  the  centre  of  gravity  S.    By 

in.'iiQs  of  the  formula  in  §  384,  we  obtain  the  moments  of  inertia 

"f  these  discs  or  slices 
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whose  6am  is  the  moment  of  inertia 

i^"  T[t +  („-)*('•  ■^^■+'- +  ■-■+«•)] 

of  half  the  cylinder.   This  formula  holds  good  for  the  whole  cylind/r. 
whea  Jf  denotes  it^  mass. 

The  moment  of  inertia  of  a  right  priam  A  B  D,  Fig.  485.  x 
reference  to  a  transverse  asis  XX  passing  through  the  centre  ii 
grayitj  S  is  determined  in  a  similar  way.  Let  k  be  the  ladins  <  i 
gyration  of  the  base  ^  S  of  the  prism  in  reference  to  on  asis  y  -' 
passing  throngh  the  centre  of  gravity  0  of  the  base  and  pamlk^ 
to  Z^,  and  let  i  denote  the  half  length  or  height  C5  =  i?^*'"'^ 
the  prism;  we  have  the  required  moment  of  inertia  in  referend 
to  the  axis  X  X 


In  like  maimer  we  fmd  for  the  right  eone  A  B  D,Tl\%.^ 
whose  axis  of  rotation  passes  throngh  its  centre  of  gravity  at  righi 
angles  to  its  geometrical  axis  C  D, 

g  292.  Segments.— The  moment  of  inertia  of  a  paraboloid  of 
revolution  BAD,  Fig.  487,  which  revolves  around  its  aiis  of 
revolution  A  C,Sa  determined  in  a  similar  manner  to  that  ofa 
sphere.  K  the  radius  of  the  base  is  C  B  =  0  D  =  a,tiA&^ 
altitude  C  A  =  h,  mid  if  wo  divide  the  body  into  slices  of  tin- 
height  -,  we  have  their  contents 
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h        1    •  A        2    ,  A        3    ,     , 

=  -  TT .  -  a ,  -  7T .  -  a%  -  TT .  -  a%  eta, 
n      u      fi      fh      u      n 
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or  the  squares  of  the  radii  are  as  the  altitudes  or  distances  from 
he  vertex  A.  From  this  we  obtain  the  moments  of  inertia  of  the 
mocessiye  disc-shaped  elements  of  the  body^  which  are 


a*  h 


TT    4«*  A    TT    9  a*    . 

7-,  etc., 


A      TT      ^  


and  consequently  the  moment  of  inertia  of  the  whole  paraboloid  is 


6 


n  a*  h     a] 
2      '  3 


=  lifa*; 


for  the  volume  of  this  body  is  if  = 


re  cfh 


This  formula  may  be  applied  to  a  low 
segment  of  a  sphere. 

If  the  altitude  A  of  such  a  segment  is 
not  very  small  compared  with  a,  we  have 
for  the  moment  of  inertia  of  one  of  its 
slices 

^  n  %  n        ^  ' 

=  ^ .  (4  r*  A«  -  4  r  A«  +  A*), 

in  which  r  denotes  the  radius  of  the  sphere. 

Kow  if  we  substitute  for  A  successively  the  values  -,  — ,  — ,  etc^ 

n    n     n 

we  obtain  the  moment  of  inertia  of  the  segment  of  the  sphere 

=  ^-?  (20  r*  -  15  r  A  +  8  A')- 

The  volume  or  the  mass  of  the  segment  of  the  sphere  is 

if=7rA'(r-jA), 
and  therefore 

F=  ir A« (r -  U) -^  (r  -  i-W  A  +  Vo -^n^p) 

generally  it  is  suflBciently  correct  to  put 

ir=  I  Mh  (r  -  /2  A)  =  4  Jir(a'  +  J  A'). 
^is  formula  is  applicable  to  the  iol  of  a  pendulum. 


and  that  in  reference  to  the  axie  ¥  T. 

passing  throngb  the  centre  of  gniTity  .'^  si 

right  angles  to  X  X,  18 

W,  =  J,'s  Mh\ 

Hence  the  moment  of  inertia  in  refereihf 
to  an  asis,  passing  through  S  al  right  angles  to  the  snr&ce  of  tbc 
t>anibola,  ia 

"'=  ^■+^-  =  '>'(ro  +  ''ft*')  =  i  "Hi)'*  »''] 

For  such  an  oxIb,  passing  through  the  rertex  D  of  the  pant»li 
the  moment  is,  since  i?  *5  =  I  A  (§  115), 


n;=  W+M(lh)'  : 


iM[{i)\-;A-] 


and,  on  the  contrarj,  the  moment  in  reference  to  an  axis  fUSOB; 
through  the  centre  C  of  the  chord  is 

r,  =  r  +  Jf  (I  s)'  =  i  Jif  KD'  +  S  4"] 

Tliis  formula  is  also  applicable  to.  a  prism  whose  bases  are  pn- 
1x)la8,  E.G.  a  working-beam,  which  couBiste  of  two  such  prisn-- 
oscillating  about  an  axis  passing  through  their  middle  C 

The  moment  of  inertia  of  an  ellipse  A  B  A  B,  Fig.  489,  vbos 
semi-axes  are  C  ^  =  a  and  (7  £  =  *.  ic 
Fio.  489.  reference  to  the  axis  B  B,\&  {accorfrnf 

to  §  231) 

„.  _  ira'h  _  i/"a* 

'"     4     ~     4    ' 

and  tliat  in  reference  to  the  axis  J  J  i^ 

_  ffg^  _  J/y 

'  ~      4      ~     4    ' 

hence  the  moment  of  inertia  in  referai« 
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an  aids,  passing  through  the  centre  (7  at  right  angles  to  tlieplaTie 
thefigurey  is 

(§  294«)  SnxfAces  and  Solids  of  Revolution. — The  mo- 
ents  of  inertia  oi  surfaces  and  solids  of  revolution  can  be  determined 
Ith  the  aid  of  the  Galcnlus  by  means  of  the  following  formulas. 
1)  K  a  zone  or  belt  P  Q  Qi  Pi,  Fig.  490,  whose  radius  is  MP 

=  y  and  whose  width  is  P  §  =  d  «,  is 
caused  to  revolve  around  its  geometrical 
axis  A  (7,  we  have  (according  to  §  125)  its 
area 

f?  0  =  2  TT  y  (Z  g, 
and  its  moment  of  inertia  is 

if  dO  '^'^TTif  ds\ 
hence  the  moment  of  inertia  of  the  whole 
surface  of  revolution  A  P  P^in  reference 
to  its  axis  A  Cia 


Fia.  49a 


W 


=^2  7T  §  y*  ds. 


2)  For  a  slice  P  Q  Qi  Pi,  whose  volume  ia  d  V  =  n  y*  da^  tho 
moment  of  inertia  in  reference  to  the  axis  A  0  is  (according  to 
§288) 

d  V.y^  _  ny*  dx 
2       """~2~' 
and  consequently  the  moment  of  inertia  for  the  whole  solid  of  rer- 
olution  ^  P  Pi  is 


w=if^ 


dx. 


If  ^  P  is  an  arc  of  a  circle,  in  which  case  the  surface  generated 
^y  its  revolution  is  a  spherical  cup  or  zone,  we  have 

y'  =  2ra;  —  x^VkH^yds  =  r  dx, 
and  consequently  the  moment  of  inerti^i  of  this  zone  is 

r=  2  nf{2rx  '-x')rdx  —  2'rTr(2  rj*x  dx  -J^x^dxi 

=i27Tr{r7?-~j, 

or,  if  we  substitute  h  for  the  altitude  A  M  =  x,  wo  have 

F=  2  Trr  y  (r  -  |)  =  Mh  {r  -  ^), 

m^  the  area  or  mass  of  the  zone  is  Jlf  =  2  tt  r  A, 
38 


and  therefore  its  moment  of  inertia  in  reference  to  the  ixia  J  r  ■ 

Bja,  for  the  entire  eUipaoid,  in  which  case  x  =  ia,  i 

for  the  contenta  of  this  body  are  expressed  by— i.jira'sjsflv 

(compare  §  123). 

3)  If  the  bolt  PQQiPi  revolves  about  an  axis  passing  thrcuf.  , 
A  at  right  aoglea  to  its  geometrical  axis  A  C,  we  have  (see  §  S^i 
and  g  291)  ita  moment  of  inertia  I 

=  d  0  {i-  H-  ^  y')  =  2  TT  (ar'  +  4  y")  y  d  «, 
and,  therefore,  the  moment  of  inertia  of  the  whole  zone  A  P  P\^'  , 

IF  =  IT  y (2  X-  +y')yd8.  \ 

4)  If  the  entire  disc  F  Q  Q,  P,  revolves  aronnd  this  same  ui: 
passing  throngh  A,  its  moment  of  inertia  is  i 

and,  therefore,  that  of  the  entire  body  A  P  Piia 

For  a  paraboloid  of  revolution  (see  §  392),  we  havt^  when  ^ 
denote  its  altitude  A  Mhj  h  Mid  the  radius  of  its  baseif  Pby*' 

-?!  =  ? 

a'      h' 
and  consequently  the  moment  of  inertia  in  reference  fe  the  iai<i  \ 
ordinat£s  passing  through  A  is 
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when  we  Bubstitute  x  =  h, 

ce  the  volume  of  this  body  is  =  :J  tt  a*  A  (coinp.  §  124). 
Hence  we  have  the  moment  of  inertia  of  this  body  in  reference 
an  axiSy  passing  through  the  centre  of  gravity  S  at  right  angks 
A  C 

W^  =  ^M{V  +  i  a^)  -  {lYMV  =  J  M(a'  +  \  A'). 

§  295,  Accelerated  Rotation  of  a  Wheel  and  Asde.^ 

le  most  frequent  applications  of  the  theory  of  the  moment  of 
ertia  are  to  machines  and  instruments;  for  rotary  motions 
ound  a  fixed  axis  are  very  conmion  in  them.  Since  throughout 
lis  work  we  shall  meet  with  very  many  applications  of  this  theory, 
e  shall  treat  here  but  a  few  simple  cases. 

If  two  weights  P  and  Q  act  by  means  of  two  perfectly  flexible 
rings  upon  the  wheel  and  axle  AC  DBy  Pig.  491,  if  their  arms  are 

CA'^a  and  D  B  =^b  and  if  the  jour- 
nals are  so  small  that  the  friction  can 
be  neglected,  the  machine  is  in  equi- 
librium, when  the  statical  moments 

'  P  ,  C  A,  and  Q  .  D  B,  are  equal  to 
each  other,  or  when  P  a=  Q  b.  If, 
on  the  contrary,  the  moment  of  the 
weight  P  is  greater  than  that  of  Q, 
ovPa>  Qb,P  will  fall  and  Q  will 
rise ;  on  the  contrary,  if  P  a  <.  Qb, 
Let  us  therefore  seek  the  relations  of 
the  motions  in  this  case,  taking,  E.G.,  P  a'^  Qb,  The  force, 
which  acts  with  the  arm  b  and  corresponds  to  the  weight  Qj  pro- 

O  h 
iuces  a  force  -  — ,  whose  arm  is  a  and  which  acts  in  opposition  to 

the  force  corresponding  to  the  weight  P,  so  that  the  motive  force 


Fig.  491. 


QQ 

% 

P  will  rise  and  e  will  faU. 


in  action  at -4  is  P  — 


^— .    The  mass  — ,  reduced  from  the  aim  b  to 
a  g' 


M 


=( 


a 


the  arm  a,  is  ^— r^  hence  the  mass  moved  by  the  force  P  —  — —  i 
ga^  ^ 

a"  / 


IS 


P  + 


"^Qy 


or,  if  the  moment  of  inertia  of  the  wheel  and  axle  is  TF  == 


G¥ 

9 


and 


V 
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the  wlieel    of  two  rings,  one  weighing  40  poands  and  the  other  13 

ads,  and  of  fbar  anns,  weighing  together  15  pounds ;  finally,  let  the 

1  of  the  large  ring  ^  ^  be  =  20  and  10  inches  and  those  of  the  smaller 

F  G  he  =  S  and  6  inches.    Required  the  conditions  of  motion  of  this 

:hine.     The  motive  force  at  the  circumference  of  th^  wheel  is 

JP  —  -  e  =  «0  -  A  •  1^^  =  ^0  —  48  =  13  pounds, 

L  the  mooieiit  of  inertia  of  the  machine,  when  we  disregard  the  masses 

bhe  ropes  and  journals,  is  equal  to  the  moment  of  inertia  of  the  axle, 

ichiB  Wh»      10.6»_.__ 

=   _^=_^«180, 

IS  the  moment  of  the  smaller  ring,  which  la 

= = ^ ^600, 

us  the  moment  of  the  larger  ring,  which  is 

_  B,  (r.'^4-  ..«)  ^  4M?0-^_19^)  ^  ^^^^ 

ins  the  moEQent  of  the  arms,  which  is,  approximately, 
A{r^^  ~r^3)  _  A  (r,*  +  r,r^+  r,»)     15.  (19»  +  10.  8  +  8«) 

ence,  by  addition,  we  obtain 

6?  jfc«  =  180  +  600  +  15220  +  2885  =  18885, 

^i,  taking  the  foot  as  Hie  unit  of  measure, 

18885      ,„,  ^, 

=  -Iff  =  ^^^'^^- 
The  whole  mass,  reduced  tx>  the  radius  of  the  wheel,  is 

=  ^60  +  160 . 0,09  +  ^^ ) .  0,081 

=  (60  +  14,4  +  47,21) .  0,031  =  131,61 . 0,031  =  8,76991  pounds. 
Hence  we  have  the  acceleration  of  the  weight  P,  or  that  of  the  circum- 
ference of  the  wheel, 

^"a^  12  o^oor  . 

^  =  Pa»-f  Cft»~T1g^'^="8;769ri  =  ^-^^^^^^- 

MO,  oii  the  contrary,  that  of  Q  is 

^  =  -^  =  A .  3,183  =  0,955  feet; 
the  tendon  on  the  rope  to  which  P  is  hung  is 

^ci  ttiat  of  the  rope  supporting  Q  is 

'"^i  =  (l  +  ?^y  e  =  (1  +  0,955 . 0,031) .  160  =  1,03 .  160  =  164,8  ponnds ; 

coaseqaently  the  pressure  on  the  bearings  ib  8  +  S^  =  54,06  +  164,8 
=  218,86  lbs.,  or,  if  we  include  the  weight  of  the  machine,  it  is  =  218,80 
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4.  77  =  295,86  pounds.    At  the  end  of  10  seconds  P  haa  nttnitiftd  the  T^ 
locity  v=:pt  =z  8,188  .  10  =  81,88  feet,  and  has  described  the  9paot  1  = 

n  t  h 

-  =  81,83  .  5  =  159,2  feet,  and  Q  has  been  laised  up  «j  =  -  <=Qi,S .  \m 
•=  47,76  feet. 

§  296.  The  weight  P,  which  imparts  to  the  weight  Q  the  lt- 

celeration 

_        Pab-QV 

^  "  Pa'  -i-  Qb'  -{■  Ok''^' 
can  be  replaced  by  another  P,,  without  changing  the  acoekratioii 
of  Qf  when  the  arm  of  the  latter  is  ai,  in  which  case  we  haye 

Pifli-  Qb Pa-  Qb 

P,a,'+  Qb'-h  Gk'^  Pa'  +  QV  +  G k^ 

If  we  designate  the  quantity p~'^Z~5a by  ^  we  oWiii 

and  the  required  arm  of  the  lever 

We  $nd,  also,  by  the  differential  calculus  that  the  greaseet  ao 
celeration  is  imparted  to  ^  by  P,  when  the  arm  of  the  latter  cor- 
responds to  the  equation  Pa^  —  2Qab=  Qb*  4-  OV,ot  whtc 


P    •    ^   \PI   '  P 

The  foregoing  formulas  become  very  complicated..when  we  take 
into  consideration  the  friction  of  the  journals  and  the  rigidity  of 
the  ropes.  If  we  denote  the  resistance  due  to  both  of  these,  rednccJ 
to  a  radius  r,  by  P,  we  must  substitute,  instead  of  the  motiTe  foro 

P Qy  the  expression  P  —  —, ,  and  then  we  hare  tbi 

acceleration  of  Q 

__  {Pa-^  Fr)b-QV 

^""   Pa'  -\-  Qb*+Gk'   '^ 
and  

a  =  ■ -p +  y  [ ^ j  + -p . 

Example— 1)  If  the  weights  P  =  30  pounds  and  ©  =  80  pounds  »ct 
with  the  arms  a  =  2  feet  and  &  =  ^  foot  upon  a  wheel  and  axle,  and  if  tbe 
moment  of  inertia  of  this  machine  is  O  JS*  =  60,  the  acceleratioD  of  the 
rising  weight  Q  will  be 


•.=l't^5!^ 
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—      80  .  2  ,  ^  -  80  .  ft)'  _       80-20  _  82,2 

^  ""  80  .  2*  +  80  .  (J)«  +  60  •  ^  "•  120  +  20  +  60'     '    "  "20 

=  1,61  feet 
Now  if  'we  wish  to  prod  ace  the  same  acceleration  with  a  weight  P^  = 
pounda,  the  arm  of  P^  must  be 

e)  +  60 

It  200 

^=60^=10^^ 

^"^^       a^  =6  ±1/25- Y  =  5±i.ll,858  =  5±  8,786 

=  8,786  or  1,214  feet. 
2)  The  acceleration  of  Q  is  a  maximam  when  the  arm  of  the  force  or 
adius  of  the  wheel  is 

i  .  80       ,  //iOV     20  +  60      4       ,  /16      24      4  +  V40 

"  =  V-  +  r  (3o)+-io-  =  g  +  rT  +  T  =  — 8--- 

=  3,4415  feet, 
md  this  maximum  acceleration  is  then 

/  80 . 1,7207  -  20  \  81,621  «  ooo  #•  ^ 

«  =  (80TT3;44157T^)  ^  =  435732 '  ^  =  ^'««^  ^^- 
3)  If  the  moment  of  the  friction  and  of  the  rigidity  of  the  ropes  be 
Pr  =  8,  we  must  substitute,  instead  of  Q  &,  Q  6  +  i^'r  =  40  +  8  =  48, 
whence  it  follows  that 


■J 


1, 


%nd  that  the  corresponding  maximum  acceleration  is 

80.1,948-8.^-20  84,29-    ^^      oA»»r* 

f         ^  =        80.{3,8867":r8ir~  •  ^  =  '533"  '  ®^'^  =  ^'^^ '^^ 

§  297.  Atwood's  Machine. — The  formulas  for  the  wheel 
ad  axle  found  Id  §  296  are  applicable  to  the  simple  fixed  pulley; 
for  if  we  put  J  =  a,  the  wheel  and  axle  becomes  £l  fixed  pulley,  Ee- 
taining  the  same  notations  that  we  employed  in  the  foregoing 
paragraphs,  we  have  the  acceleration  with  which  P  sinks  and  Q 
rises 

_     _         (P  -  Q)  g' 
^'^^  "  {P  +  Q)  a'  +  G  k'*^' 
or,  taking  the  friction  into  consideration^ 

In  order  to  diminish  the  friction,  the  axle  C  of  the  pulley  A  B, 
Pig.  493,  is  placed  upon  the  friction-wheels  DBF  and  jD,  Ei  i^,. 
^ov  if  the  moment  of  inertia  of  these  wheels  is  Gi  h^  and  their 
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radiuB  isD  B  =  D,  E,  =  a„  we  have,  when  F  designates  the  &i;- 
tion  rednced  to  the  circumference  of  the  axle  C, 

(P  -  Q)a'  -  Far 

p  =  1= ■  -TW'-^' 

(P  +  (?)  fi'  +  (?  At*  +  ff.  ^-^ 
for  the  moment  of  inertia  of  these  friction  rollers,  rednced  io  lii:- 
circumferencc  or  that  of  the  axle  of  the  wheel,  is  =  — ^—^. 
Inversely  we  have  the  occeleration  of  gravity 
{P  +  Q)a'  ■¥  a  r  +  (?,  ^' 


*""  (p  -   Q)a'-  Far 

When  the  difference  P  —  Q,  of  tlio  two  weights  is  Bmall,  ti- 
acceleration  p  is  email  and  the  motion  i- 
Fro.  403.  consequently  very  slow  ;  hence  the  resia- 

ance  opposed  to  the  weights  by  the  air 
is  unimportant,  and  the  acceleration  l': 
gravity  can  be  determined  with  a  eerUia 
degree  of  accuracy  by  means  of  snch  u 
apparatus,  while  the  determination  of  it  'j> 
observations  upon  a  body  falling  freelv  i: 
impossible.  Experimentaof thiakindirir 
first  made  by  an  Englisbnian  named  A.- 
wood  (see  At  wood's  treatise  on  Eectilinfi' 
and  Eotary  Motion),  and  for  this  Ksea 
the  apparatus  is  knonn  as  Atwood'a  Mj- 
chine.  The  scale  S  A",  along  which  ti' 
weight  P  foils,  serves  to  measare  fe 
distance  fallen  through.  From  the  spsw 
fallen  through  and  the  oorresponding  tim.' 
/  we  obtain 

2.3 

P  =  ^' 
but  if  during  the  foil  we  remove  the  motiv 
force  by  causing  the  weight  L  L,  »hicli  ^ 
made  in  the  shape  of  a  ring  and  is  equ^  to  the  force,  to  be  raoghi 
by  the  fixed  ring  JV  JV^„the  remainder  of  the  space  «,,  through  Thifli 
the  weight  P  falls,  will  be  described  uniformly,  and  the  velodij- 
which  is  determined  by  the  time  i,  (which  cau  be  obserred  in 
means  of  a  good  watoh),  is 
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I  the  acceleration  is 


V 


8x 


^"1^  tt; 


If  we  make  /i  =  ^  =  1,  we  obtain  directly  by  the  experiment 
=  5i.  Substituting  this  value  of  p  in  the  above-mentionoil 
mula,  we  obtain  the  acceleration  g  of  gravity. 


Fig.  494 


§  298.  A.ccelerated  Motion  of  a  System  of  Pulleys  cr 
fiUskle. — ^The  accelerations  of  the  weights  F  and  ©,  which  are 
pported  by  a  system  composed  of  a  fixed  pulUy  A  By  and  a  loose 

puUey  E  (?,  Fig.  494,  are  found  in  the  following 
manner.  Let  the  weight  of  the  pulleys  A  B  and 
E  G\^=  G  and  ff »,  their  moments  of  inertia  G  k^ 
and  Gi  ^i',  their  radii  C  A  =  a  and  D  E  =  ai  and 
their  masses  reduced  to  the  circumference  M  = 

—  .  —=  and  Mi  =  —  .-^.  If  the  weiffht  F  sinks 
go'  g    a^  ^ 

a  certain  distance  «,  6  +  (?i  rises  -A  s  (§  164),  the 

work  done  is  therefore  P  «  —  ( §  +  ff,)  -.    Now  if 

in  sinking  the  weight  F  has  acquired  ^(^  velocity  f, 

hen  the  velocity  ^  is  communicated  to  §  +  6"^,,  the  velocity  of  the 

pulley  ^  ^  at  the  circumference  is  v  and  the  pulley  E  G  acquires 

at  its  circumference  the  velocity  - ;  for  in  rolling  motion  the  mo- 

tions  of  translation  and  of  rotation  are  equal  to  each  other.    The 
sum  of  the  living  forces^  corresponding  to  the  masses  and  velocities,  is 


—  .tr  + 


Q+G, 


•  (ly 


+^.t,'+^'^' 


a}  'Vi/' 


g  g        \-4i      gar  g 

p<itting  the  half  of  it  equal  to  the  work  done,  we  obtaia  the  equation 

4       "•"    a'    "•"   4a,'/ 2/ 
Ucnce  the  velocity  corresponding  to  the  space  »,  described  by  P,  is 


(p_(e+^).  =  (p+G 


V  = 


^98[P- 


2 


) 


p  .    Q  +  0,  ^Ok"  ^  Q,  A,' 

J^    T    i -t"     ST"      "T 


a 


4flh' 
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For  the  acceleration^  we  have^  «  =  — ,  and  therefbiB 

p  = 


p  ^  <g  +  ^'  u.  ^**  ^  ^t  *«' 

/-  H +  -—  4- 


a*     '     4  a,* 
The  acceleration  of  §  +  6^,  is  j^i  =  ^,  and  the  rotary  accden- 

tion  of  ^t  is  also  the  same.     The  tension  on  the  rope  B  E^  wiuei 
unites  the  two  pulleys^  is 

^  -  ^  -  {"  - '-^Yr 

P  H J- 1  -^  is  expended  in  producing  the  acod- 

eration  of  P  and  G)  the  tension  on  the  rope  G  JJ,  which  is 
£Eistened  at  one  end,  is,  on  the  contrary. 


for  the  pulley  j^  (?  is  set  in  rotation  by  the  difference  iS  —  iS  of  tie 
tensions  on  the  rope. 

ExAKPLE. — The  weights  P  =  40  pounds  and  Q  =  66  pounds  biK 

upon  the  system  of  pulleys  or  tackle  represented  in  Fig.  494,  and  each  of  tbe 

pulleys  weighs  6  pounds ;  required  the  acceleration  of  each  of  the  weigbti 

The  motiTe  force  is 

Q  4-  ^.  66  +  G 

P  -      \       =  40  -    ^      =  4  pounds. 

The  masses  of  these  pulleys,  reduced  to  their  circumferences,  an 

ga^        ga^^       2g      2g      g^^"^^* 
and  the  total  mass  i^ 

hence  the  acceleration  of  the  sinking  weight  is 

and  that  of  the  rising  weight  is 

l>i  =  I  =  1,043  feet 
The  tensiou  of  the  rope  B  JSia 
8  =  P-^  (p+|-)j  =  40-.48.|??|=40-2,785  =  87,215po««^   j 

und  that  of  the  rope  6^  ITis  J 

8,=a--^.{-  =  87,816  _  8 .  -^  =  87,118  ponndB. 
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§  299.  The  motion  is  more  complicated^  when  the  pulley  E  Oy 
Ig.  495,  hangs  only  upon  a  cord  wound  around  it.    Let  us  sup- 
pose that  P  sinks  with  the  acceleration^,  and  that  Q 
rises  with  the  acceleration  q^  then  the  acceleration  of 
the  motion  at  the  circumference  of  the  loose  pulley  is 

Now  if  we  put  the  tension  of  the  cord  A  £,  =  S^  we 
obtain 

,     \  a'  /  g 

and 

oYy  according  to  §  281,  we  can  assume,  that  8  acts  at  the  centre  of 
^vity  D  otE  0.    Finally  we  have 

o  = 5—  .  — , 

«i       g 

since  we  can  assume  that  the  centre  of  gravity  D  is  fixed  and  that 
the  pulley  is  put  in  rotation  by  S, 

The  last  three  formulas  giye  the  accelerations 

P-8  (8-(Q  +  GM         ,  8  a: 

a 
subsiitatiiig  all  three  in  the  equation  qt^p  —  q,vb  obtain 

iSTa,'  „_     P-8  S-(Q  +  G,) 

a' 
whence  it  follova  that  the  tension  of  the  rope  is 

2Pa*+  Gif 


S  = 


(-ffft  + -«-T-^-}  <^  «' +  ^  *>' -^  *  • 


^'rom  this  yalue  of  8  we  find  by  the  application  of  the  above  formula 
the  accelerations  of  the  weights  F  and  Q. 

If  we  neglect  the  mass  G  of  the  fixed  pulley  and  put  §  =  0, 
wc  obtain  simply 

F  {a,'  4-  *,•)  a'  +  Oa'  k,'  "  G,  k,'  +  F  (a^*  +  *i')' 
If  the  end  of  the  cord  A  F,  instead  of  passing  over  the  pulley, 
•>  fixed,  we  have  the  acceleration  j?  =  0,  and  therefore  jj  =  —  y, 
'ind  the  tension 
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K  the  coeflScient  of  rolling  friction  was  =  0,  the  bodj  A  • 

a*  c 

would  roll  on  forever  with  the  constant  Telocity  Ci  =  -$ — j^  uyji 

the  horizontal  plane  without  coming  to  rest ;  but  since  the  loliiii: 

f  G 
friction  - —  constantly  opposes  this  motion  (see  §  192),  the  bx; 

after  describing  a  certain  space  Si,  will  come  to  rest    At  the  ta»i 

of  this  space  the  work -*  of  this  friction  has  consumed  the  whcV 

of  the  energy 


G^    ^  __  (a'  4-  y\ 


2^  a'      2  ^       \    a'     /  2g 

stored  by  the  mass  of  the  body,  and  therefore  we  can  put 

a  \     a*     )  2g' 

hence  the  space 


8x  = 


is  described  in  the  time 

,  __^  8i  __  a^  +  y    Ci  __  ac 

ci       /«     ff    fa 

For  a  rolling  ball  -j  =  |,  and  for  a  cylinder  -r  =  2  (8ee§290i. 

In  the  latter  case  ^  =  J  7--,  Ci  =  i  c,  s  =  |  ^  ^     and  #1  =  : 

a  j^ 
7^9      ^ 


CHAPTER    II. 

THE  CENTRIFUGAL  FORCE  OP  RIGID  BODIES. 

§  301.  The  Normal  Force.— The  force  of  inerda  manifesti 
itself  not  only  when  the  velocity  of  a  moving  body  changes,  but  als" 
when  there  is  a  change  in  the  direction  of  the  motion;  for  a  W}. 
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y  virtue  of  its  inertia,  moves  uniformly  and  in  a  straight  line  (see 
55).  The  action  of  inertia,  when  the  direction  changes  continu- 
lly,  I.B.  vidien  the  motion  of  a  body  takes  place  in  a  curved  line, 
nd  particularly  in  a  circle^  will  be  the  subject  discussed  in  this 
bapter. 

If  a  material  point  moves  in  a  curved  line,  it  is  at  every  point 
ubjected  to  an  acceleration,  which  causes  it  to  deviate  from  its 
brmer  direction.  This  acceleration  has  already  been  treated  of  in 
>horonomics  under  the  name  of  the  normal  acceleration.  Let  the 
radius  of  curvature  of  the  path  of  the  'moving  body  be  =  r  and  its 
velocity  Vy  then  the  normal  acceleration  is 

i>  =  y(§42). 

"Now  if  the  mass  of  the  point  =  Jf,  the  acceleration  corres- 
ponds to  a  force 

P  r=  Mp=    -y-y 

which  we  must  consider  as  the  original  cause  of  the  continued 
change  of  the  direction  of  motion  of  the  point  K  the  point  is 
acted  upon  by  no  other  (tangential)  force  than  the  normal  one,  its 
velocity  will  be  constant  and  =  c,  and  therefore  the  normal  force 

r 
is  dependent  only  upon  the  curvature  or  radius  of  curvature,  i.e. 
smaller  for  a  smaller  curvature  or  for  a  greater  radius  of  curvature,, 
and  greater  for  a  greater  curvature  or  for  a  smaller  radius  of  curva- 
ture. When  the  radius  of  curvature  is  doubled,  the  normal  force 
is  but  one-half  as  great  as  before.    If  a  material  point  Jf,  Pig.  497, 

is  obliged  to  pass  over  a  horizontal 
plane  in  a  curved  line  ABB  FHy 
if  we  neglect  the  friction,  the  point 
will  have  in  all  points  the  same  ve- 
locity and  the  pressure  against  the 
side  wall  in  every  position  will  be 
equal  to  the  normal  force.  While 
the  point  describes  the  bxo  A  B 

this  pressure  is   =  m^-:  while 

C  A 

for  the  arc  i3  -P  it  is  =  — rrrr  and 

QB 


Eia.4d7, 


it  describes  J?  J9  it  is  =  ^=L 

EB 


608  GENERAL  PBINCrPLES  OP  MECHANICS.  [|3[t 

M  (? 
for  the  arc  F  H,  =  ^  ^r,  G  Ay  E  B,  0  D  vsA  K  F  denoting  tk 

KF 
radii  of  currature  of  the  portions  A  B,  B  D^D  Fexai.  -F  JJof  ib- 
path. 

'.     §  302.  Centripetal  and  Centrifogal  Forces. — ^If  a  mat»7 
point  or  body  moves  in  a  circle^  the  normal  force  acts  radiaHj 
inwards,  and  for  this  reason  it  is  called  the  centripetal  forct\Y: 
force  centripede,  Ger.  Centripetal-  or  Annaherungskraft)^  and  ti^ 
force  in  the  opposite  direction,  le.  radially  outwards^  with  vlikl' 
the  body  through  its  inertia  resists  the  former  force,  has  receiiai 
the  name  of  the  centrifugal  force  (Fr.  force  centrifuge,  Ger.  CtiM- 
ugal-,  Flieh-  or  Schwungkraft).     The  centripetal  force  is  the  (m^ 
which  acts  upon  the  body  inwards,  and  the  centrifugal  force  is  tli- 
resistance  of  the  body,  which  acts  in  the  opposite  direction.  In  tl 
revolution  of  the  planets  around  the  sun,  the  attraction  of  the  sl: 
is  the  centripetal  force ;  if  the  moving  body  is  compelled  to  describe 
a  circle  by  a  guide,  such  as  is  represented  in  Pig.  497,  the  jg^J^ 
acts  by  its  resistance  as  the  centripetal  force  and  opposes  the  centni- 
ugal  force  of  the  body.    If,  finally,  the  revolving  tody  is  coimectiti 
by  means  of  a  string  or  rod  with  the  centre  of  rotation,  then  it  if 
the  elasticity  of  the  rod,  which  puts  itself  in  equilibrium  with  tht 
ccntiifugal  force  of  the  body  and  acts  as  the  centripetal  force. 

If  G  is  the  weight,  and  therefore  if  =  —  the  mass  of  the  R- 

volving  body,  r  the  radius  of  the  circle,  in  which  the  revolutioL 
takes  place,  and  v  the  velocity  of  revolution,  we  have,  accordiDg  tJ 
the  last  paragraph,  for  the  centrifugal  force 

G 


or 


p 

r 

gr 

2. 

p 

:  (7  =  2 

2g 

I.E.,  the 'Centrifugal  force  is  to  the  weight  of  the  body  as  dwW  ^^• 
lieight  due  to  tlie  velocity  is  to  the  radius  of  rotation. 

If  the  motion  is  unifomiy  which  is  always  the  case  when  d" 
other  force  (tangential  force)  besides  the  centripetal  force  acts 
upon  the  body,  we  can  then  express  velocity  v  =^  cm  terms  of  <i^ 

duration  t  of  a  revolution  by  putting  c  =  -->— -  =  -j-y  ^^  '^^ 
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ression  for  the  ceDtrifngal  force  becomeB 

\   t  f    r         t'  gt* 

Since  4  jt*  =  39,4784,  and  in  feet  -  =  0,031,  we  have,  in  a  more 
renient  form  for  calculation,  the  value  of  the  centrifagal  force 

i-  =  ^?f?t.  if  r=  1,2238.?^  pound,. 
The  number  «  of  revelations  per  minate  is  often  given,  in  which 
le,  sabatitating  for  t,  — ,  we  have 

=  -gfljj^  u^Mr  =  0,010966  u'Mr  =  0,0003399  u^&r  pounda 
We  have  also  P  =  4,0243  ~  =  0,001118  u'  G  r  kilt^rams. 

Hce  ■—  ift  the  angular  velocity  <j,  we  can  also  write 
P  =  i^'.Mr. 

Uence  it  follows  that  for  equal  times  of  revolution,  i.e.  for  the 
!tnc  number  of  revolutions  in  a  given  time  or  for  the  same  angular 
'■locities,  the  centrifugal  force  increases  as  the  product  of  the  mass 
id  Ike  radius  of  gyration  ;  and  if  the  other  circumstances  are  tho 
tme,  it  is  inversely  proportional  to  llie  square  of  the  time  of  revolu- 
w,  or  directly  proportionai  to  the  square  of  the  number  of 
Julians  and  to  the  square  of  the  angular  velocity. 

EsAitpLB— 1)  If  a  body,  weighing  50  pounds,  describes  a  circleofS  feet 
aiins  400  times  in  a  minute,  tho  centrifiigai  force  is  P  =  fl,00038B9  . 
WO' ,  50  ,  3  =  8,399  .  10  .  60  .  8  =  830,9  .  S4  =  8158  pounds. 

If  this  body  is  conoected  .with  tho  aiia  by  a  hemp  rope,  the  modulus. 
"■  animate  strength  of  which  is  (S  312)  7000  Iba.,  we  ahonld  put  8158  = 
IW  .  F,  aiid  therefore  the  cross-section  of  rope  should  be  F  =  ^jsg  ~ 
'I'BS  square  inches,  and  ita  diameter  should  bo 


./-  = 


0.5Ma  .  -A.sed  =  0,5542  .  2,159  =  1,2a  inches. 


io  order  to  have  triple  secnrity,  we  must  make  d  =  1,33  Vs  = 
.22  . 1,733  =  2,11  inches. 
S)  Prom  the  radius  of  the  earth  r  =  20J  million  feet,  and  the  time  of 
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rerolation  or  length  of  da;  t  =  24  hours  =  24  .  60  .  60  =  SHOO  attati 

we  obtain  for  the  cmuifogal  force  of  body  npon  the  earth  ftt  the  equbi 

n      ,  „„-.=     30750000  &      2689      „         1       „ 
p  =  1,2388  . —g^^^^  = -g^  .  ff  =  ^  .  O. 

bat  if  tbe  daj  nere  17  times  as  Bhort,  or  t=  =  Ih.  24'  42",  this  force  vwj 

be  IT'  =  280  times  hs  great,  and  tlie  centiifugal  force  would  be 
equal  to  the  weight  0  of  the  body.     At  the  equator,  in  that  case,  il 
trifbgal  force  would  l>e  eqaal  to  the  force  of  gravity,  and  the  body  v»« 
neither  full  nor  rise. 

S)  Thecentrlfhgal  force  arisiDgfimnthenTolntioncTftlieniooii! 
theearthisconntetactedbytheattiactiotiof  the  latter.  If  ffiatbewe^ 
of  the  moon  and  r  is  its  distance  from  tbe  earth,  and  t  the  time  of  ie*r^ 
tion  aroond  the  latter,  the  centrifugal  force  of  this  body  is 

=  1,8888.-^. 

Now  let  a  be  the  radius  of  the  earth,  and  let  ns  aasome  that  the  tja 
of  gravity  at  difierent  distances  from  its  centre  is  inreraely  pioportioai  k 
the  fith  power  of  this  distance ;  we  have  tbe  weight  of  the  mom  or  tii 
attraction  of  the  earth  _  n  ('*Y 

and  pntHng  both  forces  equal  to  each  other 


(:-)■=' 


But  ~  =  T^,r=  1261  million  feet,  t  =  27  days  7  hours  42  nunnte  = 
89343  minates  =  89S43 .  00  =  3860620  seconds,  whence 
/IY_  1,2888.1851  _  _t_  _  fi^y 
leoj  ~    393,4' .  86     ~  8600  ~  \ao}  ' 
hence  n  =  2,  i.e.  the  attraction  of  the  earth  (or  gravity)  is  invencl.'  p^- 
portional  to  the  square  of  the  distance  from  its  centre. 

g  303.  Mechanical  Effect  ot  the  Centrifagal  Foree-- 

If  the  path  CAB,  Fig,  498,  in  which  the  body  M  move^  is  up! 

at  rest,  hut  turning  upon  an  arit  C,  i' 

Fk).498.  importa  to  the  body  a  centr^vgdl  for" 

B  /*,  by  Tirtno  of  which  it  either  givft  «•' 

w  absorbs  a  certain  amount  of  mecheniK' 

effect.    The  former  occnra  when,  in  mo^- 

ing  in  ite  path,  it  departs  from,  and  i)i' 

I  latter  when  it  approaches  the  axis  of  roti- 

tion  G.    Let  if  be  the  maee  of  the  bodr. 

« the  cgnstant  angular  velocify  Tith  »hic'j 

the  path,  e.o.  a.  top  (Fr.  sabot,  Ger.  Krei- 

sel),  tnmB  aroand  its  ana  C,  and  let  r  di^ 
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note  the  variable  distance  O  M  of  the  body,  which  is  moving  in 
the  path  O  A  B\  we  have  the  centrifugal  force  of  the  body 

and  the  work  done  by  this  force,  while  the  body  describes  an  cle- 
ment if  0  of  its  path  and  the  radius  (7  if  is  increased  by  an 
amount  JV^  0  =  f,  is 

Let  us  imagine  the  radius  z  to  be  composed  of  n  parts,  each  =  <, 
then  if  we  put  js  =  w  f  and  assume  that  the  body  begins  to  move 
at  the  centre  of  rotation  C,  we  obtain  the  work  done  by  the  cen- 
trifugal force  of  the  body,  while  the  body  is  describing  the  space 
(J  A  My  during  which  time  the  distance  of  the  body  is  gradually 
increasing  from  0  to  «?.  By  substituting  successively  in  the  last 
equation,  instead  of  z^  the  values  i,2^,S^,..,n^,  and  then  adding 
the  values  thus  found,  we  obtain  this  mechanical  effect 

A  =  w»iff  (f+2f+3f+./.+  »0=<^'-^^*(l  +2  +  3  +  ...  4-n), 
or,  since  l  +  2  +  3  +  ...+w,  when  the  number  of  members  is 


great,  =  -^,  we  can  write 


«' 


A  =  <o*M^'-^=:  lay*  Mz'. 

At 

Now  the  velocity  of  rotation  of  the  top  at  the  distance  C  Jf  :=  z 
from  its  axis  is 

V  ^     i^    Zy 

hence  we  can  write  more  simply 

^  2^     '         • 

when  we  substitute,  instead  of  the  mass  of  the  body,  the  weight 
G=zMg. 

If  the  body  begins  its  motion,  not  at  (7,  but  at  any  other  point 
A  without  the  axis  of  rotation,  and  at  a  distance  C  A  =  Zx  from 
Cy  where  the  velocity  of  rotation  is 

VI  =    W  Zxy 

the  work  ^  w'  M  z^  done  by  the  centrifugal  force  while  the  body  is 
passing  from  C\o  A  Qiust  be  omitted,  and  we  have  the  work  done 
by  the  centrifugal  force  while  the  body  passes  from  Aio  M 

Az=z^u)^Mz'-^^ i^'Mzy'  =  iiJ'Miz'  -  z*) 

=jif(.'-.,')=(^)«. 

If  a  body  moves  in  a  rigid  path  or  groove,  which  revolves  about 
a  fixed  axis,  the  vis  viva  of  this  body  is  increased  or  diminished  by 


1 
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tho  product  of  tlie  mass  {M)  and  the  difference  of  the  lieigbt^Oi* 

to  fclie  velocities  of  revolation  (s — ■  and  =;— )  *fc  the  two  ends  J 
Vig  %gl 

and  M  of  the  path.    The  increase  takes  place  when  the  moti(F3  a 

from  within  outward,  and  the  decrease  whea  the  motioo  u  fina 

without  inward. 

§  304.  If  a  hod;  begins  ite  path  A  M  B  upon  a  top  .j  B  f. 
Fig.  499,  at  A  with  a  relative  Telodty  t. 
FiQ.  499.  ^d  leaves  the  top  at  B  with  the  reladt- 

~  velocity  c»  and  if  the  vclooities  of  rotuiie 

of  the  top  in  A  and  B  are  \\  and  r,  tit 
energy  stored  by  the  body  in  descrili^ , 
the  path  A  MB,  supposing  no  other Con^ 
to  act  upon  it,  is 

A  =  ^-^  Q  =  ^^=^'  G, 
^3  Zg 

and  therefore 


c*  =  c'  +  t) 
and  consequently  tho  velocity  of  exit  is 


=  t'c'  +  u,'  -  r,'  =  Vc,'  +  w'  {r,'  -  r,"),  I 

ij  denoting  tho  angular  velocity  of  the  top  and  r,  and  n  the  4*  I 
tances  C  A  and  C  B  ot  the  points  (j4  and  5)  of  entrance  and  ei^  i 
from  the  axis  of  rotation  C.  \ 

Tho  relative  ~\~elocity  of  exit  Ciis  determined  in  Ukc  mauss. 
wlicn  the  body  enters  at  B  upon  the  top  with  the  relatiro  velcch;  I 
(••,  and  moves  upon  it  from  without  inwards.    It  is  then 

c,  =  Vc,*  ~  iv,'  -  V,')  =  Vc,'-<^*(r,'-r,').  I 

Since  the  body  in  describing  tlie  path  A  MB  has,  besides  ii.' 
relativo  velocity  (c)  in  the  path,  also  the  velocity  of  rotation  r«f  i 
the  path,  it  must  bo  introduced  at  A  with  an  absolute  xclodn  I 
A  to,  =  w„  which  is  determined  in  intensity  and  direction  hj  ib;  i 
diagonal  of  the  parallelogram  constructed  with  c,  and  r^  and  ifc   | 
Irndy  leaves  at  B  with  an  absolute  velocity  5  w,  =  w„  detcrminfi 
by  the  diagonal  of  the  parallelogram  B  c,  w,  r^  constructed  vi'^ 
tlio  Illative  velocities  Ca  and  v^ 

The  energy  restored,  or  stored,  by  the  body  in  describing  ti'   | 
patli  A  M  B  on  tho  top,  which  hai  been  gained  or  lost  by  thf 
top,  is 
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^  =  *  C^fr^")  "• 


2J 

qjn  ■ 

If  a  body  should  transmit  all  its  f^T^  ^  6^  to  the  top,  while 

describing  the  path  A  M  By  the  absolute  Telocity  of  exit  must  be 
Wt  =  0,  and  Cj  must  be  not  only  equal  to  Vj  but  also  exactly  oppo- 
site to  it ;  the  path  must  therefore  be  tangent  to  the  circumference 
at  A 

ExAMFLE. — If  the  interior  radius  of  the  top,  represented  in  Fig.  499,  is 
(M  =  rj  =  1  foot  and  the  exterior  one  C  S  =  r,  =  IJ  feet  and  if  it 
revolyes  100  times  per  minute,  the  angular  velocity  is 

ifu       .  . .  _    10 


u  = 


=  8,1416  .  -s-  =  10,473  feet, 


30         ' 3 

and  consequently  the  velocity  at  the  interior  circumference  is 

9  J  =  cj  9*^  =  10,472  feet,  and  at  the  exterior  one 
tjj  =  «  r,  =  10,472  ,  1,5  =  15,708  feet 
Now  if  we  cause  a  body,  whose  velocity  is  io^  =  25,  to  enter  the  top  at 
Ay  in  such  a  direction  that  the  angle  w^  Av^  formed  hy  its  absolute  mo- 
tion with  the  direclion  of  revolution  is  a  =  30',  we  have  for  the  relative 
velocity  c^,  with  which  the  body  begins  its  motion  on  the  top, 
(jj«  =  «j«  +  Wj«  —  2«i  «i  <»«.  a  =  109,66  —  453,45  +  625,00  =  281,21, 

and  therefore 

Cj  =  16,77  feet. 

If  the  body  is  to  enter  without  impact,  we  must  have  for  the  angle 

fi^  Ac^=p  formed  by  the  path  with  the  inner  circumference  of  the  top 

-: =  — i  or 

mn.  a        e^' 

.    ^      25  »n.  30» 

"^'^^      16,77     ' 
whence  fi  =  48"  12'  J. 

For  the  relative  velocity  of  exit  c^  we  have 

Cg«  =  <?,«  +  «>,«-  «j«*=  281,21  +  109,66  [(f)'  -  1^]  =  418,28, 

and  consequently 

c,  =  20,45  feet. 

And,  on  the  contrary,  for  the  absolute  velocity  of  exit  tr,,  when  the  canal 

or  groove  A  M  B  forms  with  the  exterior  circumference  an  angle  6  =  20' 

or  v^Be^  =  160**,  we  have 

w,«  =  Cg«  +  „3»  -  2  Cg  «,  <jw.  (5  =  418,28  +  246,74  -  608,72  =  61,80, 

and  consequently 

w,  =  7,80  feet 

Finally,  the  heights  due  to  the  velocities  are 

^  =  0,0155  .  625  =  9,69  feet,  and  ^  =  0,0155  .  61,81  =  0,95  feet, 

and  the  amount  of  mechanical  effect  imparted  to  the  top  by  a  body,  whose 
weight  is  (7,  while  passing  over  the  top,  is 
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or,  if  itfl  weight  G  =  10  pounds, 

A  =  8,74  .  10  =  aff,4  fi)ot-poundB. 

Remark. — ^The  foregoing  Qiiory  of  the  motion  of  a  body  on  a  toc)  j 
directly  applicable  to  turbine  wheels. 

§305.  Centrifugal  Force  of  Masses  of  TinSte  DnoBa- 
sions. — The  formulas  for  the  centrifugal  force  found  in  the  fir- 
going  paragraphs  are  not  directly  applicable  to  on  aggregate  -f 
masses  or  to  a  mass  of  finite  extent ;  for  we  do  not  know  ^Li- 
radius  r  of  gyration  mUst  be  substituted  in  the  calculation.  T- 

determine  this  radius,  the  foUowii: 
method  may  be  adopted.  Let  fZ 
Fig.  500,  be  th^  axis  of  rotation  vi 
C  X  and  G  Y  two  rectangular  co-or£- 
nate  axes  and  let  Jf  be  an  element  :' 
'^  the  mass  and  M K  =  x,  ML  =  jf  ar: 
M  y  =  j?  its  distances'  from  the  (sh'- 
dinate  planes  Y  Zy  X  Z  and  Jf  7 
Since  the  centrifugal  force  P  acta  in  ^s^ 
direction  of  the  radius,  we  can  tnuisfc" 
its  point  of  application  to  its  point  if 
intei-section  with  the  axis  of  rotatioL 
If  wc  decompose  this  force  into  two  components  in  the  directioai 

of  the  axes  (7  Jf  and  (7  F,  we  obtain  Wq  =  §  and  0^  =  i?,  'i^ 
which  we  haye. 

Ofi'.O  P  =  0L\  OManAORiOP  =  OKiOM, 
whence 

e  =  -  P  and  72  =  ^  P; 
r  r 

r  designating  the  distance  0  M  of  the  element  of  the  mass  from 
the  axis  of  rotation.  If  we  proceed  in  the  same  way  with  all  tk^ 
elements  of  the  mass,  we  obtain  two  systems  of  parallel  forces,  oi> 
in  the  plane  X  Z  and  the  other  in  the  piano  Y  Zy  and  each  of 
which  acts  at  right  angles  to  the  axis  C  Z,  Employing  the  indices 
1,  2,  3,  etc.,  to  distinguish  the  various  elements  of  the  mass,  ix 
putting  them  =  J!f„  M^  M^  etc,  and  their  distances  =  ar^  ij,  ^* 
etc.,  we  have  the  resultant  of  one  system  of  forces 


G  =  Qi  +  ^3  +  G 


3    "T    •  •  •    — 


Pi.r,    ,   P.x.       PiXt 

-t-    -r  ~  "r  • 

n  r,  r, 


=  (M)i .  {Ml  Xi  +  J/j  2:3  +  . . .), 
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L  that  of  the  other 
R  =  R,  +  R,- 


Q.',*Q. 

t,  +  ... 

«. +  e. 

+  .. 

B,  »,  +  R, 

2,  +  ... 

(M,  if,+M,if,  +  .. .). 

If,  finally,  we  put  the  dis- 
tance C  0„  C  0*  etc.,  of  the 
elements  of  the  mass  from 
the  plane  of  JT  Jf  =  t,,  z„ 
etc.,  vc  obtain  for  the  points 
of  application  U  and  V  of 
these    resultants    the   ordi- 
nates  C  V  =  u  and  C  V=v 
by  means  of  the  formulaa 
iQ.  +  Q,  +  ...)u 
=  Q,z,  +  Q,z,  +  ... 
and  (i?,  +  .ff,  +  ...)»  = 
JiiZx  +  B,Zt  +  ..^  whence 

MiXt  +  M,x,  +  . . . 

ifjtfjt,  +  M,y,z,  +  .. . 

St  +  Ji,+  ...      "     JV,  y,  +  i/j  y,  +  . . .    ' 
Hence  we  see  that  generally  the  centrifugal  forces  of  a  system 
af  masses  or  of  finite  bodies  can  bo  referred  to  two  forces,  which 
cannot  be  combined  so  aa  to  give  but  a  single  resultant  when  u 
and  V  are  unequal 

ExAUPLE.— Ijet  the  moeBes  of  a  ajstem  be 
M^  =  10  pounds,  JC,  =  15  pounds,  Jf,  =  18  pounds,  M^  =  12  pounds, 
■nd  their  distances 

X,  =  0  inches,  x^  =  4  inches,  z,  =  2  inches,  a^  =  H  inches, 
y,  =  8     "       y,  =  1      "       y,  =  5     "       y,  =  8     « 

tben  the  resaltants  of  the  centrifngal  forces  arc 

e  =  u»  .  (10  .  0  +  15  .  4  +  18  .  a  +  13  .  6)  =  168  .  <j'  and 
B  =  u»  .  (10 .  8  +  15  .  1  +  18  .  6  +  13  .  8)  =  171 .  «', 
Mi  waaeqaeaQj  their  distances  from  the  origin  C  ore 

10. 0.8  +  15. 4. 8  +  18. a. 3  +  13.6.  0     388      13    .„.,,    ,. 
"  = 10.0  +  16. 4  +  lB.2T'ia:6 =181  =  Y=^''"  ^''^'^ 

10.8.8  +  IS.  1.3  +  18.5.8  +  12.8.0      875     185     „.„„.    ,. 

•  = 10.8  + 15.1 +  1876^-1278 =  171=  67  =  V03mche- 

The  difference  of  these  values  of  u  and  c  shows  that  the  centrifogal 
tniceg  cannot  be  replaced  b;  a  single  force. 
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§  306.  If  the  elements  of  the  mass  lie  in  a  plane  of  rotation. 

LE.  in  a  plane  X  C  1\  Fig.  oC'i. 
which  is  at  right  angles  tor-jr 
axis  of  rotation,  as  J/i,  J/i . .  .  u , 
their  centrifugal  forces  vill  ^1t 
a  single  resultant;  for  ihkiXu^f 
rections  cut  each  other  at  il 
point  G  of  the  axis  C  Z.  If^t 
retain  the  notations  of  the  L: 
paragraph,  we  obtain  the  i\- 
suiting  centrifugal  force  in  tti^ 
case 


Now  i{  C  K  =  X  and  (7  Z  =  y  are  the  co-ordinates  of  tk 
centre  of  gravity  of  the  system  of  masses  M  =  Mi  +  J/,  +  . .- 

we  have 

MiXi  +  MtXi  +  ...  z=  Mx 

Jf,  y,  +  J/,  y,  +  . . .  =  My, 
whence  it  follows  that  the  centrifugal  force  is 

P  =  (j»  VM'x"  +  M'y*  =  (J  M^lf^^^'  =  w'iTr, 

in  which  r  =  ^/^  +  y*  designates  the  distance  C  5  of  the  centr. 
of  gravity  from  the  axis  of  rotation  C  Z. 

For  the  angle  P  C  X  ^  a,  formed  by  this  force  with  the  fix;* 


C  Xy  we  have 


R       My      y 


X 


consequently,  the  direction  of  the  centrifugcd  force  passes  throuj^ 
tJie  centre  of  gravity  of  the  system,  and  tJiat  force  is  pr&ntd^  th' 
same  as  it  would  be  if  all  the  elements  of  the  mass  were  coneentraid 
at  the  centre  of  gravity. 

For  a  disc  A  B  B.t  right  angles  to  the  axis  of  notation  ^^ 

Fig.  503,  the  centrifugal  force  is  also  = 
w*  Mr,ifM  denotes  its  mass  and  r  the  dis- 
tance C  8  o{  its  centre  of  gravity  fiom  tbf 
axis.  If  the  centres  of  gravity  of  the  e]^ 
ments  of  the  mass  of  a  body  lie  in  a  pto  o^ 
rotation,  or  if  this  plane  is  a  plane  of  symiBi- 
try  of  the  body  AD  FF„  Fig.  504,  the  cen- 
trifugal forces  of  the  elements  of  the  masfioi 
the  body  can  be  combined  so  as  to  gi^*  * 
single  resultant  acting  at  the  centre  of  gravity  of  the  body,  acJ 


-z 
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is  resultant  corresponds  to  the  distance  of  this  point  5from  the 
:ifl  of  rotation  and  can  therefore  he  determined  by  tlie  fcnnula 
=  t^^  Mr. 

FiQ.  SOI  Fia.  50G. 


J^ 


In  order  to  find  the  centrifagat  force  of  a  body  A  B  D  E, 
7\%.  505,  let  us  divide  it  into  disc-shaped  elements  by  planes  per- 
:>endictUar  to  the  axis  Z  Z,  and  then  find  their  centres  of  gravity 
\i  Si,  etc. ;  we  can,  then  determine  by  the  aid  of  the  latter  the  cen- 
trifagat forces,  by  decomposing  these  into  their  components  in  the 
ilirectiona  of  the  axes  (7Xand  C  Kand  by  combining  the  compo- 
nents in  the  plane  Z  CX,  we  obtain  the  reanltant  Q,  and  by  com- 
bining those  in  the  piano  Z  C  y,ve,  obtain  their  resnltant  R. 

If  the  centre  of  gravity  of  all  the  discs  lie  in  a  line  parallel  to 
the  axis  of  rotation,  we  have  x  =  x,  =  x„  etc.,  and  y  =  yi=  y„  etc.. 
and  therefore  r  =  r,  =  r„  etc.,  whence  it  follows  that  the  centrif- 
ugal force  of  the  whole  body  is 

P  =  w'  (J/,  r  +  ^f,  r  +...)  =  1^'  Mr, 
and  that  the  distance  of  the  point  of  application  from  the  plane 
XKis 

_  (Af,  z,  +  M,z.  +  ...)r  _  MjZ,  +  M,z,  +  ...  _ 
^ ~  (M,  +  M,+  ...)r  ~  M,  +  M,  +  ...  ~"  ^' 
From  these  eqnations  we  see  that  the  centrifugal  force  of  a  body, 
which  can  be  divided  into  discs,  whose  centres  of  gravity  lie  in  n 
line  parallel  to  the  axis  of  rotation,  la  equal  to  the  centrifugal  force 
of  the  mass  of  the  body  concentrated  at  its  centre  of  gravity,  and 
the  point  of  application  of  this  force  is  at  the  centre  of  gravity. 

Hence  we  can  find  in  this  manner  the  centrifugal  forces  of  all 
xyoimeiricat  bodies  (see  §  106),  whose  axis  of  symmetry  is  parallel 
lo  their  axis  of  rotation,  and  also  that  of  all  soUds  of  revol-ulion, 
'fhose  geometrical  axis  is  parallel  to  the.  axis  of  rotation.  If  the 
Mis  of  rotation  and  the  geometrical  axis  coincide  the  resulting 
rentrifugal  force  is  =  0. 


BxAM7i>K.— The  di 
ABI)E,Fig.50e,a.n 
atcae  is  torn  apart  bj 


Li  of  reTolQtion  (see  S  114), 


miUstoDe  =  r,,  the  ladina  of  ib  nf 
,  =r„  its  hdght  AE=iEL=l 
its  beaTiness  =  j  and  the  node- 
los  of  ultiiuate  strength  =  £  <i 
have  the  force  necessary  to  teu  it 
stone  apart  in  a  iliametral  pUoc 

P=a(r,  -r,>ij; 
the  weight  of  the  stone 

and  the  radius  of  rotatioa  for  act 
half  of  the  stone,  lb.  the  dittnn 
of  its  centre  of  graritj  tttm  Ht 


At  the  moment  of  tearing  apart  the  centri&gal  force  of  one-hslf  the* 
is  equal  to  the  breaking  load  of  the  stone,  and  we  have 


Cancoiling  3  7  on  both  sides  of  the  eqaation,  we  have 


y     (r,'  -  »-,*;  y         y  (r,'  +  r,  r,  +  rJ)  r 
Now  if  r,  =  3  feet  =  34  inches,  r,  =  4  inches,  iT  =  750  poimda  iri 
the  specific  gravity  of  the  stone  =  2,6,  or  the  weight  of  a  cubic  inch  <rfi' 

y  =      '     "     '    =  0,09028  pounds,  we  have  (he  angular  velocity,  "ts 

the  tearing  begins. 


,  /  8  .  12  .  83,3  .  750        ,  /  8875  .  16,1         „„  „  .    . 

"  =  y  -m-Hflms-  =  y  iOioeoiw  =  "^^  "^ 

If  the  number  of  revolutions  in  a  toiiiute  =  v,  we  havp  u  =  -jr-  i" 

80  u       ...                 80  .  118,3 
inversely  «  = ,  or  in  this  cose,  = =  112BJ. 

Generally  the  nnmberof  revolutionaof  such  a  stone  is  120  or  abont  eik 
times  lew.  For  afly-wheel  we  can  put  r,'  +  r,  r,  +  r,»  =  3  r*,  c  dawtiw 
tbe  radius  of  the  middle  of  the  ring,  end  consequently  we  have 

8  307.  If  all  the  parta  M,,  M,  of  a  system  of  masses,  Fig-M^. 
or  l/ie  centTea  of  gravity  of  the  elements  of  a  body  are  in  o  ^"^ 
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jrassirtff  through  the  axis  of  rotation,  the  centrifugal  forces  fonn  a 
system  of  parallel  forces  and  can  be  referred  to  a  single  force.  "Let 
tlie  distancGB  of  the  elements  of  the 
mass  from  the  axis  of  rotation  ^  Z  be 

'0,  M,  =  r„  0,  M,  =  r„  etc., 
then  the  centrifngal  forces  are 
P,  =  w'  Ml  r„  P,  =  w'  M,  r„  etc., 
and  their  resultant  is 
P,  =  w'  (jtf,  r,  +  Jf.  r.  +  . . .) 
=  w'Jfr, 
r  denoting  the  distance  of  the  centre 
of  gravity  of  the  whole  mass  M  from 
the  axis  of  rotation.     The  distance 
of  the  centre  of  grayity  from  the  axis 
of  rotation  most  be  considered  here  as  the  radius  of  rotation.    In 
order  to  find  the  point  of  application  0  of  the  resulting  centrifugal 
force  P,  we  snbstitnte  the  distance  of  the  elements  of  the  mass 
from  the  normal  plane,  viz.,  C0,  =  Zi,  00,  =  z»  etc.,  in  the  formula 


CO  =  z 


M,  r,  Z|  +  if,  T)  z,  +  . 
'     if,  r,  +  ifTJv  +  . . . 


Ete.SOB. 


By  the  aid  of  the  formula  P  =  u'  jtfr  the  centrifugal  forces 
•>f  solids  of  revolution  and  of  other  geometrical  bodies  can  be  deter- 
mined, when  the  axis  of  these  bodies  is  in  the  same  plane  as  the  axis 
iif  revelation. 

For  a  rod  A  0,  Fig.  508,  whose  length  \i  A  0  =1  and  whose 
angle  of  inclination  A  C  Z  \a  the  axis 
of  rotation  is  =  o,  we  have 

r  =  K  S  ■=  \t  sin  a, 
and  consequently  the  centrifugal  force 

P  =  <^'.iMlsin.a; 
but  in  order  to  find  the  point  of  appli- 
cation 0  of  this  force,  we  must  sabsti- 
tute  in  the  expression 

t^  .  —  X  sin.  a  .  X  COS.  o 
n 


for  the  moment  —  of  the  rod  saccessively,  instead  of  x,  the  ele- 
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gether.    la  this  manner  we  find 

Ptt  =  <•>'  —  sin.  a  aw.  o  —  (1'  +  2'  +  3'  +  . . .  +  «•) 

=  J  w'  Jf/'  SIM.  a  COS.  a,- 
hence  the  arm  C  L  =  0,0  or 

u  =  \i>>''  MP  sin.  a  COS.  a:  iu*  Ml  sia.  a  =  llcoi-a, 
and  the  distance  of  the  point  0  from  the  end  C  of  the  rod,  whicli 
Ilea  on  the  axis,  is 

If  the  rod  .^  B,  Fig.  509,  does  not  reach  the  axis,  vc  have 
P  =  i  w"  Pli'  sin.  a  —  J  (j'  FW  sin.  a 
=  ^u*  F  sin.  a  (I,'  —  4'), 
and  the  moment 

Pu  =  ^  <ii* F»in.aco8.  a  (l,*  —  I,'); 
for  the  mass  ot  0  A  {=  croBB>section  multiplied  by  the  kngth)  U 
=  /"i  and  the  mass  of  CB,  =  Fl,. 

It  follows,  therefore,  that  the  distance  of  the  point  of  applica- 
tion 0  from  the  point  of  intersection  C  wit^  the  axis  is 

I  denoting  the  distance  C  5  of  the  centre  of  gravity  aaili  -k  tbt 
length  of  the  rod. 


This  formula  holds  good  also  for  s  rectangular  plait  A  BDt 
Fig.  510,  which  is  divided  into  two  similar  rectangles  by  the  vM 
plane  C  0  Z,  and  whose  plane  is  at  right  angles  to  this  axial  plan''' 
for  the  points  of  application  of  the  centrifugal  forces  of  the  sli<w, 


<'<'  =  3-.'rrP  =  '  +  ' 
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obtained  by  passing  planes  through  it  jwrpendiculnr  to  C  Z,  are 
in  the  medial  line  F  G.  Now  if  the  distances  C  F  and  C  G  of  the 
two  bases  A  B  and  F  E  from  the  origin  C  arc  i,  and  U,  we  have 
here  also 

I!     '  "^     vil  ' 

In  like  manner  the  centrifugal  force  of  a  right  cone  A  B  D, 

with  a  circular  base,  Fig.  511,  which  turns  about  an  axis  C  D 

passing  through  its  apex,  is  found  by 

Fia.  511.  substituting  in  tiie  formula  P  =  u?  M  r 

for  r  the  distrinee  K  iS  of  the  centre  of 

gravity  S  of  this  body  from  C  Z.    If  h 

denote  the  altitude  A'/>of  the  cone,  and 

a  the  angle  B  C  Z  formed  by  the  base 

of  the  cone  with  the  axis  of  rotation, 

we  will  have 

,      K  S=  DSCOS.D  8K=  \hcos.a, 

and  consequently  the  required  centrifu-' 

gal  force  is 

P  =  <j*  3iihcos.a. 

The  point  of  application  0  of  this 

force  is  dctcrminecl  l)y  the  co-ordinates 

J)  L  =  u  and  L  0  =  v,  for  which  wo 

find  with  the  aid  of  the  Calculus,  under 

the  supposition  that  the  axis  of  rotation  C^Zdoeanotpass  through 

the  cone,  the  following  expression 

»  =  ''«'"•"['-(«)■] 

r  denoting  the  radius  .£* .i4  =  iTfiof  the  base.  - 

!i30ft  If  all  the  different  parts  of  tho  body  lie  neither  in  a 
|iUne  normal  to  the  axis  of  revolution,  nor  in  one  containing  that 
iksis,  the  resulting  centrifugal  forces 

§  =  u'  {itf,  I,  +  j}/,  X,  +  . . .)  and  R~iJ  (.¥,  y,  +  JWl  y,  +  . . .) 
till  not  give  a  single  force,  but  it  is  possible  to  replace  them  by  a 
force 

P  =  \nfT^  =  oi^  M  r, 
uppUed  at  the  centre  of  gravity,  and  by  a  couple  composed  of  Q 
iinrt  R.    If  we  apply  at  the  centre  of  gravity  four  forces  +  Q  and  —  Q 
.19  well  as  +  A  and  —  R.  which  balance  each  other,  the  positive 
fyrcLS  will  give  the  resultant 
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F  =  Vg'  -i-  li', 
while  the  native  ones  —  Q  and  —  R,  together  with  the  centiiV 
gal  forces  applied  at  U  and  V  (see  Kg.  501)  form  the  conpiP- 
Jq,  —  Q)  and  {B,  —  R),  which  can  be  combined  so  u  to  fcna 
a  single  couple. 

In  order  to  understand  better  this  referring  of  the  centrifiigil  , 
forces  of  a  revolying  bodj  i*. 
Pj^  jjj2_  one  force   and  one  conpt.  ' 

-  let  UB  consider  the  foUoiriii: 

simple  case.    The  rod  A  A.   i 
Pig.    512,    which   rcTdirf 

sbonttbeaxia  ^Z,isp^-  I 
lei  to  the  plane  V  Z  and  i:-  ■ 
end  A  reposes  upon  the  &i::   I 
C  X,     Let  na  deaotc  tlr  I 
length  J  5  of  the  rod  by '. 
its  weight  by  0,  the  an^    I 
A  B  B„  formed  by  the  rwi 
with  the  axis  of  ii)tatioD,bj 
a  and  its  distance  C  A  foa 
the  plane  fZ, which  isab'   ' 
its  shortest  distange  fmni    I 
the  axis  Z  Zhy  a.    Now  if 


and  y  =  A  Ei  the  horizontal  projection  of  its  distance  A  E  Eron 
the  end  A,  we  have  the  components  of  the  centrifngal  force  P,  rf 
this  element 


and  their  moments  in  reference  to  the  plane  X  C  K  of  flie  bate- 
eince  the  distance  of  the  clement  ftam  this  plane  X  Y\s 
E,  E  =  A  E,  cotg.  a  =  y  cotg,  a,  are 
Q^  J,  =  u'.  — .  C  A.ExE—  a* .  ~  a  jf  colg.  a  aai 

B,  2,  =  u' .  —  y' .  colg.  a. 
The  resultant  of  all  the  components  parallel  to  X  Z  is 
Q  =  Q,  +  Q,  +  . . .  =  n  .  t^" .-  a  ^  o>* .  Ma, 
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and  its  moment  is 
Qu  =  QiZi  +  QiZi  +  ...:=  cjl'  .  —  a  cotg.  a  (yi  +  ys  +  . . .), 

I  sin.  a            2  1  sin.  a          SI  sin.  a   ^ 
or,  smce  y,  =  — - — ,  y,  = , y,  = ^eiCyuidcotff. a . 

sin.  a  =  COS.  o,  we  have 

Qu  =  (»r.  —  acos.  a. .  -  (1  +  2  +  3  -h  . . .  +w)  =  a>*.  —a cos.  a  -  .  • - 
n  n^  '  n  71    2 

=  i  (o* .  Ma  I  cos.  a. 

The  distance  of  the  point  of  application  of  this  component  from 

the  plane  X  F  of  the  base  is 

CT  „  i  6)*  if  a  I  COS.  a       ,  - 

LE.,  this  point  coincides  with  tJie  centre  of  gravity  of  the  rod. 

The  resultant  of  the  components  parallel  to  JT  ^  is 

M 
jB  =  5,  +  ^,  +  . . ,  =  w« .  —  (yi  +  Vj  +  . . .) 

n 

-Zm  Z  Sfin  (L     Vl 

=  0)* .  —  '—  .  7r-  =  i6)'ifZ«i«,a,anditsmomentis 

n       n         2       "  ' 

M 
Bv  =  o>*  —  .  cotg.  a  (yi«  -f  y,*  +  . . .) 
/•" 

,   Jf        .       /(lsin.ay   .    (2 1  sin.  a)'  \ 

=  6>' .  —  .  cotg.  a  I  ^ r--^  +  -^^ 5 — '-  +  . . .) 

n        ^      \       n*  w*  / 

M     P 
=  ci>' .  —  .  — T-  (sin.  aV  cotg.  a  (1  +  4  +  9  +  . . .  +  w') 
n     n*  ^         ^      ^     ^  ^ 

.Mr.  n' 

=  6)* .  —  .  —iS%n.  a  cos.  a .  -zr- 
n     w  3 

=  J  6)'  jif  r  sin.  a  COS.  a. 

Hence  the  distance  6f  the  point  of  application  0  of  this  force 
from  the  plane  X  Fis 

^   ^  4  a)'  Mr  sin.  a  cos.  a       „  , 

LE.  this  point  lies  at  a  distance  (f  —  2)  /  cos.  a  =  ^  I  cos.  a  verti- 
cally above  the  centre  of  gravity,  or,  in  general,  /S  0  =  J  of  the 
length  of  the  rod  A  B. 

From  the  two  components  Q  =  (*>"  M  a  and  R  =  ^  i*)^  Ml 
sin.  a,  it  follows  that  the  final  resultant,  which  acts  at  the  centre 
of  gravity  of  the  rod,  is 

P  =  V  Q^  +  R*  =  w"  MVa'  +  i  rsinT^y 
that  the  couple  is  {R,  —  R),  and  that  its  moment  is 
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R  .  S  0  =  i  0)^  Ml  sin.  a  .  1 1  cos.  a 

=  jV  ci)'  M  r  sin.  a  cos.  a  =  ^'^  w'  MF  sin.  2  a. 

§  309.  Free  Axes. — ^The  centrifugal  forces  of  a  body  reTolT- 
ing  uniformly  upon  its  axis  generally  exert  a  pressure  upon  li* 
axis,  yet  it  is  possible  for  these  forces  to  balance  each  other,  in 
which  case  the  axis  is  subjected  to  no  pressure  from  them.  As  ei- 
amples  of  this  case  we  may  mention  solids  of  reyolution  tnmmf 
around  their  axis  of  symmetry,  or  geometrical  axis,  the  wheel  and 
axle,  water  wheels,  etc.  If  a  body  in  this  condition  is  acted  upos 
by  no  other  forces,  it  will  remain  forever  in  revolution,  althoBgfe 
the  axis  is  not  fixed.  This  axis  of  rotation  is  therefore  called  a 
free  axis  (Fr.  axe  libre,  Ger.  freie  Axe),  From  what  precedes,  vt 
know  the  conditions,  which  are  necessary  when  an  axis  of  rotatioD 
becomes  a  free  axis.  It  is  necessary  that  not  only  tlie  two  n- 
sultants  Q  and  R  of  the  forces  parallel  to  the  co-ordinate  planes 
X  Z  and  Y  Z^  but  also  that  the  sums  of.  the  moments  of  each  of 
the  two  systems  of  forces  shall  be  =  0,  whence  it  follows  that 

1)  3f,  a?,  +  -JTs  a^s  +  •  •  •  =  0, 

2)  Jlf,  y,  +  Jf,  y,  +  . . .  =  0, 

3)  Mx  Xi  Zi  +  Mi  XiZi  +  .  >  •  =  0  and 

4)  Miyi  Zi  +  i/j  ^2  2fj  +  . . .  =  0. 

The  first  two  conditions  require  the  free  axis  to  pass  throng 
the  centre  of  gravity  of  the  body  or  system  of  masses.  The  tvo 
latter,  however,  give  the  elements  required  for  determining  the  jw- 
sifcion  of  this  axis.  It  can  also  be  proved  that  every  body  or  Bystem 
of  masses  has  at  least  three  free  axes,  and  that  these  axes  are  a: 
Hf/ht  angles  to  each  other  and  intersect  each  other  at  the  centre  ff 
gramty  of  the  system. 

The  higl:|er  mechanics  distinguishes  from  the  free  axes  other 
axes,  which  may  intersect  each  other  at  any  point  of  the  system  and 
which  are  called  principal  axes  (Fr.  axes  principaux,  Ger.  Haupt- 
axon).  It  is  also  proved  that  the  moment  of  inertia  of  a  bodjin 
reference  to  one  of  the  principal  axes  is  a  maximum,  and  in  rcU- 
tion  to  tlie  second  it  is  a  minimum,  and  in  relation  to  the  third  it 
has  a  mean  value,  and  that  for  a  point  which  lies  in  the  free  axes 
the  principal  axes  are  parallel  to  the  free  axes,  i.e.  to  the  principal 
axes  passing  through  the  centre  of  gravity. 

§  310.  Free  Axes  of  a  System  of  Masses  in  a  Plane.- 
If  the  pai'ts  of  a  mass  arc  in  a  plane,  e.g.,  if  they  form  a  thin  plaw 
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:  plane  fignre,  then  the  straight  line,  passing  through  the  centre 
['  gravitj  of  the  entire  mass  at. .right  angle.'to  tlutt  plane,  is 
free  axia  of  the  mass ;  for  in  this  case  tbe  mass  has  no  radios 
f  rotation,  and  therefore  the  only  possible  centrifugal  force  is  =  0. 
a  order  to  find  the  other  two  free  axes,  we  employ  the  following 
lethod.     Let  S,  Fig.  513,  be  the  centre  of  gravity  of  a  mass  and 
let   U'  U  and  F  F"  be  two  co-ordinate 
axes  in  the  plane  of  the  mass  and  let  ns 
determine  the  elements  of  the  mass  by 
means  of  co-ordinates  paiallcl  to  these 
axe8,^Q.  the  element  if,  by  the  eo-or- 
dinatea  Jf,  iV=  «,  and  M,  0  =  v,.    Now 
if  X  X  is  one  &ee  axis  and  YYeji  axis 
at  right-angles  to  the  same  and  if  the 
angle  USX,  which  the  free  axis  makes 
with  the  axis  of  co-ordinates  S  U  and 
whifth  is  to  be  determined,  =  0,  then 
cutting  for_the  co-ordinates  of  the  elements  of  the  moss  in  refer- 
ence to  XX  and  Y  Y,x„x,...  and  y,,  ya  ■'■,  E.O.  for  thosa  of 
the  mass  JTi 

Ml  K  =  Xi  and  JIf,  i  =  y„ 
we  obtain 

Vx  =  JifiL=  -OR+OF^— 808in.4>+  OM,co8.<l> 

=  —  «,  sin.  <j>  +  v,  COS.  0, 
and  therefore  the  product 

X,  y,  =  (m,  cos.  tji  +  V,  sin.  tp)  .  (—  «i  sin.  p  +  v,  cos.  <p) 

=  —  («,'  —  Vi')  sin.  0  cos,  0  +  H,  V,  {cos.  0'  —  sin.  0'), 
or,  since  sin.  0  cos.  0  =  ^  sin.  2  <t>  and  cos.  0'  —  sin.  0'  =  cos.  8  0, 

^,  y,  =  —  .J  (m,'  —  f,')  «n.  2  0  +  u,  v,  cos.  2  0, 
tod  therefore  the  moment  of  the  element  M,  is 


M,  a:,  y, : 


-  ("i'  —  t'l')  sin.  2  0  +  Jf|  tti  1 


and  in  lilic  manner  the  moment  of  tho  clement  M,  is 

M, x,y,= -'  («,'  —  V,')  sin. 2  0  +  i/i  k? r, cos. % 0,  etc, 

and  the  sum  of  the  moments  of  all  the  elements  or  the  moment  of 
the  entire  moss  itself  is 

JfiS,  y,  +  .af,a:,y,  +  ,..=  —  ^  ffiTi.  2  0  [(i/'i  «,'  -h  M,u,^  +  ...) 
-(tfitf,'  +  M.v,'  +  ...)]+  COS. 2 0  (Jtf,  M,  Hi  +  -W,  M,r,  +  ...)• 
40 
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In  order  that  X  X  shall  be  a  free  axie,  this  moment  most  be 
=  0 ;  we  must  therefore  put 
i M'n. 2 0 [(if,  Wi*  +  M^u^  +  ...)-  (ifi  ViV+  M^v}  +  ...)] 
—  COS. 2 0.(i/i  UxVx  +  J/i w, ti,  +  . . .)  =  0, 
from  this  we  obtain  the  equation  of  condition 

iatui  2(6  ==  ^^^  ^  ^  -  2(if,^,t;i  +  i/,^,y,  4- ■..) 

^'    ^      C08.2<l>     (if,Wi'+if»i£t'  +  ...)-Wtri*+ir,r,"-^...f 
_  Double  the  moment  of  the  centrifugal  force 
""       Diiference  of  the  moments  of  inertia. 
This  formula  gives  two  values  for  2  0,  which  diifCT  finom  eaci 
other  180',  or  two  values  of  0  diflfering  90*  from  each  other ;  thi- 

angle  therefore  determines  not  only  the  free  axis  XX,hTiiil&f 
the  free  axis  Y  F  perpendicular  to  it 

§  311.  The  free  axes  of  many  sur&ces  and  bodies  can  be  ^te: 
without  any  calculation.  In  a  symmetrical  figure,  tlg^  the  sxisc/ 
symmetry  is  a  free  axis,  the  perpendicular  at  the  centre  of  gn^itj 
is  the  second,  and  the  axis  at  right-angles  to  the  sur&oe  of  tb: 
figure  the  third  free  axis.    For  a  solid  of  revolution  A  B,  Kg.  51i 

the  axis  of  rotation  Z  Z  is  one  free  axis  and  in  like  nuuiner  ererj 

normal  XX,  YY..  .to  this  line  and  passing  through  the  centn 
of  gravity  is  another.  For  a  sphere  every  diameter  is  a  free  axifl^  vii 
for  a  right  parallelapipedon  A  B  D,  Fig.  515,  bounded  by  6  lectsh 


•gles  they  wre  the  three  axes  X  X,  Y  Y  and  Z  Z,  passing  throngt 
the  centre  of  gravity  perpendicular  to  the  sides  BD,ABmiA  ^'• 
and  parallel  to  the  edges. 

Let  us  now  determine  the  three  axes  for  a  rhomboid  A  BCD' 
Fig.  516.    W^  begin  by  passing  two  rectangular  co-ordinate  ax^ 

U  {7  and  V  F  through  the  centre  of  gravity,  so  that  one  ia  paral- 


J 
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lei  to  the  side  A  B  oi  the  rhomboid,  and  by  decomposing  the  rhoiii- 
boid  by  parallel  lines  in  2  w  equal  strips,  such  as  F  G.  Now  if  one 
side  A  B  =  2  a  and  the  other  A  D=:2b  and  the  acute  angle  ADC 
between  two  sides  =  a,  we  have  the  length  of  the  strip  B  O, 

situated  at  a  distance  S  E  ^  x 

from  UUy 

=  KG-\-BJr=a'\-x  cotg.  o, 

and  that  of  the  other  part  B  F 
•=.  a  —  X  cotg.  cLy 

and  since  -  sin.  a  is  the  width  of 
n 

both,  we  have  the  areas  of  these 

strips 

{a  -{■  X  cotg.  a)  and {a  —  x  cotg.  a) ; 

and  consequently  the  measures  of  the  centrifugal  forces  of  the  two 
portions  in  reference  to  the  axis  V  V  are 

{a  +  x  cotg.  a) .  ^  (a  +  a  cotg,  a)  =     ^  J     {a  +  x  cotg,  a)' 


n 


2n 


and 


h  sin,  a 
2n 


{a  —  X  cotg.  a)\ 


and  their  moments  in  reference  to  the  axis  U  Uaie 

bsin.a  ,     ,          .      \9         1  isin.a ,  .      \« 

— s (a  +  a?  cotg.  ay  x  and  — r (a  —  x  cotg.  ay  x. 

Since  the  two  forces  act  in  opposition  to  each  other  in  reference 

to  F  F,  by  combining  their  moments  we  obtain  the  difference 

S  X  sin*  a  2 

— o [(^  +  ^ cotg. ay  —  (a  —  a; cotg. a)']  =  ~ahx^  cos. o. 

Ki  ..,..,,.    «         1               .    ,    J  sin.  a  2  b  si?u  a 
we  substitute  in  this  formula  successively  — - — , 


n 


n 


3  b  sin.  a 
n 


,etc.,  and  add  the  results,  we  obtain  the  measure  of  the 


moment  of  the  centrifugal  force  of  one-half  the  parallelogram 

2ab  V  sin} a  /^j  .  „»  .  04 .        .    «%    o    za   •   «  **' 

n  nf       ^  '  3  n* 

=  f  flj  y  sin}  a  COS.  a, 

and  for  the  whole  parallelogi'am  we  have 
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Jfi  Wi  ri  +  if,  Wt  v«  +  •  •  •  =  ^  a  y  ««•'  a  COS.  o. 
The  moment  of  inertia  of  one  strip  ^  6^  in  reference  to  Wis 

m 

_  b  sin.  a  /{a  +  x  cotg.  a)*       {a  —  x  cotg.  a)*\ 
*~  ~w~"  \  3  "^  3  / 

2  h  sin.  a  ,  n      o«j«\       ^  (ib    .       ,  ^      ««^«\ 
=  — (a'  H-  Z a 2^ cotg.* a)  ^  f  — «n.a(a*  +  3 a? cotg? a). 

SubBtitutmg  for  x  successively > , ,  et, 

and  summing  the  resulting  yalues,  we  obtain  the  moment  of  ineni 
of  one-half  the  rhomboid^  which  is 

=  §  a  J  sin.  a  (a*  +  V  cos,*  a), 

and  for  the  whole  rhomboid  it  is 

=  {  ab sin.  a  {a*  +  V  cos.^  o). 

In  reference  to  the  axis  of  rotation  U  U  the  moment  of  ioeiu 
of  the  parallelogram  is 

o'  S%fl      CL 

=:  4:ab  sin.  a k- —  =^  -j  aV  sin.*  a  (see  §  287), 

o 

and  the  required  difference  of  the  moments  is  given  by  the  equals 

{Ml  w,"  +  if,  w,*  +  . . .)  —  (J/l  v,*  +  M^  Vt*  +  ...) 
=  j  a  J  sin.  a  (a*  +  b*  cos.*  a)  —  J  i  J'  sin.*  a 
=  ^  ab  sin.  a  [a*  +  J*  {cos*  a  —  sin.*  a)] 
=  ^  ab  sin.  a  {a*  +  h^  cos.  2  a). 

Finally,  we  have  for  the  angle  USX==  ip,  which  the  free  axis 

XX  makes  with  the  co-ordinate  axis  U  U  or  with  the  side  i  B, 
according  to  §  310, 

.  o   .   _,  2  {Mr  Ux  Vi  +  if  a  Ut  Vfh...) ^ 

_         2  .  I  a  S*  sin.*  a  cos.  a         __       b*  sin.  2  a 
""  ^  a  S  «i».  o  {a*  +  A*  co«.  2  a)  ""  a*  +  i*  otw.  2  a 

For  the  rhombus  a  =  J,  and 

.        « ^       «in.  2  a  2  «i7j.a  co«.a  2sin.acos.a    .  ^^^ 

tanqjt  6=  r-; ^c—  =  := = r— j-  =  —7: 5 — =w»j.flT 

•'•  1+C05. 2  a      1  +  co«.'a  —  ^t^^.'^a         2 «M.  a 

a 

or  2  ^  =  a  and  0  =  « • 

Since  this  angle  gives  the  direction  of  the  diagonal,  it  foDovs 
that  the  diagonals  are  free  axes  of  the  rhombus.    ' 
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Example.— The  sides  of  the  rhomboid  ABC  D,  Fig.  516,  skAB  = 
2  a  =  IS  inches,  aud  if  (7  =  3  fi  =  10  inches,  and  the  angle  A  B  0=  o  = 
60° ;  what  are  the  directions  of  the  free  axes  t 
Here  we  have 

_      6'  Hn.  120' 2gwn.e0°      ^  25  .  0.86608 

"      *~  8'  +  5' CM.  120*~64— MflM.eO'  ~  64-35.0,5 
=  0,43040  =  tanff.  82°  48'  or  tany.  203°  48' ; 

hence  it  follows  that  the  angles  of  inclination  of  the  first  two  free  ases  to 
the  aide  ^  .9  are  ^  =  11°  34' and  101°  24',  The  third  &ee  axis  is  perpen- 
dicnlar  to  the  plane  of  the  parallelogram.  These  angles  determine  the  free 
axes  of  a  right  parallelopipedoa  with  a  rhomboidal  base.  ^'' 

g  312.  Action  upon  the  Axis  of  Rotation.— If  a  material 
point  M,  Fig.  fil7,  reTolres  with  a  rariable  motion  arouad  &  fixed 
axis  C,  the  latter  mast  coan- 
^°'  ■'*''^'  teract  not  only  the  centrifa- 

gal  force,  but  dlso  the  force 
of  inertia  of  this  point  While 
the  centrifugal  force  acts  ra- 
_X  X     ^^^7  ontwards,  the  force  of 

inertia  acts  tan  gentially  either 
in  the  opposite  or  in  the  same 
direction  as  the  moTement  of 
rotation,  according  as  the  ac- 
celeration of  this  motion  is 
positive  or  negative  (Retard- 
ation).    We  can  therefore  as- 
sume that  the  centrifugal  force 
UN  =■  C  N=  N acts  directly  upon  the  axis  C,  and  that  the  force 
of  inertia  Jf  F  =  ~  P\s  composed  of  a  couple  {P,  —  F)  and  an 
axial  force,  —  F,  and  conseqaently  the  entire  force,  acting  apon  the 
axis,  0  R  =  R  is  represented  by  the  diagonal  of  a  right-angled 
parallelogram  formed  of  N  and  —  F.    If  r  is  the  distance  CM  of 
the  mass  M  from  the  axis  of  rotation  C,  u  the  angular  velocity  and 
K  the  angular  acceleration,  -we  have,  according  to  g  303  and  g  362, 

N=u*Mr 
and  F  =  KMr, 

and  therefore  the  required  resultant  is 

R  =  VN'  +  F*  =  fw*  +  ■'  .Mr, 


In  order  to  combine  the  centrifugal  forces  and  tbe  fonxf  i 
inertia  of  the  masses  M„  Af„  etc.,  vc  decompose  each  of  these  forra 
into  two  components  parallel  to  thedireetionBof  twoaiesXJ'rJ 
V  Y,  then  if  we  combine  them  by  algebraical  addition,  w  1 1 
obtain  two  forces  acting  in  the  direction  of  each  axis,  we  bare  (l; 
to  determine  the  resultant  of  these  two  forces.  If  x  and  5F  ut  ir- 
co-ordinat«s  CJTaud  6'Xof  the  material  point  M  in  reference:: 
the  co-ordinate  axes  X  X  and  Y  T,  we  have  the  two  compoc.^ 
of  the  centrifugal  force  N 

N.~  -  N  =  <^  Jfzand 
»■ 

N,  =  '^  N  =  <J'  M  y,  I 

and,  on  the  oontrary,  those  of  the  force  of  inertia  I 

P,  =  V  P  =  KMyaiA  I 

:  I 

r  I 

and  therefore  the  entire  force  in  the  axis  XXia 

Q=:ir,  +  Pt^uT  Mz+  K  My, 

and  that  in  the  axis  K  y  is 

li  =  2^,~  P,  =  tJ'  My  -  kMx. 
If  we  have  a  system  of  points  or  masses  M,  Jf„  eta,  which 
revoWing  about  a  fixed  axis  C,  Fig.  518,  and  if  the  co-ordiiutei  (f 
these  points  in  reference  to  the  axis  JiT^are 

CX,=XuCX,  =  x„  etc^ 
and  those  in  reference  to  the  axis  ^  y  are 

CL,  =y„  CL,  =  yt,ete., 
the  entire  force  in  the  direction  of  the  first  axis  is 

Q  =  a'  M,x,  +  K  M,y^  +  u*  M.x,  +  K  M,y,  +  ..^tt 
G  =  o>'(if.x,  +  Jf,3-, +  ...)  +  K(M,y,  +  M,y, +  ...), 
and  that  in  the  direction  of  the  other  axis  ia 

R  =  (J'(M,yi  +  M,y,  +  ...)-  k{M,x,  +  Jf.a-, +  ...)■ 


I2.J        THE   CENTKIPUGAL  FOBCB  OF  RIQID  BODIES.  631 

Now  if  we  denote  the  entire  mass  3f,  +  M,  +  . .  .'by  M  and 
0  co-ordinates  of  ite  centre  of  gravity  in  reference  to  the  aiea 
'  X  and  y  Yhyx  and  y,  we  have  (see  g  306) 
Fia.Sia 


-X                     c 

K 

1              K 

1       0      » 

n 

4-.i 

\ 

•^ 

■»i!Ji  / 

T-i 

:;;.Xn» 

/ 

\ 

lu. 

^ 

'Ml 

Jf,  a;,  +  J/i  aj,  +  . . .  =  J/"* 

md  therefore,  more  Bimply, 

Q  =  u'  Mx  +  (t  ify  and 
R  =  i;i*My~KMx. 
From  Q  and  B  ve  obtain  the  resnltant 

5  =  f  C  +  iP, 
and  for  the  angle  X  C  i?  =  0  of  its  direction 
iang.  ^  =  q 

Since  Jf" ^  and  My  arc  the  statical  moments  of  the  centre  of 
grarity,  it  follows  that  in  determining  the  pressnro  8  upon  the  asis 
of  a  system  of  masses,  Bituated  in  one  and  the  same  plane  of  revo- 
lution, wc  can  consider  the  whole  mass  to  be  concentrated  at  the 
centre  of  gravity ;  and  since-  the  distance  of  the  centre  of  gravitjc 
of  the  system  of  masses  from  the  axis  of  rotation  is 

r  =  Vx^  +  y', 
we  hare  also 

8=  i/[{i^'  Mx  +  nMyy^  (i^'  My  -  nMxYI  ' 

^  jW  *^w'  +  k'  Va:"  +  y*  =  i'u'  +  «'  .  M  T 
RsuABK. — If  a  triangle  ABC,  Kg.  519,  reTOlvc*  about  its  comer  O, 
ud  if  Uie  other  comeis  A  and  B  are  determined  by  the  co-ordinates. 
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\^r:i 


(«j,  y^)  and  (a?„  y,),  we  have,  according  to  §  112,  the  co-ordinates  cf :. 
centre  of  gravity  8 


Fig.  519. 


and 


CS^=y=z 


8 
3      ' 


and  the  mass,  if  wc  measure  it  by  its  sop : 
ficial  area,  is 

Its  moment  of  inertia  in  reference  to  the  u.^ 
of  rotation  0  can  be  determined  by  the  f^ir 
mnla 

6  V«i-«,      Vx-yti 


M 


This  formula  is  also  applicable  to  a  right  pritm^  whose  base  is  the  tiv 
angle  ABC. 

Example. — A  right  prism  w^h  the  triangular  base  A  B  (7  is  caused  t: 
revolve  around  its  edge  (7  by  a  force  which  acts  unintermptedly,  lo  ttit 
at  the  end  of  the  time  ^  =  1  it  has  made  tt  =  f  revolutions;  required ooc 
only  the  moment  of  this  couple,  but  also  the  action  of  this  motion  npa 
the  axis  C.    Let  the  base  of  this  body  be  determined  by  the  co-ordinal 

«i  =  1»5,  y^  =  0,5 ;  aj,  =  0,4,  y,  =  1,0  feet, 
and  let  its  length  or  height  be  ^  =  3  feet,  and  its  heaviness  7  =  SO  ponuJ' 
From  these  data  we  calculate,  first,  the  area  of  the  base 

TTf    ^1  yft  —  ^8  Vt      ^»5  .  1,0  —  C,4  .  0,5      1,8      .  ^^  .4 

F  =  o  =  ~ -"H — =  "6-  =  0,65  square  feet, 

and  the  mass  of  the  whole  body 
Fl  y 


Now 


=  0,081 .  0,65  .  2 .  80  =  1,209  pounds. 


^1'  +  «i  a^2  +  *»'  =  2»^S  +  0,60  +  0,16  =  3,01  and 
yi*  +  Vi  Vt  +  ys'  =  0,25  4-  0,50  +  1,00  =  1,75, 
hence  the  moment  of  inertia  of  the  Ixxly  is 

M  1,209 

W=  (8,01  H-  1,75)  -^  =  4,76  .  -^  =  0,95914. 

In  consequence  of  the  constant  action  of  the  ccuple,  the  moyemeot  of 
rotation  is- uniformly  accelerated,  and  ainsequently  the  angtHair  tMl^ 
the  body  at  the  end  of  the  time  t  =  1  second  is  (see  §  10) 


28      2.2  iru       2.  2  .  5  ?r 


t  t 

and  the  Tnechanical  effect  required  is 


2 


=  81,416  ftet, 


i 
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A  =  ^u'  W=  i  (31,416)' .  0,95914  =  478,8  foot-ponndi. 
The  antpdar  aeederation  is 

i  therefore  the  moment  of  the  couple 

J>  a  =  X  TT  =  31,410  .  0,9S914  =  30,13  foo^po(mde. 
The  distances  of  the  centre  of  gravitj  8  of  the  base  from  the  coor^- 
te  axes  !x"  J  and  YT  are 

,  =  ?L+_i.  =  yjt  M  =  0,6888  «,d 

,.<i_+J(.=9i  +  i.?  =  0,5000, 
nueqacntly  the  distance  of  the  centre  of  grarity  from  theozuia 

CS  =  r  =  -Jx-  +  y"  =  0,«ill. 
Beaidee  ne  hare 

u*  =  81,416'  =  974090  and 

It'  =  81,416'  =  987, 
shence 

-lATTT'  =  V97507r  =!  987,46, 
Mid  the  prwiUM  wpon  tt^oiM  increaacB  during  the  accelerated  rotation  from 

P  =  H3lr  =  31,416  .  1,209  .  0,6511  =  34,78  ponnda 

13 

S=  Vu'  +  «' .  ^r  =  987,40.  1,209.0,6511  =  777,88  ponnds. 
If  after  one  second  of  time  the  eouplc  ceases  to  act,  the  motion  of  rota- 
tion of  the  Ixidjr  becomes  nnifonn,  and  the  pressure  apon  the  axis  from 
ftiat  moment  consists  onl;  of  the  centrifugal  force,  whicli  is 
S=J'  Mr  ~  986,96  .  0,7873  =  770,04  pounds. 
The  preeanre  upon  the  axis,  which  increases  grodnull;  from  24,73  t^ 
T7T,33  pounds,  is  in  the  beginning  at  right-angles  to  the  central  line  of 
groTitj  C  S,  but  approachea  more  and  more  this  line  as  the  velocity 
increases,  so  that  at  the  end  of  the  time  f  =  1  second,  it  makes  but  an 
*ngle  ^  with  that  line,  and  this  angle  is  determined  bj  the  eipreesiun 
P        24,78 

for  which  *  =  1'  49'.  If  the  couple  cesses  to  act,  the  direction  of  the 
>nsl  force  N  =  770,94  pounds,  coinddes  of  course  with  the  central  line  of 
^Titj  CSand  revolveswith  this  line  in  a  circia  If  inatead  of  the  conple 
1  single  force  P  acts  with  the  arm  a  upon  the  body,  another  presanre  equal 
to  thia  force  P  must  be  added  to  the  pressure  on  the  azia. 


t^,  =  u- jn,i,  t-KM,3ft- 

no  longer  coiocidc  vitk  tht 
co-ordinate  axis  XX,  but 
lie  in  iha  co-ordinate  plaiH 
X  Z,  and  those  of  the  fonn 
R,  =  u'  M,y,-tM,x„ 
R,  =  w'  M,y,  -  ■  ^„z»«c 
no  longer  lie  in  the  txit 
Y  Y,  bnt  in  the  co-otdinsr 
plane  Y  Z.  The  BjBtem  of 
forces  Q„  Q^ete^and  R^  E. 
etc.,  give,  according  to  §30ii. 
the  resultanta 

Q  =  Q,  +  ft  +  "-«^ 
R  =  R,  +  Jlt  +  ... 
Now  since  the  lines  of  xp- 
plication  U  Q  and  T Bit 
not  generally  lie  in  tbeaiw 
plane,  bat  cnt  the  aiij  CZ 
of  rotation  nt  different  points  ?and  V,  it  is  impossible  to  obfains 
single  resultant  by  combining  them,  but  we  can  refer  them  toi 
single  force  and  a  couple.    The  components  arc,  of  course,  aa  abore. 
Q  =  <j'(M,x,  +M,x,  +  ...)  +  K{M,y,  +if.y, +  ...) 
=  (•>'  Mx  +  K  M  y 
and 

^  =  w'(Jf,y,  +  Jf,s, +  ...)- «(i/i«i  +  Jf, a:,  +  . . .) 
=  u*My  +  KMx, 
M  denoting  the  entire  mass  i/i  +  J/i  +  . . .  and  a;  and  y  the  dL"- 
tances  of  its  centre  of  gravity  S  firom  the  co-ordinate  pluies  YZ 
and  XZ. 

Now  if  we  put  the  distances  of  the  masses  M^,  M„  etc.,  from  Uie 
l>lane  of  rotation  JT  Y,  which  is  perpendicular  to  the  tuis  of  rela- 
tion C  Z,  equal  to  3„  z,,  etc,  we  obtain,  as  in  §  305,  the  distanw 
of  the  points  of  application  ^and  Kof  the  forces  Q  and  ^  bom 
Iho  origin  C 
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..)+«(« .V.».  +  if.?.'.  +  - 

..) 

and 

Ji,z,  +  A«,  +  ... 

..)-.(J/;i,«,  +  if,i,«,  +  . 

••) 

'(M.t/,  +  M,y, +  ...)- K  (J/,  a-,  +  M,~x,  +  . . .) 

If  the  asia  C  Z  ia  retained  at  two  points  A  and  S  (the  pillow 
blocks),  which  are  at  the  distance  C  A  =  li  and  C  B  =  U  from 
the  origin  of  co-ordinates,  the  force  Q  is  decomposed  into  two  com* 
ponents 

and  the  forco  R  into  the  components 

Xow  the  pres^re  upon  the  bearing  A  ie 
S,  =  V3r,'  +  Y,', 
And  that  npon  the  hearing  B  is 


If  the  acceleration  of  the  rotation  is  produced  not  by  a  conpl«, 
whose  moment  is  P  a,  but  by  a  force  P,  whose  ann  is  a,  a  third 
prcssare  equal  to  the  force  P  ia  added  to  the  two  axial  forces  Q 
and  R.  If  we  cause  this  force  P  to  act,  at  the  diBtanco  F  0  ~  a 
from  the  axis  of  rotation,  parallel  'to  the  axis  C  Y  and  perpendicu- 
lar to  the  plane  X  Z,  and  if  we  assume  that  its  line  of  application 
ii  at  a  distance  G  F=  H  0  =  b  from  the  co-ordinate  plane  X  Y, 
tiie  force  li  only  will  be  increased  by  an  amount  P,  and  the  portion 
of  it  J',  at  the  beai'ing  A  will  bo  increased  by 

:ind  tho  part  f,  at  the  bearing  B  by 
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If  J/i iCj  +  -Wia^  +  . . .  =  0, 

i^iyi  +  iffyf +  .-.  =  0, 

MiXiZi  +  MtXfZt-h  .  - .  =  0  and 
Mij/iZi  +  MtjfiZi  +  . . .  =  0, 

(7  Z  is  a  free  aadsy  and  not  only  the  forces  Q  and  5,  but  afc/ 
their  moments  Q  u  and  72  t;  become  =  0 ;  and  we  can,  therefor . 
conclude  that  when  a  system  of  masses  rotates  about  a  free  Aii* 
not  only  the  centrifugal  forces,  bat  also  the  moments  of  inerti; 
balance  each  other  (compare  §  309). 

Let  us  assume  tli^t  the  system  of  masses  is  at  rest,  le,  u  =  C 
or  let  us  neglect  tha  action  of  the  centrifugal  force  upon  Che  ui/ 
of  rotation^  then  we  have  more  simply  for  the  pressures  in  the  axes 

C  =  «  Jf  y  =  K  {Miyi  +  Miift  +  . . .)  and 
R:=R  ^  kMx^  ^  K  {Ml  Xi  +  MtXt  -^  . .  .)j  and  also 
Qu^K{Miy^Zi  +  M^y^Zi  +  . . .)  and 
Bv^  —  K  (Ml XxZi  +  M^XtZt  +  . .  X 

■  * 

When  the  plane  of  X  Z  is  plane  of  symmetry  and  consequently 

•  jtilmp  af  gravity, 

Miyi  +  i/iy, +  ...  =  0 

and 

MiyxZi  +  Jf,y,ft  +  ...  =  0. 

and,  therefore, 

and  also 

Ct*  =  0. 

Now  if  WB  require  ^ 
the  force  of  rotation 

a 

shall  be  counteracted  by  \k 
force  of  inertia  jB,  so  that 
there  shall  be  no  action  upon 
the  axis  of  rotation,  we  most 
have 

P  +  ^  =  0 
and 

P  ft  +  5 1?  =  0, 


Fig.  521. 


THE  ce:<trifuual  fobc'E  of  rigid  bodies. 


k{M,x,  +  M,x,  +  ...)=0 


-  -  «(Jf,i,«,  +  M,x,z,  +  ...)=i>,' 


conseqncntly 

W    _  M,  f .'  +  M,  r,'  +  . 

■  Mx    ~  M,x^  +  M,x,  +  J 


Sfotncnt  of  inertia 
Statical  moment 


.V,  X,  Zi  +  M,  % 


M,x,i 


^f,i 


}  J/,  i',  +  J?,  X,  +  . . . 

_  Moment  of  the  centrifugal  force 
~  Statical  moment. 

These  co-ordinates  determine  a  point  0,  which  is  called  the 
CFiifre  of  pemission  {Fr.  centre  de  percusaion ;  Ger.  Mittelpunkt 
de3  Stosses) ;  for  every  foree  of  impact  P,  wliose  direction  pasees 
throDgh  this  point  and  is  at  right  angles  to  the  plane  of  symmetry 
X  Z  of  the  body  passing  thnjagh  the  axis  of  rotation  or  Cxed  axis 
0  Z,  will  be  completely  balanced,  when  the  collision  takes  place, 
liy  the  inertia  of  the  mass,  without  producing  any  action  upon  the 
asis  of  the  body. 

ExAKpLB— 1)  The  moment  of  inertia  of  a  straight  line  or  rod  0  E, 

Fig.  523,  of  uoiform  thickness  tbrooghont,  which  at  one  end  C  meets  the 

tub  (7  Z  at  a  giTcn  angle  Z  C  E,  when  M  is  its  mass 

Fio.  S22.  and  r  the  distance  D  B  of  its  other  end  from  the  axis 

t  of  rotation,  is 

W  =  Mh*  =  1  Mt^  (see  %  288), 
and,  on  the  contrary,  the  statical  moment  is 

Jfa  =  J  Mt, 
and  finallj  the  moment  of  the  centrifugal  force,  uncc, 
if  h  denotes  the  projection  C  i>  of  the  length  GBaiihB 
rod  on  the  axis  of  rotation  C  Z,  wo  hare 
CO.        z.       h 


Therefore,  the  coordinates  of  the  centre  of  percussion  of  this  rod  are 
'Idtcnoined  b;  the  formula* 
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__      _^  Moment  of  inertia  _  i  -^'^  __  - 
""      ""    Statical  moment    "~  J  Jbf  r  ""  * 
and 

Moment  of  centrifugal  force       ^  Mhr 
0  F=zb=  Statical  moment  "   ^Mr    ~**» 

and  this  centre  is  situated  at  f  of  the  length  C  Eof  the  rod  from  the  es^. 
O  and  1^  of  the  same  from  the  end  E. 

2)  The  moment  of  inertia  of  a  surface  ABC,  Fig.  523,  whose  fona  U  i 

HghtrajigUd  triangle,  which  turns  around  its  base  C  ± 
Fig.  523.  is,  when  we  denote  th^  mass  by  M  and  its  base  tac 

perpendicular  C  A  and  C7  ^  by  A  and  r, 

and  its  statical  moment,  since  the  centre  of  gniTit;  ^ 

f 
is  at  a  distance  ^  ^ni  the  axis  (7  J,  is 

Mr 


Mx  = 


8 


FO  =  a^  !T^'    =  J  r. 


consequently  the  distance  of  the  centre  o 
of  this  sur&ce  from  this  axis  is 

For  an  element  KL  of  the  triangle,  whose  shape  is  that  of  a  strip. 
whose  length  is  x  and  whose  width  is  -,  and  which  is  sitaated  at  s  di- 
tance  0  K=  e  from  the  apex  C,  the  moment  of  the  centrifugal  force  ii 

Mz  s  =  -X  ,lxtf 

XT  T 

or,  since  -  =  v,  or  a?  =  v  «, 

Substituting  for  e  successiyely  the  valnes  1  ( -j,  2  ( -J,  8  ( -J  •  •  '"ur 

and  adding  the  values  thus  obtained  for  JIfxz,  we  have  the  total  mcsseBt 
of  the  centrifugal  forces 

Jf,«i«j  +  Jf,«,e,  +  . . .  =  J  -  QV  +  2>  +  8»  +  . . .  +  «•)  (-) 


V 


=  »'(0'-T©'=-"'-  =  »T" 


and,  therefore,  the  distance  of  the  centre  of  percussion  0  firom  the  corotf 
(7  is 
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-  •--  v:.  CHAPTER    III. 

?  THE  ACTION   OF   GRAVITY  UPON  THE  MOTION  OP  BODIES 
IN  PREBCBtBED  PATHS. 

g  314.  Sliding  upon  an  Inclined  Plane, — A  heavy  bod;  can 

3  hindered  in  many  ways  from  falling  freely.     "We  will,  however, 

ansider  but  two  cases  here,  viz.,  the  case  of  a  body  sapported  by 

n  inclined  plane  and  the  case  of  a  body  movable  around  a  hori- 

ontal  axis.     In  both  cases  the  paths  of  tiie  bodies  are  contained  in 

.  vertical  plane.    If  a  body  lies  npon  an  inclined  plane,  its  weight 

3  decomposed  into  two  components,  one  of  which  is  normal  to  the 

)lane  and  is  counteracted  by  it,  and  the  other  ia  parallel  to  the 

)lane  and  acts  upon  the  body  as  a  motive  force.    Let  G  be  the 

weight  of  the  body  >J  S  C  A  Fig.  524,  and  a  angle  of  inclination  of 

the  inclined  plane  FllSiotiio 

^^°-  ^^*-  horizon,  according  to  §  146  tl' 

normal  force  is 

M  =■  G  COS.  a, 
and  the  motive  force  is 
/*  =  (?  sin.  a. 
The  motion  of  the  body  can 
be  either  a  sliding  or  a  rolling 
one.    Let  ns  consider  the  former 
case  first    In  this  case  all  the 
pMtg  of  the  body  participate  equally  in  it«  motion,  and  have  there- 
fore a  common  acceleration  p,  determined  by  the  well-known  formula 
force        P        G  8in.a 
P  =  m^'=  M  =  —0-^  -^  =  ^  ''"■"' 
lience  p  :  g  =  siti.  a  ;  1, 

l-E^  the  acceleration  of  a  body  upon  an  inclined  plane  is  to  tlie  accel- 
i^oiion  of  gravity  as  the  sine  of  the  angle  of  inclination  of  the  plane 
IS  to  unity.  But  on  account  of  the  friction  this  formula  is  seldom 
eaffieiently  accurate.  It  is,  therefore,  very  often  necessary  in  prac- 
tice to  tate  the  friction  into  consideration. 

If  a  body  moves  npon  a  curved  surface  the  acceleration  is 
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variable,  and  is  in  every  point  eqnal  to  the  acceleration  oorrespood- 
ing  to  the  plane,  which  is  tangent  to  the  curved  sor&ce  at  th^ 
point 

§  315.  If  a  body  slides  down  an  inclined  plane  idthoat  &-•> 
tion  and  its  initial  velocity  is  =  0,  then,  according  to  §  11,  dk 
final  velocity  after  t  seconds  is 

V  ^  g  sin.  a  .t  =  32,2  sin.  a  .  t  feet  =  9,81  sin.  a  .  t  meten, 
and  the  space  described  is 
s^  i  g  sin.  a  .t*  =  16,1  sin.  a .  P  feet  =  4,905  «t».  a .  T  meters. 

When  a  body  &lls  freely  Vi^  g  t  and  «,  =  ^  ^  ^,  and  ve  cc 
therefore  put 

v  :  v,  =  «  :  *i  =  sin.  a  :  1, 

LE.,  the  final  velocity  and  the  space  described  by  a  body  sliding  vpoi 
the  inclined  plane  are  to  the  velocity  and  the  space  described  in  ^ 
body  falling  freely  as  the  sim  of  the  angle  of  inclination  of  thefia^ 
is  to  unity. 

In  the  right-angled  triangle  F  G  H^  Fig.  525,  whose  hypotbeaai 
Pig. 625.       ^  ^^  vertical,  the  base  isF H=:  F  G sin.FG E= 
i      FGsin.FHE  =  F  G  sin.  o,  when  a  denotes  tb- 
inclination  of  the  base  to  the  horizon,  and  therefor 

FH.FG  =  sin.a'.\\ 

the  body,  therefore,  describes  the  vertical  hypothennse 
F  G  and  the  inclined  base  F  H  m  the  same  time. 
Hence  the  space  described  by  a  body  upon  an  inclina: 
plane  in  the  time,  in  which,  if  falling  freely,  it  wouii 
describe  a  given  space,  can  be  found  by  construction. 

Since  all  the  angles  F  Hi  G,  F  H^  Gy  eta,  inscribed  in  a  Bemi- 
circle  F  H^  G^  Fig.  526,  are  right  angles,  the  semicircle  subtended 

hj  F  G  will  cut  off  from  all  indinri 
planes  beginning  at  F  the  distances 
F  Ely  F  JJa,  etc.,  described  simnlten^ 
ously  with  the  diameter.  For  this  rea- 
son we  say  that  the  clwrds  or  difOf^^^ 
of  a  circle  are  described  simuUanwHd^ 
or  isochronoitsly.  This  is  true  notcnly 
when  the  chords,  as,  E.G.,  F  Ex,  FHt 
etc.,  begin  at  the  highest  point  -R  to* 
also  when  the  chords,  as,  E.G.,  -ffi  G,  K*^- 
etc.,  end  at  its  lowest  point  ff  j  for  ^^ 


Fig.  526. 
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n  draw  through  F  the  chords  F  Ei,  F  K„  etc.,  which  have  t 
me  length  and  position  as  the  chords  0  S„  G  H^  etc. 

%  316.  From  the  eqnatiou 

»  =  ;r—  =3  ~ : —  for  the  space  described. 


V  —  ^%gs sin.  a. 

Now  8  ain.  a  is  the  height  F  R  (Fig.  527)  of  the  inclined  plans 
•T  the  Tertical  projection  A  of  the  space  F  H  =  s.  If,  therefore, 
ereral  hodiea,  whose  initial  yelocities  are  =  0,  descend  inclined 
planes  F  H,  F  U\,  etc,  of  different  inclina- 
tions, but  of  the  same  height,  their  final 
Telocity  will  be  the  same  and  equal  to  that 
acquired  by  a  body  falling  freely  through 
the  distance  F  R  (compare  g  43  and  g  84). 
From  the  equation  s  =  ?,g  sin.  a  .  i' -ve 
ubtain  the  formula  for  the  time 


y^ 


•%  8tnn.a^ 

sin.  e 


If  a  body  falls  freely  through  the  height  F  R  =  h,  the  time  is 

t,  =  V — ,  whence 

t:l,  =  'l:sin.a  =  s:h  =  Fff:  FR. 

The  time  required  by  a  body  to  descend  an  inclined  plane  is  to  the 
Hm  of  faUing  freely  through  the  height  of  this  plane  as  ike  length 
of  the  plane  is  to  its  height. 

Example— 1)  The  top  J" of  on  incliued  plane  FJI,  Pig.  B28,  ia  given,. 
*'>A  we  are  required  to  determine  the  other  extremity  3,  which  is  aituated 
'h  such  a  position  upon  a  line  A  B  that  a  body  descending  the  plane  will 
KKk  this  line  in  the  shorteat  time.  If  through  F  wo  draw  the  horizontal 
line  P  0  until  it  cuts  A  B,  and  make  O  ff=  0  F,-wc  obtain  in  H  the 
FWint  required,  and  in  FS  the  plane  of  the  quickest  descent;  for  if  we 
pw  through  J"  and  if  atArcle,  to  which  the  linca  Ji*  ff  and  O  ifarotan- 
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vhich  coinddea  with  that  chord,  ia  the  plue  i", 
quickest  descent 

2)  Bequired   the  ioclination  uf  Ou  iacfiy 

plane  FS,  Fig.  627,  vhich  a  tx>dj  wiil  daaai 

in  the  same  time  oa  it  will  &11  fieely  through  tit 

hdght  FS  and  moTC  with  the  acqniRd  T^on 

.    upon  a  horizontal  plane  to  S    The  time  nqiinl 

-     to  fall  thraogh  the  vertical  distance  ^5  =  ii 

e,  s  y—-,  and  the  velod^  acqnired  is 

e  =  Va^A. 
It  no  Tclotnty  b  lost  in  pasaing  from  the  vertical  to  the  botinBtil  ■*- 
tion,  which  ia  the  case  when  the  comer  B  ia  rounded  oS;  the  i^Mcelll 
=  h  eatjf.  a  will  be  described  tmiformlr  and  in  the  time 

The  time  in  which  a  body  nill  descend  the  inclined  plane  ii 


-</??. 


Nowifwepntt  =  t,  -f  (,,  we  obtun  the  equation  of ccnditxiD 

jk:^  = '  +  »"*•  -  "Si- -  "^^ "  +  *• 

Beeolving  tbia  equation,  we  obtun  long,  a  =  }.  In  the  comqicidn: 
Inclined  plane  the  height  is  to  the  base  is  to  the  length  oa  8  is  to  lit-  | 
0,  and  the  angle  of  inclination  is  a  =  S0°  G3'  11". 

8)  The  time  in  which  a  bodj  will  slide  down  an  inclined  plaw^  '^  i 


'    g  ttTha       Y  gtm.  a  eol.a        r    g  tilt.i 

this  is  a  minimnm  when  (in.  3  a  is  a  maximum,  le.  =  1 ;  then  8  «'  =  ' 
or  o"  =  45°.    Water  flows  quickeei  down  rooft  whose  pitch  is  4S°- 

§  317.  If  the  inilial  velocity  of  a  body  upon  an  inclined  pi* 
18  c,  we  mnst  employ  the  formula  found  in  g  13  and  g  U ;  be**' 
when  a  body  ascends  an  inclined  plane,  we  "^  —  "■       '"""' 

V  =  e  '-  g  «*».  a ,  t, 
and  tiie  dpace  described 
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$  •=i  ct  —  ^  g  sin.  a  .  T, 

and  for  a  body  descending  the  inclined  plane  we  must  put 

V  =  c  -¥  g  sin.  a  .  t  and  5  =  c  <  +  g  ^r  sin.  a  ,  t^. 

In  both  cases,  however,  the  following  formula 

v'  —  c'  .  ,       v'  —  c'        v'         c' 

s  =  s — -. — ,  or  s  sin.  a  =  h  =  — ^ —  =  ^ zr— 

2gsin.a'  2g         2g      2g 

is  applicable. 

The  vertical  pry  ection  (h)  of  the  space  {s)  described  upon  the  in* 
dined  plane  is  always  eqticd  to  the  difference  of  the  heights  due  to  the 
velocities. 

When  two  inclined  planes  F  0  Q  and  0  H  R,  Fig.  529,  meet  in 
a  rounded  edge,  a  body  descending  the  plane  will  experience  no 

impact  in  passing  from  one  to  the  other; 
10.   w  .        !•     jjgjj^jg^  if  ^Q  ijjjve  such  a  combination  of 

planes,  there  will  be  no  loss  of  velocity, 
and  the  following  rule  will  be  applicable 
to  the  case  of  a  body  descending  these 
planes:  height  of  fall  equal  to  height  due 
to  velocity.  We  can  easily  understand  that 
when  a  body  ascends  or  descends  a  series  of  such  planes  or  a  curved 
line  or  surface,  its  motion  will  take  place  according  to  the  same  law. 

Example — 1)  A  body  ascends,  with  an  initial  velocity  of  21  feet,  an 
inclined  plane,  the  inclination  of  which  is  22°.  What  is  its  velocity  and 
what  is  the  space  described  after  1}  seconds  ? 

The  velocity  is 

«  =  21  -  82,2  sin.  22** .  1,5  =  21  -  82,2  .  0,8746  .  1,5  =  21  -  18,09 

=  2,91  feet, 

and  the  space  is 

c+  V  21  +  2,91  28^1 . 8 

8  =  ^ .  t  =       ^^'     .  I  =  ^2fL^  =  17^93  feet 

2)  How  high  will  a  body,  whose  initial  velocity  is  86  feet,  rise  upon  a 
plane  inclined  at  48°  to  the  horizon  ?    The  vertical  height  is 


«« 


A  =  ^  =  0,0165  .  ©'  =  0,0155  .  86«  =  20,088  feet, 

and  therefore  the  entire  space  described  upon  the  inclined  plane  is 

h  20,088       ^„  ^„,  ^  , 

«  =  -. —  =  -v-4^0  =  27,081  feet, 

nn.  a      nn,  48  '  ' 

and  the  time  required  to  describe  it  is 

,       2  .  «      2 .  27,031      27,081       ^  ^ 

^  =  •^■*  =  -~8Cr~  =  -iT  =  1'5  seconds. 


§  318.  Sliding  upon  an  Inclined  Plane  when  the  Fric- 
tion is  taken  into  Consideration. — ^The  sliding  friction  has 
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great  inHucnco  upon  tho  asocnt  or  descent  of  a  body  npon  on  i 
clined  plane.  From  the  weight  G  of  the  body  and  fjcom  tbe  e^ 
of  inclination  a  we  obtain  tbe  normal  pressure 

2f=  Qm.a, 
and  consequently  the  friction 

If  we  enbtract  the  latter  from  the  force  P,  =  G  tin.  a^  with  vkie 
tbe  gravity  pulls  it  down  the  plane,  tberc  remains  the  modre  fn 

P  =  G  aiii.  o  —  0  G  COS.  o, 
and  we  have  for  acceleration  of  a  body  moving  down  the  me^ 
plane 


force       (0  sin.  a  —  it>  0  COS.  a\  ,  . 


-  0  rtJ.  ■) ,'. 


For  a  body  ascending  an  inclined  plane  tie  motive  force  liDtf 
ative  and  =  G  sin.  a  +  ip  .  G  cos.  a,  and  the  acceleratioD  p'ailt 
negative  and  =  —  {sin.  a  +  ij>  cos.  a)  g. 

If  two  bodies  placed  npon  two  different  inclined  planes  FG'j^ 

Fig.  080.  ^  ^'  ^S-  530,  are  united  by  a  p«t* 

c     '  flexible  cord,  which  passes  overajntT 

C,  it  is  possible  that  one  of  the  hoci 

will  descend  and  raise  the  other.  I^ 

noting  the  weight  of  theee  bodies  Ij  5 

and  G„  and  the  angles  of  incliiu'Jc: 

of  the  inclined  planes,  npon  which  th^ 

rest,  by  a  and  a„  and  assuming  that  G 

descends  and  draws  np  G„  we  obbiin  the  motive  force 

P  =  G  sin.  a  ~  Oi  sin.  Oi  -~  f  G  cos.  a  —  tji  Oi  cos.  a, 
=■  G  {siTi.  a  —  ^cos.a)  —  0,  {sin.  a,  +  ^cos.  o,), 
tad  the  mass  moved 

9 
and  therefore  the  acceleration  with  which  O  descends  and  C 
ascends  is 

_  G  {sin,  g  —  0  COS.  a)  —  g,  {sin,  a,  +  ^cos.  a) 

.  ^  ~  ~qT~g\  ■^"     I 

Since  the  friction,  which  is  a  resistance,  cannot  prodote  na- 
tion, we  must  have,  if  G  descends  and  G,  ascends, 

G  {sin.  a  ~  ip  cos.  a)  >  G,  {sin.  o,  +  ^  cos.  Oi),  or 

G_      sin,  a,  +  4t  COS.  a,         G_      sin,  {a,  +  p) 

G,^    sin.a-^cos.a'^-^G[-^  sin.  {a  -  p)"  j 


§  818.] 
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If,  on  the  contrary,  Oi  descends  and  0  ascends,  we  must  have 
ff  1  ^     sin,  a  +  (b  cos.  a 
O       stn.  fli  —  ^  COS.  a, 

O    ^  sin.  flj  —  ^  COS.  a,         G    ^  sin.  (a,  —  p) 
ff,         «in.  a  +  0  CO*,  a '      *  Gi       «tw.  (o  +  p)' 

As  long  as  the  ratio  77  is  within  the  limits 

«w.  a,  +  A  CM.  a,       -  «n.  c,  —  ^  C05.  a, 

— ; ancl  — ; 1  or 

S171.  a  —  <l>  COS.  a  sin.  a  +  ^  cos.  a 

sin.  (a»  -f  p)  ^^^  sin,  (ci  —  p) 
«^  (a  —  ^)  «in.  (a  +  p)  ' 

the  friction  will  prevent  any  motion. 

Example — 1)  A  sled  slides  down  an  inclined  plane  covered  with  snow, 
160  feet  long  and  inclined  at  an  angle  of  20  degrees,  and  on  arriving  at  the 
bottom  it  slides  forward  upon  a  horizontal  plane  until  the  friction  brings 
it  to  rest  If  the  coefficient  of  friction  between  the  snow  and  the  sled  is 
=  0,03,  what  space  will  the  sled  describe  upon  the  horizontal  plane  (the 
resistance  of  the  air  being  neglected)  ? 
The  acceleration  of  the  sled  is 

p  =  {sin,  a  —  <^co$,a)g  =  (rin.  20**  —  0,03  .  coa.  20*") .  82,2 
=  (0,3420  -  0,03  .  0,9397).  82,2  =  0,3138  .  82,2  =  10,104  feet, 

and  therefore  its  velocity  on  arriving  at  the  bottom  of  the  inclined  plane  is 

V  =  VTpi  =  V 2 .  10,104  .  160  =  V3031,2  =  55,06  feet. 
Upon  the  horizontal  plane  the  acceleration  is 

l?j  =  —  ^  ^  =  —  0,03  .  82,2  =  —  0,966  feet^ 
and  therefore  the  space  described  is 

t»«         8031,2       ,,,^^  ^ 

•*=2T^  =  W  =  ^^«^^^ 

The  time  required  to  slide  down  the  inclined  plane  is 

800 

=  6,46  seconds ; 


«    ■"  66,06 


that  required  to  slide  along  on  the  horizontal  plane  is 


FiQ.  631. 


t,= 


-  ?Ji  -  ^^^  _ 


=  67  seconds, 


f>         66,06 

and  therefore  tlje  duration  of  the  entire  journey  is 
t  +  t^  =  62,45  seconds  =  1  minute  2,46  secotfds. 
2)  A  bucket  K,  Pig.  681,  which,  when  filled,  weighs 
250  pounds,  is  drawn  up  a  plane,  70  feet  long  and  in- 
clined at  an  angle  of  50**,  by  a  weight  G^  =  260 ;  what 
time  will  be  required  when  the  coefficient  of  the  firio- 
tion  of  the  bucket  upon  the  floor  is  0,86  ? 
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The  motive  force  is 

=  67  —  (m.  a  +  ^eos.a)K=2eO  ^  {tin.  60''  +  0^36  am.  500 • 
=  260  —  0,9974 .  250  =  10,6  pounds, 
and  therefore  the  acceleration  is 

10,6  10,6 

^  =  250T260=6i6  =  ^'^^«^^^ 
the  time  of  the  motion  is 

and  the  final  velocity 

2  «      140      ^  „^  .  ^ 

§  319.  Rolling  Motion  npon  an  Inclined  Plane.— Wk 

a  Wagon  runs  down  an  inclined  plane,  it  is  the  friction  on  the  aik 
which  offers  the  principal  resistance  to  the  acoeleration.  If  6  s 
the  weight  of  the  wagon,  r  the  radins  of  the  axle  and  a  that  of  & 
wheel,  we  have 

- —  iV  =  ■^-—   O  COS.  Oj 

a  a 

and  therefore  the  acceleration 

/  .  ^  r  \ 

p  =  istn.  a  —  - —  COS.  a)  g. 

If  a  round  body  A  By  as,  kg.,  a  cylinder  or  a  sphere,  etc,  luS 
down  an  inclined  plane  F  H^  Fig.  532,  we  hare  at  the  same  time  i 

motion  of  translation  and  of  rotatioiL  A'  ^ 
the  acceleration  of  translation  p  is  genenil; 
equal  to  that  of  rotation  {§  169),  if  ve  pit 
the  moment  of  inertia  of  the  rotating  bocj 
=  0  i*  and  the  radius  C  Aot  rotation  =  5. 


we  obtain  for  the  force  -4  iT  =  JT,  riiii 
which  the  roller  (in  consequence  of  the  mc* 
tual  penetration  of  its  sur&oe  and  that  of 
tlic  inclined  plane)  is  set  in  rotation, 

K  =  p.  — r- 

But  the  force  K  opposes  the  force  6  sin.  o,  which  tenda  to 

cause  the  body  to  slide  down  the  plane,  and  therefore  the  moUTf 

force  for  the  motion  of  translation  is 

P  =:  0  sin.  a  —  K, 

and  its  acceleration  is 

O  sin.  a  —  K 

P  = o — -.g 
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iminating  K  from  the  two  equations,  we  obtain 

Op-- 
id  conseqnentl;  the  required  acoelenti(ni 

V  —  ix 

o 
'or  a  homogeneons  ejlinder  jt'  =  j  a*  (g  266),  and  tiierefon 
0  St  n.  a      „ 
P  =  YTT  =  ^  ^  ""■ "' 
-nt  for  a  sphere  i'  =  |  a'  (§  290),  and  therefore 
a  sin.  a       . 
.■^=TTT  =  *^"»-'' 
he  acceleration  of  a  rolling  cylinder  is  but  3  and  that  of  a  rolling 
iphsre  is  bat  5  oa  great  as  that  of  a  body  sliding  without  &ictioii. 
The  force  which  produces  the  rotation  is 

_  .<}  <»'"■  <^     Cife'  _  <?A*gt'w.a 
~  1^'  g  <^  ~    a'  +  ^ 

a' 

Aa  long  ofi  this  force  is  less  than  the  shding  friction  ^  0  cos.  a, 
w  long  will  the  body  descend  the  plane  with  a  perfect  rolling 
motion.    But  if 

K>  t^Gcos.a,  I.E.,  if  tang,  o  >  ^  1 1  +  ^\ 

tHe  friction  is  no  longer  sufficient  to  impart  a  velocity  of  rotation 

equal   to  that   of  translation ;    the    acceleration   of  translation 

t^comes,  as  in  the  case  of  sliding  friction, 

0  gin.  a  —  (jt  G  COB.  a  ,  .  ^  , 

p~ _ .  g  =  {stn,  a  -  lb  COS.  a)  ff, 

and  that  of  rotation 

A  O  COS.  a  ,0' 

If  the  weight  of  a  wagon  is  0,  the  radius  of  its  wheels  a  and 
their  moment  of  inertia  Q  V,  we  will  have 

^,                    0  8in,a-  ^-Gc08.o  -  K 
ff  =  p-^8nd;,  = — ^ .g,  I 
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T 

g  {sin.  a  —  0  -  COS.  a) 
p=z 


Example — 1)  A  wagon,  which,  when  loaded,  weighs  8600  poondfl  ace 
whose  wheels  are  4  feet  high  and  have  a  moment  of  inertia  of  2000  foi:- 
pounds,  rolls  down  a  plane  whose  inclination  is  12'' ;  required  theaccdo 
tion,  when  the  coefficient  of  fiction  upon  the  axles  is  ^  =  0,lo  aod  tbc 
thickness  of  tfie  axles  is  2  r  =  8  inches. 

Here  we  have 

W  =  j^=&  = «.™  •^'♦;  = ».« •  th  =  -^ 

and  therefore  the  required  acceleration  is 

_82,2  (9in.  12°-0,0094 .  eoa.  12°)  _  82,2  .  (0,2079  ~  0,0094 . 0,9:^^ 
^  1  +  0,189  ■"  '   1,180 

82,2  .  0,1987       ^  ^,,  ^  ^ 
=  -^9—  =  ^'^^^  ^^^       • 

2)  With  what  acceleration  will  a  massivo  roller  roll  down  a  plane  ifhm 
angle  of  inclination  is  a  =  40°  ? 

If  the  coefficient  of  sliding  friction  of  the  roller  upon  the  pbxK  i» 
^  =  0,24,  we  have 

Now  tang.  40°  =  0,880,  and  tang,  a  is  therefore  greater  than  f  0  +  uj 

and  the  acceleration  of  the  rolling  motion  is  smaller  than  that  of  tbe  dk- 
tion  of  translation.    ' 

The  latter  is 

p  =  («7i.  a^^coB,a)g-  (0,648  -  0,24  .  0,7660)  .  Z2^  =  0,459. 82i 
=  14,78  feet,  and  the  former  is 

p^  =  0,24  .  2  .  82,20  cos.  40°  =  15,456  .  0,776  =  11,99  feet 

§  320.  The  Circular  Fendulmn. — A  body  suspended  &oiq 
a  horizontal  axis  is  in  equilibrium  as  long  as  its  centre  of  giBTilr 
is  Yortieally  under  this  axis ;  but  if  we  move  the  ceniare  of  gravity 
out  of  the  vertical  plane  containing  the  axis  and  abandon  the  bodj 
to  itself,  it  assumes  an  oscillating  or  vibrating  motion  (Fr.  oedlb- 
tion,  Ger.  Schwingende  Bewegung),  lb.,  a  reciprocating  motioBir 
a  circle.  A  body  oscillating  about  a  horizontal  axis  is  called  '^ 
pendulum  (Pr.  pendule,  Ger.  Pendel  or  Kreispendel).  H  t^* 
oscillating  body  is  a  material  point,  and  if  it  is  connected  with  thf 
axis  of  rotation  by  a  line  without  weight,  we  have  a  sin^  ^^ 
theoretical  pendulum  (Fr.  p.  simple,  Ger.  einfaches  or  mathen* 
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tisches  P.) ;  but  if  the  pendulum  consists  of  a  body  or  of  several 
bodies  of  finite  dimensions,  it  is  called  a  compound  pendulum  (Fr. 
pendule  compose,  Ger.  zuzammengeseztes,  physisches  or  materielles 
Pendel).  Such  a  pendulum  can  be  considered  oa  a  rigid  combina- 
tion of  a  number  of  simple  pendulums,  oscillating  around  a 
common  axis.  The  simple  pendulum  has  no*  real  existence,  but  it 
is  of  great  use  in  discussing  the  theory  of  the  compound  pendu- 
lum, which  can  be  deduced  from  that  of  the  simple  one.  If  the 
pendulum,  which  is  suspended  in  C,  Fig.  533,  is  moved  from  its 
vertical  position  C  M  to  the  position  G  A  and  left  to  itself,  by 
virtue  of  its  weight  it  will  return  towards  C  M  with  an  accelerated 

motion,  and  it  will  arrive  at  tlie  point  M 
with  a  velocity,  the  height  due  to  which  is 
equal  to  D  M.  In  consequence  of  this 
velocity  it  describes  upon  the  other  side 
the  QTO  M  B  =  M  A,  and  rises  to  the 
height  D  M.  It  falls  back  again  from  B 
to  M  and  A  and  continues  to  move  back- 
wards and  forwards  in  the  arc  A  B.  If  wc 
could  do  away  with  the  friction  on  the 
axis  and  the  resistance  of  the  air,  this 
oscillating  motion  of  the  pendulum  would  continue  forever;  but 
since  these  resistances  can  never  be  entirely  removed,  the  arc  in 
which  the  oscillation  takes  pl|U)e  will  gradually  decrease  until  the 
pendulum  comes  to  rest. 

The  motion  of  the  pendulum  from  -4  to  ^  is  called  an  osctUa- 
Hon  (Fr.  oscillation,  Ger.  Schwung  or  Pendelschlag),  the  arc  A  B,  the 
amplitude  (Fr.  amplitude,  Ger.  Swingungsbogen),  and  the  angle 
measured  by  half  the  amplitude  is  called  the  angle  of  displacement. 
The  time  in  which  the  pendulum  makes  an  oscillation  is  called  the 
timSy  duration,  or  period  of  an  osdttation  (Fr.  durSe  d'une  oscilla- 
tion, Ger.  Schwingungszeit  or  Schwingungsdauer). 

§  321.  Theory  of  the  Simple  Pendulum. — In  consequence 
of  the  frequent  use  of  the  pendulum  in  common  life,  viz.  for  clocks, 
it  is  important  to  know  the  duration  of  an  oscillation ;  its  demon- 
stration is  therefore  one  of  the  most  important  problems  in 
Mechanics.  To  solve  this  problem,  let  us  put  the  length  of  the 
pendulum  A  C  =^  M  G  =  r,  Fig.  634,  and  the  height  of  rise  and 
fall  during  an  oscillation  M  D=^h.    Assuming  that  the  pendulum 
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Generally  in  practice  the  angle  of  displacement  is  small,  and 

n         2r  A  — ^  OS 

then  g--,  ^  and  — ^ —  are  such  small  quantities,  that  we  can 
neglect  them  and  their  higher  powers  and  put 

The  duration  of  a  semi-oscillation  or  the  time  within  which  the 
pendulunudescrihes  the  arc  .i  Jf  is  equal  to  the  sum  of  all  the 
elements  of  the  time  corresponding  to  the  elements  0  K  ov  N  P. 

Now  since  ^  .  y  --  is  a  constant  factor,  we  can  put  the  sum  equal 

1     /7 
to  ^  y  -  times  the  sum  of  all  the  elements  forming  the  semi- 

circle  D  N  M^  lb.,  =  ^  y  -  times  the  semicircle  (-o-)>  ^^ 

The  same  time  is  required  by  the  {)endulum  for  its  ascent ;  for 
the  velocities  are  the  same  but  opposite  in  direction,  hence  the 
duration  of  a  complete  oscillation  is  double  the  latter,  or 

^  9 

(§  322.)  More  Exact  Formula  for  the  Duration  of  an 
Oscillation  of  the  Circular  Pendulum. — In  onler  to  determine 
the  duration  of  an  oscillation  with  greater  precision,  as  is  some- 
times necessary,  when  angles  of  displacement  are  large,  we  cau 
transform  the  equation 

into  the  series 

and  then  we  have  the  time  in  which  an  element  of  the  path  is 
described 


=  [a,j.»^.|.(»-)',..y^. 


h  • 
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Tho  time  required  to  describe  the  arc  A  M  is,  smco  we  have 
here  ift  ^  tt,  sin.  ip  =  sin.  n-  And  sin.  3  0  =  sin.  2  tt  =  0, 

As  the  velocity  dccreasGs  in  the  Bame  manner,  when  the  pen- 
dulam  asccndg  on  the  other  side,  as  it  increased  during  tlie  descent, 
the  time  required  for  describing  the  entire  arc  or  the  duration  of 
the  complete  oscillation  is 


l'(A)"--]"4 


If  the  pendulum  oscillates  in  a  semicircle,  wc  have  h  =  r,  and 
conBcquently  the  duration  of  an  oscillation  is 

la  the  most  cases  in  practice  the  amplitude  of  tho  oscillations 
13  much  less  than  a  semicircle,  and  the  formula 


'=(•-8^)'^^ 


is  Bufficiently  occnrat«. 

If  the  angle  of  displacement  bo  denoted  by  a,  ive  havo  cos.  a  =. 

— —  =  1 or-  =  l—  COS.  a,  and  therefore 

r  TV 

h  ,1  —  COS.  a        ,  /  ■     nV 

af-i- — 2 —  =  .[»'-tJ; 

from  the  latter  formula  we  can  determine  tho  correction  to  be 
applied  for  any  given  amplitude.  If,  for  example,  this  angle  is 
a  =  15',  we  have 

rf  =  ^('-f)"  =  «.»»««■ 

and,  on  tho  contrary,  for  a  =  5' 


for  this  last  amplitude  the  duration  of  an  oscillation  is 

i  =  1,00017  .  TT  Y^. 
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and  inversely  n  :  Wi  =  4^ :  fT^ 

I.E.  the  number  of  oscillations  is  inversely  proportional  to  the  square 
root  of  the  length  of  the  pendulum.  A  pendulum  four  times  as 
long  as  another  maJces  but  one-half  as  many  oscillations  in  the 
same  time. 

A  pendulum  is  called  a  second  pendulum  (Fr.  pendule  a  seconde, 
Ger.  Secundenpendel)^  when  the  duration  of  its  oscillation  is  a 

second.    Substituting  in  the  formula  <  =  tt  y  — ,  i?  =  1,  we  obtain 


the  leugth  of  the  second  pendulum  r  =  -^ ;  for  English  system 


^_^_^^  ^  _  JL 

of  measures 

r  ~  3,26255  feet  =  39,1506  inches, 

and  for  the  metrical  system 

r  =  0,9938  metres. 

By  inrerting  the  formula  ^  =  tt  y  — ^,  we  obtain  g  =  (  -  j  r,  by 

means  of  which  we  can  deduce  from  the  length  r  of  the  pendulum 
aad  the  duration  t  of  its  oscillation  the  acceleration  g  of  gravity. 
We  can  determine  the  value  of  g  more  simply  and  more  accurately 
in  this  manner  than  with  Atwood's  machine. 

Remark. — By  obseryations  upon  the  pendulum,  the  decrease  of  tbie  force 
of  gravity,  as  we  proceed  from  the  equator  to  the  poles,  has  been  proved, 
and  its  intensity  determined.  This  diminution  is  caused  by  the  centrifugal 
force  arising  from  the  daily  revolution  of  the  earth  upon  its  axis,  and  also 
by  the  increase  of  the  radius  of  the  earth  from  the  poles  to  the  equator. 
Hie  centrifagal  force  diminishes  the  action  of  gravity  at  the  equator  ^f^  of 
its  value  (§  802),  while  at  the  poles  the  action  of  the  centrifugal  force  is  null. 
By  observation  upon  the  pendulum  we  can  determine  the  acceleration  of 
gravity  at  the  place  of  observation*  This  acceleration,  when  /3  denotes  the 
latitude  of  the  place,  is 

g  =  9,8066  (1  —  0,00269  aw.  2  /?)  metres ; 
therefore  at  the  equator,  where  /3  =  0  and  eo8.2p  =  1,  we  have, 

g  =  9,8056  (1  -  0,00269)  =  9,780  metres, 
and  at  the  poles,  where  j3  =  OO"",  <»«.  2  /?  =  eos.  180°  =  —  1, 

g  =  9,8056 . 1,00269  =  9,831  metres. 
Upon  mountains  g  is  smaller  than  at  the  level  of  the  sea. 

§  324.  Cycloid. — We  can  put  a  body  in  oscillation  or  cause  it 
to  assume  a  reciprocating  motion  in  an  infinite  number  of  ways. 
Any  body  moving  in  such  a  manner  is  called  a  pendulum.  We 
distinguish  several  kinds  of  pendulums,  as,  for  example,  the  circ^i^ 
lar  pendulum,  which  we  have  just  discussed,  the  cycloidai  pendulum^ 
where  the  body,  by  virtue,  of  its  weight,  swings  backwards  and  for- 
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A  K  My  Fig.  537,  be  half  the  arc  of  the  cycloid,  in  which  a  body 
oscillatefi,  and  M  E  the  generating  circle,  whose  radius  \^  G  E  ■=' 


Fia.  587. 


G  M  :=z  r.    K  the  body  has  described  the  arc  A  G  ov  fallen  from 
the  height  D  H  ^  x  (compare  §  321),  it  has  attained  the  velocity 

V  =  ^%gxy  with  which  it  describes  the  element  O  Eot  the  arc  in 

the  time 

GK        GK 


T  = 


V 


^2gx 


In  copsequence  of  the  similarity  of  the  triangles  G  L  ^and  FHM^ 

we  have 

GK      FM 


KL"  MB" 


or, since  FM'  =  MH.  ME, 
GK       VMH.ME 


VWe 


KL 


MH 


vwh' 

and  in  consequence  of  the  similarity  of  the  triangles  N  P  Q  and 

ONE 

NP  _  ON 

P  Q'^  NPT 

or,  since  WW  =  M H.D  H, 
NP  ^         ON 

P  Q       VMH.DH^      . 
Now  K  L  =  P  Qf  hence  by  division  we  have 

GK     VWe   vmh.dh     vme.dk 


^^P       VMS 


ON 


0  N 


h 


or,  since  0  Ny  half  the  height  fallen  through,  =  sj  M  E  ==  2  r  and 
Dff=zx, 


GK       VTrx      2V2rx 


NP 


4A 
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=  O  O  ^  A.  F  and  RN=  A  E.  Dcscribiog  upon  D  3  =  A  B  t. 
ircle  D  K  M  and  drawing  th«  ordiDate  N P,  we  have  KU  =  P  0 
tlierefore,  also 

=  O  U  =  A  H  —  A  0  =  AH—FO  =  arc  AFB  — arc  AF=^ 
■.BF=  arc  -D  a; 

finally,  JT  J*  is  =  the  ortlinateif  S'of  the  circle  pluB  the  correBpond- 
arc  iJJT;  JTPis  therefore  the  ordinate  of  a  cjcloid  iJ  /' J.  corro- 
ding to  the  generatiag  circle  D  K  H. 
Jpon  the  application  of  ciftilaidiil  pendulums  to  clocks,  Bee  "  JiLbrbii- 

(lea  polyteclin.  Institntes  in  Wicn,"  Vol.  20,  Art.  H  Alao  Prechtl's 
sologiache  Gncyclopadie,  Bd.  19. 

[§  326.)  The  Cvrvn  of  Qniekest  Descent— It  can  be  proved 
the  Calculus  that  the  cycloid,  besides  tlie  property  of  isochronism 
lautockrmtism,  possesses  also  that  of  hrachyBloniam,  I.E.  it  is  the 
;  in  which  a  body  descends  from  one  given  point  to  another  in 
i  shortest  time. 

We  can  prove  this  (as  Jacob  Bernoulli  did)  in  the  following 
mner. 

I*t  the  relative  position  of  two  points  A  and  B,  Fig.  539,  be 
vcn  by  the  vertical  distance  A  C  =  a  and  the  liorizontal  one 
B  C  =  h,  and  that  of  a  borizontul 
line  D  E  hy  the  vertical  distance 
A  D  =^  h;  required  the  point  K,  in 
which  a  body  falling  from  A  to  B 
must  intersect  the  line  D  E'm  order 
to  reach  B  in  the  shortest  time.  K 
the  body  arrives  at  A  vrith  the  ve- 
locity V,  the  velocity  at  A^  is 


Fta.  589. 


,  =  V¥' 


Igk; 


and  supposing  that  A,  A' and  B  are 
ifiTiitely  near  each  other,  or  that  a,  b  and  h  are  very  small  corn- 
wed  to  V,  we  can  assume  that  A  K  ia  described  uniformly  with 
*«  velocity  v  and  K  B  uniformly  with  the  velocity  i',,  or  that  the 
ime,  in  which  A  K  B'w  described,  is 
AK      KB 

~      V  V,   ' 

Denoting  D  .£"  by  z,  we  have 

4  ^  =  Vh'  +  ^  &naKB  =  V{a  -  k)'  +  (6  -  «)', 
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_  G_L  _  FH  _  VMH.EH  _  a/E~H  _  Vy 
<^^<>-  QK-^  FM-  VMH.EM  ~  ^  EM"^  Y? 

and  therefore 

COS.  <t>  _      1 

r  denoting  the  radius  C  if  =  C  -E^  of  the  generating  circle  E  F  M, 
An  arc  8  G  of  a  cycloid  tV  therefore  the  arc  in  which  a  body 
descends  in  the  shortest  time  from  one  point  8  to  another  point  G. 

§  327.  The  Compound  or  Material  Pendnlum. — In  order 
to  determine  the  duration  of  an  oscillation  of  a  compound  pendulum 
or  of  any  body  A  By  Fig.  541,  oscillating  about  a  horizontal  axis  C> 

we  must  first  find  the  centre  of  oscillation  (Ft.  centre 
'        d'oscillation,  Qer.  Mittelpunkt  des  Schwungea  or 
j^k     Schwingungspunkt),  I.E.,  that  point  K  of  the  body 
J^mT    "which,  if  it  oscillates  alone  around  C  or  forms  a 
simple  pendulum,  has  the  same  duration  of  oscilla- 
tion as  the  entire  body.    We  can  easily  perceive 
that  there  are  several  such  points  in  a  body,  but  we 
generally  understand  by  it  only  that  one,  which 
lies  in  the  same  perpendicular  to  the  horizontal 
axis  as  the  centre  of  gravity  does. 

From  the  variable  ajigle  of  displacement  KC  F  ^  0  we  obtain 
the  acceleration  of  the  isolated  point  K,  which  is 

=  g  sin.  0; 

for  we  can  imagine  that  it  slides  dovm  a  plane,  whose  inclination  is 
K  H  R  =  K  C  F  —  tl>.  If  i»f  *•  is  the  moment  of  inertia  of  the 
entire  body  or  system  of  bodies  A  B,  M  s  \\i&  statical  moment,  le. 
the  product  of  the  mass  and  the  distance  C  /S  =  «  of  its  centre  of 
gravity  from  the  axis  of  oscillation  C,  and  r  the  distance  C  Kot 
the  centre  of  oscillation  from  the  axis  of  rotation  or  the  length  of 
the  simple  pendulum,  which  vibrates  isochronally  with  the  material 
pendulum  A  B,  we  have  the  mass  reduced  to  K 

and  therefore  the  rotary  force  reduced  to  this  point  is 

=  -  Mg  sin.  0; 
consequently  the  acceleration  is 
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2)  A  very  simple  and  useful  pendulum  AD  F^  Fig.  548,  may  be  made 
of  a  ball  of  lead  A  about  1  inch  in  diameter,  suspended  by  a  silk  thread, 

Fig.  542.  Fia.  543. 

G 

ci 


(S 


whose  upper  end  is  fastened  into  a  ferrule  2>  by  a  clamping  screw.  This 
ferrule  has  upon  its  end  a  screw,  which  passes  through  the  arm  E  F 
and  is  made  fast  by  a  nut  (?,  when  the  arm  has  been  screwed  into  a 
door-frame  or  some  other  solid  support.  If  the  length  \%  G  A  =.  0,2485 
or  nearly  \  meter,  then  this  pendulum  will  beat  half-seconds  for  almost 
an  hour,  although  the  arcs  in  which  it  oscillates  will  continually  decrease. 
Example — 1)  If  the  point  of  suspension  of  a  prismatical  rod  A  5, 
Fig.  544,  is  at  a  distance  G  A  =^  l^  from  one  end  A  and  G  B  =  l^ 
from  the  other  P,  its  moment  of  inertia,  when  F  denotes  its  cross-sec- 
tion, is  (S  286) 

and  its  statical  moment  is 

Aence  the  length  of  the  simple  pendulum,  which  oscillates  isochronally, 
is 

Fio.  544  ^  =  -         ~ 

B 


Ma        »-Zj«-/g»  ^d     ' 

I  denoting  the  sum  l^  +  l^  and  d  the  difference  Z|  —  Zg. 
rod  should  beat  half-seconds,  we  must  make 


If  this 


r  =  } .  -^  =  J .  89,15  =  9,79  inches. 


and  if  the  rod  is  12  inches  long  we  must  put 

144  4-  8  <2> 
9^79  =    ^^ —  or  d^  -  19,58  (?  =  -  48, 

hence     ,   19.58  —  V  191,8764   19,58  -  18,83 


d  = 


_  19,58  -  V  191,8764  _  19,58 

2  ■" 

from  which  we  obtain 


=  2f  inches;; 
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same  manner^  and  therefore  can  be  changed  for  one  another.  This 
formula  is  consequently  applicable  not  only  to  the  case,  where  s 
expresses  the  distance  of  centre  of  rotation  and  Si  that  of  the  cen- 
tre of  oscillation  from  the  centre  of  gravity,  but  also  to  the  case, 
where  s  expresses  the  distance  of  the  centre  of  oscillation  and  /^, 
that  of  the  centre  of  rotation  from  the  centre  of  gravity.  There- 
fore  C  becomes  the  centre  of  oscillation,  when  K  becomes  the  point 
of  suspension.  "We  employ  this  property  in  the  revers- 
Pig.  547.  able  pendulum  A  B,  Fig.  547,  first  suggested  by  Bohnen- 
^  berger  and  afterwards  employed  by  Kater.  It  is  provided 
with  two  knife-edge  axes  C  and  Ky  which  are  so  placed, 
that  the  duration  of  an  oscillation  remains  the  same, 
whether  the  pendulum  is  suspended  from  one  axis  or  the 
other.  In  order  to  avoid  changing  the,  position  of  the 
axes  in  reference  to  each  other,  two  sliding  weights  are 
applied  to  it,  the  smaller  of  which  can  be  moved  by  a 
small  screw.  If  by  sliding  the  weights  we  have  brought 
them  to  such  a  position,  that  the  duration  of  an  oscilla- 
tion is  the  same,  whether  the  pendtilum  be  suspended  in 
C  or  Ky  we  obtain  in  the  distance  C  K  the  length  r 
of  the  simple  pendulum,  which  vibrates  isochronally  with 
the  reversable  pendulum,  and  the  duration  of  the  osciD^ 
tion  is  given  by  the  formula 

9 

§  329.  Rocking  Pendulnm. — The  rocking  of  a  body  with  a 
cylindrical  base  can  be  compared  to  the  oscillation  of  a  pendulum. 
This  rocking,  like  every  other  rolling  motion,  is  composed  of  a  mo- 
tion of  translation  and  one  of  rotation,  but  we  can  consider  it  as  a 
rotation  about  a  variable  axis.  This  axis  of  rotation  is  the  point 
of  support,  where  the  rocking  body  ABC,  Fig.  648,  rests  upon 

the  horizontal  support  H  R.  Let 
the  radius  0  D  =  C  P  of  the  cylin- 
drical base  A  D  B  he  =  r  and  the 
distance  C  Sof  the  centre  of  gravity 
S  of  the  whole  body  from  the  centre 
C  of  this  base  be  =  «,  then  we  have 
for  the  distance  5  P  =  y  of  the  cen- 
tre of  gravity  from  the  centre  of  rota- 
tion,   corresponding   to   the   angle 
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y'  =  r'  +  «'  —  8  r  fl COS.  0  =  (r  —  a)'  +  4  r a  Lin.  -|l- 

If  we  denote  the  moment  of  inertia  of  the  whole  bodj  in  refereuft 
to  the  centre  of  gravity  iS  by  if  k',  we  obtain  the  moment  of  inertii 
in  reference  to  the  point  of  support  P 

W  =  M(k'+s')  =  M [f  +  (r  -  «)'  +  4  r  «  («n.  -J-)'], 

for  wliich  for  amall  angles  we  can  put  M  [*'  +  (r  —  g)'  +  r « ^"J  or 
even  M  [k'  +  (r  —  s)'].    Now  since  the  moment  of  the  fuiw  = 
G  .  S  N~  Mg  .  C  ^sin.  tp  =  M  g  8  mt.  0,  we  hare  the  aDgahr 
acceleration  for  a  rotation  around  -P 
_   moment  of  force    _       M g  a  sin.  tp      _     gssin,^ 
~~  moment  of  inertia  ~  jtf  [&'  +  (r  —  s)']  ~  k'  +  (t  -  »]' 

For  the  simple  pendulum  it  is  = -,  when  r,  denotes  italengtk 

If  they  should  oscillate  isochronally,  we  must  hare 

g  8  8in.  <i>     _g  sin.  0  _  A'  +  (r  —  «)' 

k'  +  {r"-^  ~  ~7r^'  ^■^' '"'  "^  "^        a  ■ 

The  duration  of  an  oscillalion  of  the  rocking  body  is,  therefore, 


=  ,/5=„/ii±j^ 


This  theory  is  applicable  to  a  pendulum  A  B,  Fig.  M3, 
with  a  rounded  axis  of  rotation  C  M,  when  we  siibstitnt 
for  r  the  radius  of  curvature  C  M  otih'is  axis.  IfinBleat 
of  the  rounded  axis  a  knife-edge  asis  D  is  used,  the  dnn- 
tioD  of  an  oscillation  would  be 


4/^  +  D  S'  _      ./k'  +  (a  -  X)' 

'■""'^    g.DS    -"^     g{8~ir) 

when  the  distance  C  D  at  the  knife-edge  D  from  the  cec- 

tre  C  of  the  rounded  axis  ia  denoted  by  a-.    The  two  j*ii- 

dnluma  will  have  the  same  duration  of  oscillation,  irhea 

*•  +  {s-x)'       i'  -t-  (r  —  ay  k'  k'  +  r'      .,. 

i- — -!~  = 1 '-,  or x=  ■ -%T, 

8  ~x  a  8  —  X  a 

-  *-' 

'    8  —  X     ~     8 

obtain  _   2  r  a' 

~  «'  —  k"' 
Reuark. — The  conical  pendalum  will  be  discnfised  in  tbe 

in  tlie  article  upon  the  ''  Governor," 

Iti  the  appendix  to  thia  volnuie  the  subject  of  oscillation  i) 

length. 


THE  THEORY  OF  IMPACT. 


CHAPTER    IV. 


THE    THEORY    OP    IMPACT. 

g  330.  Impact  in  Q«neraL — On  nccount  of  the  impcnetm- 
vUty  of  mattiT,  two  bodies  cannot  occupy  the  same  eijace  at  the 
ime  time.  If  two  bodies  come  together  in  ench  a  way  tliat  ono 
:'0k3  to  force  itself  into  the  spack  occupied  by  the  other,  a  reeipro- 
al  action  between  them  takes  place,  which  causes  a  cliangc  in  the 
onditions  of  motion  of  these  bodies.  This  reciprocal  action  is 
that  is  called  impact  or  collision  (Fr.  choc,  Ger.  Stoss). 

The  conditions  of  impact  depend,  in  tlie  first  place,  upon  the 
(ifit  of  the  equality  of  action  and  Teadion  (g  65);  during  tlio  im- 
lact  one  body  presses  exactly  as  much  upon  the  other  as  the  other 
iocs  upon  it  in  the  opposite  direction.  The  straight  line,  normal 
'o  the  surfaces,  in  which  the  two  bodies  touch  each  other,  and 
[lassiug  through  the  point  of  tangeney,  is  the  direction  of  the 
force  of  impact.  If  the  centre  of  gra^■ity  of  the  two  bodies  is  upon 
iliia  line,  the  impact  is  said  to  be  central;  if  not,  it  is  said  to  be 
•  rrentjrie.    When  the  bodies  A  and  B,  Fig.  550,  collide,  the  impact 


'•■i  central ;  for  their  centres  of  gravity  S^  and  S^  lie  in  the  normal 
-ViVto  the  tangent  plane.  In  the  case  represented  in  Fig.  551  the 
impact  of  A  is  central  and  that  of  D  eccentric ;  for  -.S'l  lies  in  and 
■S  witliout  the  normal  line  or  line  of  impact  N  N. 

When  we  consider  the  direction  of  motion,  we  distinguish  direct 
'  ''pud  (Fr.  choc  direct,  Gcr.  gerader  Stoss)  and  oli/ique  impact  ( Fr. 
I  iioc  oblique,  Qer.  shiefer  Stoss),    In  direct  impact  the  line  of  im- 
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pact  coincides  with  the  direction  of  motion ;  in  oblique  impact  tlif 
two  dii'ections  diverge  from  each  other.    If  the  two  bodies  A  aid 

By  Fig.  552,  move  in  the  directioii- 
Fia.  553.  s^  c;  and  S,  O^  which  diverge  fron 

the  line  of  impact  N  N,  the  impa* : 
which  takes  place  is  oblique,  TihW  . 
on  the  contrary,  it  would  have  W 
direct  if  the  directions  of  motion  b.  \ 

coincided  with  N  N. 

We  distinguish,  also,  the  impad 
of  free  bodies  from  that  of  thou  par- 
.  tidily  or  entirely  retained. 

§  331.  The  time  during  which  motion  is  imparted  to  a  body  ^r 
a  change  in  its  motion  is  produced  is,  it  is  true,  very  small,  but  bj 
no  means  infinitely  so ;  it  depends  not  only  upon  the  force  of  im- 
pact, but  also  upon  the  mas£(,  velocity  and  elasticity  of  the  coUidioi 
bodies.    We  can  assume  this  time  to  consist  of  two  parts.    In  tb. 
first  period  the  bodies  compress  each  other,  and  in  the  second  tbc} 
expand  again,  either  totally  or  partially.    The  elasticity  of  tht 
body,  which  is  brought  into  action  by  the  compression,  puts  itself 
into  equilibrium  with  the  inertia,  and  thus  changes  the  conditioii 
of  motion  of  the  body.    If  during  the  compression  the  limit  et 
elasticity  is  not  surpassed,  the  body  returns  to  exactly  its  former 
shape,  and  it  is  said  to  be  perfectly  elastic;  but  if  the  body,  after 
the  impact,  only  partially  resumes  its  original  form,  we  say  it  i^ 
imperfectly  elastic;  and  if,  finally,  the  body  retains  the  shape  it  as- 
sumed under  the  maximum  of  compression  or  possesses  no  ten- 
dency to  re-expand,  we  say  that  the  body  is  inelastic    This  dassi- 
fication  of  impact  is  correct  within  certain  limits  only;  for  it  ^ 
possible  that  the  same  body  will  act  as  an  elastic  one  when  the  im- 
pact is  slight,  and  as  an  inelastic  one  when  the  impact  is  violeni 
Strictly  speaking,  perfectly  elastic  and  perfectly  inelastic  bodies 
have  no  existence ;  but  we  will  hereafter  consider  elastic  bodies  to 
be  those  which  apparently  resume  their  original  form,  and  inelasbc 
bodies  to  be  those  which  undergo  a  considerable  change  of  fonn  Id 
consequence  of  the  impact 

In  practical  mechanics  the  bodies,  such  as  wood,  iron,  eu- 
which  are  subjected  to  impact,  are  very  often  regarded  as  inelashc, 
because  they  either  possess  but  little  elasticity  or  lose  the  greater 
part  of  their  elasticity  in  consequence  of  the  repetition  of  the  im- 
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pact  It  is  yery  important  in  constructing  machinery,  etc.,  to  avoid 
impacts  as  much  as  possible.  If  this  cannot  be  done,  we  should 
diminish  their  intensity  or  change  them  into  elastic  ones;  for  they 
give  rise  to  jars  or  concussions  and  cause  the  machinery  to  wear 
very  fast,  and  in  consequence  a  portion  of  the  energy  of  the  ma- 
chine is  consumed. 

§  332.  Central  Impact.— Let  us  first  investigate  the  laws  of 
the  direct  central  impact  of  bodies  moviug  freely.  Let  us  suppose 
the  duration  of  the  impact  composed  of  the  equal  elements  r,  and 
the  pressure  between  the  bodies  during  the  first  clement  of  time  to 
be  =  P„  during  the  second  to  be  =  P^,  during  the  third  to  bo 

=  Pj,  etc.    Now  if  the  mass  of  the 
Fig.  553.  t^^y  A,  Fig.  553,  =  Jf,,  we  have  the 

^  corresponding  accelerations 


rsrr-^mS^X 


But,  according  to  §  19,  the  vari- 
ation in  velocity  corresponding  to  p 
and  to  an  element  of  the  time  r  is 

K-pt', 

hence  the  elementary  increments  and  diminutions  of  velocity  in 
the  foregoing  case  are 

_Pxr       _  P,T        _Pzr 

K,  -  ^^,  K,  -  -^,  K^  -  -^,etc., 

and  the  increase  or  decrease  in  velocity  of  the  mass  M^  after  a  cer- 
tain time  is 

«i  +  K,  +  «8  +  . . .  =  (i'l  +  P«  +  P3  +  . . .)  -^j 

and  the  corresponding  variation  in  velocity  of  the  body  B,  whose 
mass  is  M>2y  is 

=  (Pi  +  P,  +  P, +  ...)-J. 

The  pressure  acts  in  the  following  or  impinging  body  in  oppo- 
sition to  the  velocity  c,  producing  a  diminution  of  velocity,  and 
after  a  certain  time  the  velocity,  which  the  body  still  possesses,  is 
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Vx  —  Cx-  (Pi  +  P,  +  ...)  ^. 

The  pressure  acts  upon  the  body  P,  which  is  in  advance  and  whkl 
is  impinged  upon,  in  the  direction  of  motion,  its  velocity  c,  ':■ 
incrcajsed  and  becomes 

V,  =  c,  +  (Pi  +  P,  +  P,  +  . . .)  jj. 

Elinainating  from  the  two  equations  (Pi  +  P,  +  P,  +  . . .)  -. 
we  have  the  general  formula 

L  Jf,  {ci  —  Vi)  =  Jf,  (vg  —  Cj),  or 

Ml  Vx  +  Jfa  Vj  =  Ml  Ci  +  Mf  Cf. 

The  product  of  the  mass  of  a  body  and  its  velocify  is  called  ite 
momentum  (Fr.  quantite  de  mouvement ;  Ger.  Bewegungsmomentf. 
and  we  can  consequently  assert  that  at  every  instatU  of  the  impact 
the  sum  of  the  momentums  (Mi  Vi  +  Jf,  v^)  of  the  two  bodies  is  th 
earns  as  before  the  impact  took  place. 

At  the  instant  of  greatest  compression,  the  two  bodies  have  tfci 
same  velocity  v,  hence  if  we  substitute  this  value  v  for  I'l  and  r,  ia 
the  formula  just  found,  we  obtain 

MiV  -\-  M^v  =:^  MiCi  +  M^ c^ 

from  which  we  deduce  the  velocity  of  the  bodies  at  the  moment  of 
greatest  compression 

__  Ml  Ci  +  Mj  Cj 

^  ~"  ~~MrirM~' 

If  the  bodies  A  and  B  are  inelastic,  i.e.  if  after  compressiM 
they  have  no  tendency  to  expand,  all  imparting  or  changing  of 
motion  ceases,  when  the  bodies  have  been  subjected  to  the  maxi- 
mum compression,  and  they  then  move  on  with  the  common 
velocity 

Ml  Ci  +  M9  Ci 


V  = 


Ml  +  M, 


Example — 1)  If  an  inelastic  body  B  weighing  30  pounds  is  moTiag 
with  a  velocity  of  8  feet  and  is  impinged  upon  by  another  inelastic  bodr 
A  weighing  60  pounds  and  moving  with  a  velocity  of  7  feet,  the  two  movv' 
on  after  the  collision  with  a  velocity 

50  .  7  +  30  .  8       850  +  90       44       11       ^,  ^   , 
*  =  -501^30—  =  ~80—  =  T  =  y  =  ^^^"^^- 

2)  In  order  to  cause  a  body  weighing  120  pounds  to  change  itsTelodty 
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from  <?  =  1^  feet  to  «  =  2  feet,  we  let  a  body  weighing  50  pounds  strike 
it ;  what  velocity  must  the  latter  have  ?    Here  we  have 

,,  =  .  +  (L=^.  =  2  +  (l^^  =  3  +  «  =  3,afeet.. 

§  333.  Elastic  Impact. — If  the  coUiding  bodies  are  perfectly 
elastic,  they  expand  gradually  during  the  second  period  of  the  im-. 
pact  after  having  been  compressed  in  the  first  one,  and  when  they 
have  finally  assumed  their  original  form,  they  continue  their  mo- 
tion with  different  velocities.  Since  the  work  done  in  compressing 
an  elastic  body  is  equal  to  the  energy  restored  by  the  body,  when 
it  expands  again,  no  loss  of  vis  viva  is  caused  by  the  impact  of 
elastic  bodies.  Hence  we  have  for  the  vis  viva  the  following  equa- 
tion 

n.  Ml  Vi'  -{-  Mt  v^  =  Ml  Ci  +  Mi  Ciy  or 

M,  (ci'  -  i\^)  =  M,  {v,^  -  c,'). 

From  equations  L  and  II.  the  velocities  r,  and  v,  of  the  bodies 
after  the  impact  can  be  found.    First  by  division  we  have 

Ci*  —  Vi'         Vj*  —  Ci* 


Ci  —  Vi  Va  —  Ct 


I.E., 


Ci  -{■  Vi  =  Vi  +  c«,  or  V,  —  Vi  =  c,  —  (Js ; 
substituting  the  value 

Vi   =    Cl     4-    Vl    —    Ciy 

deduced  from  the  last  equation,  in  equation  I.,  we  have 

Ml  Vi  +  Jfj  Vi  +  Mi  (ci  —  Cs)  =  JIfi  Ci  +  Mi  dy  or 
{Ml  +  Mi)  Vi  =  {Ml  +  Mi)  Cj  —  2  Jfj  (c,  —  Ci), 
whence 

2  Mi  {ci  —  d)      J 

r   -r   -c    +r,   -  »  ^^  (g-  -  C,)  _  .     ,    2  M,  (c,  -  C,) 

Hence  if  the  bodies  are  inelastic,  the  loss  of  velocity  of  on* 
body  is 

—  _   -^   gl    +    -^t  C«    _    -3/";  (Cl    —  Cj) 

and  when  they  are  elastic,  it  is  double  that  amount,  or 
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__2  Mi  {ci  —  d) 

and  while  for  inelastic  bodies  we  have  the  gain  in  velocity  of  tk 

other  body 

_  Ml  c,  +  Mf  Cj  _  Ml  (d  —  Cj) 

v-c,-^  — I/;  4-  3f,     ■"  "^  "  ^^+1^7' 

for  elastic  bodies  it  is 

^'      ^•""      M,  +  M,    ' 
or  {^fi/(?  05  ma/c/^ 

Example. — Two  perfectly  elastic  balls,  one  weighing  10  pounds  t&: 
the  other  16  pounds,  collide  ^rith  the  velocities  12  and  6  feet  Whstfl^r 
their  velocities  after  the  impact?  Here  M^  =  10,  e^  =  12,  JT,  =  16aad 
Cj  =  — .  6  feet,  and  the  loss  of  velocity  of  the  first  body  is 

2,16(12  +  6)       2.16.18       g.,^^. 
^t  ~^i  = ioTlS = 26 =  22,154 feet 

and  the  increase  of  the  velocity  of  the  other  is 

2.  10  .  18     ^««,^^   , 
f?,  —  C3  = Sft =13,846  feet 

The  first  body,  therefore,  rcboonds  after  the  collision  with  the  vdodn 
©J  =  12  -  22,154  =  — 10,154  feet,  and  the  other  with  the  velocity  w^  =  —  6  * 
13,846  =  7,846  feet.    The  vis  viva  of  these  bodies  after  the  impact  ib 

=  M^  tJi«  +  J/3  »,•  =  10  .  10,164'  +  16  .  7,846*  =  1031  +  985  =  2016  a 
the  same  as  that  before  impact  ifj  c^  +  if,  Cg  =  10  .  12'  +16  .  6*  =  1440i 
576  =  '2OI6. 

If  the  bodies  were  inelastic,  the  first  body  would  lose  bnt  — y 

=  11,077  feet  of  its  velocity  and  the  other  would  gain    *  T   ^    =  8,921 

feet;  the  velocity  of  the  first  body  after  the  impact  would  be  12  — 11,077  = 
0,923  feet,  and  that  of  the  second  —  6  +  6,923  =  0,923 ;  a  loss  of  i«^ 
chanical  effect 

[2016  -  (10  +  16)  0,923']  :  2  ^  =  (2016  -  22,2)  .  0,0155  =  30,9  footrpoanffi^ 
however,  takes  place. 

§  334.  Particular  Cases.— The  formulas  found  in  the  foic- 
going  paragraph  for  the  final  velocities  of  impact  are  of  com^ 
applicable,  when  one  of  the  bodies  is  at  rest,  or  when  the  two 
bodies  move  in  opposite  directions  and  towards  each  other,  or 
when  the  mass  of  one  of  the  bodies  is  infinitely  great  compared 
to  that  of  the  other,  etc.  If  the  mass  M^isat  rest,  we  have  Ci  =  ^ 
and  therefore  for  inelastic  bodies 
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^  ""  Jf  ,  +  Jf  / 

and  for  ^iz^/tc  ones 

If  the  bodies  more  towards  each  other,  c^  is  negative,  and  there- 
foie  for  inelastic  bodies 

V  =  —^ TT—^i  and  for  elastic  ones 

Ml  -{-  Mi 

''*""'''  if,  +  if.     ^'''^''» ^'^      Mi  +  M,' 

If  in  this  case  the  momenta  of  iDie  bodies  are  equal,  or  M^  c^  = 
Mt  Cf,  when  the  bodies  are  inelastic,  t;  =  0,  lb.,  tiie  bodies  bring 
each  other  to  rest,  bnt  if  they  are  elastic, 

2  ( Jf,  Ci  4-  Mj  c)  ft  , 

^'^^ m\  M         =  ^1  -  2 ^j,  =  -  c„ and 

2  (if,  c,  +  i/,  c)  ,  ^ 

v%  =  -(?,+     ^  ^  ^  ^ — ^  =  -  £•,  4. 2  Ci  =  +  e?,; 

the  bodies  after  the  impact  proceed  in  the  opposite  direction  with 
the  same  velocity  they  originally  had.  If,  on  tiie  contrary,  the 
masses  are  equal,  we  have  for  inelastic  bodies 

and  for  elastic  ones 

V,  =  —  c,  and  Vj  =  Ci9 

I.B.,  each  body  returns  with  the  same  velocity  that  the  other  body 

had  before  the  impact.     If  the  bodies  move  in  the  same  direction^ 

and  if  the  one  in  advance  is  infinitely  greats  we  have  for  inelastic 

bodies 

Mid 

and  for  ekstic  ones 

v,  =  c,  —  2  (<:,  —  Ci)  =  2  Cb  —  ^u  Vt  =  <?f  +  0  =?  cj,; 

the  velocity  of  the  infinitely  great  body  is  not  chaaiged  by  the 

impact    If  the  infinitely  great  body  is  at  rest,  or  if  Cs  =  0,  we  have 

for  inelastic  bodies 

t;  =  0, 
and,  for  elastic  ones 

fi  =  —  C^yVi  =0;    . 

here  the  infinitely  great  body  remains  at  rest;  but  in  the  first  case 

43 
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the  impinging  body  loses  its  yelociiy  completely,  and  in  the  ^smL 
case  it  is  transformed  into  an  equal  opposite  one. 

Example — 1)  With  what  velocity  must  a  body  woighiDg  8  pomh 
strike  a  body  weighing  25  pounds  in  order  to  communicate  to  tbe  latter  t 
Telocity  of  3  feet  ?    If  the  bodies  are  inelastic;,  we  must  put 

whence  we  obtain  e^  =  ^  =  8|^  feet,  which  is  the  required  fdodtj;  i 
they  were  elastic,  we  would  haye 

«•=  5^^j7^,  whence  Ci  =  V  =  "H  feet 

2)  If  aball  lfi,Fig.  554,  strikes  with  the  r^odtyc^  themasB  M^=%S, 
Fig.  554.  which  is  at  nst,  if  the  aeooed  c« 

f^^         ..  strikesa  third  JT,  =  » Jf|  =  s*  Jf^ 

j^^  with  the  Yelodty  imparted  to  it  1 J 
^    the  impact,  and  if  Uiis  Uuid  sn 


4    strikes  a  fourth  M^  =  n  if,  = 
n*  Jfj,  etc.,  we  haye,  when  ibs 
masses  are  perfectly  elastic,  the  velocities 

2  3i%  2  2  iifjg  2 


(ihy '^' "*  =  (ihh' 


If,  for  example,  the  weight  of  each  mass  is  one-half  that  of  tbe  p 
ceding  one,  we  have  the  ratio  of  the  geometrical  series  formed  bj  & 
masses  • 

n  =  f, 
hence 

§  335.  Loss  of  Energy.— When  two  inelastic  bodies  collide. 
a  loss  of  vis  viva  always  takes  place,  and  therefore  they  do  no« 
possess  so  much  energy  after  the  impact  as  before.  Before  the  in* 
pact  th6  yiJB  yiva  of  the  masses  Mi  and  M^,  which  move  vith  tfcc 
velocities  Ci  and  c^f  is 

Ml   C,"    +    Mt  C^y 

but. after  the  impact  they  move  with  the  velocity 

V  =  — i> w: —  and 

Ml  ■{-  Mt 


=  (c,  +v-c,  —  v)- 
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eir  via  viva  is 

i/",  v'  +  if,  v'i 
r  subtraction  we  obt^  the  loss  of  vis  viva  caused  by  the  impact 
-  =  M,  (c'  -  r")  +  Jtf,  (c'  -  v') 
=  Jtf",  {ci  +  v)  (e,  -  f)  -  M,  (c,  +  v)  {V  ~  c),  but 

■Sfx  (ci  —  v)  =  M,{v-  c)  ~  — 'M"+~M      ' 
hence 

Jlf,M,(c,-c,)_  {c,-c,yJtf,M,  _  {c,--c,y 
Jtf,  +  Jtf,      ~      ^,  +  M,      ~1      J_' 
if,'^Mt 
If  the  weights  of  the  bodies  arc  G,  and  0»  or  if 

we  have  the  lose  of  energy  or  the  work  done 
J  ~  <^'  -  ^'>'      ?l3 

fig     '~g,  +  g; 

"We  call  fj  '    a  ^^^  harmonic  mean  between  G,  and  G„  and  wo 

can  assert  that  the  loss  of  energy,  caused  hy  the  impact  of  two  inelastic 
iodies  and  expended  in  dutnging  their  form,  is  equal  to  the  product 
of  harmonic  mean  of  the  two  Tnaasea  and  the  height  due  to  the  differ- 
ence of  their  velocities. 

If  one  of  the  masses  M,  is  at  rest,  we  have  the  lose  of 
mechanical  effect 

"       2g'  G,  +   G/ 

snd  if  the  moving  toaea  Mi  is  very  great,  compared  to  the  mass  at 
rest^  G,  disappears  before  <?,  and  the  formnla  becomes 


We  can  also  put 
J{  =  M,  (c'  -  v')  +  M,  {€,'  -  tO 

=Jf,(c,'— 2ciW  +  t^+ac,t;-2D')  +  Jtf;{c,'-2^,u+v'+8(r,«-2p,') 
=  M,(c,-vy  +2  3f,vie,~v)  +  M,(c,~vy  +  2Jlf,v(ct-v) 

=  3f^ic,-vy  +  M,{c,-vyi 

for  if,  (c,  _»)  =  M,{u-c,). 

From  this  we  see  that  the  vis  viva  lost  by  the  inelastic  impact  is 
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•  » • 

■r 


equal  to  the  sum  of  the  products  of  the  masses  and  the  squares  ^ 
their  gain  or  loss  of  velocity, 

ExAMFLB^l)  If  IB  a  machine  16  impacto  per  nunnte  tike  plaee  be- 
tween the  masses 

Jf,  = lb8.and  Jf.  = lbs., 

whose  velocities  are  c^  =  5  feet  and  e^  =  2  feet^  the  loss  of  enexgy,  in  turn- 
sequence  of  these  impacts,  is 

(5  -  2)«     1000  .  1200         ,     ^ 
^  =  H-      27^-  "~2200 =  A-«.0,0155iLfp=  20;M>  fiwfOU 

par  second. 

2)  If  two  trains  of  cars,  weighing  120000  and  160000  poonds,  okoe  wto 

collision  upon  a  railroad  when  their  yelocities  are  c^  =20  and  e^  =■  13 

feet,  a  loss  of  mechamcal  effect,  which  is  expended  in  destroying  the  kxxv 

motives  and  cars,  ensues ;  its  value  is 

/20  +  15V  120000  .  160000      o«    a*..«     1920000     ^  «,,,,,^  ^_^ ,. 
=  (-T7-)  •         280000—  =  ^  •  0,0165  .-23-=13020(»iW4hi. 

§  336.  Hardness.— If  we  know  the  modnlos  of  elastidtrc/ 
the  colliding  bodies,  we  can  find  also  the  compressive  force  and  tbe 
amomit  of  compreBsion.    Let  the  cross^ection  of  the  bodies  A  md 

By  Fig.  555,  be  F,  and  F^  their  length 
/i  and  U,  and  tiieir  modoli  of  eh^ 
city  be  Ft  and  Ef  If  tiiey  impmp 
upon  one  anotiier,  ihe  compieasbji^ 
produced  are,  aooording  to  §  204, 

^1  =  "tt — Ef  *^^4  ^  ^= 


-ir. 


F,  F, ^  ""  F,  Ei 

and  their  ratio  is 

X\       F%  E%    i\ 

A>2       F\  E\    1% 

F  F  F  Ei 

If,  for  the  Bake  of  simplicity,  we  denote  — V~"'  ^7  -^i  *^^  "T" 


by  fii,  we  obtain 


and 


P  P 

A|  =  g:  and  A,  =  gr, 


Ai S%     ' 

As         fii 

Calling,  with  Whewell  (see  the  Mechanics  of  Enginceringj 
§  207),  the  quantity  — r—  the  hardness  (Pr.  duret6  raideur,  ^' 
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Harte)  of  a  body,  it  follows  that  the  depth  of  compresaiofi  is  t^- 
versdy  proportional  to  the  hardness. 

If  the  mass  if  =  —  impinges  with  the  velocity  c  upon  an  im- 

movable  or  infinitely  great  mass,  all  its  vis  viva  is  expended  in  com- 
pressing the  latter  body,  whence,  according  to  §  206, 

Bat  the  space  o  is  equal  to  the  snm  of  the  compressions  A^  and 

P  P 

At>  and  we  have  A,  =  -=:  and  A,  =  ^r*  whence 


a 


or  inyersely  ^  _    Hx  JSft 

Snbstitating  this  value  of  P  in  the  above  equiUdon,  we  obtain  the 
equation  of  condition 

or  ./H,  -{-  H^    Q 

by  the  aid  of  which  the  values  P,  A,  and  A,  can  be  calculated. 

EzAMPLB. — If  with  a  sledge,  that  weighs  50  pounds  and  is  6  inches  long 
and  the  area  of  whose  face  is  4  square  inches,  we  strike  a  lead  plate  one 
inch  thick,  and  the  area  of  whose  cross-section  is  2  square  inches,  with  a 
velocity  of  50  feet,  the  effect  can  be  discussed  as  follows.  Assuming  ^^  = 
29000000  as  the  modulus  of  elasticity  of  iron  and  E^  —  700000  as  that  of 
lead,  we  find  the  hardness  of  the  two  bodies  to  be 

__        F^E^      4.29000000        ^^«««„««      ^ 
i?t  =  -y--  = g =  19888888  and 

_        F^E^       3.700000        ^.^^^^ 
H^  =      ,    *  = 3 =   1400000. 

Substituting  these  values  in  the  formula 


=  <j  |/ 


fi,  +  J7,      O 


^1  ^,    '  g' 

and  putting  the  weight  of  the  sledge  =  4.6.  0,29  =  7  pounds,  or 

—  =  7 .  0,081  =  0,217, 
we  have  for  the  space  described  by  the  sledge  in  compressing  the  lead 


/  i 


0      i**'^ 

■      c      I 


„ ,  /  20788888 . 0,217       ,^    /0.44991  ...  j 

=  *•  r  iommniOOOOO='<>  V  270666-6=*''''^  mche8=0,246 line..  ' 


•> 
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Hence  the  pressure  is 

ff.  IT.             10338388  .  1400000 
^  =  BrT"4-"  = 20783383 -0,0204  =  26683  poimdi; 

the  compression  of  the  hammer  is 

P  26682 

^^  =  ^  =  19338383  =  ^'^^^  ^^^^  =  ^'^^^  "^«^ 

and  that  of  the  lead 

P         26632 
A,  =  ^  =  5455555  =  0,019  inclTea  =  0,228  lines. 

§  337.  Elastic -inelastic  Impact.— If  two  masses  Jf,  imd  Jf 
are  nioyiBg  with  the  yelocities  Ci  and  c^  in  the  same  direction,  their 
common  velocity  at  the  moment  of  maximam  compression  is,  a^ 
cording  to  §  332, 

_  Ml  Ci  +  Mi  c> 

and  the  work  done  during  the  compression,  according  to  §  335,  ii 

.  _  (g,  -  c,y      Ml  M,    _  (c,  ~  c,y       GiG,   , 
^"        2        'if,  +  Jf,  ""       2^       •  Gi  +  ft' 
but  this  mechanical  effect  can  be  pnt 

=  i  P  a  =  ^  P  (X,  +  A,)  =  ^  ^^^j^***, 

whence  ve  obtain  for  the  sum  of  the  compressions  of  die  trc 
masses 

from  which  the  compressive  force  P  and  the  compressions  A,  and 

A,  of  the  two  masses  can  be  found. 

If  the  bodies  are  inelastic,  they  remain  compressed  after  tbo 

impact;  but  if  one  only  is  inelastic,  the  other  resumes  its  origiDal 

form  in  a  second  period,  and  the  work  done  in  expanding  prodnces 

another  change  of  velocity.     If,  for  example,  the  mass  J/i  = 

G 

—  is  elastic,  the  work  done  in  the  second  period  of  the  impact  is 

^  P  A,  =  ^  j^  =^  (gj4j-l^)  <,• 

_  (c,  -  c,)'      g,  g,  B, 

%g       •  G,  +  a,' H,  +  H,' 

We  have,  therefore,  when  the  velocities  after  the  impact  are  fi  ami 
i't,  the  formulas 
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Ml  V,  +  i/j  Vj  =  Ml  Ci  +  Mi  Ct  and 
Ml  Vi*  +  M,v,^  =  Ml  c,'  +  M,  c,'  +  {ci  -  c,)' .  jif~-£  •  jy-qny 

Jf,  r,*  +  Jf.  ».•  =  i/,  c,'  +  if.  c,»  -  (<r,  -  c,)' .  ;^^!j^^  •  ff^^ff; 

If  we  put  the  loss  of  velocity  Ci  —  r,  =  x,  we  have  the  gain  in 

velocity 

^  MiX 

and  the  last  equation  assumes  the  following  form : 

.(ac.-.)-.(..,4.^)-(.,-..r:g;f^..^.=o, 

or  • 

Ml  +  M»  «      « /  V  /  vo        M»  JTi  _ 

M  ^ 

Multiplying  by  ^     '  ^^  and  remembering  that 

/^       =  1  _      -^' 


II,  +  Jf,~         II,  +  Hi 
we  obtain  the  quadratic  equation 

or 

(*  -  (C  -  c)  j^^~j^)  =  {c,  -  c,y  (^—jf) .  //,  +  Hi 
by  resolving  which  we  obtain  the  fos«  of  velocity  x  of  the  first  body 

c.  -  e,  =  (c.  -  c,)^^^^  (l  +  V-jj-^), 
and  the  ^ain  of  velocity  of  the  other 

t;.  -  c.  =  (c.  -  ci)  ^^^  (l  +  Vjj^^) 

Example. — If  we  aBsmne  that  in  the  example  of  the  foregoing  para^ 
graph  the  iron  sledge  is  perfectly  elastic  and  that  the  lead  plate  is  perfectly 
inelastic,  we  obtain  the  loss  of  velocity  of  the  hammer,  which  weighs  7 
pounds  and  falls  with  the  velocity  of  50  feet,  since  we  most  ])at  ^^  =  0  and 

JIf,   =  00, 
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/  /       jff,       \  /  .  /  1400000  \ 

c,  -  .,  =  .,  (l  +  Vh:^:^S-J  =  50  (l  +  j/  2071JS8SSJ 

=  50  (1  +  0,26)  =  63  feet. ; 
hence  the  Telocity  of  the  sledge  after  the  blow  is 

©J  =  Ci  —  68  =  50  —  68  =  —  13  feet 
The  velocity  of  the  lead  plate,  which  is  retained,  of  course  remaias  =  4 

§  338.  Imperfioctly  Elastic   Impact. — If  the  ooDidisf 

bodies  are  imperfectly  elastic^  they  expand  only  partially  in  the  secoaJ 
period  of  the  impact  and  the  mechanical  effect  expended  in  pit- 
ducing  the  compression  in  the  first  period  is  not  entirely  restoTRi 
in  the  second  period.  If  A,  and  A|  again  denote  the  amoant  d 
compression  and  P  the  pressure  (called  also  the  force  of  di^tortm. 
we  have  the  mechanical  effects  expended  during  the  compresao 
s=  ^  P  A,  and  ^  P  ^  and  if  during  the  expansion  but  the  p^ 
part  or  more  generally  during  the  expansion  of  the  first  bodj 
but  the  filth  and  during  that  of  the  other  but  the  /i,th  part  of  tb 
mechanical  effect  is  restored,  the  entire  loss  of  mechanical  eifect  ii 

P  P 

or,  putting  A|  =  -=^  and  Aj  =  ■=-, 

The  force  with  which  the  bodies  react  in  the  deoond  period  L" 
called  Hie  force  of  restitution. 

But  according  to  the  foregoing  paragraph  we  have 


^,  +  J5r, 


hence  the  required  loss  of  mechanical  effect  is 

_  (gi  -  c,Y        MyM,     (    _  II,  H,  +  ^,  H\ 

To  find  the  velocities  Vi  and  r,  after  the  impact,  we  employ  tbe 
equations 

Ml  Vi  +  -^j  r,  =  if,  Ci  +  i/f  Ci  and 
Ml  v,'  +  -W,  tV  =  Ml  c,'  -hM^c^  ' 

"  ^^'  ■"  ^^  •  Ml  +  M,  •  HTTH, 

which  we  must  oombine  and  resolve.  In  exactly  the  same  xnamK7 
as  in  the  last  paragraph  the  loss  of  velocity  of  the  first  body  is  found 
to  be 
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and  the  gain  in  velocity  of  the  body,  which  is  in  advance. 

These  two  fortnulas  include  also  the  laws  of  perfectly  elastic 
and  of  inelastic  impact  If  we  substitute  in  them  //,  =  ftj  =  1,  we 
obtain  the  formula  already  found  for  perfectly  elastic  bodies^  and 
if  we  assume  \Ly  —  \i^z=.  0,  we  obtain  the  formulas  for  inelastic  im- 
pact, etc.  If  both  bodies  are  equally  elastic,  or  /^i  =  )i>^  we  have 
more  simply 

c-i,.  =  (c,-c.)^P^(i+V7) 

and 

If  the  mass  M^  is  at  rest  and  infinitely  great,  it  follows  that 

c,  --  V,  =  c,  (1  +  V^),  i.B^ 
Vi  =  —•  ^1  V^  or  inversely 

'*  =  ©'  ^-^ 

If  we  cause  a  mass  M^  to  fall  from  a  height  h  upon  a  rigidly 
supported  mass  M^  and  if  it  bounces  back  to  a  height  hi,  we  can 
determine  the  coeflBcient  of  imperfect  elasticity  of  the  body  by  the 
formula  •       7^l 

Newton  found  in  this  way  for  ivory, 

l»  =  (i)'  =  If  =  0,79, 
for  glass 

^  =  (i|)«  =  0,9375*  =  0,879, 

and  for  cork,  steel  and  wool 

^  =  (*)«  =  0,555*  =  0,309. 

We  assume,  in  this  case,  that  the  falling  body  is  a  sphere  and 
that  the  body  upon  which  it  falls  is.  flat. 

General  Morin  by  causing  cannon  balls,  weighing  from  6  to  20 
kilograms,  to  fall  upon  masses  of  clay,  wood  and  cast-iron,  which 
were  suspended  from  a  spring  balance  or  spring^  dynamometer 
found  that  for  clay  and  wood  (i  is  nearly  =  0,  and  that,  on  the 
contrary,  for  cast-iron  it  ia  nearly  =  1^  lb.  that  the  Impact  of 
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bodies  of  former  substances  can  be  considered  as  ioelaGtic  aod  tlu 
of  tboae  of  the  latter  substances  as  perfectly  clastic  (sec  A.  ^taz.. 
Notions  fondamentales  do  Mecaniqne,  Art.  67-70). 

ExAXPLB.— What  will  be  the  velocities  of  two  steel  plates  nfter  inipiK.;'| 
before  the  impact  their  velodtiea  were  e,  =  10  and  c,=  — 6feet,«DdifMt 
WL'igha  80  and  tho  other  40  pounds  I    Here  we  hare 
(.-«..  =  (10  +  6).  «(!  +f)  =  16.f.3i*  =  ~  =  14^(«t 

-  14,23  =  —  4,23  feet 

t!j  =  e,  +  10,86  =  ~  6  +  10,65  =  4,66  feet 

§  339.  Obliqne  Impact. — If  the  directions  of  motion  .S  ' : 
and  S,  C,  of  the  i;wo  bodies  A  and  B,  Fig.  550,  diverge  from  it 
normal  JVJVfo  the  tangent  jto-.i 
Fio.  556.  J^^l  obligve  impact  takes  place-   II- 

theory  of  obliqne  impact  can  be  n- 
ferred  to  that  of  direct  impact  ly 
■,  decomposing  the  Telocitiea  S,C,=' 
and  S,Ct  =  c,  into  their  compoiKEi- 
in  the  direction  of  the  normal  »- 
-  N     tangent ;  the  components  in  lie  i>.- 

rection  of  the  normal  proJnO'  - 
direct  impact,  and  are,  therefore,  changed  exactly  as  in  tbc  c^ 
<lirect  impact,  while  tho  velocities  parallel  to  the  tangent  pL. 
cause  no  impact,  and,  therefore,  remain  unchanged.  If  we  combri; 
the  normal  velocity  of  any  body,  obtained  according  to  the  tbI: 
for  direct  impact,  with  the  tangential  velocity,  which  has  Kmmni 
unchanged,  the  resultant  is  the  velocity  of  tho  body  aSei  thf  im- 
pact. Putting  the  angles  formed  by  the  directions  of  motion  v.:. 
tho  normal  equal  to  Oi  and  a„  or  C,  iS,  JV  =  a,  and  C,  S,  N=  "-j  '^■ 
obtain  for  the  normal  velocities  S,  Ex  and  S,  E,  the  values  fi  «*  = 
and  c,  COS.  a,  and,  on  the  contrary,  for  the  tangential  veloeitica  S,  f 
and  S,  Ft  the  values  Ci  sin.  o,  and  c,  sin.  a^ 

The  normal  velocities  aro  changed  by  the  collision,  the  firsts 
becoming 

w,  =  c,  C08.ax  —  (c,  coe.th  —  c,  COS.  a,)  ^  ^ ^  (1  +  '*% 
and  the  second 

V,  =  c,  COS.  a,  +  (c,  COS.  «[  —  c,  cos.  Oi)  y     '  ^.  (1  +  ^), 
in  which  JIf,  and  Af,  denote  the  masses  of  the  two  bodies. 
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From  V]  and  Ci  sin.  aj  we  obtam  the  velocity  Si  Gx  of  the  first 
body  after  the  impact 

Wi  =  Vv'^  +  Ci  sinJ*  a„ 
and  from  Vt  and  Cs  sin,  a,  the  velocity  S^  G,  of  the  second  body 

Wi  =  Vv*  +  Ci  sin,*  o, ; 
the  angles  formed  by  the  directions  of  the  velocities  with  the 
normal  are  given  by  the  formulas 

^        Cx  sin,  fli      ^  .        r.       Ci  sin.  a, 
tang,  A  = and  tang.fSi  = , 

V\  Vi 

j3,  denoting  the  angle  Oi  Si  JVand  j3s  the  angle  G^  S,  If, 

Example — 1)  Two  balls,  weighing  30  and  50  pounds,  strike  each  other 
with  the  velocities  c^  =  20  and  e^  =  26  feet,  whose  directions  form  the 
angles  a^  =  21^  35'  and  Og  =  65''  20'  with  the  direction  of  the  normal  to 
.  the  tangent  plane ;  in  what  direction  and  with  what  velocity  will  these 
bodies  move  after  the  impact  ?    The  constant  components  are 
<jj  nn.  flj  =  20  .  9in.  21°  85'  =  7,857  feet  and 
«,  nn.  o,  =  25  .  nn.  65°  20'  =  22,719  feet, 
and  the  variable  ones  are 

Cj  eo8.  oj  =  20  .  COS.  21°  35'  =  18,598  feet  and 
6,  eas.  a,  =  25 .  cos.  65°  20'  ==  10,433  feet. 

If  the  bodies  are  Inelastic,  wc  have  fi  =  Oy  and  therefore  the  normal 
velocities  after  the  impact  are 

if^  =  18,598  -  (18,598  -  10,483)  .  ff  =  18,598  -  5,103  =  13,495  feet  and 
«»g  =  10,433  +  8,165  .  }  =  10,483  +  3,062  =  13,495  feet. 
Hence  the  resulting  velocities  are 


Wj  =  V13.495'  +  7,857»  =  V286;24  =  15,37  feet  and 
w,  =  Vl3,496«  +  22,719'  =  V698,27  =  26,42  feet ; 

and  their  directions  are  determined  by  the  formulas 

7  857 
tariff.  Pi  =  j^T95>  ^-  ^^5^-  Pt  =  0,73658  —  1,  /J^  =  28°  36'  and 


22  719 
tang,  p^  =  j3^,  hg.  tang,  p^  =  0,22622,  p^  =  59°  1 


rt 


§  340.  Impact  against  an  Infinitely  Oreat  Mass.— If  the 
mass  Ay  Fig.  557,  strikes  against  another  mass,  which  is  infinitely 
great,  or  against  an  immovable  object  B  B,  or  if  c,  =  0  and 
if ,  r=  00 ,  we  have 

Vi  =  C|  cos.  ttj  —  Ci  cos,  a,  (1  +  Vy)  =  —  c,  cos.  a,  VJi  and 

r,  =  0  +  Ci  COS.  a,  ^'  ^^  '*"  ^^  =  0+0  =  0, 


1 
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if  in  addition  /i  =  0,  we  have  r,  =  0,  but  if  ft  =  I,  r,  =  —  «,  eM.e . 

I.SL,  when  the  impact  is  inelastic,  the  nomuU  force  it  emnpktt- 
lif  (mnihilated,  /mi,  on  the  conlrar- 
FiQ.  657.  ^^^  ^j  ^  ptrfectly  elastic,  the  nana 

force  is  cianged  itUo  an  egnal  oppttn- 
one.  The  angle  formed  b^  the  di- 
rection of  motion  after  the  imp«- 
with  the  normal  is  detennined  hj  tt 
equation 
,..,  „_c.  "«■■■._  ''"'■°' 


.VI- 


C,  CM.  Oi  ) 


£cff  ineloatio  bodies 

taag.^  =  ^5^>  _  «;  lb.^,  =  WT; 
and  for  elaetic  ones 

tang.  /J,  =  —  tejij/.  Ob  i.e.  J3,  =  —  o,. 

After  an  inelastic  body  baa  impinged  npon  an  inelastic  obetade. 
it  moves  on  with  the  velocity  Ci  nin.  a,  in  the  direction  of  the  tan- 
gent plane.  When  an  elastic  body  has  impinged  upon  an  elut> 
obstacle,  it  moves  on  with  its  velocity  unchanged  in  the  directioD 
1?  O,  which  lies  in  the  same  plane  as  the  normal  JV  N  and  tbf 
original  direction  X  S,  and  makes  vrith  the  normal  the  sane  u^ 
O  S  .y  that  the  direction  of  motion  before  the  impact  nude  iriil 
it  The  angle  X  S  N,  formed  by  the  direction  of  motion  befoit 
the  impact  with  the  normal  or  perpendicular,  ia  called  the  im^  ^ 
inci(2Bn«d(Fr.angled'incidence;  aer.£in&lls-winkel},andtheiiijie 
G  8  N,  formed  by  the  direction  of  motion  after  the  inqnct  v& 
the  same,  ia  called  the  angle  of  r^Uxian  (Fr.  angle  de  reflexion ;  Gtr. 
Aastritts-  or  Seflexionswinkel) ;  v»  eon  ihenfort  anmi  thai  tia  I 
the  impact  u  perfectly  Mastic,  the  onglet  of  ittcidence  and  of  r^kaet 
lie  in  the  same  plane  as  the  mirmal  and  are  equal  to  each  other. 

When  the  impact  is  imperfectly  elastic,  the  ratio  fp  of  tbi 
tangents  of  these  angles  is  equal  to  the  ratio  of  the  velocity  i»> 
duced  by  the  expansion  to  the  velocity  lost  by  the  compressioD.       ' 

By  the  aid  of  this  law  we  can  easily  find  the  direction  in  ifliicli 
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A  body  A,  Fig.  658,  mnst  atrihe  againsi.  sn  ioimoT&ble  obstacle 
B  S,  when  ve  wi^  it  to  take  a  given  directioii  8  Y  after  tbe  im- 
pact. Ifthe  impact  is  elastic,  we  let  MI 
Fio.  5S8.  izfxa  a  point  Y  of  tbe  given  direction 

a  perpendicular  Y  0  upon  the  normal 
JV  N  and  prolong  it  nntil  the  pro- 
j  „     kmgation  0  Y,  is  equal  to  the  per- 

pendjcnlar  itself;  8  Y^  is  then  the 
direction  in  question  ;  for,  accord- 
ing to  the  constmction,  the  angle 
WS  r,  =  N8  r.  If  the  impact  is 
imperfectly  clastic,  we  must  make  0  Y,  =  V]i,  0  Y;  then  Y,  S 
ia  the  required  direction,  for 

tang,  a,  _  0  Y,  _  ^ 
tmg.li,~  0  Y~    ^' 
If -we  let  fell  the  perpendicular  Y  B  upon  the  line  S  R  parallel 

to  tbe  tangent  plane  and  make  the  prolongation  SX=  y  ~  R  Y, 

iVJTwill  he,  aa  we  caneaailysee,  tbe  required  direction  of  incidence. 
Rehabk. — The  principal  application  of  tbe  theory  of  oblique  impact 
IB  to  the  game  of  billiards.  See  ''Th^rieHathematiquedesefielada  jeude 
billard,  par  Coriolis."  According  to  CorioUs,  when  a  billiard  ball  strikes 
tbe  cushion  tbe  ratio  of  tbe  Telocity  of  recoil  to  the  velocitj  of  impact  ia  = 
0,5  to  0,G  oT^ia  =  0.S*  ^  0^  to  0,6*  =  0,36.  By  the  aid  of  these  vbIbob 
the  Erection,  in  nbir.h  a  ball  A  must  strike  tbe  cnshion  B  B  when  it  is 
to  be  tbrown  back  towt»ds  a  point  T,  can  be  determinect.  We  let  tAl 
ftom  Fthe  perpendicnlar  Fii  to  the  lino  of  gravity  parallel  to  tbe  cuhioa, 

prolong tiie  same  a  distance  BX=  jJ -  =  if  to  -V^  of  its  length,  and 

drawtheline  F^  X\  tbe  pointofiuteisection  Dis  ibepointtowards which 
the  ball  must  be  driven,  when  we  wirti  it  to  rebound  towuds  Y.  The  twist 
of  the  ball  caows  this  relatioa  to  vary  somewhat. 

g  341.  Frictioii  of  Impact— Wlien  oblique  impact  occora, 
the  pressure  between  the  colliding  bodies  gives  rise  to  Miction,  in 
consequence  of  which  the  components  in  the  direction  of  the  tan- 
gent plane  are  caused  to  vary.  The  friction  F  of  impact  is  deter- 
mined in  the  same  way  as  that  of  pressure.  If  F  denote  the 
pressure  of  impact  and  <t>  the  coeflScient  of  friction,  then  F  =:  ^  P. 
It  difiera  from  the  friction  of  pressure  in  tliis  only,  that,  like  the 
impact  it£c1f,  it  acts  but  for  an  instant    Tbe  changes  in  velocity 
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produced  by  it  ore  not,  however,  immeasarab);  emaU  ;  for  d 
pressure  F  during  impact  (and  therefore  the  portion  ^P  o(  n-i 
generally  very  great  Denoting  the  impinging  mass  by  M  ud  -i 
normal  acceleration  produced  by  the  force  of  impact  P  brf.  r\ 
have 

P  =  MptaiAF=>p  Mp, 
and  also  the  retardation  or  negative  acceleration  of  the  tni^% 
daring  the  impact  i 

LB.  0  times  that  of  the  normal  force.  Now  the  daradon  of  the  v-l 
tion  is  the  same  for  both  forces ;  therefore  &e  charge  of  M&x^jr^n- 
duced  hy  the  friciion  ia  <t>  times  the  <Aange  of  Ute  normai  ttmji 
produced  by  the  impact.  I 

If  a  mass  M  falls  verticall;  upon  a  horizontal  sled,  and  if  ^1 
Telocity  c  of  this  mass  is  entirely  lost  by  the  collision,  the  retcuj 
tion  of  the  motion  of  the  sled,  whose  mass  is  M„  is  ' 

F       _    <l>Mp 
M+M,~  M+M! 
imd  consequently  the  loss  of  velocity  is 
_     ^M 
^  ~  M+M,'^ 
Morin  has  proved  the  correctness  of  this  formola  by  expoiBKi! 
(see  his  Notions  fondamentales  de  M^caniqne). 

If  a  body  strikes  an  immovable  mass  £  £  at  an  angle  o,  R^ 
659,  the  change  in  the  normal  velocity  is,  according  to  ilie  1» 
paragraph, 

Fia.659.  w  =  c«».oa  +  ♦';;); 

henoe  the  variation  produced  lo  Iv 
tangential  velocity  is 

=  ^w  =  0e(l  +  *'it)m-*. 
After  the  impact  the  compoaentcfl" 
becomes 

c  «■».  a  —  ^  c  (1  +  Vfi)  CM- « 
=  [sin.  o  —  ^  CM.  a  (1  +  ^)V'r 
for  perfectly  elastic  bodies  it  is 

=  (««.  o  —  3  ^  COS.  a)  c, 
and,  on  the  contrary,  for  inelastic  bodies  it  is 
=  {sin.  a  —  0  COS.  a)  c 
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The  firiction  very  often  causes  the  bodies  to  turn  around  timr 
centres  of  gravity y  or  if,  before  the  impact^  a  motion  of  rotation  ex- 
ists, it  is  changed.  If  the  moment  of  inertia  of  a  round  body  A  in 
reference  to  its  centre  of  gravity  Si&  =^  M  k\  and  if  its  radius  S  C 
=  a,  we  have  the  mass  of  the  body  reduced  to  the  point  of  tan- 
gencyC 

and  therefore  the  acceleration  of  the  rotation  produced  by  the  Me* 
tion  jPis 

-        ^        -    <l>Mp     _  a' 

and  the  corresponding  change  of  velocity  is 

a'  a' 

For  a  cylinder  -^  =  2,  and  for  a  sphere  -^^  =  §,  therefore,  it  fol- 
lows that  the  changes  of  velocity  of  rotation  of  these  round  bodies, 
produced  by  impact  against  a  plane,  are 

«Ti  =  2  0  (1  +  Vfi)  COS.  a  and  w  =  -§  ^  (1  +  VJi)  cos.  a. 

Example. — If  a  billiard  ball  strikes  the  cushion  with  a  velocity  of  15 
feet,  in  such  a  maimer  that  the  angle  of  incidence  a  =  45^,  what  will  be 

the  conditions  of  motion  after  the  impact  ?    Putting  for  V/<  its  mean  value 
0,55,  we  have  the  normal  component  of  the  velocity  after  the  impact 

=  —  V/Z.  ecos, a  =  —  0,55  A5,eo8.  45**  =  —  8,25  .  Vf  =  —  5,838  feet, 

and  assuming,  with  Coriolis,  ^  =:  0,20,  we  obtain  the  component  of  the  ve« 
lodty  parallel  to  the  cushion,  which  is 

=:enn.  a  -  ^  (1  +  V^)ccm.  a  =  (1  -  0,20 . 1,65) .  10,607  =  0,69. 10,607 
=  7,319  feet, 

and  consequently  for  the  angle  of  reflection  we  have 

7  810 
tang.  0  =  ^  =  1,2648  or  ^  =  SV  27'; 

hence  the  velocity  after  impact  is 

5,833  ^„«^-  . 

The  ball  also  acquires  the  velocity  of  rotation 


J 
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i  ^.  1,65  .  10,607  =  8,830  feet 

Abont  its  verticftl  line  of  grarity.  | 

Since  tlie  ball  does  not  elide,  but  rolls  npon  the  billiaid  UUe,  «tBvl 

sssume  that,  besides  ita  relocitj  e  =  IS  feet  of  translation,  k  hs>  nieqK| 

Tctodtf  of  rotation,  and  that  this  can  also  be  resolved  into  the  compnaoa 

ecot.  a  =  I0,60T  and  etia.a  =  10,307. 
The  first  component  coireaponda  to  a  rotation  abont  an  axis  pualld  to  ib 
a»8  of  the  cushion,  and  becomes 

now.  a-f  *(I  +  v^)Ba«.  o  =  10,60T-  8,220  =  2,887  fett; 
the  other  component  e  fin.  a  =  10,007  feet  eorreq>oDda  to  a  rotitioa  ikM 
an  asis  normal  to  the  cnahion  and  remains  nnchanged. 

§342.  Impact  of  RerolTing  Bodies. — If  tm>  bodies  A  ai 
B,  fig,  560,  revolving  aronad  the  fixed  axes  G  and  K,  impinge  upt: 
one  another,  changes  of  velodljakt 
Fio.  560.  place,  which  can  be  determined  frta 

the  moments  of  inertia  JV,  k'  iK 
M,  kt  of  theae  bodies  in  reference :  ■ 
their  fixed  ascs  by  the  aid  of  tt. 
formnlas  fonnd  in  the  precediog  pan- 
graphs.  If  the  perpendicolan  G  B 
and  .£*  Z,  let  Ml  from  the  axes  of  R- 
taUon  upon  the  line  of  impact,  b: 
denoted  by  a-,  and  o^  we  wOl  haT*  ik 
masses  redaoed  to  the  eztreniitie8  H  and  L  of  these  peipendicobr 


for  3f,  and  M,  in  the  fomiDla  for  central  impact,  ve  obtain  the  nc- 
atioDB  of  velocity  of  the  points  S  and  L  (g  338). 

in  which  c,  and  c,  denote  the  velocities  of  these  points  before  tk 
impact 

To  introduce  the  angnlar  Telocitiea,  let  us  denote  the  angoitf 
velocities  before  the  impact  by  «]  and  e.  and  those  after  the  imp*' 


a.] 


THE  THEORY  OP  IMPACT. 


689 


u,  and  <i>a,  thus  we  obtain  Ct  =  Oi  e„  c,  =  a,  e„  Vi  =  at  u,  and 
=  Oi  <•>«  and  the  loss  of  velocity  of  the  impinging  body  is 


M,k,* 


-.  (1  +  ^), 


i  the  gain  in  velocity  of  the  impinged  body  is 

«,  -  .,  =  a,  (a.  e;  -  a.  «0  jj;-^T^^j^^^^  (1  + /IT), 
le  angular  velocities  after  impact  are 


Wi  =  €i  —  a,  {Ui  fi,  -  0,  e,)  (1  +  4^) 


«a  =  c«  -h  aj  {Ot  €i  —  «,  c,)  (1  +  V^) 


M,h* 


M,  k^  a^  4-  M^  k^  «,•' 
If  both  bodies  are  perfectly  elastic,  wo  have  /x  =  1,  or 

ad  if  they  are  inelastic,  ft  =  0,  or 

1  +  i^=l. 
In  the  latter  case  the  loss  of  vis  viva  occasioned  by  the  impact  is 

'*'*•"*'  ^'^  •  Mth'a,*  +  M,k,'ar 

Example. — The  moment  of  inertia  of  the  shaft  A  (?,  Fig.  561,  in  refer- 
ence to  its  axis  of  iota- 
Fig-  581.  tion,  G  is 

=  M^  ifci"  =  40000 :  17, 
and  that  of  the  tilt  ham- 
mer ^  JT  in  reference  to 
its  axis  JST  is 

=  150000 :  ff, 
the  arm  G  C  of  the  shaft 
is  two  feet  and  that  K  C 
of  the  hammer  is  6  feet,  and  the  angular  velocity  of  the  shaft  at  the  mo- 
ment it  impinges  upon  the  hammer  is  =  1,05  feet ;  how  great  is  the  velocity 
after  the  impact  and  how  much  mechanical  effect  is  lost  by  each  blow,  sup- 
posing both  bodies  to  be  completely  inelastic?  The  required  angular 
velocity  of  the.  shaft  is 

4  .  1,05  .  150000        _  /         60  \  _ 

40000 .  86  +  150000  .  4  ~  ^^  V  "  204/  ""    »"^  '  "' 


«,  =:  1,05  - 


.706 


=  0,741  feet, 

*nd  that  of  the  hammer  is 

2.6.1,05.4    _  GC       ^„,,     .       ^^j^j^  J. 
2^ also  =  6»i  .  -gr^  =  0,741  .  f  =  0,247  fe«t 

44 
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i^.,  three  times  as  small  as  that  of  the  sb&ft.    The  Ion  of  mei^aaial  t£r7 
for  each  impact  is 

(3 . 1,05')  4O0OO .  16001)0         _        1  «00000 

^  -  "a7~  ■  40000.36  +  laoooo . 4  -  "'""' ^^'^'  ■  U4  :r« 

150000       lOiSSJlS  -^ 

=  0,0156  .  4,41  -g~  =  — gj^  =  201,05  foot-ponnd^ 

§  343.  Impaot  of  an  Qgcillatmg  B6d7.— If  a  bod;  ^ 
Fig.  563,  which  has  a  motion  of  tramlatiatt  ud  n 
■  Fig.  683.  unreiained,  impinges  upon  a  body  B  CK,  flwnte 
OTOund  an  axis  E,  wa  can  find  the  velodtiaaA-: 
impact  by  enbatitating  in  the  formnlas  of  the  p- 
ceditig  paragraph  instead  of  a,  e,  and  a,  u,  the 
locities  of  translation  c,  and  v,  and  instead 


tationa  remain  nnchanged.    The  velocity  si  tk 
first  mass  after  the  impact  \&  therefore 

and  the  angular  yelocity  of  the  second  is 

o.,  =  .,+ a,  (c, -«,.,)  (1  +  ^rt  .  ^g^^^jpr 
If  the  mass  Mt  a  at  rest,  or  if  e,  =  0,  we  have 

and 


If  Jf,  is  at  rest,  I.E.,  if  the  oscillating  mass  impinges  npon  it 
■we  have  c,  =  0,  and  hence  , 

and  : 

The  velocity,  which  is  imparted  to  a  mass  at  rest  by  anoto  ^ 
by  a  blow,  depends  not  only  npon  the  velocity  of  the  blow  andlif 
masses  of  the  bodies,  but  also  upon  the  distance  K  L  =  (i,atriw 
the  direction  of  the  impact  is  situated  from  the  axis  ^oftbebrf? 
which  is  capable  of  rotation.  If  the  free  body  impinges  nponfc 
oecillating  body,  the  angular  velocity  of  the  other  b 
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0,.  =  c,  (1  + /7)  ^-5^^^^, 

and  if  the  oscillating  body  strikes  against  the  free  one,  the  latter 
ftcquires  the  velocity 

both  velocities  increase,  therefore,  when 


or 


a 
increases,  or  Jfi  Os  +  jJ/i  —  decreases. 

Substituting  for  o^,  a  db  a;,  2;  being  very  small,  we  obtain  for 
the  value  of  last  expression  , 

^         '      a  ±  X  a      \    ^  a       a^         / 

or,  since  the  powers  of  a;  are  very  small. 

Now  if  a  is  to  correspond  to  the  minimum  value  of  JIfi  at + — ^,      ^ " "" ' 

(M  k\ 
Ml V^)  ^  must  disappear;  for  its  sign  is 

different,  when  a  is  increased  a  quantity  {x)  from  what  it  becomes, 
when  a  is  decreased  by  a  quantity  (^  x);  hence  we  must  have 


Fio.  563.  ^^i ^i—y  a?  =  0, 1.B., 


— ^-^  =  Jl^,  and  consequently 

Now  if  one  body  strike  against  the  other  at 
this  distance  (a),  the  latter  assumes  its  maximum 
velocity,  which  is 

1^ 


when  the  oscillating  body  is  impinged  upon;  and 

2) «. = ^  *, «.  (1  +  f7)  i/^;= (1 +*^)  y, 

when  the  free  body  receives  the  blow. 
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The  extremity  L  of  the  distance  or  lever  arm  a  =  it*  f  --' 

which  corresponds  to  the  maximum  velocityy  or  the  point,  vbert 
the  latter  line  intersects  the  line  of  impact,  is  sometimes,  thongk 
incorrectly,  called  the  centre  of  percussion  ;  a  more  correct  tae 
would  be  the  point  of  percussion. 

We  should  be  careful  not  to  confound  it  with  the  centra  offrx- 
cussion  (§  313),  whose  distance  from  the  axis  of  rotation  u  a- 
pressed  by  the  equation        __  M^kj*  ___  k^ 

""   MiS  "  s' 
in  which  s  denotes  the  distance  of  the  centre  of  graTiiy  of  the  mss. 

Mi  from  the  axis  of  rotation.  If  the  direction  N  Not  the  impaK 
of  the  masses  Mi  and  if,  passes  through  the  centre  of  percofisioL, 
the  reaction  upon  the  axis  of  rotation  becomes  =  0. 

In  order,  for  example,  to  prevent  a  hammer  from  jarring,  ix 
reacting  upon  the  hand,  which  holds  it,  or  upon  the  axis,  ab(»: 
which  it  turns,  it  is  necessary  that  the  direction  of  the  blow  shjB 
pass  through  the  centre  of  percussion. 

If  a  suspended  body  JST  B  is  struck  by  a  mass  i/i  with  force  F 

at  the  point  of  percussion,  or  at  a  distance  a  =  hy  -^  f^^  *^ 

axis  K,  the  reaction  upon  the  axis  is 

Pi  =  P  +  5  =  P-«J/;«(fiee§  313). 

K  M  h *  -P* 

Since  P  = ^— --,  we  have  the  angular  acceleration  m  =  jr^x 

JUT    Q   n 

and  K  M^s  =  •   '  j.  P\  hence  the  required  reaction  is 

Example — 1)  The  centre  of  percussion  of  a  prismatical  rod  (7i,Fig. 

564,  whicli  revolves  aboat  one  of  its  ei^i-' 
Fig.  664.  at  a  distance 


3        At  '1       '^^^^    firom  the  axis.    Now  if  we  grasp  the  rod  »^ 

one  end  and  strike  with  the  point  0,wluciB 
at  the  distance  C  0  =  |  (7-4,  upon  an  obstacle,  we  will  feel  no  row- 


The  point  of  pcrcassion,  on  the  contrary,  is  at  a  distance  r  y  ■^- 

C,  and  if  the  mass  of  the  body  struck  M^  =  if,,  we  have  this  disiasf'' 

=  —  =  0,5774  r.    Tlie  rod  C  A  must  therefore  strike  a  mass  at  rest 
V8 
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distance  from  C,  when  we  wish  to  communlcnte  the  grcatcat  posaible  ve- 
locitf  to  the  latter. 

2)  The  distance  of  tbe  centre  of  perciudoa  0  of  a  parol ielopipedon 
BD  E,  Fig.  563,  trom  an  axis  S  X,  nbich  is  parallel  to  four  of  its  ddcs 
and  JB  at  a  distance  8A  =  t  fVom  the  centre  of  gravitj,  and  about  which 
the  body  rotates,  is 


Fio.  S65. 


d  denoting  the  semi-diagonal  C  D  ot  the  sides, 
through  which  the  azis.XX  passes  (SSS1).  If  the 
force  of  impact  passed  through  the  point  of  per- 
cosajon,  we  would  have 

and  tbe  reaction  upon  the  axis  wonld  be 


=  '"('-vPTf5/5)- 


§  344.  Ballistic  Pendnliun. — The  principles  discussed  in  tlie 
preceding  paragraphs  are  applicable  to  the  theory  of  the  baJlistic 
pendulum  of  Robins  (-Fr.pendule  ballistique;  Ger.  ballistiBche  Pen- 
del).    It  consists  of  a  large  mass  M,  Fig.  566,  which  is  capable  of 
j-jg  ggg  taming  around  a  horizon- 

tal axis  O.  It  is  set  in  os- 
cillation by  means  of  a 
cannon-ball,  which  is  shot 
against  it,  and  serves  to 
determine  its  velocity.  In 
order  to  render  the  im- 
pact as  inelastic  as  possi- 
ble, npon  the  aide  where 
the  ball  atrikes,  a  largo 
cavity  ia  made,  which  irom 
time  to  time  is  filled  with 
fresh  wood  or  clay,  eto. 
The  ball  remains,  there- 
-~i  fore,   after    every    shot, 

sticking  in  this  mass,  and 
oscillates    together   with 
the  whole  body.  In  order 
I  to  determine  the  velooiiy 


•  * 
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of  the  ball,  it  is  necessary  to  know  the  angle  of  displacement;  t^ 
determine  this  ang]e,  a  graduated  arc  B  D  is  placed  under  it^  sl.^ 
which  a  pointer,  placed  directly  below  the  centre  of  gravity  of  tii 
pendulum,  moves. 

According  to  the  foregoing  paragraph,  the  angular  velocity  d 
the  ballistic  pendulum,  after  the  impact  of  the  baU,  is 

if  I  denoting  the  mass  of  the  ball,  J/,  k^  the  moment  of  inera 
of  the  pendulum,  Cx  the  velocity  of  Jthe  ball  and  a^  the  arm  CGi 

the  impact  or  the  distance^ of  the  line  of  impact  N  N  from  the  la 
of  rotation.  If  the  distance  C  M  of  the  centime  of  oscillation  Mi 
the  entire  mass,  including  the  ball,  from  the  axis  of  rotation  C.  u. 
if  the  length  of  the  simple  pendulum,  oscillating  isochronoki:' 
with  the  ballistic  one,  =  r,  and  the  angle  of  displacement  E  i  h 
=  a,  the  height  ascended  by  a  pendulum  oscillating  isocfaionoiSt^ 
will  be 

h  =  CM— Cir=r--r  cos.  a  =  r  (1  —  cos.  a)  =2  r  Isin,  -  j ; 
henco  the  velocity  at  the  lowest  point  of  its  path  is 


V  =   V2gh  =  2  i^^gr  sin.  5,  • 
and  the  corresponding  angular  velocity 

w  =  -  =  2  y  -  .  sin.  ^ ; 
r  ^   r  2' 

equating  these  values  of  the  angular  velocity,  we  have 

M,(h^  -h  M,  W    c.  a/9    «.„  « 

Ci  =  5-jp .Ay-,  sin.  ^. 

Ml  Ot  '   r  2 

STow,  according  to  the  theory  of  the  simple  pendulum, 

moment  of  inertia      Mx  a^   +  M*  W 

7%        ■  I  I  ■  mmmm 

statical  moment  {Mi  +  M^  s 

8  denoting  the  distance  C  S  of  the  centre  of  gravity  from  the  ax 
of  rotation ;  hence  it  follows  that 

Ml  flj'  +  Mi  ki  =  {Ml  H-  Jlf,)  s  r  and 
^  (Ml  +  i!f,\     s   jj .     a 

If  the  pendulum  makes  n  oscillations  per  minute,  the  dxcaim 
of  an  oscillation  is 

./!  =  ««';  and  therefore  4/7-r  =  ^^^; 
hence  the  required  velocity  of  the  ball  is 
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c,  = 


_  Jtfi  +  M.    120  ffg 


a 
sin,  -. 


Fig.  567. 


Example. — ^If  a  ballistic  pendulum  weighing  8000  pounds  is  set  in  os- 
cillation by  a  6-pouiid  ball  shot  at  it,  and  the  angle  of  displacement  is  15°, 
if  the  distance  s  of  the  centre  of  gravity  from  the  axis  =  5  feet  and  the 
distance  of  the  direction  of  the  shot  from  this  axis  is  =  5,5  feet,  and, 
finally,  if  the  number  of  oscillations  per  minute  is  »  =  40,  the  velocity  of 
the  ball,  according  to  the  above  formula,  is 

8000       120  .  32,2  .  6    .    ^,„      501  .  8864  .  nn.  T  80'      ^^^^^  ^ 
^  =  -6-  •  40.8,i41675-;5  '^' ^*   = 44T8,r416- =  ^^^ ^^ 

§  345.  Eccentrio  Impact. — Let  us  now  examine  a  simple 
case  of  eccentric  impact,  where  the  tioo  masses  are  perfectly  free. 
If  two  bodies  A  and  B  E,  Pig.  567,  strike  each  other  in  such  a 

manner  that  the  direction  N  Noi  the  impact 
passes  through  the  centre  of  gravity  S^  of  one 
body,  and  beyond  the  centre  of  gravity  S  of 
the  other,  the  impact  will  be  central  for  one 
body  and  eccentric  for  the  other.  The  action 
of  this  eccentric  impact  can  be  found  accord- 
ing to  the  theorem  of  §  281,  if  we  assume,  in 
the  first  place,  that  the  second  body  is  free 
and  that  the  direction  of  impact  passes 
through  its  centre  of  gravity  Sy  and,  in  the 
second  place,  that  this  body  is  held  fast  at 
the  centre  of  gravity,  and  that  the  force  of  impact  acts  as  a  rotating 
force.  Now  if  c,  is  the  initial  velocity  of.  A,  c  that  of  the  centre  of. 
gravity  of  B  JE,  and  if  the  two  Velocities  become  v,  and  r,  we  have, 
as  in  §  332,  JIfi  i;,  +  Jf  v  =  JIf,  c,  +  Mc.  If,  further,  e  is  the 
initial  angular  velocity  of  the  body  B  E,  in  turning  about  the  axis 
passing  through  its  centre  of  gravity  perpendicular  to  the  plane 

N  N  Sy  and  if,  in  consequence  of  the  impact,  this  becomes  w,  de- 
noting the  moment  of  inertia  of  this  body  in  reference  to  8  by 
Mk^y  and  the  eccentricity  or  the  distance  S  K  of  the  centre  of. 
gravity  8  from  the  line  of  impact  by  «,  we  have 


.  «  w  =  Jif,  c,  +  — s—  s  e. 


If  the  bodies  are  inelastic,  both  points  of  tangency  have  th& 
same  velocity  tf ter  impact,  then  Vi  =  v  +  s  (o.  Determining  fron^ 
the  foregoing  equations  v  and  w  in  terms  of  r„  and  substituting  the 
values  thus  obtained  in  the  last  equation,  we  obtain 

M,(c.-v^)  M,s^{c,-v,) 

Vi   -  ^  +   C    +  ^^,  +   S  Ey 


\    V   M/^ 
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from  which  we  determine  the  loss  of  Telocity  of  the  first  body 

_      _     Mk^  {cx  —  c  —  «  c) 
"""  ~  ^^  ~  {Mr^'M)Jc'  -h  M.s'' 
the  gain  in  velocity  of  translation  of  the  second 

__    J/,  i'  (c,  —  c  —  «  e) 

and  its  gain  in  angular  velocity 

__     Ml  8  (ci  —  c  —  8  e) 


1 


6)  —   € 


( Jfi  +  M)  Jc"  +  M,  «•• 
When-  the  impact  is  a  perfectly  elastic  one,  these  values » 

doubled,  and  when  it  is  imperfectly  elastic,  tliey  are  (1  +  i^)  tii!» 
as  great 

Example. — If  an  iron  ball  A^  weighing  65  poundei,  strikes  with  t  Te- 
locity of  86  feet  the  parallelopipedon  B  E^  Fig.  567,  which  is  at  lestaii 
is  made  of  spnice,  if  this  body  is  5  feet  long,  8  feet  wide  and  2  feet  thki 

and  if  the  direction  of  impact  NNva  at  a  distance  8  K  =  $  =^  1}  feet  fix 
the  centre  of  gravity  S,  we  obtain  the  following  values  for  the  velocities &&: 
the  impact  If  the  specific  gravity  of  spnice  is  =  0,45,  the  weigit  of  tL 
parallelopipedon  is  =  6  .  8  .  2  .  62,4  .  0,45  pounds  =  842,4  ponodfl.  Ti^ 
square  of  the  semi-diagonal  of  side  B  D  F  parallel  to  the  directioii  of  tk 
impact  is 

(f )«  +  iXf  =  7,25, 
whence  (according  to  §  287), 

P  =  J .  7,25  =  2,416, 
gMl?  =:  842,4  .  2,416  =  2035,2, 
and  g  (M^  +  IT)  1?'  =  907,4  .  2,416  =  2l92,8; 

hence  the  velocity  of  the  ball  after  the  impact  is 

Ml^e^ ftA  /"  1 ?^'? \ 

**»  ""  ^^       (Jfj   +  M)  Jc^   +  ifj  ««  ""       V  2102,8  +  65  . 1,757 

=  86  (l  -  |gg)  =  86  .  0,149  =  5,864  feet, 

and  that  of  the  centre  of  gravity  of  the  body  struck  is 

M^h'c^  157,08.80 

and  finally  the  angular  Telocity  is 


u  = 


^..•;Vn^=lLB.«!^=.,.„2«^ 


{M^  +  M)  h^  +  i^i  «•  "*■      2391,4 

§  346.  Uses  of  the  Force  of  Impact.— The  weight  of  a  bo^/ 
is  a  force  which  depends  upon  its  mass  alone  and  increases  nui- 
formly  with  it ;  the  force  of  impact,  on  the  contrary,  increases  flf* 
only  with  the  mass,  but  also  with  the  velocity  and  with  the  bald- 
ness of  the  colliding  bodies  (see  §  336  and  §  338),  and  it  can  ihmlon 
be  increased  at  wilL  Impact  is  consequently  an  exceUent  method  of 
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obtaining  great  forces  with  small  masses  or  weights,  and  it  is  Tcry 
often  made  use  of  for  breaking  or  stamping  rock,  cutting  or  com- 
pressing metals,  driving  nails,  piles,  etc  On  the  other  band,  im- 
pact occasions  not  only  a  loss  of  mechanical  effect,  but  also  causes 
the  different  portions  of  the  machine  to  wear  rapidly  or  even  to 
break,  and  the  durability  of  the  structure  or  machine  is  seriously 
affected  by  it.  For  this  reason  it  is  necessary  to  make  the  dimen- 
sions of  those  parts  of  the  machine  larger  than  when  the  latter  are 
subjected  to  extension,  compression,  weight,  etc.,  without  impact 

If  a  rigid  body  A  By  Fig.  568,  strikes  upon  an  unhmitcd  mass 
C  D  C  of.  soft  matter,  it  compresses  the  latter  with  a  certain  force, 

whose  mean  value  P  is  determined  by  means 
of  the  depth  of  the  impression  K  L  ^  Sy 
when  we  put  the  work  done  P  8  during 
the  compression  equal  to  the  energy  of  the 
mass  of  the  striking  body.  If  if  be  the 
mass,  OT  G  =  g  if  the  weight,  of  this  body 
A  B  and  v  the  velocity  with  which  it  strikes 
upon  CD  (7,  we  will  have 

and  the  required  force  with  which  the  soft  matter  will  be  com- 
pressed is 

2 


P  =  i 


S 


^gs 


G. 


Dividing  this  force  by  the  cross-section  of  the  body  -P,  we  obtain 
the  force  with  which  each  unit  of  surface  of  the  soft  material  is 
compressed  and  which  such  a  unit  can  bear  without  giving  way, 

_P  _  v^      G 
^^F''2g'Fs 

For  safety  we  only  load  such  a  mass  with  a  small  portion  of  p, 

for  example  with  one-tenth  part  (  ^  ). 

The  body  M  acquires  its  velocity  v  by  being  allowed  to  fall  freely 
from  a  height  h  =  ^.    If  we  substitute  this  height,  instead  of  ^-j 

in  the  foregoing  formula,  we  have 

P  =  —-  or  for  the  unit  of  surface  p  =  -vj—. 
3  '  "^       Fa 
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The  force  or  resistance  P,  vith  which  soft  or  loose  gramk 
masses  oppoae  the  penetration  of  a  rigid  body  A  B,iB  geomlF 
variable  and  increases  with  the  depth  »  of  tJie  pcnetratiDtL  I: 
many  cases  we  can  aseume  it  to  increase  directly  with  g,Li^-J£ 
it  is  uuU  at  the  beginning  and  doable  at  the  end  what  it  ie  in  (^ 
middle.  Now  since  the  value  of  P,  dednced  from  the  ibr.- 
formula,  is  the  mean  Talae,  the  rcsistaDce  or  proof  load  P,  of  kf; 
materials  is  twice  ae  great  as  the  value  P  obtained  by  the  fotnci;. 

I.E,  P,  =  2  P  =  -— . 

Example. — If  a  commander  A  B,  Fig.  SOS,  whose  wdgbt  0  =  159Iii 
falls  upon  a  mass  of  earth  from  B  height  A  =  4  feet,  and  if  the  Utlsa 
compreaaed  ^  an  inch  b;  the  last  blow,  a  surface  of  this  matetial  c^ul  - 
the  CTosB-Bection  of  the  stamper  will  Buppoit  a  weight 

P  =  =  -     ■^—  =  S3040  pounds. 

Nowifthecroaa-section^or  the  commander  is  J  square  feet,  ibe  far? 
per  square  foot  supported  by  this  mass  of  earth  would  be 

P       28040       „,„ 
V  =  jt  =  -j-35-  =  18483  pounds; 

instead  of  which,  for  the  sake  of  safety,  we  ahould  take  bat  -^  ?  =  1^^ 

pounds. 

Pra.SfW.  §347.  Pile-driving.— If  we  drive  I*! 

such  aa  A  B,  Fig.  5G9,  into  earth  or  £i; 
other  soft  material  C  D  C,  we  incrcasf  r-- 
resistance  much  more  thsn  we  would  1; 
simply  stamping  it  Such  piles  (Fr.  pifu: 
Ger.  PRhle)  are  from  10  to  SOfectiou-' 
to  20  inches  thick,  and  are  provided  rA^ 
an  iron  shoe  B.  The  body  M,  the  sfrdT-. 
ram  (Pr.monton;Ger.Eamml(loti,ltiiiC' 
bfir  or  Hoyer),  which  is  allowed  to  fell  ^^ 
3  to  30  feet  upon  the  top  of  the  pUe.isgeJ- 
erallymadeof  caat  iron,  morerarelvoi<*'- 
and  weighs  from  5  to  20  hundred  wdgb'^ 
If  the  ram  falls  tlie  vertical  distance  i.il'- 
Telocity  with  which  it  strikes  tlie  piki^ 

c  =  V2  g  h, 
and  if  its  weight  =  ff  and  that  of  tie  I* 
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:=  (7i,  we  have^  when  we  suppose  that  both  bodies  are  inelastic^  the 
velocity  of  the  same  aif  the  end  of  the  impact  (see  §  332) 

Oc 

hence  the  corresponding  height  due  to  the  velocity  is 

Now  if  the  pile  sink  during  the  last  blow  a  distance  5,  the  re- 
sistance of  the  earth  and  the  load  which  the  pile  can  support  is 


P  = 


(^■^^^)  =  i-eT^/ 


^  =  -^T^.-^(^'^^«>- 


2(/5 

or  more  correctly,  since  the  weight  6^  +  ffi  of  the  pile  and  ram  act 
in  opposition  to  the  resistance  of  the  earth, 

A        G" 

8 

In  most  cases  6^  +  ^i  is  so  small,  compared  to  P,  that  we  can 

neglect  the  latter  part  of  the  formula. 

If  the  weight  Gi  of  the  pile  is  much  smaller  than  the  weight  G 

of  the  ram,  we  can  write 

Gc 

G  +  Gi 

K 
and  simply  P  z=z^  G, 

The  foregoing  theory  suflBces  in  pi*actice,  when  the  resistance  P 
is  moderate  and,  consequently,  the  depth  s  of  the  impression  is 
not  very  small ;  for  in  that  case  the  compression  of  the  pile,  etc., 
can  be  neglected.  If,  on  the  contrary,  the  resistance  P  is  veiy 
great  and,  consequently,  the  depth  s  of  the  impression  very  small, 
the  compression  o  of  the  pile  can  no  longer  be  regarded  as  null,  and 
musfc  therefore  be  introduced  into  the  calculation. 

The  pile  of  course  does  not  begin  to  sink  until  the  force  of 

iiitipact  has  become  equal  to  the  resistance  P  of  the  earth.      Now 

JP  IP  JP   IP 

if  fl"  =  — y—  and  Hx  =  ~ — ^  denote  the,  hardness  of  the  ram  and 

that  of  the  pile  (in  the  sense  of  §  336),  the  sum  of  the  compressions 
of  the  two  bodies,  when  the  force  of  impact  is  jP,  is 


"  h'^'Hx^xh'^  is)^' 


and  the  mechanical    effect  expended   in   producing  this    com- 
pression is 

^--2-  =  b-^^JT- 


/•  •» 
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Now  if  this  firat  impact  of  the  two  bodies  causes  the  velocity  c  cf 

c  * 

the  ram  to  bepome  v,  its  mass  M  =  —  performs  the  work 

9 

hence  we  can  put 

(^■) " = (^  -  m- 

from,  which  we  obtain 


2g       %g       \H      HJ  %  O' 

consequently  the  velocity  of  the  ram,  when  the  pile  begins  to  pa* 
etrate  the  earth,  is 


,  =  /^_2^(l..^).^^ 


We  infer  from  this  that  a  pile  (and  also  a  bolt  or  nail  in  a  wall  t 
will  begin  to  enter  the  resisting  obstacle  when 

or  when  the  weight  of  the  ram  and  its  velocity  have  the  proper  iv- 
iation  to  the  resistance  of  the  earth.  During  the  penetradon  of 
the  pile  the  force  of  impact  and,  consequently,  the  oompTession  of 
the  pile,  etc.,  diminish  as  long  as  the  velocity  of  the  ram  exceedi 
that  of  the  pile ;  when  both  attain  a  common  velociiy  Vi  and  ^ 
force  of  impact  becomes  a  maximum,  the  bodies  begin  to  trpsA 
again.  During  this .  expansion  not  only  the  velocity  of  the  im 
but  also  that  of  the  pUe  becomes  gradudly  =  0;  the  pressoie  be- 
tween the  two  bodies  becomes  again  P,  and  conaequentlj  at  tbc 

moment,  when  the  pile  ceases  to  penetrate^  the  whole  eneij;  ^ 

O  of  the  ram  is  consumed  by  the  work 

expended  in  compressing,  and  by  tiie  work 

Ps 
done  in  driving  the  pUe  to  the  depth  s. 

Hence  we  have 


^9 


^=^*  =  (i^  +  i-)?  +  ^'' 
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and  therefore  the  load  which  corresponds  to  the  depth  of  penetrar 
tion  8  is  '         

/I  1       \     P* 

If  the  compression  1;^  +  -jr)  -^  is  considerably  smaller  than 
the  space  s  described  by  the  pile,  we  can  write  simply 


c   G        Oh 


P  =  -—  —  =  -— ,  or,  more  accurately, 
Zg   8         8 


/I  1  \Gh' 

Comparing  the  work  done  in  driving  in  the  pile 

G7i 


Ps 


1 


-&-i) 


28 

with  the  work  done  G^  A  in  raising  the  ram,  we  see  that  the  former 

approaches  the  latter  more  and  more  ^{yr  +  -jr)  -rr^  becomes 

W  V  JP  w 

smaller  or  as  the  hardness  iir=  —,—  of  the  ram  and  that  jHJ  =  --— ^ 

of  the  pile  becom?  greater,  le.  the  greater  the  cross-sections  F  and 
Fx  and  the  moduli  of  elasticity  E  and  Ei  of  these  bodies  are  and  the 
smaller  the  lengths  are. 

The  action  of  the  weights  of  the  two  bodies  can  be  entirely  neg- 
lected, since  they  generally  form  but  a  small  portion  of  the  resist- 
ance P.  We  can  also  neglect  the  energy,  which  the  bodies  possess 
in  consequence  of  their  elasticity  (although  the  latter  is  imperfect) 
after  the  pile  has  come  to  rest ;  for  the  body,  which  is  thrown  back 
by  their  expansion,  is  generally,  upon  falling  again,  incapable  of 
overcoming  P  and  setting  the  pile  in  motion.  For  safety's  sake, 
the  pile,  which  has  been  driven  in,  is  loaded  with  only  j"(j  part  of 
the  resistance  P,  just  found,  or  perhaps  with  even  less.  According 
to  some  late  experiments  made  by  Major  John  Sanders,  U.  S.  A., 
at  Fort  Delaware  (communicated  by  letter)  we  can  put,  approxi- 
matlvely,  the  resistance 

P-2A 

Example. — A  pile,  whose  cross-section  is  1  foot  =  144  square  inches, 
^vho3e  length  is  25  feet  =  25  .  12  =  800  inches,  and  whose  weight  is  1200 
pounds,  ie  driven  by  the  last  tally  of  t^n  blows  of  a  ram,  weighing  2000 
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pounds  and  falling  6  feet  ==  73  inches,  8  inches  deeper,  what  is  the  rs;^ 
ance  of  the  earth  ?    If  we  neglect  the  inconsiderai>le  compreaEun  cf  aj 
east  iron  and  put  (according  to  §  212)  the  modulus  of  elastidty  of 
E^  =  1,660000,  we  obtain 

^  300  1 


*(i  +  i;)  =  ^  + 


2F^E^       2 .  144 . 1,560000  ""  1497600' 
Now  since  Gh=:  2000  .  72  =  144000  inch-pounds  and  the  depth  of  tbf  p» 
etration  after  one  blow  is  a  =  -,|^  =  0,2  inches,  we  obtain  for  the  detencii- 
tion  of  P  the  following  equation : 

jj^^  +  0,2  P  =  144000  or  P»  +  299520  P  =  215654400000. 
Besolying  this  equation,  we  obtain 


P  =  -  149760  +  V  238082467600  =  338177  poandu 
According  to  Sanders'  formula 

„       Gh       144000      «.«^^^ 

^=37  =  -6;6-=^^^^^' 

while  the  old  formula,  on  the  contrary,  gires 

_        O*^       __       g         g^  _  2000     144000  _ 

(G+  Q^)8^  G+G^'    8    ""3200"      0,2      "*' 
=  450000  pounds. 
From  P  =  338177  pounds  we  obtain 


(1  1   \  7^ 

R  +  ff-)  o"  =  76365  mch-pounds, 


and  therefore  the  height  from  which  a  ram  weighing  2000  pounds  i&cff 

fall  in  order  to  move  the  pile  is 

^        /I         W  P^       76866       ^^,    ^ 
*=  (5^  +  5r)2-^=  2000  =^'^"^^^ 

§  348.  Absolute  Strength  of  Impact— By  the  aid  of  tv 

moduli  of  resilience  and  fragility  (see  §  206)  we  csi 
easily  calculate  the  conditions  under  which  a  prismaDsl 
body  A  B,  Fig.  670,  will  be  stretched  to  the  limit  of  elar 
ticity  or  broken  by  a  blow  in  the  direction  of  its  axis  ff 
O  be  the  weight  and  c  the  yelocity  of  the  impingiDc' 
body,  the  work  done,  when  the  prismatical  body,  vh* 
weight  we  will  denote  by  (?i,  is  strack,  is 

c^         (?• 


i  = 


2ff'G-{'  (?/ 


or  denoting  the  height  due  to  flie  velocity  -^lijhj^ 
have  more  simply 


G+  o: 
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This  mechanical  effect  is  chiefly  expended  in  stretching  the  rod 
A  By  npon  which  the  second  body  hangs ;  if,  therefore,  H  is  the 
hardness^  I  the  length,  ^  the  cross-section,  E  the  modulus  of  elasti- 
city, P  the  force  of  impact  and  X  the  extension  of  the  rod  produced 
by  it,  we  have 

and  consequently 

FE  . ,  _     €Ph 

21  G+  Gi* 

from  which  the  extension  A  of  the  rod,  caused  by  this  impact,  can 
be  easily  calculated. 

If  the  rod  is  to  be  extended  only  to  the  limit  of  elasticiiy,  we 
have,  when  A  denotes  the  modulus  of  resilience  (§  206), 

L=zAr=:AFh 

and  therefore  ^  t^  ,         G*  h 

A  Fl  =: 


G_±_0," 


the  Telocity  of  impact  c  =  V2  g  h,  which  is  necessary  to  stretch  it 
to  the  limit  of  elasticity,  is  determined  by  the  height 

h  =  — ^^-.A  Fl 

.  If  we  are  required  to  find  the  conditions  of  rupture  of  the  rod, 
we  must  substitute,  instead  of  the  modulus  of  resilience  A,  the 
modulus  of  fragility  B.  » 

We  see  from  this  that  the  greater  the  mass  of  the  rod  is,  the 
greater  is  the  blow  it  can  bear.  Hence  we  have  the  following  im- 
portant rule,  that  the  mass  of  bodies  subjected  to  impacts  should 
be  made  as  great  as  possible. 

Since  G  and  Gi  &11  the  distance  X  during  the  impact,  it  is  more 
correct  to  put 

or  for  the  case,  when  the  limit  of  elasticity  is  reached, 

in  which  r  =  <y  expresses  the  extension  corresponding  to  the  limit 

of  elasticity. 

If,  finally,  we  wish  to  take  into  consideration  the  mass  and 
weight  Gt  of  13ie  rod,  we  have,  since  its  centre  of  gravity  sinks  but 
'  X 


i  = 
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We  have  a  Bimilar  instanoe  of  the  action  of  impact,  when  i 

Q  Q 

moYing  mass  Jf  =  — ,  Fig.  671,  puts  another  mass  i/j  =  —  in  w* 

9  g 

Fia.  571 


tion  by  means  of  a  chain  or  rope.  If  c  is  the  velocity  of  IT  at  tk 
moment,  when  the  chain  is  stretched,  v  the  Telocity  with  wiie 
both  bodies  move  after  the  impact^  we  have  again 

Mc  GO, 


V  = 


while,  on  the  contrary,  the  work  expended  in  stretching  the  duiiiis 
MM,        c'  GG, 


•  k* 


"  M  +  M,'   2   ^  G  +  G, 

If,  therefore,  this  chain,  etc.,  is  to  be  stretched  only  to  the  limii 
of  elasticity,  we  must  put 

/^denoting  the  cross-section  and  I  the  length  of  the  chain. 

Example — 1)  If  two  opposite  suspension-rods  of  a  chain  bridge  sap- 
port  a  constant  weight  of  5000  pounds,  which  is  increased  6000  poinds  t? 
a  passing  wagon,  if  the  modulus  of  resilience  A  of  wrought  iron  is  7  in^ 
pounds  and  if  the  length  of  the  suspension-rods  is  200  inches  and  Ih^* 
cross-section  1,5  square  inches,  we  have  the  dangerous  height  of  fall 

A  -  ±Ili  ^  +  ^i)  _  7.2.1,5.200.11000  __  7  .Ji  __  77  _         ^ 
G'  ~  86000000  ""    60     ""  60  "   ' 

If  the  wagon  passes  over  an  obstacle  1,3  inches  high,  the  suspension-wCj 
would  already  be  in  danger  of  being  stretched  beyond  the  limit  of  t^ 
ticity. 

2)  If  a  full  bucket  or  loaded  cage  in  a  shaft  is  not  gradosllj  set  in  o> 
tion,  but  if  by  means  of  the  rope,  which  has  been  hanging  loosely,  it  isff^ 
denly  brought  to  a  certain  velocity  by  the  revolving  drum,  the  ropcf^' 
often  be  stretched  beyond  the  limit  of  elasticity,  and  sometimes  erej 
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broken.    If  the  mass  of  the  drum  and  shaft,  reduced  to  the  circumference 

G       100000 
of  the  former,  is  if  =  —  = ,  the  weight  of  the  full  bucket  or  cage 

is  G^  =  2000  pounds,  and  the  weight  of  the  rope  =  400  pounds,  then  if 
the  weight  of  a  cubic  inch  of  rope  is  =  0,8  pounds,  its  volume  will  be 

O^       400 


Fl=: 


4000 

—3--  cubic  inches, 


^         0,3 

and,  finally,  if  the  modulus  of  fragility  of  this  rope  is  =  850  pounds,  we 
have  the  height  due  to  the  velocity,  which  will  break  the  rope, 

^-H^  __  4000     100000  4-  2000  _  1400000         102_ 

h^BFl,    ^  ^^     -  350 .     g     .  ^^QQQQ     2QQ^  -        3        .  '260000 

=  238  inches  =  19,83  feet, 
and,  therefore,  the  velocity  of  the  rope  at  the  beginning  of  the  strain  is 


c  =  -JYgh  =  V64,4  .  19,83  =  35,74  feet. 


§  349.  Relative  Strength  of  Inipact. — The  foregoing  the- 
ory is  also  applicable  to  the  case  of  a  prismatic  body  B  By  Fig, 
672,  supported  at  both  ends  and  exposed  to  the  blows  of  a  body 
Ay  which  falls  from  the  height  A  G  =^  h  upon  its  middle  (7.    Let 

G 

—  =  Jf  be  the  mass  of  the  falling  body  and  J/i  that  of  the  body 

B  By  reduced  to  its  middle  (7,  then  the  energy  of  the  bodies  after 
the  impact  is 


M' 


M 


^^  2  '  M-hMi^Zff  *MTMi 


.Jifg  = 


M 


M-\-M, 


GJu 


Fig.  573. 


The  mass  My  of  the  beam  B  B  can  be  determined  in  the  follow- 
ing manner.  Let  Oi  be  the  weight,  I  half  the  length  B  By  Fig. 
573,  of  this  beam,  x  the  abscissa  B  N  and  y  the  corresponding 
ordinate  N  0  oi  the  curve,  formed  by  J5  5  at  the  moment  of 
greatest  flexure,  and,  finally,  let  a  denote  the  maximum  deflection 
CD  of  this  curve.  If  we  imagine  i?  C  to  be  divided  into  n  (an  infi- 
nite number  of)  parts,  the  weight  of  an  element  0  of  the  rod  will 
45 
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O 
be  — .  and  therefore  the  mass  of  an  element  of  the  rod,  ledcftd 
n 

from  JV  to  2>,  is 

w^*  \C I>/      n g a^ 
But,  according  to  §  217, 

whence  it  follows  that  the  element  of  the  mass  of  the  rod  is 

~"  4  n  /7  r 

lilt 
Now  if  instead  of  x  we  Substitute  Buccessiyely  -,  2  -,  3  - . . .  - 

''  n    n    n      « 

and  add,  etc.,  the  values  thus  obtained,  we  obtain  the  mass  of  tL 

rod  B  By  reduced  to  its  middle  0, 

^*  ~  47?  V  •  3      »  *^  •  5  +  *  W  ~  "  •  J* 

If  we  sabstitate  thia  valne,  we  can  pat  the  work  done  b;  tb 
impact 

^^  M  +  Mr       (f  +  iiG: 

and  obtain  the  condition  of  bending  to  the  limit  of  elastid^  (v 

§  235), 

Wl  _        CPh 

^  •  3  «•  -  <?  +  4i  (7,- 

If  the  beam  is  a  parallelopipedon,  we  have 

'  ^  '^'  -  (?  +  iJ  <?,' 
and  therefore 

A  = gffi""^ '  ^^  putting  K,  =  — -, 

AG,{G  +  llCf) 

If  we  snbstitnte  B  instead  of  A,  the  expression  becomes 
_  BO,{G  +  n  g.) 

"  ~  9  y  g*. . 

HJid  gives  the  height,  from  which  Ihe  weight  G  most  M  in  ordf 
to  break  the  parallelopipedical  rod. 
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ExAUFLE. — From  what  a  height  must  an  iron  weight  O  =  200  pounds 
fall,  in  order  to  break  by  striking  it  in  the  middle  a  cast  iron  plate  36 
inches  long,  12  inches  wide  and  8  inches  thick,  which  is  supported  at  both 
ends? 

The  modulus  of  fragility 

B  =  14,8  inch-pounds 
(see  §  211),  and  the  volume  of  the  plate  is 

Fi  =  5  A  i  =  12  .  8  .  86  =  1296  cubic  inches, 
and,  since  a  cubic  inch  of  cast  iron  weighs  y  =  0,259  pounds,  its  weight  it 

Q^  =  1296  .  0,259  =  885,7  pounds ; 
the  required  height  is 

_  14,8  .  885  J  (200  +  tf  .  356,4)  _ 
^*"-  9.0,275.40000  -isjmclies. 

§  350.  Mechanical  Effect  of  the  Strength  of  Torsion.— 

We  can  also  investigate  the  action  of  impact  in  twisting  shafts. 
According  to  §  262  the  mechanical  effect  which  is  required  to  pro- 
duce a  torsion  a  in  a  shaft,  whose  length  is  I  and  the  measure  of 
whose  moment  of  flexure  is  W,  is 

T  -  ^°^  -  a'  .  WO  _  P"  an  > 

2      •"       2^       "2  JFC' 
we  can  also  put 

/S"    Wl 

e  denoting  the  distance  of  the  most  remote  fibre  from  the  neutral 
axis  and  8  the  strain  in  that  fibre. 

If  we  substitute  for  8  the  modulus  of  proof  strength  T,  and  for 

=  -^-  thxj  modulus  of  resilience  A,  we  obtain  the  work  to  be 


2  C        2 

performed  in  stretching  the  remotest  fibre  to  the  limit  of  elasticity 

Wl 


L^A. 


e^  ' 


and  the  mechanical  effect  necessary  to  rupture  the  shaft  by  wrench- 
ingy  when  we  substitute  for  the  modulus  of  resilience  A  the  modu- 
lus of  fragility  jB;  its  value  is 

e 
For  a  cylindrical  shaft  W  =  -  q—  and  e  =  r,  hence 

when  F  =  tt  r'  Z  denotes  the  volume  of  this  shaft 

For  a  shaft  with  a  sqtuire  cross-sectiony  the  length  of  whose  side 
]B  b,  we  have 
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FT  =  ~  and  6  =  J  VT, 
and  consequently 

i=r^yZ  =  ^FandZ,  =  |-F. 

If  a  reyolying  wheel  and  axle,  whose  mass  lednoed  to  the  poid 

of  impact  is  M  =  — ,  impinges  upon  a  mass  if,  =  — ,  which  s  c 

if  If 

iest>  with  the  velocity  Cj  both  will  move  on  after  the  impact  witk 
the  velocity 

consequently  the  mechanical  eSect* 

which  is  expended  in  twisting  the  axle  and  bending  the  anns  of  &* 
wheel,  is  lost  (see  §  335). 

But  L  is  also  the  sum  of  the  mechanical  effects  expended  z 
producing  the  torsion  of  the  axle  and  in  bending  the  arms  of  if 
wheel,  etc,  le., 

L  =  A  ,  —jp  +  Ai      ,  , 

when  Ax  denotes  the  modulus  of  resilience,  Wi  the  measaie  of  mo- 
ment of  flexure  and  e^  the  distance  of  the  exterior  fibre  from  ^ 
neutral  axis  (see  §  235) ;  we  can  therefore  put 

A  Wl      A,  TT,  I,  _    G  G,      &^ 
^  Z^  G-krG,  2  a 

If  the  shaft  is  cylindrical,  we  have  — j-  =  -^y  and  if  it  is  four- 

Wl       V 
sided,  we  have  —j-  =  -^,  when  F  denotes  its  volume;  and  for  the 

W I        V 
four-sided  arm  we  have  -^-^  =  ~y  where  Vi  denotes  tiie  Tdnns 

of  the  arm. 

Hence  for  a  cylindrical  shaft  we  have 

2  9      *       G  +  G.'it^ 
and,  on  the  contrary,  for  vl  four-sided  shaft 

4  F  4-  ^  F  -     ^^'     ^ 

3  ■*■    9      '"  G+G,  2g 
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The  Tolnmes  V  and  Vx  have  a  certain  relation  to  each  other, 
which  can  be  expressed  as  follows.    The  moment  of  flexure  of  the 
arms  is  equal  to  the  moment  of  torsion  of  the  shaft. 
Hence 

WT      W,  % 


6  $1 


or 


^     16  3  ^2  "  '     6      ' 

Tand  T,  denoting  the  moduli  of  proof  strength  for  torsion  and 
bending  and  d  the  diameter  of  a  rounds  and  b  the  length  of  the 
sides  of  a  four-si^ed  shafts  while  h^  is  the  thickness  and  bi  the  sum 
of  the  widths  of  all  the  arms  of  the  wheel 

But  we  have  also  V  =  —-r-  1=  VI  and  F,  =  bi  hi  li,  and 

therefore 

f-rrfflA       bx  Tix  A  A,  _    GGx     ^       , 

]      8        "^         9         "  G  +  Qx  2g 
^^    IXK-I  A    .   h  hx  hAx  _     G  Gx        c^ 

Now  if  the  ratio  v  =  ~  of  the  dimensions  is  given,  we  can  cal- 

culate  the  thickness  e^  or  A  of  the  shaft  or  the  thickness  hx  and  the 
width  bx  of  the  arms  by  means  of  equations  (1)  and  (2).  We  must 
introduce  into  this  calculation 

1)  for  cast  iron 

A.  =  3.16  and  A  =  ^=3-7^840000  =  ^'^"^  ^'''■''^' 

2)  for  wrought  iron 

7»a  5974» 

A,  =  6,23  and  A  =  ^,=  ^     ^^^p^  =  1,983  inch-lbs, 

3)  and  for  wood,  the  mean  value 

J.  =  2,17  and  A  =  f^=  ^^^  =  0,132  inch-lba 

Example.— Let  the  mass  of  the  wheel,  etc.»  of  a  tilt-hammer,  reduced  to 

200000  ,        jxv  if 

the  point  of  application  of  the  cam,  be  M= pounds,  and  the  mass  of 

the  hammer  reduced  to  the  same  point  be  M  = pounds,  and  let  the 


,  ...i 
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distance  from  the  wheel  to  the  ring,  in  which  the  cams  are  set^  be  2  =  i: 
feet  =  235  inches,  and  the  length  of  the  arms  of  the  wheel  be  2i  =  10  fart  := 
120  inches.  Now  if  the  hammer,  eveiy  time  it  is  lifted,  is  struck  with  & 
velocity  of  2  feet,  how  thick  mast  the  shaft  and  the  arms  of  the  wbed  be 
made  in  order  to  sustain  this  impact  without  being  damaged  f  If  the 
and  arms  are  of  wood,  we  have 

and  if  the  number  of  arms  is  n  =  16,  we  can  put 

5i  =  1^ .  n  Aj  =  0,707  .  16  A^  =  11,3  ,  A^, 
whence  we  obtain 


But 


^=^^y    6.895  ..  =^»^'^i- 


^  -4  i  =  0,182  .  225  5  =  11,60, 


I  u4j  Zj  =  1 .  2,17  .  120  =  28,9, 
and  also 

(^(^1        <?'         .«    AA.irr    A      200000.26000         ^^,,    5000000 
G^k  '  ^0  =  ^'-'>'^^''^' 200000  +  26000  =  ^>^^'-^- 
=  16588  inch-pounds ; 

hence  we  have  the  equation  of  condition 

(2,0)' .  11,66  A/  +  11,8  .  28,9  Aji  =  16683,  Lt. 
98,1  Aj"  +  826,6  A^"  =  16538, 
hence  the  required  thickness  of  the  arm 

./i6533       ^«,    .    ^ 

'**  =  ^  IM^  =  ^»^  ^^^ 
tlie  width  of  the  arm 

h^  =  0,707  Aj  =  4,41  inches, 
and  the  thickness  of  the  shaft 

d  =  2,9  Aj  =    18,1    inches. 
For  the  sake  of  security  we  make  the  dimensions  considerably  laiger. 

Remark. — ^It  is  only  of  late  years  that  much  attention  has  bren  paid  to 
the  strength  of  impact.  We  find  something  in  regard  to  it  in  Tredgold's 
work  on  the  strength  of  cast  iron,  in  Poncelet's  "  Introduction  a  1> 
M^canique  Industrielle,"  and  in  Ruhlmann's  "  Grundzuge  der  Mecbtfil 
und  Qeostatik."  The  discussion  in  the  latter  work  is  based  prindpilly 
upon  Hodgkinson^s  experiments  on  the  resistance  of  prismatic  bodies  t'» 
impact,  upon  which  subject  an  article  by  Bomemann  is  to  be  found  in  tbf 
^  Zeitschrift  fur  das  gesammte  Ingenieurwesen^^  (the  Ingenieur). 

The  experiments  of  Hodgkinson  agree  essentially  with  the  fon^^ 
theory  of  the  strength  of  impact ;  they  apply  particulariy  to  rditin 
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Btiengihj  and  were  made  in  the  following  manner :  large  weights  swinging 
like  pendulums  were^  caused  to  strike  against  rods  supported  at  botli 

ends.    The  formula  L  =  j; tTT"*  "which  we  found  by  assuming  that  tho 

impact  was  perfectly  inelastic,  was  Terified  completely;  the  mechanical 
effect  L  was  found  not  to  depend  upon  the  nature  of  the  colliding  bodies. 
Equally  heavy  bodies  of  different  materials  (cast  iron,  cast  steel,  bell  metal, 
lead)  produced,  when  they  fell  from  the  same  height,  equal  deflections  of 
the  same  rod  (of  cast  iron  or  cast  steel) ;  the  deflections  were  almost  ex- 
actly the  same  as  those  given  by  tho  theory  for  a  perfectly  elastic  rod. 

Final  Remabe. — For  the  study  of  the  Mechanics  of  rigid  bodies,  be- 
sides the  older  works  of  Euler,  Poisson,  Poinsot,  Poncelet,  Navier  and 
Coriolis,  and  those  of  Whewell,  Mosely*  Eytelwein  and  Qerstner,  the  follow- 
ing are  recommended : 

Duhamel,  Cours  de  M^canique,  Paris,  chez  Mallet-Bachelier,  1854; 
Sohnke,  Analytische  Theorie  der  Statik  und  Dynamik,  Halle,  1854 ;  Broch's 
Lehrbuch  der  Mechanik,  Berlin,  1854 ;  Morin,  Leoons  de  M^canique  pra- 
tique, Delaunay,  Tniit<S  de  M^canique  rationelle,  Paris,  1856 ;  Rankine,  A 
Manual  of  Applied  Mechanics,  second  edition,  London,  1861 — a  valuable 
work,  too  little  prized  in  England.  A  translation  of  a  new  Monograph 
upon  impact,  by  Poinsot,  has  lately  appeared  in  the  third  year  of  Schlo- 
mich's  Zeitschrifl  ftir  Mathematik  und  Physik. 


SIXTH   SECTION. 


STATICS    OF    FLUIDS 


CHAPTER    I. 


OF  THE  EQUILIBRinM  AND  PRESSURE  OF  WATER  IN  VEBSHi 

•  §  351.  Fluids.— We  consider  fluids  to  be  bodies  composed  cf 
material  points,  whose  coherence  is  so  slight  that  the  smallest  fom 
suffices  to  separate  them  from  each  other  (§  62).  Many  bodies 
which  are  met  with  in  nature,  such  as  air,  water,  eta,  possesr 
this  distinguishing  property  of  fluids  in  an  eminent  degree,  vhil 
others,  on  the  contrary,  such  as  oil,  tallow,  softened  clay,  etc^  pc-t- 
sess  a  less  degree  of  fluidity.  The  former  ane  called  perfectly^  ant 
the  latter  imperfectly  fluids  or  viscous  bodies.  Certain  bodies,  tL 
E.Q.,  dough,  lie  midway  between  the  solids  and  the  fluid& 

Perfectly  fluid  bodies,  of  which  only  we  will  treat  in  the  discus- 
sion which  is  to  follow,  are  at  the  same  time  perfectly  elastic,  i.t 
they  can  be  compressed  by  extraneous  forces,  and  when  these  force 
are  removed,  they  reassume  the  primitive  volume.  But  the  amount 
of  change  of  volume  corresponding  to  a  certain  pressure  is  very  dif- 
ferent for  different  fluids ;  while  in  liquids  this  change  is  quite  m- 
important,  in  gaseous  or  aeriform  fl^iids  it  is  very  greats  and  thcv 
are  therefe^  called  clastic  or  compressible  fluids.  On  account  of 
the  slight  degree  of  compressibility  of  liquids,  they  are  treated  in 
most  of  the  researches  in  hydrostatics  (§  66)  as  incompres^ibfe  ^^ 
inelastic  fluids.  As  water  is  the  most  generally  diffused  of  aTi 
liquids  and  is  the  most  generally  employed  in  practical  b'fe,v«^ 
regard  it  as  the  representative  of  all  these  fluids,  and  in  tier?- 
searches  in  the  mechanics  of  liquids  we  speak  only  of  water,  vi^ 
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the  tacit  understanding  that  the  mechanical  relations  of  other 
liquids  are  the  same. 

For  the  same  reason,  in  the  mechanics  of  elastic  fluids  we  speak 
only  of  common  atmospheric  air. 

Rbmabk. — A  column  of  water,  whose  cross-section  is  one  square  inch) 
is  compressed  by  a  weight  of  14,7  pounds,  corresponding  to  the  weight  of 
the  atmosphere,  about  0,00005  or  one  fifty  millionth  of  its  volume,  while  a 
column  of  air  under  the  same  pressure  occupies  but  one-half  of  its  primi- 
tive volume.  See  Aimo  **  Ueber  die  Zusaramendriickung  der  Flussigkeiten" 
in  Poggendorflfs  Annalen,  Erganzungsband  (to  Vol.  72),  1848.     According 

to  the  formula  P  z=i  -  F  E  {%  204),  we  have,  when  P  =  14,7  pounds,  F  = 

A  5  1 

1  square  inch  and  j  =  ttwwwwx  =  Saaaa*  *he  modulus  of  elasticity  of  water 

PI 
JET  =  j^  =  14,7  .  20000  =  294000  pounds. 

» 

§  352.  Principle  of  Equal  PreBsnre. — The  characteristic- 
property  of  fluids,  by  which  they  are  principally  distinguished  from 
solid  bodies  and  which  forms  the  basis  of  the  theory  of  the  equili- 
brium of  fluids,  is  the  capacity  of  transmitting  the  pressure  exerted 
upon  a  portion  of  their  surface  unchanged  in  all  directions.  In  solid 
bodies  the  pressure  is  transmitted  only  in  its  own  direction  (§  8C) ; 
if,  on  the  contrary,  water  is  subjected  to  pressure  on  one  side,  the 
same  pressure  is  exerted  throughout  all  the  mass  of  fluid  and  can 
consequently  be  observed  at  all  parts  of  the  surface.  In  order  to 
convince  ourselves  of  the  correctness  of  this  law,  we  can  employ 

an  apparatus  filled  witli  water,  like 

'  ***      ■    P  the  one  whose  horizontal  cross-sec- 

/  tion  is  represented  in  Fig.  574.  The 

#  tubes  A  Ey  B  Fy  etc.,  which  are  of 

the  same  size  and  at  the  same  dis- 
tance above  the  base,  are  closed  by 
— ^^  pistons,  which  are  easily  movable 
and  which  fit  the  tubes  perfectly ; 
the  water  will  then  press  upon  each 
of  them,  by  virtue  of  its  weight,  ex- 
y  actly  as  much  as  upon  the  others. 

Let  us  for  the  present  disregard 
this  pressure  and  regard  the  water  as  imponderable.  If  we  exert 
against  one  of  the  pistons  A  a  certain  pressure  P,  the  water  will 
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transmit  the  same  pressare  to  the  other  pistoiiB  B,  C,  D,  aoc  ig 
preserve  the  equilibrium  or  to  prevent  these  pistons  from  moiitj 
backwards,  an  equal  opposite  pressure  P  (Fig.  075)  must  be  oierH 
against  each  of  tlic  other  pistons.  We  arc  therefore  authonzeJ  w 
assume  that  the  pressure  P  exerted  upon  a  portion  A  of  the  siriic 
produces  a  etnun  which  is  propagated  not  onlj  in  the  strain; 
line  A  C,  but  also  in  eyery  other  direction  B  F,  D  H,  eta,  upon  a; 
equally  large  portions  C,  B,  D  of  the  surface. 

Fio.  676.  .  Pro.  576. 


If  the  axes  of  the  pipes  B  F,  C  O,  etc.,  Fig.  576,  are  panllel  i 
cacli  other,  the  forces  acting  on  the  pistons  can  be  combined  nv 
to  give  a  single  resultant ;  if  n  is  the  number  of  the  eqnaU]r  ^ 
pistons,  the  total  pressure  upon  them  will  be 

P,=nP; 
in  the  case  represented  in  the  figure 

P,  =  3  P. 
Now  the  aggregate  area  F,  of  the  surfaces  B,  C,  D,  upon  wliicJ 
the  pressures  are  exerted,  is  also  =  n  times  the  area  F  of  m 

p  Ft 

of  the  pistons;   n  is  therefore  not  only  =  p-,  but  also -r,,  or  k 

general 

-P,       F,  P, 

Now  if  we  cause  the  tubes  B,  C,  Dto  approach  eacb  otlw- 
until  they  form,  as  in  Fig.  577,  a  single  one,  and  if  we  close  it 
latter  by  a  single  piston,  F,  becomes  a  single  surface  and  P\  is  t^" 
pressure  exerted  upon  it;  hence  wo  have  the  general  hf-tk 
pressures  exerted  iy  a  fluid  upon  the  different  parts  of  ihtm^^: 
the  vessel  are  pr<^rtional  to  the  areas  of  those  parts. 
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Fie.  677. 


This  law  corresponds  also  to  the  pri7iciple  of  virtual  veloci- 
.     If  the  piston  A  D  =^  Fy  Pig.  578,  moves  a  distance  A  Ai  =  a 

inwards,  it  presses 
t]ie  prism  of  water 
Fs  out  of  its  tube, 
and  the  piston  B  E 
=  Fy  moves  out- 
wards the  distance 
BBi  =  8i  and  leaves 
behind  it  the  pris- 
matical  space  Fi  Si. 
Now  as    we    have 
mmed  that  water  can  be  neither  expanded  nor  compressed,  its 
lumc  must  remain  the  same  after  the  pistons  have  been  moved, 
the  increase  Fs  must  be  equal  to  the  decrease  ^i  Si.    But  the 
nation  Fi  Si  =  Fs  gives 

F  "■«,' 
id  by  combining  this  proportion  with  the  proportion 
e  obtain  :^  —  i . 

?ncc  the  mechanical  effect  PiSi  =  P  8  (see  §  83). 

ExAMFLS. — If  the  diameter  of  the  piston  A  Dial^  inches  and  that  of 

te  piston  BE  is  10  inches,  and  if  the  pressure  exerted  by  the  former  upon 

le  water  is  86  pounds,  that  exerted  upon  the  latter  piston  is 

10'  400 

3e  =  ___  .  86  =  1600  pounds. 


Pi 
F 


F 


P  -^P  = 


rthe  first  piston  moves  6  inches,  the  second  moves  hut 

W  9  0 

«j  =  —  a  =  -~  =  iftt  =  0,135  inches. 

Reuabk. — In  the  following  pages  we  will  meet  with  many  applications 
f  this  law,  B.O.,  to  the  hydraulic  pjess,  water  pressure  engines,  pumps,  etc. 

§353.  Pressure  in  the  Water. — The  pressure  exerted  by 


FiQ.  579. 


the  particles  of  water  against  each  other 
must  be  estimated  in  exactly  the  same 
manner  as  the  pressure  of  the  water  against 
the  wall  of  the  vessel.  The  pressures  upon 
both  sides  of  any  surface  E  C  G,  which  di- 
vides the  water  in  a  vessel  B  G  H,  Fig.  579, 
into  two  parts,  when  equilibrium  exists, 
are  equal    Now  as  a  rigid  body  counter- 
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acta  all  forces  ivhose  directions  are  at  right  angles  to  iu  carLt^. 

the  conditions  of  equilibrium  will  not  bo  disturbed,  when  ont-lui' 

E  6  II  of  the  liquid  becomes  rigid,  or  if  ita  limiting  E;;rf*- 

becomes  a  wall  of  the  vessel     If  ihc  floi-! 

Fia.eeo.  haME B  O  in  ouc  portion  CD  =  F,>: 

the  imaginary  Burfaco  of  spparation  ft  c 

eserts  a  pressure  P,  upon  the  ripd  LI' 

EGH,  the  latter  connteracts  thisp:- 

sure  completely  and  will  react  with  on  qui! 

-J_^'J'^  opposite  pressure  (—  /",)  upon  C'I)  =  T. 

Since  the  conditions  of  eqailibriam  vL 

not  be  changed,  when  this  massofnkt 

E  0  H  becomes  fluid  again,  the  ktter  will  react  with  an  «^ 

pressure  {—  P)  upon  the  mass  of  water  E  B  G;  hence  the  ^ 

sure  of  the  water  upon  both  sides  of  a  surface  C  D  =  Fiatisai^ 

termined  by  the  proportion  - — 

Pi_f\ 

P  ~  F'  

when  all  the  water  is  pressed  in  a  snrface  A  B  ^  /'by  a  force  f' 
Hence  the  pressure  upon  any  given  eoi&ce  F,  in  anyiriritrar 
position  is 

F. 

The  law  of  the  transmission  of  pressure  in  water,  exprewd  V 

the  last  proportion,  is  only  applicable  when  we  consider  water  i- 

an  imponderable  fluid,  and  it  must  therefore  be  modified,  when  i; 

is  required  to  determine  in  addition  the  pressure  arising  from.'*' 

vmght  of  the  water.    If  we  imagine  a  part  of  the  water  in  a  Ttsd 

CI)  E,  Fig.  581,  to  become  rigid  and  to  have  the  form  of  an  in^ 

nitely  thm  horizontal  prism  ^  S. 

Fia.  681.  it  is  eagy  to  see,  that  the  pressnie 

of  the  water,  that  remaim  6^- 

upon  the  sides  of  the  rigid  pa." 

balances  the  weight  Got  thepMJ 

and  that  the  horizontal  pmsiu^ 

npon  the  vertical  bases  J  aod !' 

of  this  part  counteract  each  oAs- 

These  pressnrcs  {P  and  —  F)  n"''' 

therefore  be  equal  end  oppusit«i' 

each  other.    Since  the  state  of  equilibrium  is  not  ehangaJ,  b*'" 

A  B  ^ain  becomes  fluid,  it  follows  that  the  pressures  cf  tn-' 
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Fig.  582. 


rater  againsfc  the  yei-tical  elements  A  and  B  of  the  surface,  which 
re  situated  m  one  and  the  same  horizontal  plane,  must  bo  equal 
0  each  other,  and  since  the  pressure  upon  an  element  does  not 
iliange,  "^hen  its  inclination  or  direction  changes,  it  follows  that 
he  water  in  a  horizontal  layer,  as,  E.G.,  G  //,  K  Z,  etc.,  exerts  the 
iame  pressure  m  all  directions  and  in  all  positions. 

If  we  imagine  a  vertical  prism  A  J5,  whose  cross-section  is  infi- 
litely  small,  to  become  rigid  in  the  mass  of  water  C  H  A",  Fig.  582, 

we  can  conclude  from  the  conditions  of  its  equi- 
librium with  the  remaining  lic^uid  tliat  the 
pressures  exerted  by  the  latter  upon  the  vertical 
sides  of  the  prism  balance  each  other  and  that 
the  weight  G  of  the  latter  body  is  in  equilibrium 
with  the  excess  P,  —  P  of  the  pressure  P,  upon 
lower  base  B  above  the  pressure  P  upon  the 
upper  base  A,  Hence  J\  —  F  =  (r,  i.e.  the 
pressure  P,  of  the  water  upon  any  elementary 
surface  B  is  equal  to  its  pressure  P^  upon  an  ele- 
ment Ay  of  equal  size  and  situated  above  it,  plus 
the  weight  (r  of  a  column  of  water  A  B,  whose 
base  is  one  or  other  elementary  surface  and 
whose  height  is  the  vertical  distance  between  the 
two  elements.  According  to  what  precedes  this 
rule  is  not  only  applicable  to  two  elements, 
situated  vertically  above  one  another,  but  can  also  be  employed 
for  determining  the  pressure  upon  the  walls  of  the  vessel ;  for  the 
two  pressures  P  and  Pi  arc  transmitted  unchanged  in  the  hori- 
zontal planes  G  II  and  A"  X.  Hence  the  pressure  7?  upon  an  ele- 
mentary surface  P,  A'^or  L  of  the  horizontal  plane  IC  Lis  equal  to 
the  pressure  P  upon  an  equally  great  element  ^,  G^  or  7/  in  a 
higher  horizontal  plane  plus  the  weight  of  the  column  of  water, 
whose  base  is  this  element  F  and  whose  height  is  the  distance 
A  B  =z  h  of  the  horizontal  planes  G II  and  X  L  from  one  another. 
K  y  is  the  heaviness  of  water,  this  weight  is 

G  -  Fhy,  and  therefore  P,  =  P  4-  G  —  P  -V  Fli  y. 
If  the  areas  of  the  elements  of  surface  are  unequal ;  if,  E.G.,  the 
area  of  the  upper  one  (in  G  H)  is  F  and  that  of  the  lower  one 
(itt  A'  L)  is  P„  the  pressure  upon  the  latter  is 

P,  =  -^  (P  +  Fh  y)  =  ^P  ^  I\  h  y. 

By  means  of  the  same  formula  the  pressure  P  upon  an  clement 
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F  in  the  horizontal  plane  G  //can  be  determined,  when  the  citeri  ■ 
preasnro  P^  upon  an  element  of  the  surface  U  D  =  F„  which  ii :; 
s  dietance  k  above  or  below  Gil,};  hnou'n.     It  is 


Since  the  pressnres  upon  equal  elements  in  a  horizontal  pjL- 

are  equal  to  each  other,  it  follows  that  the  foregoing  f ormnk  L- 

applicable  to  horizontal  eurfaces  of  finite  dimension,  as,  e.g,  vh.-r 

the  vater  serves  to  transmit  the  iors  I 

Fia.  688.  which  acts  upon  a  horizontal  piaton  :, 

Fig.  583,  to  another  horizontal  piston  F 

This  formula 


P  +  I\hr  =  I•.(y- 


P,  =  ^  P  +  I\  hy  =  F.r^  +  h:\ 


gives  directly  the  pressure  P,  npon  iL- 

sur&ce,  when  h  denotes  the  vertical  beifl 

(7  iJ  between  the  surfaces  of  the  two  pifton-. 

/>       / 

If  we  denote  the  pressures  >,-  and  , 

npon  the  units  of  sur&ce  by  p  latip-.^'  , 
have  more  simply 

Pi  I. 

Example. — If  the  diamet«TB  of  the  tura  pistons  j*  ond^,  ofabjdnsi' 
tic  preag  A  CB,  Fig,  583,  are  (i  =  2J  iachea  and  d^  ~d  inches,  ami  if  tip 
are  situated  at  tlie  distance  CD  =^  A  =  CO  inches  above  one  another,  j:; 
if  the  larger  pistna  ia  to  ciert  a  pressure  Ii  =  1600  pounds,  Vt  l*"  li 
force  which  must  be  applied  to  the  smaller  piston 

[ .  V- .  ^al^  =  138,48  -  10,«8  =  113,Bpoimds. 


-(rj 


g  354.  Surface  of  Water.— In  conseqaence  of  the  action  i^ 
gravity  upon  water,  all  the  elements  of  it  tend  to  descend,  sai 
really  do  so  when  they  are  not  prevented.  In  order  to  keepatpi''' 
tity  of  water  together,  it  ia  necessary  to  confintf  it  in  a  vessel  Tt- 
water  in  a  vessel  ABC,  Pig.  684,  can  only  be  in  equilibrium  »k' 
theCree  surface  .ff.K  is  at  right  angles  to  the  direction  of  grarih'' 
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Fig.  584. 


Fia.  585. 


horizontal ;  for  so  long  as  this  surface  is  cnrved  or  inclined  to  the 
horizon  there  will  be  elements  of  the  water,  such  as  F,  which,  be- 
ing situated  aboye  the  others,  will,  in  consequence  of  their  great 

mobility  and  their  weight,  slide  down  those 
below  them  as  upon  an  inclined  plane.  Since, 
when  the  distances  are  very  great,  the  direc- 
im^^E^^^-^--*=^ff -R  tions  of  gravity  cannot  be  considered  as  paral- 
lel lines,  the  free  surface  or  the  surface  of  the 
water  in  a  very  large  vessel,  E.G.  in  a  large  sea, 
will  not,  under  these  circumstances,  form  a 
plane  surface,  but  a  portion  of  the  surface  of  a 
sphere.  If  another  force  acts,  in  addition  to  gravity,  upon  the  ele- 
ments of  the  water,  then,  when  equilibrium  exists,  the  free  surface 
of  the  water  is  at  right  angles  to  the  resultant  of  this  force  and  that 
of  gravity. 

If  a  vessel  ABC,  Fig.  585,  is  moved  forward  with  the  constant 
acceleration  p,  the  free  surfece  of  the  water  forms  an  inclined  plane 

D  F;  for  in  this  case  every  element  B 
of  this  surface  is  drawn  vertically  down- 
wards by  its  weight  Q  and  in  a  horizon- 
tal direction  by  its  inertia  P  =P  G,  the 

two  forces  giving  rise  to  a  resultant  J?, 
whose  direction  forms,  with  that  of 
gravity,  a  constant  angle  R  F  G  =  a. 
This  angle  is  at  the  same  time  the  angle  D  F  H  formed  by  the 
surface  of  the  water  (which  is  at  right  angles  to  the  resultant)  with 
the  horizon.    It  is  determined  by  the  equation 

P       p 
tang,  a  =  ^  =  -. 

If,  on  the  contrary,  a  vessel  A  B  Cy  Pig.  586,  is  caused  to  re- 

volpe  unifomdy  about  its  vertical  axis  X  X^ 
the  surface  of  the  revolving  water  forms  a 
hollow  A  0  Cy  whose  cross-section  through 
the  axis  is  a  parabola.  If  6)  is  the  angular 
velocity  of  the  vessel  and  of  the  water  in  it, 
G  the  weight  of  an  element  F  of  the  water, 
and  y  its  distance  M  F  from  the  vertical  axis, 
we  have  the  centrifugal  force  of  this  ele- 
ment 


^x  B 
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F  -  u'  ?y-  (g  302), 

and  therefore  for  the  angle  RE G  =  T E M  =  ^,  formed hy  tbe 
resultant  with  the  vertical  or  by  the  tangent  E  Tto  the  profile  a! 
the  water  with  the  horizontal  line  M  E, 

From  this  fonnala  we  see  that  the  tangent  of  the  angle,  finmed   , 
by  the  tangent  line  with  the  ordinate,  is  proportional  to  the  ordi-   j 
nate.     Since  tliia  is  one  of  the  properties  of  the  common  parabol. 
(see  §  lof),  the  vertical  crosB-aection  A  0  Cot  the  enrface  of  li-   j 
water  is  a  parabola, -Whose  axis  coincides  with  the  axis  of  rotatin 
XX. 

If  the  velocity  ofrotaiion  of  the  water  in  the  vessel  A  B  D,Ti^ 

598,  were  constant  and  =  c,  we  wonld  have  F  = ,  and  there 


fore  tang.  ^  =  — ;  hence  the  sobtangent  of  the  carve,  formed  I; 

the  cross-scetion  A  E  B  of  tlio  wafer,  M  T  =  m  =  —  or  conEtam. 

9 
According  to  Article  20  of  the  Introduction  to  the  Calcnlna,  ilif 
equation  of  such  a  curve  is 
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y  =  r  e*  =  r 
r  denoting  the  ordinate  of  the  beginning  A. 

If  we  cause  a  vessel  A  B  ff,  Fig.  589,  to  move  uniformly  in  a 
vertical  circle  around  a  horizontal  axis  C,  the  surface  of  the  water 
will  assume  a  cylindrical  fomiy  with  a  circular  cross-section  D  E  H. 
If  we  prolong  the  direction  of  the  resultant  R  of  the  weight  0  and 
of  the  centrifugal  force  -F  of  an  clement  E  until  it  cuts  Ihe  vertical 
line  C  Ky  passing  through  the  centre  of  rotation,  we  obtain  the  two 
similar  triangles  EGO  and  E  F  R^  for  which  we  have 

CO  _  FR_  ff  . 

E  a  "  E  F  ''  F  ' 

but  if  we  put  the  radius  of  gyration  E  C  =  y  and  retain  the  last 

notations,  we  have  F  = -.  whence  it  follows  that  the  line 

9  I 

C  0  =  ^  =  a  I —  I  =  — 5-  feet  =  — ..-  meters, 

u  denoting  the  number  of  revolutions  per  minute.  Since  this  value 
of  C  0  is  the  same  for  all  the  elements  of  the  water,  it  follows  that 
the  resultants  of  all  the  elements  of  the  water  forming  the  cross- 
section  D  E II  are  directed  towards  0,  and  that  the  cross-section, 
which  is  at  right-angles  to  all  these  directions,  is  the  arc  of  a  circle 
described  from  0.  Hence  the  surfaces  of  the  water  in  the  buckets 
of  an  overshot  water-wheel  are  always  cylindrical  ones,  describedy  ,  ^  -t 
from  the  same  horizontal  axis.  /^ 

§  355.  Pressure  upon  the  Bottom. — The  pressure  in  a 
vessel  A  B  C  Dy  Fig.  590,  is  a  minimum  immediately  below  the 

surface,  increases  with  the  depth,  and  is 
Fig.  690,  ^  maximum  at  the  bottom.    This,  al- 

J  though  a  consequence  of  §  353,  can  also 
g  be  proved  as  follows.  Let  us  suppose 
Ri  that  the  area  of  the  surface  11^  R^  of  the 
^*  water  is  F^  and  that  a  pressure  F^  is  ex- 
*  erted  uniformly  upon  it,  e.g.  by  the  at- 
mosphere lying  above  it  or  by  a  piston,, 
and  let  us  imagine  the  entire  mass  of 
water  to  be  divided  by  very  many  hori- 
zontal planes,  such  na  Hi  Rx,  ff^  jB„  etc.,  into  equally  thick  layers. 
If  Fi  is  the  area  of  the  first  layer  //,  ^„  A  its  thickness,  and  y  the 
heaviness  of  water,  we  have  the  weight  of  the  first  layer  Gi  —  F^^y,. 
foxd  that  portion  of  the  pressure  in  Hi  J?i  produced  by  the  pressure- 

46 
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P,  upon  the  siir&ce  of  the  water  JI,  R^  according  to  the  prudjl 
euoBciated  in  8  352,  is  , 

-    j,,^  • 
Adding  both  these  piesBtiies,  we  obtain  the  preasore  in  the  Ik 
tal  section  Hi  B\ 

p,  =  ^  +  F,).r- 

Dividing  by  F^  we  obtain  the  equation 
Pf      P.      , 

or,  since  ~  and  jr  denote  the  preasiirea  p,  and  p,  in  ^  ^  i 

Si  R,  referred  to  the  unit  of  snr&ce,  we  have 
;>■  =  P,  +  A  y- 
The  pressure  in  the  following  horizontal  layer  H,  R, 
mined  exactly  in  the  same  manner  as  the  preeanre  in  tbe  !h 
H,  Ru  but  wo  must  not  forget  that  the  initial  presmre  apit 
element  of  the  eorfkce  is  in  this  case  p,  =  p,  +  X  y,  whikiLl 
first  caae  it  w&a  p*.  Hence  the  pressure  in  the  horiHUiU]  ta 
^,  ^,  is 

Pi=Pi  +  >-Y=P.  +  ^r  +  >-Y-P,  +  2  A  V; 
FiG-BBl.  JQ  like  manner  the  pressure  in  Qxfll 

layer  II,  R^  is 

=  ^.  +  3  A  y, 
in  the  fourth 

=  p,  +  iXr, 
and  in  the  nth 

=  p,  +  nky. 
But »  A  is  the  depth  O  A'  =  i<i° 
'  nth  layer  below  the  surface  of  tbcis 
we  can  therefore  put  the  pressure  upon  each  unit  of  mSff- 
the  Rth  horizontal  layer 

p  =  P,  +  h  y  (compare  g  353), 
We  call  the  depth  h  of  one  element  of  surface  below  the  i^ 
■of  the  water  its  Itead  or  height  of  water  {Ft.  charge  d'wn: 
Druckhohe),  and  we  find  the  pressure  of  the  water  upon  m; 
of  snrfoce  by  adding  to  the  pressure  applied  from  witbcj; 
weight  of  a  column  of  water,  whose  base  is  unity  and  whns  W 
is  the  head  of  water.    When  a  surface  is  horizontal,  as  tJi* 
bottom   C  D  (Fig.  591),  the  head  of  water  A  is  the  same  'i^ 
positions,  and  if  its  area  is  =  f,thepres8nreof  the  water  ufK^" 
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F={p^  +  hy)I!=zFp.  +  Fh  y  ==  F,  +  Fh  y, 
or,  if  we  neglect  the  external  pressure,  P  =z  Fliy.     The  pressure 
of  tlis  water  upon  a  horizontal  surface  is  tJierefore  equal  to  the  weight 
oftlis  column  of  water  Fh  above  it 

This  pressure  of  the  water  upon  a  horizontal  surface,  e.g.  upon 
the  horizontal  bottom  or  upon  a  horizontal  portion  of  the  wall  of  a 
vessel,  is  entirely  independent  of  the  form  of  the  vessel ;  whether 
the  vessel  A  Cy  Fig.  692,  is  prismatic  as  in  c,  or  wider  above  than 
below  as  in  ft,  or  wider  Mow  than  above  as  in  o,  or  inclined  as  in 
(?,  or  with  spherical  walls  as  in  e^  etc.,  the  pressure  upon  the  bottom 
is  always  equal  to  the  weight  of  a  column  of  water,  whose  base  is 
the  bottom  of  the  vessel  and  whose  height  is  its  depth  below  the 
level  of  the  water.  Since  the  pressure  of  water  is  transmitted  in 
all  directions,  this  law  Is  also  applicable  when  the  surface,  as  E.0. 
B  Cy  in  Fig.  693,  is  pressed  from  below  upwards.  Each  unit  of 
surface  of  the  layer  of  water  B  Ky  touching  B  C,  is  subjected  to  the 
pressure  of  a  column  of  water,  whose  height  \^  H  B  ^  R  K  •=  hy 
and  the  pressure  against  the  surface  C  Bis  =  Fhyy  F  cfenoting 
the  area  of  that  surface. 

Fig.  592.  Fio.  593. 

A S 


Fig.  594 


Hence  it  follows  that  the  water  in  the  communicating  tubes 
A  B  CviXidiD  E  Fy  Fig.  694,  will  stand  at  the  same  height,  when 
in  equilibrium,  or  that  the  surfaces  A  B  ViXidi  E  F  will  be  in  the 
same  horizontal  plane.  In  order  to  preserve  the  equilibrium  it  is 
necessary  that  the  layer  of  water  H  R  shall  be  pressed  dbwnwardi 
by  the  column  of  water  E  R  above  it  as  much  as  it  is  pressed  up- 
wards bv  the  mass  of  water  below  it     Since  in  both  cases  the 
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Barface  pressed  upon  is  the  same,  the  bead  of  water  mast  t*  ii 
some,  and  the  level  of  the  water  B.tAB  must  be  at  the  esmc  liv^ 
aboTe  II  Eaa  that  at  B  F. 

§356.  Lateral  Pressore. — The  fonnala  jiut  found  fcra 
pressure  of  water  against  a  horizontal  sorface,  is  not  directlj  s^ 
cable  to  a  plane  surface  inclined  to  ike  Itorizon  ;  for  in  this  ta«  i 
head  of  water  is  different  at  different  points. 

The  pressure  p  =  hy  upon  every  unit  of  surface  withiL  ik 
horizonUl  layer  at  the  depth  A  below  the  snrface  of  the  wiKr 
in  all  directions  {§  358),  and,  consequently,  at  right  angles  i 
walls  of  the  vessel,  by  which  {§  138)  it  is  entirely  couiit.T..~i 
Now  if  F-i  is  the  area  of  an  element  of  the  side  ABC,  F^  ^ 
and  h,  its  head  of  water  F,  Hy,  we  have  the  pitesore  perpen*^': 
to  it 

P,  =  F,.h,y, 
^'*-  ^^  if  F,  is  the  aurfaoe  of  a  eeeon-i  i 

ment  and  Ai  its  head  of  water,  k.  a* 
the  normal  pressure  upon  it 

P,  =  F,h,y; 
and  in  like  manner  for  a  thirl  ':!• 
ment 

P,  =  F^  ht  y,  etc. 

These  normal    pressures  fen  i 

system  of  parallel  forces,  whoss  rwi 

ant  P  is  the  sum  of  these  pres::^ 

LE., 

P  =  (F,h,  +  F,h,+..: 
But  F,h,  -i-  Fthi  +  ...is  the  snm  of  the  statical  monKCQ^ 
Fly  Ft,  etc.,  in  reference  to  the  sur&ce  A  0  B  oi  ihe  wK.f  ^^ 
=  Fh,  when  F  denotes  the  area  of  the  whole  8nrface  ar-u  i 
depth  .S  0  of  its  centre  of  gravity  S  below  the  surface  of  thf  xj. 
hence  the  entire  normal  pressure  against  the  plane  surliice  is 
P  =  Fhy, 
If  we  understand  by  the  head  of  waier  of  a  snrfaco  thp  depu  i 
its  centre  of  gravity  below  the  surface  of  the  water,  the  folljT^ 
rule  will  be  generally  applicable,  viz.:  t/icpressvre  of  water  rr--* 
aplanc  surface  is  equal  to  the  weiffht  of  a  column  oftrairr.  r,J« 
base  is  the  surface  and  whose  height  is  its  head  of  icalcr. 

We  must  here  observe  that  this  pressure  does  not  depend  sr>a 
•the  rjuantity  of  water  above  or  in  frontof  the  snr&cc  pressnJ,  its 
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r  the  other  circumstances  are  the  same,  a  wall  A  B  CD,  Fig. 
as  to  I'esist  the  same  pressure  whether  it  dams  up  the  water  of  a 
truugh  .1  C-ff-^or  tliatof  a  large  &Bm  A  CG /for  that  of  a 
From  the  width  A  B  =  C'-O  =  *  and  the  lioight  A  D  = 
=  aoS  the  rectangular  wall  we  obtain  the  surface  of  tho  eamc 
F  =■  ab  and  the   head  of 

Fio.  irae.  jj 

water  S  0  =  x,  and,  there- 
^T^^ir^  fore,  the  pressure  of  the  wa- 


The    prcBBure 

fore  with  the  width  and  with  the  square  of  the  height  of  the 
ce  pressed  upon. 

XAUPLB. — If  the  water  in  front  of  a  elnice  gate,  made  of  oak,  4  feet 
5  feet  high  and  2J  iachea  thick,  stands  3}  feet  high,  how  great  a  force 
tailed  to  lift  it  ? 
be  volume  of  thia  gate 

4  .  B  .  A  =  V  c**""  feet 
ming  the  heavineas  of  oak,  aaturated  with  water,  to  be  according  to 
C3,5  .  1,11  =  GB,3TS  poundB,  the  weigbt  of  tbia  gate  is 

O  =  *l..  CQ,375  =  as  .  11,S625  =  280,06  pounds. 
1ic  pressure  of  the  water  against  the  gate  and  the  pressure  of  the  lat- 
gMnst  its  guides  is 

P  =  J  (|)'  .  4  .  62,5  =  49  .  81,25  =  1531,25  pounds; 
lug  the  coefficient  of  friction  for  wet  wood  ($  174)  9  =  0,6S,  wc  have 
Mction  of  the  gate  upon  its  guides 

F  =  9  J»  =  0,68  .  1531,aa  =  1041,26. 
ing  to  the  latter  the  weight  of  the  gate,  we  have  the  force  necessary  to 
r  it  up 

=  1041,25  +  280,06  ='  1330,31  pounds. 

357.  Centre  of  Pressnre  of  Water. — The  resultant  P  = 
y  of  all  tho  eicmeiitary  pi-essures  Fj  A,  y,  F,  A,  y,  etc.,  has,  like 
resultant  of  any  other  system  of  parallel  forces,  a  definite  point 
ipplieation,  which  is  called  the  centre  of  pressure.  By  retain- 
er supporting  this  point  the  whole  pressure  of  the  water 
'Q  ft  surfiice  will  he  held  in  equilibrium.  The  statical  moment ' 
■he  elementary  pressures  J',  h,  y,  /",  S,  y,  etc.,  in  reference  to  the 
ne  of  tlie  surface  of  the  water  ABO,  Fig.  595,  are  / 

F>h,y.h,  =  F,  Ti^  y,F,k,y.ht=  Ft  h,'  y,  etc, 
3  the  statical  moment  of  the  entire  pressure  of  the  Trater  in 
«rence  to  this  plane  is 
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(F,  k,'  +  F,k,'  +..  .)  y. 
Denotmg  the  distance  JSC Mot  the  centre  M  of  this pretturfbi 
the  surTace  of  the  water  by  z,  we  have  the  moment  of  tie  ynsm 
of  the  water 

Psi={F,h,  +  F,h,  +  ...)zr, 
and  bj  putting  thcBO  moments  equal  to  each  otlier  we  obtu  i 
distanoe  of  Ihis  centre  M  below  the  sur&ce  o(  the  water 

_  F.  A.'  +  /;  A.'  +  .  ■  ■ 

U.  +/;*, +  ..."^~  Fh 

when,  as  above,  F  denotes  the  area  of  the  entire  snrface  and  i 
depth  of  the  centre  of  gravity  below  the  eur&cc  of  the  water. 

In  order  to  determine  completely  this  point  of  preanrs, » 

must  find  its  distance  from  another  line  or  plane.     If  we  p:;  a 

distances  Fi  G»  F,  G„  etc.,  of  the  elementa  F,,  F^  eta,  of  ife 

■fiice  from  the  line  A  C,  which  determines  the  angle  of  inelicjii 

of  the  plane,  =  t/i,  if„  etc^  we  hi':  i 

"■     '■  moments  of  the  elementary  prtEia 

in  reference  to  this  line 

=  J^i  A,  y,  y,  F,  A,  y,  y,  etc, 
and  the  moment  of  the  entire  scite 
=  (^1  A,y,  +  F,h^y,  +  ...:. 
denoting  the  distance  M  A'  o:  vj 
centre  M  from  that  line  by  r.  ^•■ 
have  also  this  moment 

=  {F,  k,  +  F,h  +  ...]ty. 
Equating   these    two   momenti^  r 
obtain  the  second  ordinate 
F,h,y,  +  F,h,y,  +  ...  Fhy,-\-F,h,i,,  +  ... 

'  F,h,  +  ^,A,  +  ...      "*  Fh 

If  a  denote  the  angle  of  inclination  of  the  plane  A  B  Tlo  t 
horizon,  x„  x^  etc.,  the  distances  £,  F„  E,  F„  etc.,  of  the  ekmeis 
Fn  F„  ete.,  and  w  is  the  distance  L  M  oi  the  centre  of  pressor;  x 
from  the  line  of  intersection  A  B  of  the  plane  with  fie  sarlin  '^ 
the  water,  we  have  h,  =  x,  sin.  a,k,  =  x,  sin.  a,  etc^  and  also :  = 
sin.  a ;  substitnting  these  values  of  z  and  v  in  the  ezpresooo.  r- 
obtain 
_  J*!  ail' '+  F,Xt'  +  ...  _  Moment  of  inertia 
FiX,  +  F,x,  +  . ..~    Statical  moment 
_  F,x,p,  +  FtX,y,  +  . ..  __  Moment  of  the  ccptrifnaal  fcrw 
""      F,x,  +  F,x,  + ...      ~  Stadcal  momrail 
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We  find  then  the  distances  u  and  v  of  the  centre  of  pressure 
from  the  horizontal  axis  A  Y  and  from  the  axis  A  JT,  formed  by 
the  line  of  dip,  when  we  divide  by4he  statical  moment  of  the  sur- 
face with  reforonco  to  the  first  axis,  in  the  first  place,  the  moment  of 
inertia  in  reference  to  the  same  axis,  and,  in  the  second,  the  mo- 
ment of  the  cvnlrifugal  force  of  the  same  in  reference  to  both  axes. 
The  first  distance  is  also  that  of  the  centre  of  oscillation  from  the 
line  of  intersection  with  the  surface  of  the  water.  Besides  it  is 
easy  to  perceive  that  the  centre  of  pressure  of  water  coincides  per- 
fectly with  the  cmitre  of  percussioriy  determined  in  §  313,  when  the 
line  of  intersection  A  Y  oi  the  surface  with  the  surface  of  the 
water  is  regarded  as  the  axis  of  rotatiofi. 

§  353.  Pressure  cf  Water  against  Rectangles  and  TxU 
angles. — If  the  surface  pressed  upon  is  a  rectangle  A  C,  Pig.  598, 
with  a  horizontal  base  line  CD,  the  centre  M  of  pressure  is  found 
in  the  line  of  dip  K  Z,  which  bisects  the  base  line,  and  it  is  at  a 
distance  equal  to  two-thirds  of  this  line  from  the  side  A  B,  which  \ 
lies  in  the  surface  of  water.    If  the  rectangle,  as  in  Fig.  599,  does 

Fig.  598.  Fia.  599.  Fio.  COO. 


not  reach  the  surface  of  the  water,  then,  if  the  distance  K  Loi  the 
lower  line  C  D  from  the  surface  of  the  water  =  Z,  and  that  K  0 
of  the  upper  one  A  B,  =  Uy  we  have  the  distance  K  Mot  the  cen- 
tre of  pressure  from  the  surface  of  the  water 


u 


—   2 

—  3 


h'  -  V 


•  7  »  —  7  a* 

The  distance  K  M  of  the  centre  of  pressure  M  of  a  rigM-aiigU 
triangle  A  B  Cy  Fig.  600,  whose  base  A  B  lies  in  the  surface  of  the 
water,  from  A  B  (Example  §  313)  is 


ft'  -' 


K^  .  3.. 


I 


F.r 

F.l 


=  i  h 


when  I  denotes  the  altitude  B  Cof  the  triangle. 

The  distance  of  this  pomt  M  from  the  other  side  B  C  is,  since 
this  point  lies  in  the  Hue  C  0,  which  bisects  the  triangle  and 


f 
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[jO 


mnB  from  the  apex  C  to  the  middle  of  the  base,  JV Jf  =  v  =  \\ 
b  denoting  the  base  A  B. 

If  the  ai>ex  0  is  aituated  at  the  surface  of  the  ^zJba,  as  in  Fa 
COl,  and  if  the  base  A  Bia  below  the  apex,  wc  have 

A'if  =  u=4~  =  Hand 


"  i  Fl  ■ 


NM~v  =  \ 


=  |A 


If  the  whole  triangle  ABC,  Fig.  G03,  is  immersed  in  thena 
and  the  base  J  /?  is  at  i  d» 
tanee  A  JI  =  U  and  ilio  ^ps 
C  at  the  distance  C  H  =  . 
from  snrfacc  B  U,  we  A.* 
mine  the  distance  .Vfofi 
centre  of  pressure  .If  bolot'iii 
sui-face  of  the  water  Jfi? 
mcona  of  the  formula 


-  i,y  +  j  (g  ^  +  ^>)'  „  ^.'  +  a  f,  ?,  +  H* 


i  (2 /,+/,)  au. +  2AI       • 

The  centre  of  pressure  of  other  plane  figures  can  be  detenniiK^ 

1  the  sama  manner.  i 

Example.— What  force  Pmost  we  emploj  to  RUEe  a  circulwdu 

valve  A  B,  Pig.  603,  which  is  iw"- 

FiQ.  003.  ^\Kni,t   a   horizontal    axis  D\     1"  1^  , 

length  of  thia  vaSve  be  =  IJ  f«l,iu^' 

ameter-d  B  be  =  lj-lbet,and  Ihedisst 

of  ita  centre  of  praTitj  S  from  tin  •n'' 

be  i)  5  =  0,75  feet,  and  its  t'Etl  ^  ' 

O  =  85  pounds;  further,  let  lliefli**-' 

DEaf  the  axis  of  rotation  U  two  - 

surface  of  the  water,  mfMoretl  to  i*  ' 

plane  of  the  valve,  be  =  1  foot  uid  *  | 

angle  of  iDClioation  of  this  plecB  <"  ^ 

horizon  be  a  =  68°. 

The  surface  upon  whidi  Ibe  p"*** 
is  exerted  is 


=  irr»  = 


^  =  0,7604  . 


=  1,2S?3  Bquare  fe^ 
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1,0271  feet, 


and  the  head  of  water  or  depth  of  its  centre  C  below  the  water  level  is 
0  (7=  h  =  n  C,sin,a  =  (HD  +  DC)nn.az=:  {HD+DB  +  B  C)nn.a 

=  (1  +  0,25  +  0,625)  tilt.  68^  =  1,875  .  0,9272  =  1,7385  feet, 
and,  therefore,  the  pressure  of  the  water  upon  the  surface  A  B  =  Fis 
Qz=Fhyz=z  1,2272  .  1,7385  .  62,5  =  188,34 ; 

the  arm  b  of  this  force  with  reference  to  the  axis  of  rotation  D  is  the  di»- 

tance  2>  if  of  the  centre  of  pressure  if  from  it,  hence 

b^HM--  ED, 
But  we  have 

■^^=^^  +  4^^=  1.87°  +  47W5- (i)'= 
whence  b  =  1,9271  -  1,0000  =  0,9271  feet, 

and  the  required  statical  moment  of  the  pressure  is 

Qb=  138,34  .  0,9271  =  128,62  foot-pounds. 
The  arm  of  the  weight  of  the  valve  is 

DK=i)~S COB,  a  =  0,75  .  COS.  68*  =  0,75  .  0,8746  =  0,2810  feet, 
and  therefore  its  statical  moment  is 

=  85  .  0,2810  =  9,84  foot-pounds. 
By  adding  these  moments,  wc  obtain  the  entire  moment  necessary  to 

open  the  valve 

Pa—  128,62  +  9,84  =  138,46  foot-pounda 

Now  if  the  arm  of  the  force,  which  opens  the  valve,  is  -D  2\r  =  a  =  0,75 

feet,  the  intensity  of  that  force  must  be 

138,46 

=  177,95  pounds. 


P  = 


0,75 


§  359.  Pressure  upon  Both  Sides  of  a  Snr&ce.— If  aT?;^^;^ 
surface  A  J9,  Fig.  G04,  is  subjected  upon  hoih  sides  to  the  pressure 

of  water,  the  two  resultants  of  the  pres- 
sures on  the  two  sides  give  rise  to  a 
new  resultant,  which,  as  they  act  in 
==^       opposite  directions,  is  obtained  by  sub- 


FiQ.  604. 


A 


,----    -  ;  ^1 


tracting  one  from  the  other. 


If  -^  is  the  area  of  the  portion  A  B 
subjected  to  pressure  on  one  side  of  the 
surface,  and  h  the  depth  A  S  of  its 
centre  of  gravity  below  the  surface  of 
the  water,  and  if  F^  is  the  area  of  the  portion  -4,  5,  on  the  other 
side,  which  is  subjected  to  the  pressure  of  the  water,  and  A,  the 
depth  Ai  Siof  its  centre  of  gravity  below  the  corresponding  surface 
of  the  water,  the  required  resultant  will  be 

F  =  Fhy  -  F,h,y  -  (Fh  -  F,  h,)  y. 
If  the  moment  of  inertia  of  the  first  portion  of  the  surface  with 
reference  to  the  line,  in  which  the  plane  of  the  sur&ce  cuts  the  first 
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snrfece  of  the  wa^^r,  =  Fk*,  wc  have  the  atutical  moment  ot  the 
pressure  of  the  water  upon  one  Bide 

~Fk*y, 
and  if  the  moment  of  inertia  of  the  second  portion  of  thesuifKe 
with  refurcnce  to  its  line  of  intersection  with  the  other  surlace  rf 
the  wal«r,  =  Ft  k',  we  will  have  in  like  manner  the  statical  dm- 
ment  of  the  pressnre  of  the  water  on  the  other  side,  with  refi'ieact 
to  the  axis  in  the  second  surfiice  of  the  water, 
=  F,  k,"  y. 
Putting  tlie  difference  of  level  A  A,  of  the  two  snriaces  of  & 
water  -  a,  we  have  the  increase  of  the  latter  moment,  when  we  pas 
from  the  axis  Ai  to  the  axis  A, 

=  .F,  A,  a  y, 
and  consequently  tJie  statical  moment  of  the  pressure  F,  h,y,a 
reference  to  the  axis  A  in  the  first  sarface  of  water,  is 

=  F,k,'y  +  F,h,.a.y  =  (F,  i,'  +  F,a h,)  y. 
Hence  it  follows  that  the  statical  moment  of  the  diffcreoce  d 
the  two  resultants  is 

=  {F  k'  -  F,  &,*  -  a  F,  h,)  y, 
and  the  arm  of  this  difference  or  the  distance  of  the  centre  at 
pressure  from  the  axis  in  the  first  surface  of  water  is 
_Fk'  -  F,k,'-aF,h, 
"~  Fh-  F,h, 

If  the  portions  of  surface  which  are  subjected  to  pressnn  v 
equal,  as  is  represented  in  Fig.  605,  where  the  whole  snrfece  A  h 
=  Fis  submerged,  we  have  more  amplj 
^•'■■'"'^  P=F{h-k,)y, 

and  wnce  A*  =  i,'  +  2  o  A,  +  o'  {sec  gMl} 
and  h  —  hi  =  a,  we  have 

_  jjj  -  fc;  -  g  a,  ^  a  A,  +  o' 
~         A  —  A,  a 

=  A,  +  a  =  h. 
In  the  latter  case  the  pressure  is  equal  to 
the  weigh  t  of  a  column  of  water,  whose  bi« 
is  the  surface  pressed  npon  and  whose  height  is  the  diffeitnce  oi 
level  R  H^  of  the  water  on  Uie  two  ddes  of  the  surfaces,  and  tbe  c«ib» 
of  pressnre  coincides  with  the  centre  of  gravity  S  of  the  raffaf- 
This  law  is  also  correct  when  the  two  surfaces  of  water  are  subjected ■» 
c<)nal  pressure,  e.g.  by  means  of  pistons  or  by  the  atmosphere;  fwif 
the  pressure  upon  each  nnit  of  surface  =  p  and  the  height  cJ  »^ 

corresponding  column  of  water  is  /  =  -  (§  355),  we  must  snlnti- 
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tate,  instead  of  hy  A  +  /,  and  instead  of  A„  Ai  +  Z;  by  subtraction 
we  obtain  the  x^ressure 

J^  =  (A  +  /  -.  [A,  +  q)Fy=^   (A  -  A,)  Fy. 
For  this   reason  wo  generally  negleot  the  pressure  of  the  air  in 
hydrostatical  experiments. 

ExAMPUB. — The  depth  A  Boi  the  water  in  the  head-bay,  Fig.  606,  is 
7  feet,  the  water  in  the  chamber  of  the  lock  rises  4  feet  upon  the  gate,  and 

the  width  of  the  canal  and  lock-chamber  is 
7,5  feet;  what  is  the  resulting  pressure  upon 
the  gate  of  the  lock  ? 
Here 

^  =  7  .  7,5  =  52,5  square  feet, 

J'j  =  4  .  7,5  =  80,0  square  feet, 

1^7,        4 


49 


A=^.7=^,Ai  =3  =  2feet, 

a  =  7  —  4  =  8  feet, 
1     ..       16 


lA  *       7«   ^r%A  i   «   --    -      4'   =    • 

*'     —    Q  •    '       —      Q    *"^  ^1      —     Q  •  *      —      ft    » 


8 


8 


8 


heace  the  required  resultant  is 

P  =  (i?»  A  -  2^4  Ai )  y  =  (53,5  .  ^  -  80 . 2 y  62,5 

t=  123,75 .  62,5  =  7784,4  pounds, 
and  the  depth  of  the  point  of  .application  below  the  surface  of  the  water  tt 


tt  = 


10  16 

52,5.^-80.y-8.60 

53,5  .  ^  -  60 


517,5 

128,16 


=  4,182  feet. 


§  360.  Pressnre  in  a  Given  Direction.— In  many  cases  we 
wish  to  know  but  one  part  of  the  pressure,  viz. :  that  exerted  in  a 
certain  direction.  In  order  to  find  such  a  component,  we  decom- 
pose the  normal  pressure  WP  =  P  on  the  surface  A  B  ^  F,  Fig. 
607,  into  two  components,  one  in  the  given  direction  M  X  and  one 

at  right  angles  to  it,  viz. : 

MP,  =  P,  and3/P,  =  P^ 
Now  if  a  is  the  angle  P  M  X 
formed  by  the  direction  ctf  the  normal 
pressure  with  the  given  direction  MX 
of  the  component,  the  components 
will  be 
P,  =  P  COS.  a  and  P^  =  P  sin.  a. 
If  we  project  the  surface  A  B  upon 
a  plane  perpendicular  to  the  given  di- 
rection M  Xy  we  have  the  area  of  the  projection  B  C 
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F,  =  F.cos.ABC, 

or,  since  the  angle  of  inclination  A  B  C  of  the  Euriace  to  its  "pn- 

jection  is  equal  to  the  angle  P  M  X  =  a,  formed  by  the  directiou 

of  the  normal  pressure  and  that  of  its  component  'P^, 

Fi  =  Fcos.  a,  and  inversely 

-El 

the  required  component  is  therefore  I 

P,  =  P.il. 

Kow,  since  the  value  of  Uie  normal  pressure  \b  P  =  Fhy,-9t      \ 
haTe  P,  =  /•,  A  7,  \ 

LB.,  the  pressure  exerted  by  water  in  any  direction  upon  a  tufface  i* 
equal  to  the  weight  of  a  column  of  tcaler,  whose  base  is  the  projection 
tfthe  surface  at  right  angles  to  the  given  direclioA  and  whose  hagii      I 
is  the  depth  of  the  centre  of  gravity  of  the  surface  beloin  the  svrfaet      f 
of  the  water.  I 

In  most  cases  in  practice  we  are  only  required  to  detenniw      | 
the  verticaJ  or  a  horizontal  component  of  the  pressure  of  the      I 
water  against  the  sui-face.    Since  the  projection  at  right  anglee  tt>      i 
the  vertical  direction  is  the  horizontal  projection  and  that  at  riglit 
angles  to  a  horizontal  direction  is  a  vertical  one,  we  find  the  vtr-      i 
ticai  pressure  of  the  water  against  a  enrfece  by  treating  its  hon- 
xontal  projection  as  the  surface  subjected  to  pressure,  and,  on  tlx       j 
contrary,  the  horizontal  pressure  of  the  water  in  any  direction  h       \ 
bleating  the  vertical  projection,  or  elevation,  of  the  surface  at  right 
angles  to  the  given  direction  as  the  snrfece  pressed  upon,  and  in 
both  cases  we  must  regard  the  depth  0  8  ot  the  centre  of  giavitj 
8  of  the  surface  below  the  surface  of  the  water  as  the  head  of  wstti. 
Hence,  if  we  wish  to  determine  in  the  case  of  a  prismaHcd  em- 
iatikment  or  dam  A  B  D  E,  Fig.  608,  the  horizontal  pressnre  of 

the  water,  we  must  on-       | 
aider    the    longitsdinil 
elevation  A  C,    and  if       | 
the  Tcrtical  pressure  is 
to  be  determined,  the  bo-       i 
rizontal  projection  B  C       | 
of  the  Eurtace  A  B  miisl 
he  considened  as  the  nr- 
face  pressed  upon.   Put-       i 
ting  the  length  of  tlu 


Fm.606. 
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dam  =  Z,  its  height  AC  ^h  and  horizontal  projection  of  the  elopo 
B  C  =  OyV^Q  have  the  horizontal  pressure  of  the  water 

and  its  vertical  pressure 

V  =^  al .  ^y  =  lalhy. 

Now  if  the  width  of  the  top  of  this  dam  is  A  E  =^  b,  the  hori- 
zontal projection  of  the  other  slope  D  F  =  a^  and  the  heaviness  of 
the  material  of  the  dam  =  yi,  the  weight  of  the  dam  is 

and  the  entire  vertical  pressure  of  the  dam  upon  its  horizontal  base  is 

Putting  the  coefficient  of  friction  =  </>,  we  have  the  friction  or 
force  necessary  to  push  the  dam  forward 

^=0(r+  0)  =  [iay-\-  (b  +  ^±^)y^<t>hl 

Wlicn  the  liorizontal  pressure  pushes  the  embankment  forward, 
we  must  have 

or  more  simply 

h  =  (l>{a+  (2b  +  a  +  ai)  — j. 
If  we  wish  to  prevent  the  dam  from  being  moved,  we  must  make 

A  <<?»(«+  (2  J  +  a  4-  a,)  — ),  or 

For  tlie  sake  of  greater  security  we  assume  that  the  water  has 
penetrated  l)clow  the  base  of  the  dam  to  a  great  extent,  and  for 
this  reason,  in  the  worst  case,  we  must  consider  that  an  opposite 
pressure  =  (5  4-  a  -f  a,)  I  Ji  y  is  acting  from  below  upwards ; 
hence  we  must  put 

/i  <  0  [(2  S  +  a  +  a,)  (^  -  1)  -^  ^'} 

Example.— If  the  density  of  the  clay  composing  the  dam  is  nearly 
double  that  of  Avatcr,  or 

21  -  2  and  ^  -  1  =  1, 
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we  can  write  simply 

A  <  ^  (2  ft  +  a). 
It  has  been  found  by  experiment  that  a  dam  resists  snfficieDtly, 
its  height,  top  and  the  horizontal  projections  of  its  slopeb  are  eqoal  ta 
each  other.    Hence,  if  we  substitute  in  the  last  formola 

A  =  ft  =  a,  we  obtain  ^  =  ^, 
for  which  reason  in  other  cases  we  must  put 

A  =  j[(3  J  +  «  +  a,)  (^  -  l)-a.], 

and  for  clay  dams  in  particular 

A  =  1^  (2  ft  +  a),  or  inyersely 
.       Sh  —  a 

^  =  -T-- 
If  the  height  of  the  dam  is  20  feet  and  the  angle  of  inclination  of  tk 
slope  is  a  =  36\  the  horizontal  projection  is 

'a  =  h  eotg,  a  =  20  .  eoig.  36'  =  20  .  1,3764  =  27,68  feet, 
and  therefore  the  width  of  the  top  of  the  diun  must  be 

6  =  ?*Z^  =  16.24  feet  V 

§  361.  Pressure  upon  Curved  Surfacea — ^The  law  of  the 
pressure  of  water  in  a  given  direction^  deduced  in  the  foregoing 
paragraph,  is  applicable  only  to  plane  surfaces  or  to  a  smgic  de- 
ment of  a  curved  sorfSM^e,  but  not  to  curved  sur&ces  in  general 
The  normal  pressures  upon  the  different  elements  of  curved  sur- 
faces can  be  decomposed  into  components  parallel  to  a.  given  direc- 
tion and  into  others  perpendicular  to  the  first.  The  first  set  of 
parallel  components  forms  a  system  of  parallel  forces,  whose  result- 
ant gives  the  pressure  in  the  given  direction,  and  the  other  set  of 
components  can  also  be  combined  so  as  to  form  a  single  resultant 
but  the  two  resultants  are  not  capable  of  further  combinatioD. 
unless  their  directions  intersect  each  other  (§  97).  Hence  we  are 
generally  unable  to  combine  all  the  pressures  upon  the  element! 
of  curved  surfaces  so  as  to  form  a  single  resultant ;  there  are,  how- 
ever, cases  where  it  is  possible. 

If  (?i,  (?a,  (?8,  etc.,  are  the  projections  atid  /*„  h^  h^  etc,  tk 
heads  of  water  of  the  elements  J^i,  F^y  ^„  etc.,  of  a  curved  surfice, 
the  pressure  of  the  water  in  the  direction  perpendicukr  to  tJ» 
plane  of  projection  is 

P  =  (ffj  A,  +  ff,  A,  +  (?,  A,  +  . . .)  y, 

and  its  moment  in  reference  to  the  plane  of  the  surfeco  of  the  wateris 

Fu  =  {Oi  Ai'  +  ff«  V  -f  Ozfh*  +  . .  .)  y. 
If  we  can  decomposo  the  curved  surfiwe  subjected  to  the  preasoi^ 


<?. 

G. 

F, 

~  F, 

Q. 

F 

~  n' 

F,h  , 

F,h, 
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ato  elemenfs,  vhich  hare  a  constant  ratio  to  their  projections, 
•&,  if  we  can  put 

=  ~  etc.  =  «,  we  will  have 

F 

Gf  =  — ,  eta,  and  therefore 
n 

^/^.A.      Fh,  ^      \        (Ffh  +  Fh,  +  ...\        Fh 

\   n  n  /  ^       \  n  )  n    ^^ 

F  denoting  the  area  and  h  the  depth  of  the  centre  of  gravity  of  the 
entire  surface  below  the  level  of  the  water.    But  we  have 
i^=  i^,+/;  4-...=:  w(?,  +  wff,  +...  =  » (G^,  +  ff,  +  ...)  =  «e, 
Q  denoting  the  area  of  the  projection  of  the  entire  curfacc ;  hence 

as  in  the  case  of  a  plane  surface,  or  tlie  pressure  of  water  in  one 
direction  is  equal  to  the  weight  of  a  prism  of  water,  whose  base  is 
the  projection  of  the  curved  surface  upon  a  plane  perpendicular  to 
the  given  direction  and  whose  height  is  the  depth  of  the  centre  of 
gravity  of  the  curved  surfaces  below  the  surface  of  tlie  tvaier. 

Thus,  E.a.,  the  vertical  pressure  against  the  side  of  a  conical 
reesel  A  C  B,  Fig.  609,  which  is  filled  with  water,  is  equal  to  the 

weight  of  a  column  of  water,  whose  base  is  the 
base  of  the  cone  and  whose  height  is  two-thirds 
the  length  of  the  axis  CM;  for  the  horizontal 
projections  of  the  surface  of  a  right  cone,  as 
well  as  the  surface  itself,  can  be  decomposed 
into  elementary  triangles,  and  the  centre  of 
gravity  8  of  the  surface  of  the  cone  is^t  a  dis* 
tance  from  the  apex  of  the  cone  equu  \»  two- 
thirds  of  its  height  h  (§  116).    If  r  is  the  radius 
of  the  base  and  h  the  height  of  the  cone,  we 
have  the  pressure  upon  the  base  =  tt  r'  A  y  and 
die  vertical  pressure  upon  the  sides  =  |  tt  r*  A  y;  now  as  the  base 
and  the  side  are  united  together  and  the  pressures  are  in  opposite' 
directions,  it  follows  that  the  force  with  which  the  entire  vessel  ia 
pressed  downwards  is 

=  (1  —  I)  TT  r'  A  y  =  -J  TT  r'  A  y 
=  the  weight  of  the  entire  mass  of  water.  If  we  cut  the  base  loose 
from  the  conical  portion  of  the  vessel  it  will  exert  a  pressure  upon 
its  support  =  77  r*  A  y,  and  to  prevent  the  side  of  the  vessel  from 
being  raised  by  the  water  we  would  have  to  exert  a  pressure  upon 
it  =  I TT  r"^  A  y. 
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Remask. — Tbe  prcBsnre  ezfited  by  the  eteam  of  a  BteBm-engiiK  ottk 

water  of  a  water-pressure  eagine  is  pcrfcctl;  indupcadcut  of  the  ibtft  of 

Fig.  610.  the  piston.    No  matter  how  much  \re  ma;  idcrsk  ;L' 

n  surface  pressed  upon  by  hollowing  out  or  ronndii^  li 
piston,  the  force,  with  which  the  water  or  steam  mova 
the  piston,  Tcnmins  the  saine  and  is  equal  to  the  prodL.-. 
of  the  croas-section  or  horizootal  pnijection  of  the  pL'w 
and  the  pressure  upon  the  unit  of  aurface.  Ifthepiai- 
A  B,  Fig.  eiO,  b  funnel-^aped  and  if  its  greater  ndh-  : 
a  GA  =!  C  Bs:  r  and  its  smaller  G  D=G  E  =  r,.4; 
pressure  upon  the  base  is  =  n-  r'  p  and  the  nKote 
upon  the  conical  surface  is  =  ir  (r*  —  r^'jp;  bemx  ik 
resulting  pressure  is 

=  the  croa^section  of  the  cylinder  multiplied  by  the  pressure  upon  llr 

unit  of  auHoce. 

§  362.  Horizontal  and  Vertical  Fressnra  — Whatever  mi; 

be  the  foi-m  of  a  curved  eorface  A  B,  Fig,  CI  1,  the  horizontal  pro- 

Buro  of  tlie  water  agiunfit  it  is  always  equal  to  the  weight  of  i 

Fia.  eii,  column  of  water,  wlioae  base  h 

the  vertical  projection  A,  B,  of 

the  surface  at  right  angles  to  tht 

given  direction  and  whose  bej^i 

is  the  depth. 0  S  of  the  oentu 

of  gravity  S  of  tliis  projectioii 

below  the  surlace  of  tbe  wifcr 

The  correctneBe  of  this  sffioni^ 

tion  is   shown  directly  bj  lit 

formula 

when  we  remember  that  the  heads  of  water  A„  A„  etc.,  of  the  ele- 
ments of  the  surface  are  also  the  heads  of  water  of  their  projetticM 
or  that  ff,  A,  +  (?,  A,  4-  . . .  is  the  statical  moment  of  the  entift 
projection,  i.K,  the  product  G  It  of  the  vertical  projection  G  nwlli- 
■  plied  by  the  depth  A  of  its  centre  of  gravity  below  the  euriiceo' 
the  water.    Hence  we  mast  again  put 
P=  Ohy 
and  remember  that  A  is  the  head  of  water  of  the  vertical  projectioB. 
The  vcrticul  section,  by  which  we  divide  a  vessel  and  the  ^'^• 
contained  m  it  into  two  equal  or  unequal  parts,  ia  at  the  same  fi"" 
the  vertic:Tl  projection  of  both  parts,  the  horizontal  pressare  open 
one  part  of  the  vessel  is  proportional  to  its  vertical  projeeti"" 
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multiplied  by  the  depth  of  its  centre  of  gravity  below  the  gurfacc 
of  the  water;  consequently  the  horizontal  pressure  uik)u  one  portion 
A  B  of  the  wall  of  the  vessel  is  exactly  as  great  as  the  liorizontal 
pressure  upon  the  opposite  portion  A  i  B^,  which  acts  in  the  opposite 
direction,  and  the  two  pressures  balance  each,  other.  The  vessel 
will  therefore  be  subjected  to  equal  pressure  in  all  directions  by  the 
water  contained  in  it. 

The  vertical  pressure  Pi  =  Oih^y  of  the  water  against  an  ele- 
ment i^„  Fig.  G12,  of  the  wall  of  the  vessel  is,  since  the  horizontal 
projection  G^  of  the  element  can  be  regarded  as  the  cross-section, 
Fig.  C13.  and  the  head  of  water  /i,  as  the  height,  or  ff ,  hi 

as  the  volume,  of  a  prism,  equal  to  the  weight 
of  a  column  of  water  //  F^,  extending  above 
the  element  to  the  plane  //  R  of  the  surface 
of  the  water.  Hence  the  elementary  surfaces, 
which  form  a  finite  portion  A  B  of  the  bot- 
tom or  wall  of  the  vessel,  support  a  pressure 
which  is  equal  to  the  weight  of  the  columns 
of  water  above  them,  i.e.  to  the  weight  of  the 
column  of  water  above  the  entire  portion. 
Putting  its  volume  equal  to  F„  we  obtain 
the  vertical  pressure  of  the  water 

P  =  F,  y. 
The  vertical  pressure  upon  another  portion 
Ax  Bi  oi  the  wall  of  the  vessel,  which  lies 
vertically  above  the  former  and  which  limits  tlie  volume  Ai  BiII  = 

F^is 

Q=  V,y; 

but  if  the  two  portions  are  rigidly  connected  together,  the  result- 
ant of  the  two  forces,  which  acts  vertically  downwards,  will  be 

i2=:(P-  0  =  (F,  -  V,)y=  Vy 
=  to  the  weiffht  of  the  column  of  water  contained  between  the  two 
surfaces.     If  we  apply  this  rule  to  the  entire  vessel,  it  follows  that 
the  entire  vertical  ^/ressure  of  the  water  against  the  vessel  is  equal  to 
the  weight  of  the  water  contained  in  it. 

If  we  make  an  openmg  0  in  the  side  of  the  vessel  //  B  li,  Fig.. 
613, 1  and  II,  that  portion  of  the  pressure,  which  corresponds  ta 
the  cross-section  of  this  opening,  is  wanting  and  the  pressure  upon 
the  surface  F  opposite  to  it  remains  unbalanced.  If  the  opening: 
(as  in  I)  is  closed  by  a  stopper  JT,  which  is  prevented  from  yielding; 
by  a  resisting  object  L  on  the  outside,  an  equal  distribution  of  the 
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horizontal  pressure  upon  the  walls  of  the  vessel  no  longer  takd 
place^  but,  on  the  contrary,  the  vessel  is  moved  forward  ir!ii  i 
force  P  =i  Fhy,  which  is  counteracted  on  the  opposite  ode  ]^ 

Fig.  613. 
'I  n 


Fig.  614. 


""■4 


the  stopper.  If  the  stopper  is  removed  and  the  water  allowed : 
flow  through  the  opening  0,  as  in  II,  the  reaction  of  the  diBck:^ 
ing  water  increases  this  pressure  P  from  F  hyto  Pi  =  2  /  S : 
as  will  be  shown  hereafter. 

ExAMPLB.~The  vertical  pressure  P^  upon  the  lower  hemiq>heDaisff 
face  AD  B^  Fig.  614,  is  equal  to  the  wdght  of  a  column  of  water  boo'K 

above  by  the  surface  of  .the  water  H  B  sad  U.^ 
by  the  hemispherical  surface.  If  r  is  the  ndios  CI 
=z  GDof  this  surface  and  h  the  height  COda 
surface  of  the  water  above  the  horizontal  plue  A I 
whi^h  limits  :t,  the  volume  of  the  bemupbeie  i  Bl 
will  be  Fj  =  f  fl-  r*,  and  that  of  the  cylinder  tkn 
A  B,  Fj,  =  IT  r*  A ;  hence 

P,=  ir^  +  V^)  y  =  (f  Tr»  +  Tr«  A)y  =  (A+}fK 

The  pressure,  which  is  directed  vertically  npwii 
upon  the  upper  hemisphere  A  JSBy  is,  on  the  cootnn 

P,  =  (F,-F,)>  =  (A~|r);rf«y, 
and  therefore  the  entire  vertical  pressure 

P  =  Pi-P,  =  2F,=#rr»r 
is  equal  to  the  weight  of  waf'tr  in  the  entire  sphat 
The  horizontal  pressure  upon  one  of  tbe  lx&- 
spheres  DAE  and  D  B  E,  which  join  each  odiff  a 
the  vertical  plane  D  G  E^is  measured   by  the  weight  of  a  prism,  «1k» 
base  h  D  C  E  =i  nr*  and  whose  height  is  (7  0  =  A;  this  pressures 

jB=5rr»Ay. 

§  363.  Thickness  of  Pipes. — The  application  of  the  tbecr 
•of  the  pressure  of  water  to  the  determination  of  the  thickness  c^ 
pipes,  hoilerSj  etc.,  is  of  great  importance.  In  order  that  tfccsc 
vessels  shall  sufficiently  resist  the  pressure  of  the  water  and  notU 
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broken,  their  wills  must  be  made  of  a  certain  ihicknessy  which  de- 
pends upon  the  head  of  water  and  the  internal  diameter  of  the 
vessel.  The  rupture  of  the  pipe  may  be  caused  either  by  a  trans- 
verse or  by  a  longitudinal  tearing.  The  latter  form  of  rupture  is 
most  likely  to  occur,  as  will  appear  from  the  following  discussion. 

If  the  head  of  the  water  in  a  pipe  =  A  or  the  pressure  upon  the 
unit  of  surface  of  the  pipe  is  p  ==  hy,  the  width  of  the  pipe  M  N 
=  2  C  M  =  2  r,  Fig.  615,  and  the  cross^section  of  the  body  of 
water  in  it  i^  =  tt  r",  the  pressure,  which  is  exerted  upon  the  5wr- 
face  of  the  end  of  the  pipe  and  which  must  be  sustained  by  the 
cross-section  of  the  tube,  is 

P  =  Fp  ^n  r^  hy  =  n  r*  p. 

Now  if  the  thickness  of  the  pipe  is  -4  />  =  -B  -fi^  =  e,  its  cross- 
fiection  is 

=  TT (r  +  «)*  —  'T r'  =  2 TT r fl  H^6'  =^2nrell  +  ^ ), 

and  if  we  denote  the  modulus  of  proof  ctrength  of  the  material,  of 
which  the  pipe  is  composed,  by  Ty  the  proof  strength  of  the  entire 
tube  in  the  direction  of  the  axis  is 

Pig.  615.  P  =  ( 1  +  ^i)  ^ '^  ^  ^  T. - 

—y^  Hence  we  can  put 

W^^^^  (1  +  s^)  2  TT  r  a  r  =  TT  f'py  or 

^^-^f^t-^^M     the  resolution  of  this  equation  gives 
-±^^^^^^      the  thickness 
^msi^  ^ rp 

of  the  pipe,  for  which  we  can  generally  write  with  sufficient  accu- 
racy 

_  T p  ^  rhy 

^  "  TT  ~  2T* 
The  mean  pressure,  which  the  water  exerts  upon  a  portion  of 
the  wall  A  M  B,  whose  length  is  I  and  whose  central  angle  is 
A  C  B  =  2  a%  is,  since  the  projection  of  this  portion  at  right 
angles  to  the  line  (7  if  passing  through  the  centre  is  a  rectangle, 
whose  area  is  AB,l  =  2rl  sin,  a, 

P  =z2rl sin.  a  .p  =  2  r  Ih  sin.  a  .  y. 
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This  force  is  held  in  equilibrium  by  the  forces  of  cohesioc  I 
R  in  the  cross-sections  A  D  .1  and  2^  -^ .  /  =  c  /  of  the  wall  of  ji 
pipe;  it  is  therefore  equal  to  the  sum  2  ^  of  the  oompocai 
DQ  =  Q  and  B  Q  =  Q  of  the  latter  forces,  which  are  parallda 
the  line  C  M.    Now  if  we  put  iJ  =  «  Z  jT,  we  obtain 

Q  ^  R  sin.  A  R  Q  =^  R  sin.  A  C  M  =^  el  Tsin.  a, 
and  therefore 

\   2  el  Tsin.  a  =  2  rip  sin.  a,  LB.  c  ST  =  rpi 
hence  jke  required  thickness  of  the  pipe  is 

which  is  entirely  independent  of  its  length. 

Since  the  firat  calculation  gave  e  only  =  ot^j  i^  foDowj  fir 

to  prevent  a  longitudinal  tear  we  must  make  the  wall  tecs  a 

thick  as  would  be  necessary  to  prevent  a  transverse  one. 

From  the  formula 

__  r p  __  r  Ay 

^'"T  "  ~T~ 

just  found,  it  follows  ilwi  the  thickness  of  similar  pipes  snu^  ir 

proportional  to  tlie  vridth  and  to  the  head  of  water  or  pressurt  tfx 

the  unit  of  surface.    A  pipe,  which  is  three  times  as  wide  u 

another  and  which  has  to  bear  a  pressure  five  times  as  great  a?  6: 

first,  must  be  fifteen  times  as  thick. 

We  must  give  to  hollow  spheres  which  sustain  a  pressure  jJ  cpc: 

each  unit  of  surface  the  thickness 

r  p 

for  here  the  projection  of  the  surface  pressed  upon  is  the  gre^ 
circle  t  r%  and  the  surface  of  separation  of  the  ring  is  3  t  r  f 

/I  +  ^—|,  or  approximatively,  when  the  thickness  is  small,  =  2 -•". 

The  formulas  just  found,  give  for  j»  =  0  also  ^  =  0;  hcD" 
pipes,  which  have  no  internal  pressure  to  resist,  can  be  made  hA- 
nitely  thin ;  but  since  every  pipe  in  consequence  of  its  own  weigi'. 
must  sustain  a  certain  pressure  and  also  must  be  made  of  a  eertu 
thickness  to  be  water-tight,  we  must  add  to  the  value  foucd  - 
certain  thickness  e  in  order  to  have  a  pipe,  which  under  all  circcin- 
stances  will  be  strong  enough.  Hence  for  a  cylindrical  tube  c: 
boiler  we  have 
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_  rhy 

or  more  simply,  if  rf  is  the  interior  width  of  the  tube,  p  the  pressure 
in  atmospheres,  each  corresponding  to  a  column  of  water  34  feefc 
high,  and  \l  a  coefficient  determined  by  experiment, 

e^  e^  +  fi  p  d. 
It  has  been  experimentally  determined  that  for  tubes  made  of 
Sheet  iron      .    .    .    .    e  ={  0,00086  p  d  +  0,12  inches. 

Cast  iron e  =  0,00238  pd  +  0,34      " 

Copper c  =  0,00148/?  t/  + "0,16      " 

Lead e  =  0,00507  p  d  -{-  0,21      " 

Zinc  ,......«  =  0,00242  JO  J  +  0,1G      « 

Wood     ......    e  =  0,0323   p  d  f  1,07     « 

Natural  stone     .    .    .    e  =  0,0369   p  d  +  1,18      " 
Artificial  stone  .    .    .    e  =  0,0538   p  d  +  1,58     ** 

ExAVFLE. — If  a  vertical  water-pressure  engine  has  an  inlet  cosf-iron 
pipe  10  inches  wide  inside,  how  thick  must  its  walls  be  for  a  depth  of  100, 
200  and  300  feet  ?  For  a  depth  of  100  feet  this  thickness  is  0,00238  . 
JjftP  .  10  4-  0.34  =  0,07  +  0,84  =  0,41  inches ;  for  a  depth  of  200  feet  = 
0,14  +  0,84  =  0,48  inches;  and  for  a  depth  of  300  feet  =  0,21  +  0,84  = 
0,55  inches.  Cast-iron  conduit  pipes  are  generally  tested  to  10  atmo- 
spheres, in  which  case  we  have 

e  =  0,0288  d  +  0,84  inches, 
and  for  pipes  of  10  inches  internal  diameter  we  must  make  the  thickness 

e  =  0,24  +  0,84  =  0,58  inches. 

Remark — 1)  In  the  second  part  of  this  work  the  thickness  of  tubes  ex- 
posed not  only  to  hydrostatic  pressure,  but  also  to  hydraulic  impact,  will 
be  calculated. 

2)  In  the  second  part  the  thickness  of  the  walls  of  steam-boilers  will  be 
treated.  Upon  the  theory  of  the  thickness  of  pipes,  we  can  consult  the 
treatise  of  Geb.  Hcgierungsrath  Brix  in  the  proceedings  of  the  *'  Yereins 
zur  Bcforderung  des  Qewerbefleisses,  in  Preussen,"  year  1884,  and  Wiebes 
^'  Lchre  von  den  einfachen  Maschinentheilen,^^  Vol.  I,  and  also  Rankine^s 
'*  Manual  of  Applied  Mechanics,'^  page  289,  and  Scheffler's  '^  Monographien 
uberdieGitter-  und  Bogentriiger,  unduber  die  Festigkeit  der  OefdssiodndeJ*^ 
The  technical  relations  and  the  testing  of  pipes  are  treated  in  Hagen^s 
**  Handbuch  der  Wasserbaukunst,"  Part  1st,  and  also  in  Geniey's  ^*  Essai 
sur  les  moyens  de  conduire,  etc.,  les  eaux,"  and  in  the  **  Traite  th§oretique 
ct  pratique  de  la  conduite  et  de  la  distribution  des  eau2L,^^  par  Dupuit, 
Paris.  1854. 
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CHAPTER    II. 

EQUILIBRIUM  OP  WATER  WITH  OTHER 

g  361.  Upward  Pressnre,  Buoyant  ESart. — A  ho^jiit 
mersed  in  water  ia  subjected  to  preseurc  upon  all  sidi3£,  and  "k 
question  arises,  what  is  tlie  magnitude,  directioo,  and  pain'.rf 
application  of  the  resultant  of  all  these  pressures  ?  Let  ns  ima^ 
this  resultant  composed  of  a  vertical  and  two  linrizonbJ  coicx- 
nents,  and  let  us  determine  them  according  te  the  rules  of  \  S'- 
The  horizontal  pressure  of  the  water  against  a  body  is  equal  to  *.! 
horizontal  pressure  against  its  vertical  projection ;  but  even  ct^-- 
tion  A  C,  Fig.  CIC,  of  a  body  ia  at  the  same  time  the  projee^ktf' 
•  the  rear  part  ADC  and  of  the  fore  part  j1  5  C  of  its  snriac:,  t 
uons3quently  the  pi-essure /* upon  tlie  hmd  part  of  the  snriae.'c:: 
body  ia  equal  to  the  pressure  —  P  upon  the  fore  part;  aDiI  si;:- 
directiona  of  tiicae  pressures  are  opposite,  their  resultant,  is  =  * 
Since  this  relation  exists  for  any  given  horizontal  direction  eji  J  r- 
corresponding  vertical  projection,  it  follows  that  the  resnltan!  '■ 
all  the  horizontal  pressures  is  equal  to  zero,  and  that  the  body  J ' 
which  is  under  water,  is  subjected  to  equal  pressure  in  ail  itoruN't 
directions,  and  therefore  has  no  tendency  to  move  horizonlallT. 


In  order  to  find  the  vertical  pressure  of  the  water  nponolwr 
i  B  D,  Fig.  G17,  immersed  in  it,  let  us  imagine  it  to  be  ifftxaa^ 
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into  the  vertical  elementary  prisms  A  By  C  D,  etc.,  and  let  us  de- 
termine the  vertical  pressure  upon  their  bases  A  and  By  C  and  />, 
etc.  Let  the  lengths  of  tliese  columns  be  /„  l^  etc.,  the  depths 
H  By  K  D  of  their  upper  ends  By  D  below  the  surface  of  the  water 
0  RhQ  1h,  Ac,  etc.,  and  tiieir  horizontal  cross-sections  be  F^y  F^,  etc., 
then  we  have  the  vertical  pressures  which  act  from  above  down- 
wards upon  their  ends  By  D,  etc., 

Oij  Qiy  etc.,  =  F^  /*,  y.  Ft  h^  y,  etc., 
4nd,  on  the  contrary,  the  vertical  pressures  which  act  from  below 
upwards  against  the  ends  A,  C,  etc.,  are 

P„  P^  etc.,  =  F,  (A,  +  Z.)  y,  F,  (A,  +  /,)  y,  etc. 
By  combining  these  parallel  forces  we  obtain  tho  resultant 
P  =  P,.  +  P,  +  . . .  -  (6,  +  ft  +  . . .) 

=  Fy  (A,  +  li)y  +  F,  (A,  +  /,)  y  +  . . .  -  P,  A,  y  -  F,h,y^... 

^  =  {F,i,  4-  P,z,  +  ...)r  =  ^r> 

in  which  V  denotes  the  volume  of  the  immersed  body  or  of  the 
water  displaced  by  it.  Jlefi  e  the  upicard pressure  or  buoya7it  effort, 
with  which  boater  tends  to  raise  up  a  body  immersed  in  it,  is  equal  to 
the  weight  of  the  water  displaced  or  of  a  quantity  of  water  which  has 
the  same  volurne  as  the  submerged  body. 

Finally,  in  order  to  determine  tho  point  of  application  of  this 
resultant,  let  us  put  the  distances  B  P„  E  F^  etc.,  of  the  elemen- 
tary columns  A  P,  C  D,  etc.,  from  a  vertical  plane  0  X  equal  to 
flfi,  a^  etc.,  and  let  us  determine  their  moments  in  reference  to  this 
plane.  If  S  is  the  point  of  application  of  the  upward  thrust,  which 
is  called  the  centre  of  buoyancy^  and  E  S  =  x  \\j&  distance  fram 

that  plane,  we  have 

r  y  a;  r=  P,  /,  y  .  a,  +  Pg  7.  y  .  rt,  +  . . ., 
and  therefore 

_  P,  7,  rr,  -f  P?  /,.  ^..  4-  . . .  __  F,  rt|  -f  K  «9  +  . . . 

^ ""     P./,  +"/y. +  ...     ^ ~~V\TV,  +  ...   ' 

F„  Fj,  etc.,  denoting  the  contents  of  the  elementary  coliimus.  Since 
(according  to  §  105)  the  centre  of  gravity  of  a  body  is  determined 
by  exactly  the  samo  formula,  it  follows  that  the  point  of  application 
S  of  the  upward  thrust  coincides  with  the  centre  of  gratnty  of  the 
water  displaced.  The  direction  of  tho  buoyant  effort  is  called  tho 
line  of  support ;  when  it  passes  through  tho  centre  of  gravity  of  tho 
body,  it  is  called  tho  lin^  of  rest, 

.  g  365.  Upward  Pressnre,  or  Buoyant  Effort,  when  the 
Body  is  Partially  Surrounded  by  VTater.— If  a  body,  such  aa 
A  B  Dy  Fig.  C18,  IS  not  entirely  surrounded  by  the  water  A  II R^ 
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ond  the  surface  A  B,  wlioss  area  is  F,  is  united  to  llip  wall  of  tt 
vessel,  cr  if  the  body,  where  its  cross-eoction  is  .1  l>  =  F,  fas: 
through  llic  Willi  of  the  vessel,  the  pressure  wliich  flic  wac^r  wtir.. 
have  exerted  upon  this  surface  A  B,  if  the  body  was  five  or  in  «■> 
tact  with  the  water  alone,  is  absent 

If  we  denote  the  liead  of  wattr  up : 
Fra.  618.  ^  5_  IE.  tijp  jepth  of  i(s eintro uf?,- 

ity  below  the  surface  of  water  ///?. '. 
A,  the  pressure  of  tlie  water  np-in  J  i- 
will  be  jP  =  F  hy;  and  if  r,  <kaK ' 
tlievolumeof  watcrdisplacedby-i  £.'  | 
the  buoyant  effort  of  the  wafer,  or  ii 
force,  with  which  the  body  would  uu 
to  rise  if  it  were  free,  is  P,  =  V,  y. 

However,  since  tbc  pressure  uKt  \ 
A  B  is  wanting,  the  cnf  iro  action  of  ri   ; 
water  upon  the  body  is  the  resnliant  H  \ 
o{  P,  =  V,y  and-  P  =  -FA-    ( 
In  order  to  determine  this  resnltanf,  we  prolong  the  vertical  h-  \ 
of  gravity  of  the  water  displaced  and  the  right  line  passing  ihnap  I 
the  centre  JI  of  the  pressure  peipendicular  to  A  B  until  tlioymvi 
at  the  point  C;  then,  assuming  the  forces  Pi  and  —  Pto  It  an- 
pliod  at  tliis  point,  we  combine  them  by  means  of  the  parailck^nc 
of  forces  and  obtain  the  resultant  C  R  =  R. 

If  tbc  inclination  of  the  surface  j1  ^  to  the  horizon  as  well  s 
the  deviation  of  the  force  P  from  the  vertical  =  o,  the  Mfl- 
formed  by  tlie  directions  of  the  forces  P  and  —  Pi  with  cacli  oth.T 
will  be  ^  J/  C  7?  ^  180  -  a,  and  therefore  the  resultaat,  t&jca 
measures  tlic  whole  effect  of  the  proseuro  of  the  water  upon  '^ 

body  A  B  D,  will  be  ____^___ 

R=   Vp'  +  P'   -i  P  P,  COS.  a 


=  y  V  V,'  +  (P  A)'  -  2  F,  F h  ctw.  a. 

According  to  the  principle  of  action  and  reaction,  the  bodyii" 
react  with  a  pressure  —  It  upon  tlie  water.  If  V,  is  the  toIdbk 
of  the  water  in  tiic  vessel  or  V,  y  its  weight  6,  the  pressnre,  f'^- 
acts  vertically  downwu^  upon  the  vessel,  ia 

Q=  r,  y  +  P,  =  ( r.  +  F.)  y,  I.E.  Q=  Vy, 
when  V  =  K,  +   Vi  denotes  the  volume  of  the  space  occnpiol  b; 
the  wafer  and  the  body  A  B  D. 

Combining  this  with  the  pressure  P  =  /"Ay,  wchavethoenUP 
pressure  sustained  by  the  vessel 
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.**' 


=  y  i^P  +  {Fhf  -  2  F7'^A  co*.  a. 
If  the  surface  -4  B  were  horizontal  or  o  =  0%  we  would  have 

7^=  (7|  -  i^/OrandiZ,  =  (F-  i^/^)  y. 
If  also  F,  =  0,  i2  would  be  =  -  Fhy  (see  §  355). 

§  366.  Equilibrium  of  Floating  Bodies.— The  buoyant 
effort  F  upon  a  body  floating  or  immersed  in  water  is  accompanied 
by  the  weight  G  of  the  body,  which  acts  in  the  opposite  direction, 
and  the  resultant  of  the  two  forces  is 

i?=  »-  Por  =  (e- 1;  Fy, 

in  which  e  denotes  the  specific  gravity  of  the  body. 

ff  the  body  is  homogeneous^  its  centre  of  gi'avity  and  that  of  the 
water  displaced  coincide,  and  this  point  is  consequently  the  point 
of  application  of  the  resultant  R  =  O  —  F^  but  if  tlie  body  is 
heterogeneous,  the  two  centres  of  gravity  do  not  coincide  and  the 
point  of  application  of  the  resultant  does  not  coincide  with  either 
of  them.    Putting  the  horizontal  distance  S  H,  Fig.  619,  of  the  two 

centres  of  gravity  from  each  other  =  b 
Fio.  619.  and  the  horizontal  distance  S  A  of  the 

required  point  of  application  A  from  the 
centre  of  gravity  S  of  the  water  dis- 
placed, =  a,  we  have  the  equation 

G  b  ^  Ra, 
whence  we  obtain 

Gb  Gb 

R  G  -  F 
If  the  immei'sed  body  is  abandoned  to 
the  action  of  gravity,  one  of  three  cases 
may  occur.  Either  the  specific  gravity, 
c  of  the  body  is  equal  to  that  of  the  water,  or  it  is  greater,  or  it  is 
less.  In  the  first  case  the  buoyant  effort  is  equal  to  the  weight,  in 
the  second  it  is  smaller,  and  in  the  third  it  is  greater.  While  in 
the  first  case  the  buoyant  effort  and  the  weight  are  in  equilibrium, 
in  the  second  case  the  body  will  sink  with  the  force 

(?  -  Fy  =  (c  -  1)  Fy, 

and  in  the  third  case  it  will  nse  with  the  force 

Fy  -  (?  =  (1  -  €)  Fy. 

The  body  will  continue  to  rise  until  the  volume  F|  of  the  water 
displaced  by  the  body  and  limited  by  the  plane  of  the  surface  of  the 
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Tater  has  the  same  weight  as  the  entire  body.  The  Ttight  G  = 
Fe  7  of  the  body  A  B,  Fig.  G20,  and  the  buoyant  tifort  P  = 
V,  y  form  a  couple,  by  which  the  bodj  is  turneii 
uutil  tlie  directions  of  these  forces  coincide  l7 
until  the  centre  of  gniTity  of  the  body  nod  in? 
centre  of  baoyancy  come  into  the  some  voitioi 
line,  or  nntil  the  lino  of  support  becomes  a  lii!: 
of  rest.  From  the  equality  of  the  forces  P  ud 
G  we  hsTe  the  exprcEsion 

r,  =  .F,„r-^'  =  '. 

Tlie  lino  passing  through  the  centre  of  gravity  of  the  flootir/ 
body  and  the  centre  of  buoyancy  is  caHed  tlio  axis  of  floatatioD  ilr 
axe  de  flottoison ;  Ger.  Schwimmoxe),  and  tlic  section  of  the  flto-'- 
ing  body  formed  by  the  plane  of  tiia  surfac;:  of  tlio  water  is  lallp; 
the  plane  of  floatation  {Fr.  plan  do  flottaison ;  Ger.  SchwinHa^  , 
bene).  From  what  precedes  we  see  that  any  plane,  which  dimlft 
the  body  in  such  a  manner  that  the  centroB  of  gravity  of  llie  two 
portions  will  be  in  a  lino  perpendicular  to  it,  and  that  one  porlion 
of  tlie  body  will  be  to  the  whole  aa  the  specific  gravity  of  llu-  ba'; 
is  to  that  of  the  liquid,  will  be  a  plane  of  floatation  of  the  body 

%  367.  Depth   of  Floatation.— If  wc  know  the  form  imi 

wciglit  of  a  floating  body,  we  can  calculate  beforohaud  b;  Ihf  •» 

of  the  foregoing  mie  the  depth  of  imtnersion.      If  G  is  the  "eirii- 

of  the  body,  we  can  put  the  volume  of  (Ik 

Fig.  021.  water  disphMjed 

A  E   B  '  () 

'"  r ' 

if  we  combino  this  witli  tho  stareomclrie  lonnnh 
for  this  volume  V,,  we  obtain  the  Ts<\Wfi 
equation  of  condition. 

For  a.  prisni  ABC,  Fig.  631,  whos-  aw  is 
Tertic^,  we  have F|  =  /"y,  when /'denote; tbt 
croBB-section  and  y  tho  depth  C  Dot  inuKr- 
sion ;  hence  it  follows  that 
_  ff       ,  a  Gh 

Fy  =  —  and  y  =  ^r-  =  i?— - 
'        y         '       Fy        Vy 

in  which  F  denotes  the  volame  and  h  the  length  of  the  flcutiiij 
prism. 

For  a  pyramid  ABC,  Fig.  623,  floating  with  its  apes  below 
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fie  sarface  of  the  water,  we  have,  since  the  contenta  of  Bimjlar 
yromids  are  proportional  to  the  cubes  of  their  lieigiita, 

V,        v" 

-|^   =  -.;,  and  consequently  the  depth  of  immersion,  is 

in  ffluoli  V  denotes  the  rolnme  and  h  the  height  of  the  pyramid, 
Fio.  032.  Fio.  OaS. 


For  a  pyramid,  ABC,  Fig.  083,  floating  with  its  base  under 
water,  we  obtain,  on  the  contrary,  the  distance  C  D  =  y,  from  the 
apex  to  the  surface  of  the  water  by  putting 


yy 


For  a  sphere  A  B,  Fig.  024,  whose  radius  is  C  A  =  T 

we  have  therefore,  in  thiso 
Fig,  est  gffiy^  jfjg  c^ijje  equation 


in  order  to  find  flic  doplli  of  the 
immereion  D  IJ  ^  y  of  the 
sphere. 

If  a  cylinder  A  K,  Fig.  625, 

floats  with  ita  axis  horizontal  and 

Va  radioB  is  yl  C  =  S  C  =  r,  we  have,  when  a'  denotes  the  central 

angle  A  C  li  oi  tho  immorscd  arc,  for  the  depth  of  immersion  D  E 

y  =  ril  -COS.  i  a); 
now  in  order  to  find  the  arc  a  we  mast  pnt  the  voUime  of  the  water 
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displaced  =  sector  (  ~-j  minus  the  triangle  ( — ;,— -Imnhiplkd 
by  tlie  length  B  K  =  lottha  cylinder,  or 

Fw.  626.  {a-situa)  —=  -. 

and  resolve  the  equation 

_   .       _  2  f; 

by  approximation  with  reToicDCi 
too. 

ExAMFLS — 1)  If  a  woodca  iplMP 

10  inches  in  diameter,  wbtch  u  Sou- 

ing,  ia  immerecd  4}  inches  in  the  water,  the  volnme  of  the  water  di^lactd  ■ 

K,  =T{J)'(5-i)  =  ^!-^^^  =  ^5^  =  222,Mcahiciiid>a. 
while  the  Tolame  of  the  sphere  itself  is 

—^-  =  -^ —  =  58B,6  cubic  inches. 
Tlierefure  S23,G  cnbic  inches  of  the  material  of  the  sphere  we^  ■  miri 
ai  323,60  cubic  inches  of  water,  and  the  epedfic  gravity  of  the  fonner  is 

,  =  A22:M    ^0.426. 
533,6  ' 

S)  How  deep  will  a  wooden  cjlinder  10  inches  in  diameter  onk,  wbi 

floathig,  if  its  specific  gravity  is  (  =  0,43S  t     Hera 

a  —  sin.  a         tt  r' I     iv 

^p^  =      ^^       !-  =  IT  J  =  0,425  .  T  =  l,3£5a. 

Now  the  table  of  segtnentB  in  the  "  Ingcnieur,"  page  154,  gives  for  tbe  im 

=  1,32766  a  segment  of  a  circie,  whose  central  angle  <"«'  = 

166',  and  for  "  ~         "  =  1,34487  an  angle  a'  =  167' ;  we  can,  thenfim 
pnt  tbe  angle  at  the  centre,  corresponding  to  tbe  sector  1,83S3 
1,33520  -  1,33766 

1,34487"—  1,82786  "  ■"   ~  *"'    "^  1721  ' 
The  depth  of  immersion  is,  therefore, 
y  =  )•  (1  -  wi.  J  <i)  =  6  (1  -  «>».  88'  180  =  8  .  «>8819  =  4,41  iacbtt 

§  368.  Tlio  most  important  application  of  the  above  principle 
ia  to  the  dotermination  of  the  depth  of  immersion  of  iiute  «A 
ships.  If  "the  boats  have  a  regular  form  this  depth  canbealf- 
lated  by  geometrical  formulas ;  bnt  if  the  form  is  irregular,  or  if  itf 
equation  is  unlinown,  or  if  it  ia  composed  of  very  many  formi.  tk 
depth  of  immersion  must  be  determined  by  experiment 


=  16«'  +  r'-«77^,-  -nis^  ■  1°  =  188*  +  t™  =  18«*  «'• 
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An  example  of  the  first  case  is  furnished  by  the  boat  AC  E  OHy 
represented  in  Fig.  626,  whose  sides  arc  plane  surfaces.    It  con- 

FiG.  026. 


sists  of  a  parallelopipedon  A  C  F  and  two  four-sided  pyramids 

C  E  F  and  B  G  II,  which  form  the  bow  and  stern,  and  its  plane 

of  floatation  is  composed  of  a  parallelogram  K  L  0  P  and  of  two 

trapezoids  L  M  N  0  and  K  P  Q  R  which  limit  the  space,  from 

which  the  water  is  displaced  and  which  can  be  decomposed  into  a 

parallelopipedon  K  0  0  T,  into  two  triangular  prisms  U  V  M  N 

and  W  XRQ,  and  into  two  four-sided  pyramids  O  V  M  and  B  XR. 

Let  us  put  the  length  A  D  =  B  Coi  the  central  portion  =  I,  its 

width  A  G  =  b  and  its  height  A  B  =^  h,  the  length  of  each  of  the 

two  beaks  =  c  and  the  depth  of  immersion  under  water,  i.e.  B  K 

^  C  L  =  y.    It  follows  that  the  immersed  portion  K  C  0  T  oi 

the  middle  piece  is 

=  BC.'G^.Gl.=^  Iby. 

Putting  the  width  C  U  oi  the  base  of  the  pyramid  C  V  M^  •=•  x 
and  the  height  of  this  pyramid  =  z,  we  have 

X         z        M      -i 

-  =  -  =  f  whence 
0       c      K 

b         -,  c 

x=z  -^ym\iz  =  j^y; 

hence  the  volume  of  this  pyramid  is 

and  those  of  the  two  pyramids  (0  F  Jf  and  D  X  R)  together  aro 

_  2  *c.v' 


A 


h' 


The  cross-section  of  the  triangular  pyramid  U  V  li  is 

=  iyz  =  y(-  and  the  side  M  N  =^  V  0 


=h-^j-= 


(•-!)' 
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hence  the  contents  of  the  two  prismB  F  U  A' and  XWQ  togetii«.» 
are 

Finally,  by  adding  the  Tolomes  first  found,  we  obtain  that  • : 
the  Trater  displaced 

F-  H y  +  I  -^  +  -J A"~  -  V  +  1       » •  A-'r  J- 

Now  if  the  gross  weight  of  the  boat  =  G,  wc  must  pnt 

By  resolving  this  cubic  equation  we  obtain  firom  the  pf^ 
weight  G  of  the  boat  its  depth  y  of  floatation. 

ExAMFLE—l)  If  the  length  of  the  middle  portion  of  a  boat  kl  re- 
fect, the  length  of  each  terminal  pyramid  is  0  =  15  feet,  the  width  6  =  1: 
feet  and  the  depth  A  =  4  feet,  the  total  load  for  an  immersion  of  3  feet  v 

Gf  =  [50  +  15.}- J. 15. (J)']. 13. 2. 02,5 
=  [50  +  7,5  —  1^]  24 .  03,5  =  84375  ponirds. 

2)  If  the  gross  weight  of  the  above  boat  was  50000  poands,  m  io«*^ 
have  for  the  depth  of  immerdon 

y»  _  12y»  -  leOy  +  213,33  =  0. 
From  this  we  obtain 

218,33  4-  y*  —  12  y*      ^  ^^^      ^  ^^^^^    ,      ^  ^,1.    . 
y  = Y~ =  1,338  +  0,00625  y^  -  0,075  y*, 

approximatively,  y  =  1,338  +  0.00625  (1,333)*  —  0,075  (1,333)' 
=  1,833  +  0,0148  —  0,133d  =  1,215,  and  more  esuctly 
y  =  1,333  +  0,00625  (1,215)»  -  0,075  (1,215)'  =  1,2338  feet 

Heuark. — In  order  to  find  the  weight  of  the  cargo,  vessels  are  ^vsM 
on  both  sides  with  a  scale.  The  divisions  of  the  scale  are  generally  deter- 
mined empirically  by  finding  the  immersion  for  given  loads.  Tbis  sobjec'* 
will  be  treated  more  at  length  in  the  third  volume. 

§  369.  StabiUty  of  Floating  Bodies. -A  lx>dy  floats  either 
in  an  upright  or  inclined  position^  and  toith  or  mthout  ste^}'    | 
A  body,  E.O.  a  ship,  floats  in  an  upright  position,  when  at  least  one 
of  the  planes  passing  through  the  axis  of  floatation  ')s  s  i^    1 
of  symmetry  of  the  body,  and  in  an  inclined  position,  whenli)     1 
body  cannot  be  divided  into  two  symmetrical  parts  byanjpl*o' 
passing  through  the  axis  of  floatation.   A  floating  body  is  in  fitahk 
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{nilibriuni,  when  it  tends  to  maint^n  its  position  of  eqnilibrinm 
xtmpare  §  141),  i-e.  if  work  must  be  done  to  move  it  oat  of  this 
ositdon,  or  if  it  retiiros  to  ita  original  position  of  equilibrium  after 
.aving  been  moved  from  it  A  body  floats  in  unstable  equilibrium, 
fhcn  it  passes  into  a  new  position  of  equilibrium  as  soon  as  it  has 
leen  moved  from  its  original  ono  by  being  shaken,  by  a  blow,  etc. 

If  a  body  ABC,  Fig.  C27,  which  was  floating  in  an  upright 
losition,  is  brought  into  an  inclined  one,  the  centre  of  buoyancy  iS 
noves  from  the  plane  of  symmetry  and  assumes  a  position  S,  in 
iie  half  of  t!ic  body  most  immersed.  Tlie  buoyant  effort  P  =  V  y, 
which  is  applied  at  S„  and  the  weight  of  the  ship  ff=  —  P,  whicli 
■s  applied  at  C,  form  a  couple  which  will  always  tum  the  body 
(see  §  93),  No  matter  around  what  point  this  rotation  takes  place, 
the  point  C,  yielding  to  the  weight  O,  will  always  sink,  and  the 
point  iS^,  or  another  M,  situated  in  the  vertical  line  Si  P,  yielding 
to  the  action  P,  will  rise,  and  the  axis  or  plane  of  symmctiy  jp  F 
will  be  drawn  downwanls  at  C  and  upwards  at  M,  and  therefore 
the  body  will  right  itself  when  M,  as  in  Fig.  627,  is  above  C,  and, 

F13,  «37  Pm.  628. 


on  the  contrary,  it  will  incline  itself  more  and  more  when,  as  is 
represented  in  Fig.  628,  M  is  situated  below  C,  Ilence  the  stability 
of  a  floating  body,  such  as  a  ship,  depends  upon  the  point  M,  where 
the  vertical  line,  which  passes  through  the  centre  of  buoyancy  Si, 
cuts  the  plane  of  sj-mmetry.  This  point  is  called  the  metacenire 
{Pr.  metaccntre;  Ger.  Metacentrnm).  A  ship  or  any  other  body 
floats  with  stability  when  its  metacentre  lies  above  its  centre  of 
gravity,  and  without  stability  when  it  lies  below  it ;  it  is  in  indif- 
ferent equilibrium  when  these  two  points  coincide. 

The  horizontal  distance  0  D  of  the  metacentre  M  from  the 
centre  of  gravity  (7  of  the  ship  is  the  arm  of  the  couple  formed  by 
P  and  G  =  —  P,  and  its  moment,  which  is  the  measure  of  the 
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stability,  ib  =  P  .  C^.  If  we  denote  the  distanea  C  J/  bj  r.  id 
the  anglu  S  M  S^,  through  which  the  ship  rolls  or  tliron^  iriiio 
its  axis  is  turned,  by  ^,  wo  have  for  the  measure  of  the  stability  i[ 
the  ship 

8  =  P  c  sin.  0 ; 
it  increases,  therefore,  with  the  weight,  with  the  distance  cf  is 
metaccntre  fbjm  the  centre  of  gravity  of  the  ship  and  »iih  1m 
angle  of  inclination. 

§  370.  Determination  of  the  Msment  of  Stabilit?.-!: 
the  last  formula 

8  =  P  c  sin.  <p, 

the  stability  of  the  ship  depends  principally  ui>on  the  distantec; 

the  mctacentre  from  the  centre  of  gravity  of  the  ship,  aud  ii  j. 

therefore,  important  to  obtain  a  formula  for  the  dotcrmtnatiun  t! 

this  distance.    While  the  ehip  A  B  E,  Fig.  C29,  passes  fron  ii 

upright  to  its  inclined  poaticL 

^^-  "^  the  centre  of  buoyancy  i9  moiisi 

Si,  and  the  wedge-shaped  sjae 

H  0  IT,  passes  out  of  the  »Kn 

drawing  the  wedge-shaped  pifK 

R  0  Ii,  into  it,  and  the  Iiuojm; 

effort  on  one  side  is  dimiai^K 

by  the  force  Q,  acting  at  IIicot- 

tro  of  gravity  F  of  the  Sfisr 

H  0  Ii,  and  upon  the  oHkt  ii 

it  is  increased  by  an  equal  forw  V' 

acting  at  the  centre  of  gravity  (i 

of  the  space  E  0  It,.    Thcrefjr 

""  "  the  force  P  ajiplied  at  S,  rcpka 

the  force  originally  applied  at  i9and  the  couple  {Q,  —  5},or,5bi 

amounts  to  the  same  thing,  an  opposite  force  —  P,  acting  in  S 

balances  the  force  P  applied  at  iStogetlicr  with  the  couple  (():-('■■ 

or  more  simply  a  couple  (P,  —  P),  whoso  points  cf  application  ir- 

^and  8„  bahinces  the  couple,(C,  —  Q).    Now  if  tbe  crosi-KClioi 

II E  R  =  Ih  E  Ji,  of  the  immersed  portion  of  the  ehip  =  F^^ 

the  cross-section  II  0  H,  =  R  0  R,oi  the  space,  which  is  twn 

out  the  water  on  one  side  and  immersed  on  tiie  other,  =  /..  if  ^^ 

horizontal  distance  IC  L  of  the  centres  of  gravity  of  tlnff  ^p^ 

from  each  other  =  a  and  the  horizontal  distance.)/  Tof  liie^'f^ 

of  gravity  .S'nnd  8,  from  c.ich  other,  or  the  horizontal  projcttiw 
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S  8i  of  the  space  described  by  S,  daring  the  rolling,  =  «,  we  have, 

since  the  couples  balance  each  other, 

p 

Fs  =  Fia,  whence  8^-^  a  and 
MT  s  F,a 


s  M  =  -r-^  = 


sin,  (j}       sin.  0       F  sin.  0* 

The  line  C  M  =  c,  which  enters  as  a  factor  into  the  mcasuro 
of  the  stability,  is  =  G  S  +  8  M;  denoting,  therefore,  the  distance 
C  8of  the  centre  of  gravity  G  of  the  ship  from  the  centre  of  buoy- 
ancy 8  by  e,  we  obtain  the  measure  of  the  stability 

8  =  P  c  sin.  <l>  =  P  ( -~ — h  e  sin.  0J. 

If  the  angle  through  which  the  ship  rolls  is  small,  the  cross- 
sections  If  0  ffi  and  R  0  Ri  can  be  treated  as  isosceles  triangles.. 
If  we  denote  the  width  II R  =  ffi  Rx  of  the  ship  at  the  surface  of 
the  water  by  S,  we  can  put 

OS  well  as  sin.  0  =  0;  hence  the  measure  of  the  stability  of  the* 
ship  is 

If  the  centre  of  gravity  C  of  the  ship  coincides  with  the  centre^ 
of  buoyancy  8,  we  have  c  =  0,  whence 

and  if  the  centre  of  gravity  of  the  ship  lies  above  the  centre  of 
buoyancy,  (?,  on  the  contrary,  is  negative  and 


'^=(il^-'')^^- 


It  also  follows  that  the  stability  of  a  ship  becomes  null,  when  e- 

V 
is  negative  and  at  the  same  time  =  i9~ri' 

We  see  from  the  results  obtained  that  a  ship's  stability  is  greater 
the  wider  the  ship  is  and  the  lower  the  centre  of  gravity  is. 

Example. — The  measure  of  the  stability  of  a  parallelopipedon  A  jD,. 

¥ig,  680,  whose  width  AB^l^  whose  height  A  E  =sh  and  whose  depth 

h  —  y 
of  immersion  E  H^  y\^y  since  F  =ihy  and  d  = ^, 

48 
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or  if  tiiB  specific  granty  of  tlie  material  of  which  the  parslldopipc^  i 
composed  be  pnt  =  t 

From  this  we  see  tb&t  tbe  rttUlit;  ccas 
when 

6»  =  6  A'  t  (1  — t),  lA,  when 


Tor  f  =  ^  we  have 
I  =  VfTj  =  Vf  =  l,fl2S. 

If  in  tliia  case  the  width  is  not  at  least  1,22S  times  (he  hei^it,  the  psir 
lelopipedon  floats  in  mutable  eqnilibriom. 

371.  Inclined  Floating.— The  fonnala 


for  the  stability  of  a  floating  body  can  also  be  employed  to  detemiii  i 

the  varions  positions  of  floating  bodies ;  for  if  we  pat  5  =  ft  '■  i 

obtain  theeqnationof  condition  of  the  position  of  eqaiIibriBm,c.  I 

by  resolving  it  ve  obtain  the  corresponding  angle  of  incliuui'- 

Wc  have,  therefore,  to  resolve  the  equation 

F,  a 

-y-  ±  fl  stre.  ^  =  0  I 

in  reference  to  0. 

In  the  case  of  a  paralleiopipedon  A  B  D  E,  Fig.  631,  tbe  act- 

I  section  i^'ia  =  HRDE=H,R^DE=  h  y,h  denoting » 

width  A  B  =  H R  and  y  the  depth  of  immersion  E H=Ii'-  , 

and  the  cross-section 

^°-  ^^-  F,=HOH,  =  EOR, 

is  a  right-angled  triangle,  vhM  t^'' 

is        0  H  =  0  R  =  lb, 

and  whose  altitude  is 

HH^=RR,=lbtatt3.<^ 

whence 

F,  =  lh^  tang.  ^. 

Now  since  the  centre  ofgn*' 

is  at  a  distance 
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from  the  base  H  R  and  at  a  distance  0  Cr=|  0  H  =  \l  from 
the  centre  0,  it  follows  that  the  horizontal  distance  of  the  centre 
of  grayity  F  from  the  centre  0 

=  0  K=  0  N  ■{-  NK  =  0  Ucos.  ^  +  F  U  sin.  ^ 

=  J  5  cos,  <t>  •¥  \h  tang,  <p  sin.  <p, 
and  the  arm  of  the  lever  is 

a  =  KL=:JiOX=^ico8.<p  +  ib  ?!^. 

Hence  the  equation  of  condition  of  the  inclined  position  of 
equilibrium  is 

i  y  tanff.  <t>  (§  b  COS.*  <l>  -h  j  b  sin.''  <t>)       ^    -     a  -  n 

b  y  COS.  <t> 

or,  substituting —  =  tanff.  <t>, 

sin.  (t>  [(j\j  +  5'}  ^^^^•*  ^)  ^"  —  «  y]  =  0, 
which  equation  is  satisfied  by 

sin.  0  =  0  and  by 

tamj.  <t>  =  ^r%  \/^^^  ^  1. 

The  angle  <A  =  0,  determined  by  the  first  equation,  is  applicable 
to  the  body  when  in  an  upright  position,  and  that,  given  by  the 
second  equation,  to  the  body  when  floating  in  an  inclined  position. 

If  the  latter  case  is  possible,  ~  must  be  >  j'n.  Now  if  A  is  the 
height  and  e  the  specific  gravity  of  the  parallelopipedon,  we  have 

y  =  e  A  and  <?  =  -^  =  (1  -  e)  -, 
whence  it  follows  that 


and  the  equation  of  condition  for  inclined  floating  is 


7.  ^  f  i 


b^  ^   6  e  (1  -  c)* 

Example  1)  If  the  floating  parallelopipedon  is  as  high  as  wide,  and  if 
its  specific  gravity  is  e  =  J,  we  have 

tang, ^  =  V2  Vs.J  —  1  =  Vs  —  2  =  1,  whence^  =  45°. 

2)  If  the  height  h  =  0,9  of  the  width  I  and  the  specific  gravity  is  again 
J,  we  have 

tang,  ^  =  V3 . 0,81  -  2  =  V0,48  =  0,6557,  whence  ^  =  88°  15'. 


756  GENERAL  PRINCIPLES  OF  MECHANICS,  [?n 

§  372.  Specific  Gravity. — The  law  of  the  bnoyant  eff3rtcf 
upward  thrust  of  water  can  be  made  use  of  to  determine  the  heaTi- 
ness  or  specific  gravity  of  bodies.  According  to  §  364  the  bnoTsni 
effort  of  the  water  is  equal  to  the  weight  of  liquid  displaced;  hace, 
if  we  denote  by  V  the  volume  of  the  body  and  by  y,  the  heaTbrS 
of  the  liquid,  we  have  the  buoyant  eflfort  P  =  Fy,.  Now  ify.i' 
the  heaviness  of  the  material  of  the  body,  we  have  its  weigL; 
6  =  F  y,,  whence  the  ratio  of  the  heavinesses  is 

yi  ~  P* 

LE.y  the  Jicaviness  of  the  immersed  body  is  to  the  heaviness  of  Sit 
fluid  as  the  absolute  weight  of  the  body  is  to  the  buoyant  effort  & 
loss  of  weight  during  immersion. 

G  P 

Hence  y^  =  ^-  yi  and  yi  =  — -  y^  or  if  y  denotes  the  heaviiitts 

of  water,  c,  the  specific  gravity  of  the  fluid,  and  e,  that  of  the  bodj, 
we  have,  putting  yi  =  ej  y  and  y,  =  e,  y, 

e,  =  -p-  fi  and  e^  =  —  Cf, 

If  we  know  the  weight  of  a  body  and  its  loss  of  weight  irfei 
immersed  in  a  liquid,  we  can  find  from  the  heaviness  or  spedfe 
gravity  of  the  liquid  the  heaviness  and  specific  gravity  of  the  m 
terial  of  which  the  body  is  composed,  and,  inversely,  from  ibe 
heaviness  or  specific  gravity  of  the  latter,  the  heaviness  and  speak 
gravity  of  the  former. 

If  the  liquid  in  which  wo  weigh  solid  bodies  is  water,  ire  luff 

e,  =  1  and  y,  =  y  =  1000  kilograms  =  62,425  pounds ;  the  former 

when  we  employ  the  cubic  meter  and  the  latter  when  we  emfhj 

the  cubic  foot  as  unit  of  volume ;  therefore  in  this  case  the  heaTi- 

ness  of  the  body  is 

O  absolute  weight       ,..  ,.  n,     ,,    ,       .         !?««♦«. 

y,  =  -yr-  y  =  -= 5 r~r-  multiplied  by  the  heavmess  of  water, 

'        P  '        loss  of  weight  *^         •' 

and  its  specific  gravity  is 

_  G^  __  absolute  weight 
*  ""  P  "^  loss  of  weight 
In  order  to  find  the  buoyant  eflbrt  or  loss  of  weight,  we  emptoyj 
OS  we  do  when  determining  the  weight  G,  an  ordinary  balance.  To 
the  under  side  of  one  of  its  scale-pans  is  attached  a  smaU  hoofcftoffl 
which  the  body  is  suspended  by  means  of  a  hair,  wire  or  fine  threw 
before  it  is  immersed  in  the  water,  which  is  contained  in  a  ^^^ 
placed  under  the  dish  of  the  scale.    A  scale  thus  arranged  fe 


N. 
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weighing  under  water  is  generally  called  a  liydrostatic  balance  (Fr. 
balance  hydrostatique;  Gcr.  hydrostatische  Wage). 

If  the  body  whoso  specific  gravity  is  to  be  determined  is  less 
dense  than  watxjr,  we  can  combine  it  mechanically  with  some  other 
heavy  body,  so  that  the  compound  mass  will  tend  to  sink  in  the 
water.  If  the  heavy  body  loses  in  the  water  a  weight  P,  and  the 
compound  moss  P,,  the  loss  of  weight  of  the  lighter  body  is 

Now  if  O  denotes  the  weight  of  the  ligliter  body,  we  have  its  spe- 
cific gravity  _  ^  _       ^ 

€9  — 


If  we  know  the  specific  gravity  £  of  a  mechanical  combination 
of  two  bodies,  and  also  the  specific  gravities  e,  and  e,  of  the  compo- 
nents, we  can  calculate  from  the  weight  O  of  the  whole  mass,  by 
means  of  the  well-known  principle  of  Archimedes,  the  weights  ff, 
and  Gi  of  the  components. 

We  have  ff,  +  (?,  =  Oy  and  also 

volume h  volume  — -  =  volume  — ^.or 

e,y  e,  y  ey 

— —  -f-        —  — , 

C|  Ca  C 

Combining  the  two  equations,  we  obtain 

G..  =  G.(l-i):(A-l),or 

(?.  =  (?  (i--i):(i--4 
\e         e,  /     Vcj         c,/ 

Example — 1)  If  a  piece  of  limestone  weighing  810  grams  becomes  121,5 
grams  lighter  in  water,  the  specific  gravity  of  this  body  is 

810 
^  =  12i;5  =  ^'^^ 
2)  In  order  to  find  the  specific  gravity  of  a  piece  of  oak,  a  piece  of  lead 
wire,  which  lost  10,5  grams  in  weight  when  weighed  in  water,  was  wrapped 
uroimd  the  piece  of  wood,  which  weighed  426,5  grams.  The  compound 
mass  was  484,5  grains  lighter  in  the  water  than  in  the  air;  hence  the  spe- 
cific gravity  of  the  wood  is 

_        426.5        _  420,5 

'  ■"  484,5  -  10,5  "  474    ""  "'^• 

8)  An  iron  vessel  completely  filled  with  mercury  weighed  500  pounds, 
and  lost,  when  weighed  in  water,  40  pounds.  If  the  specific  gravity  of  the 
cast  iron  is  =  7,2  and  that  of  the  mercury  is  =  18,6,  the  weight  of  the 
empty  vessel  is 
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«.  =  »»»  (5^  -  IT,?)  =  (t3  -  ip)  =  "^  ^"'"^  -  ''''''^  '■ 

500.0,00647       8285 
(V8S8  -  0.0786)  =  — o-;o653—  =  "eM  =  *^'^  P*""^ 

and  the  weight  of  the  mercury  contained  in  it  is 

5(K) .  0,0588      2940 
(),  =  500 .  (0,08  -  0,1888)  :  (0,07863  -  0,1888)  =  -^^3      =  ^ 

=  450,2  pounds. 

Remabk — 1)  We  can  determine  the  specific  gravity  of  fluids.  Iocs 

granular  masses,  etc.,  by  simply  weighing  them  in  the  air;  for bj  eadoait: 

them  in  vessels,  we  can  obtain  any  desired  volume  of  them.     If  the  vcicit 

of  an  empty  bottle  is  =  (?,  and  when  filled  with  water  it  is  =  G^,  and  n 

when  filled  with  some  other  liquid,  its  weight  is  O^,  the  specific  graiiiy 

of  the  latter  liquid  is 

G^--G 

G^'-G 

In  order,  e.g.,  to  obtain  the  specific  gravity  of  rye  (in  bulk),  we  filkd ; 
bottle  with  grains  of  rye, .  and,  after  shaking  it  well,  weighed  it    Aft:: 
subtracting  the  weight  of  the  bottle,  that  of  the  rye  was  found  to  t" 
=  120,75  grams,  and  the  weight  of  an  equal  quantity  of  water  was  15d,&i 
hence  the  specific  gravity  of  the  rye  in  bulk  is 

120,75       ^  ^^^ 
=  i55;65  =  ^>^'^' 
and  a  cubic  foot  of  this  grain  weighs 

0,776  .  62,5  =  48,5  pounds. 

2)  The  problem,  first  solved  by  Archimedes,  of  determimng  fiomdi 
specific  gravity  of  a  composition,  and  those  of  its  components,  the  propAf- 
tion  of  each  of  the  components,  is  of  but  very  limited  application  to  chec- 
ical  combinations,  alloys  of  metals,  etc. ;  for  in  such  cases  a  contracti>£ 
generally,  and  an  expansion  sometimes,  takes  place,  so  that  the  yo\va: 
of  the  composition  is  no  longer  equal  to  the  sum  of  t^e  volumes  of  tLv 
components. 

§  373.  Hydrometers,  Areometers. — Wc  generallj  employ 
for  the  determination  of  the  density  of  fluids  areometers  or  hydmr 
etcrs  {Ft.  ar6ometres ;  Ger.  Araometer,  Senkwagen).  These  instni- 
ments  are  hollow,  symmetrical  about  an  axis,  have  their  centre  of 
gravity  very  low  down,  and  give,  when  we  float  them  in  any  liquid- 
its  specific  gravity.  They  are  made  of  glass,  sheet  brass,  etc.,  anil. 
according  to  the  uses  they  are  applied  to,  are  called  hydrometer?, 
lactometers,  salinometers,  alcoholmeters,  etc.  There  are  two  kiiwls 
of  areometers,  viz. :  those  with  weights  (Ft.  &  volume  constant;  to 
(xcwichtsaraometer),  and  the  graduated  areometers  (Pr.  i  poiis 
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nstant ;   Ger.  Scalenaraometer).    The  first  are  often  used  to  dc- 
rmine  the  weight  or  specific  gravity  of  solid  bodies. 

1)  If  "F"  is  the  volume  of  the  part  of  an  areometer  ABC,  Fig. 
J2,  which,  is  under  water,  when  the  latter  floats  vertically  im- 
lersed  to  a  point  0,  Q  the  weight  of  the  whole  apparatus,  P  that 
t  the  weights  placed  upon  the  dish  A,  when  the  apparatus  floats 
1  water,  whose  heaviness  =  y,  and  Pi  their  weight  when  the  ap- 
aratns  floats  in  another  liquid  whose  density  is  yi,  we  will  have 

Fy  =  P+  e, 
Fy,  =  Pi  -h  ff. 
Hence  the  ratio  of  the  heavinesses  or 
specific  gravities  of  these  liquids  is 
y^^Prt^ 
y  "  P+ff 

2)  Let  P  be  the  weight,  which  must 
be  placed  upon  the  dish  in  order  to  im- 
merse the  areometer  ABC,  Fig.  633, 
to  a  point  0,  and  let  Pi  be  the  weight, 
which  must  be  placed  upon  the  dish  A 
with  the  body  to  be  weighed  in  order 
to  produce  the  same  immersion,  then 
we  have  simply 

ffi  =  P  -  Pi. 
But  if  we  must  increase  Pi  by  Pj  when 
the  body  to  be  weighed  is  placed  in  the 
lower  dish  C,  which  is  under  water,  in 
order  to  preserve  the  same  depth  of  im- 
mersion, the  upward  thrust  is  =  P,  and 
the  specific  gravity  of  the  body  is 

P\^  P.  ~' 
The  hydrometer  with  the  dish  sus- 
pended below  is  employea  for  the  de- 
termination of  the  specific  gravity  of 
solid  bodies,  such  as  minerals,  etc.,  and 
is  called  NicholsorCs  hydrometer, 

3)  If  we  put  the  weight  of  an  areom- 
eter B  G  with  a  graduated  scale  A  By. 
Fig.  634,  =  0,  and  the  immersed  vol- 
ume, when  it  floats  on  water,  =  F,  we  have  ff  =  F  y.    If  the 
areomjBter  rises  a  distance  0  JT  ==  x,  when  immersed  in  another 
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liquid,  we  have,  when  the  cross-section  of  the  shaft  is  denoted  h 
F,  the  volume  immeraed 

=  V-  Fx,  and  therefore  G  =  {V -  Fx)  y,. 
Dividing  th-j  two  formulas  by  each  other,  we  obtain  the  hcaiiACft 
of  the  liquid 

rt  =  T3^i-^  =  ^^  l^  -  F  ^i  =  i^r^ 

F 

in  which  /x  denotes  the  constant  quotient  pr. 

If  the  liquid  in  which  the  areometer  floats  is  lighter  than  va^. 
it  will  sink  in  it  a  distance  x^  and  we  will  have 

G  =  ( F  +  jP  a:)  y,  and  therefore 
_  _  jy 

'^'~l+lix 

F 
In  order  to  find  the  coefficient  /*  =  y^,  we  increase  its  wdgii 

by  an  amount  P,  e.g.  by  pouring  mercury  in  the  areometer  at  tb 
upper  end,  so  that  it  passes  to  the  bottom  of  it,  rendering  the  af- 
paratus  so  much  heavier  that,  when  floating  in  water,  a  confid- 
arable  portion  of  the  length  of  the  stem,  to  which  the  scale  i* 
applied,  is  immersed.  Putting  P  •=^  Fly^l  denoting  the  imiiKf 
sion  produced  by  P,  we  obtain 

_  P  _  _P^  _  J^ 

'"""  F  ""  Vly^  Gt 

Example—  1)  If  an  areometer,  weighing  65  grams,  must  haTe  US 

grams  remuved  from  the  dish  in  order  to  float  at  the  same  depth  in  ikM 

GS  it  had  done  in  water,  the  specific  gravity  (if  alcohol  is 

05  —  18,5        ,       -  ^-^      ^  ^^^ 
= 5k =  1  —  0,208  =  0,792. 

2)  The  normal  weight  of  a  Nicholson  hydrometer  is  lOOgiWDfl;  thit 
is,  we  must  place  100  grams  upon  the  dish  in  order  to  sinV  the  ioA^SBe^. 
to  0,  but  we  must  take  away  66,5  grams  after  having  laid  a  piece  of  bna 
which  we  wish  to  weigh  upon  the  upper  dish,  and  7,85  grams  had  to  be 
added  when  the  brass  was  remoTed  to  the  lower  dish.  The  abeolnte  ^s6^ 
of  the  brass  is  then  66,5  grams  and  its  specific  gravity  is 

^^''--8  47 

7,85  "  "'*^- 

8)  A  graduated  areometer,  weighing  75  grams,  rises,  after  81  gnffli^f 
the  substance,  with  which  it  was  filled,  has  been  removed,  a  diaUsoe/^^ 
inches  =  72  hnes ;  the  coeflScient  n  is  therefore 

81 

=  W^-^  -  0,00574 
75  .  72         ' 
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It  was  then  refilled  until  its  weight  became  again  75  grams,  when  it  was 
placed  in  a  solution  cf  salt ;  it  f hen  rose  a  distance  of  29  lines ;  the  specific 
gravity  of  the  liquid  is  therefore 

=  1  :  (1  -  0,00574  .  29)  =  1  :  0,833  =  1,2. 

Remakk. — A  more  extended  treatment  of  this  subject  belongs  to  the 
province  of  chemistry,  physics  and  technology. 

§  374.  Liquids  of  Different  Densities.— If  several  liquids 
of  different  densities  exist  in  a  vessel  at  the  same  time  without 
exerting  any  chemical  action  upon  one  another,  they  will  place 
themselves,  in  consequence  of  the  ease  with  which  their  particles 
are  displaced,  above  each  other  in  the  order  of  their  specific  gravi- 
ties, viz :  the  most  dense  at  the  bottom,  the  less 
dense  above  it  and  the  least  dense  on  top.  When 
in  equilibrium  the  limiting  surfaces  arc  hori- 
zontal ;  for  so  long  as  the  limiting  surface  E  F 
between  the  masses  Jf  and  JV,  Fig.  C35,  is  inclined 
so  long  will  there  be  columns  of  liquid,  such  as 
0  JT,  Oi  K^y  etc.,  of  different  weights  above  the 
horizontal  layer  H  R ;  hence  the  pressure  upon 
this  layer  cannot  be  the  same  everywhere  and 
consequently  equilibrium  cannot  exist 

The  liquids  arrange  themselves  also  in  the  commttnicating  tubes 
A  B  and  C  D,  Fig.  G36,  according  to  their  specific  gravities  above 
one  another,  but  their  surfaces  A  ft  and  D  0  do  not  lie  in  one 
and  the  same  horizontal  plane. 


Fig.  635. 


-Jh 


Fio.  G30 


Fig.  687. 


If  F  is  the  area  of  the  cross-section  HRof  ti  piston,  Pig.  637, 

in  one  leg  A  B  of  two  communicating  tubes  and  h  the  head  of 

water  or  the  height  E  Hof  the  surface  of  the  water  in  the  second 

tube  C  D  above  H  It,  we  have  the  pressure  upon  the  surfiace  of  the 

piston  • 

P  =  Fhy. 
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If  we  replace  the  force,  exerted  by  the  piston,  by  a  colmni:  ^f 
liquid  H  A  0  Ry  Fig.  636,  whose  height  is  hi  and  whose  heflTioes 

is  y„  we  have 

equating  the  two  expressions  we  obtain 

Ai  ri  =  A  % 
or  the  proportion 

*1  —  X 
h  ""  jx 

Therefore  the  heads  or  tJie  heights  of  the  columns  of  Uqvii 

measured  from  the  common  plane  of  contact  of  two  different  liquiL 

tvhich  are  in  equilibrium  in  two  communicating  tubes,  are  tv  a*; 

other  inversely  as  tJie  heavinesses  or  specific  gravities  of  these  liquijU 

Since  mercury  is  about  13,6  times  as  heavy  as  water,  a  colum: 

of  mercury  in  conmiunicating  tubes  will  hold  in  equilifarioin  a 

column  of  water  13,6  times  as  long. 


CHAPTER     III. 

OF  THE  MOLECULAR  ACTION  OF  WATEEL 

§  375.  Molecular  Forces. — ^Although  the  cohesion  of  wst£r 
is  veiy  slight,  it  is  not  null.  The  molecules  (Ft,  molecules;  Gt:. 
Thcile  or  Molekule)  not  only  cohere  together,  but  also  adheiv  :  • 
other  bodies,  kg.,  to  the  sides  of  a  vessel,  so  that  a  certain  fomi- 
necessary  to  destroy  this  union,  which  we  call  the  adhesion  (Fr.  u;:- 
herence ;  Ger.  Adhasion)  of  the  water.  A  drop  of  water,  whiil 
hangs  from  a  solid  body,  demonstrates  the  existence  of  the  c  liij- 
sion  and  of  the  adhesion  of  the  water.  Without  cohesion  il<* 
water  could  not  form  a  drop  and  without  adhesion  it  couW  n*^* 
remain  hanging  from  the  solid  body ;  gravity  is  here  overcome  b-  * 
only  by  the  cohesion,  but  also  by  the  adhesion.  The  actions,  arisin? 
from  the  combination  of  the  forces  of  cohesion  and  adhesion,  art* 
called,  to  distinguish  them  from  the  actions  of  inertia,  of  gravity, 
etc.,  the  molecular  actions.  Capillarity  or  the  raising  or  deprescic^ 
of  the  surface  of  water  or  mercury  in  narrow  tubes  or  between  plate*, 
placed  close  together,  is  an  important  instance  of  molecular  action. 

§  376.  Adhesion  Plates. — The  cohesion  and  adhesion  of 
water  have  been  determined  by  means  of  adhesion  platea  To 
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accomplish  tliis  object,  such  a  plate  is  suspended  (instead  of  the 
scale  pan)  at  one  end  of  the  beam  of  a  balance,  which  is  brought 
into  equilibrium  by  means  of  weights ;  the  vessel  containing  the 
liquid  to  be  examined  is  then  caused  to  approach  gradually,  until 
the  surface  of  the  liquid  comes  in  contact  with  the  plate.  Weights 
are  now  gradually  placed  upon  the  dish  at  the  other  end  of  the 
beam,  until  the  plate  is  torn  away  from  the  surface  of  the  water. 
The  results  of  such  experiments  depend  particularly  upon  the  fact 
whether  the  plate  is  moistened  by  the  water  or  not  In  the  first 
case  after  the  contact  a  thin  sheet  of  water  remains  hanging  to  the 
plate ;  hencs  in  tearing  the  latter  from  the  water,  we  overcome  not 
the  adhesion,  but  the  cohesion  of  the  water.  Hence  the  force 
necessary  to  tear  diflferent  plates  from  the  surface  of  the  water 
does  not  depend  upon  the  nature  of  the  material,  of  which 
the  plates  ai*e  composed.  Other  liquids,  on  the  contrary,  require 
different  forces  to  be  applied  to  the  adhesion  plates.  Du  Btuit 
found  that  the  adhesion  between  water  and  tin  plate  was  from  65 
to  70  grains  per  square  inch  (old  Prussian  measure).  This  gives  a 
force  of  about  5  kilograms  for  a  square  meter,  or  1,024  pounds  per 
square  foot.  Acliard  found  values  differing  but  little  from  the 
above  for  lead,  iron,  copper,  brass,  tin  and  zinc.  Oay  Lussac  ob- 
tained the  same  results  with  a  glass  disc,  and  Huth  with  different 
kinds  of  wooden  plates. 

If,  on  the  contrary,  the  surface  of  the  disc  is  not  moistened  by 
the  surface  of  the  water,  the  results  obtained  are  totally  different ; 
for  in  this  case  it  is  not  the  cohesion,  but  the  adhesion  of  the  water 
which  is  overcome.  It  appears  that  the  duration  of  contact  has  a 
great  influence  upon  the  force  necessary  to  tear  the  disc  loose,  E.Q., 
Gay  Lussac  found  that,  with  a  glass  plate  120  millimeters  in  diam- 
eter, a  force  varying  from  150  to  300  grams,  according  as  the  dura- 
tion of  contact  was  long  or  short,  was  necessary  to  tear  it  loose  from 
a  surface  of  mercury. 

Remabk. — In  FraBkenbeim's  "  Lehre  der  Cohasion-'  the  phenomena  of 
cohesion,  as,  e.g.,  those  presented  when  moistened  plates  are  torn  from  the 
surface  of  water,  are  called  "  Synaphy^^'*  and,  on  the  contrary,  the  phenomena 
of  adhesion,  as,  E.a.,  those  occnrilng  during  the  separation  of  unmoistened 
plates  from  the  surface  of  a  liquid,  "  Prosaphy,'*'* 

§  377.  Adhesion  to  the  Sides  of  a  Vessel — If  a  drop 
of  water  spreads  itself  out  upon  the  surface  of  another  body  and 
moistens  it,  the  adhesion  is  in  this  case  predominant;  but  if,  on 
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the  contrary,  the  drop  retains  its  spherical  form  upon  the  snrfcc> 
of  a  solid  or  fluid  body,  the  cohesion  is  the  strongest.  Thj  cua- 
bined  action  of  these  two  forces  upon  the  surface  of  a  UquiJ  lii- 
the  walls  of  the  vessel  is  particularly  remarkable;  the  wa:.r  rii< 
up  and  forms  a  concave  surface  when  the  cohesion  is  Kss  pjv, en  ; 
than  the  adhesion,  and  the  wall  becomes  moistened  in  consctjn.nc  : 
the  surface  of  the  water,  on  the  contrary,  is  curved  downTrarJs  / 
the  neighborhood  of  the  walls  of  the  vessel  and  forms  a  clt: 
surface  when  the  side  of  the  vessel  is  not  moistened  or  when  th.- 
cohesion  is  predommant. 

These  phenomena  can  be  easily  explained  as  follows. 

A  molecule  E  in  the  surface  H  R  of  the  water  (Fig.  C38)  i 
drawn  downwards  in  all  directions  by  the  surrounding  water,  lac 
the  resultant  of  aU  these  attractions  is  a  single  force  A  acting"  ra*- 
tically  downwards;  on  the  contrary,  a  molecule  E  at  the  Tcrda 
wall  B  Ey  Fig.  639,  of  the  vessel  is  acted  upon  by  the  wall  wrti  i 

Fig.  638.  Fig.  639. 


11 
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B 


Fig.  640. 


horizontal  force  P  and  by  the  water  filling  the  quadrant  BE^f 
with  a  force  Ay  whose  direction  is  inclined  downwards  to  the  hori- 
zon ;  the  direction  of  the  resultant  R  of  these  two  forces  is  t 
right  angles  to  the  surface  of  the  water  (see  §  354).  According  2 
the  attractive  force  of  the  wall  of  the  vessel  is  greater  or  less  ihaE 
the  horizontal  component  Ax  of  the  mean  force  of  cohesion  i  of 

the  water,  the  resultant  R  will  assume  a  di- 
rection  either  from  without  inward  or  ironi 
within  outward.  In  the  first  case  (Fig.  63? 
the  surface  of  the  water  at  E  rises  akn; 
the  wall,  and  in  the  second  case  it  desceode 
along  the  wall  ^  ^,  as  is  represented  in  Fig* 
640. 
These  relations  change,  when  the  water  reaches  to  the  brim  rf 
the  vessel ;  for  the  direction  of  the  attractive  force  of  the  vail  of 
the  vessel  is  then  different.  If,  E.O.,  the  surface  of  the  water  E  ft 
Fig.  641,  which  in  the  beginning  reached  to  the  brim  C  of  the  vessl 
B  0  Ojia  caused  to  rise  gradually  by  adding  water,  the  inclinatioD 
of  the  force  of  adhesion  to  the  horizon  will  gradually  increase, 


Fio,642. 
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horizontal  component  will,  in  consequence,  gradually  decrease, 
til  it  liecomes  les3  than  the  horizontal  compam-'ut  A,  of  the  force 
cohesion  A.    Consequently  the  furm  of  the  Biirfacc  of  the  water 
Fic.  G41.  *^  ^  changes  continually,  until  its  con- 

cavity becomes  a  convt-xity  and  the  de- 
pression below  the  brim  of  the  ycsboI  be- 
comes an  elevation,  which  must  attain  & 
certain  height  bt'forc  the  Tvatcr  will  flow 
over  the  side  of  the  vessul. 

§  378.  Tension  of  the  Snifece  of  the  Water.— Since  each 
.olecule  in  the  surface  H  R,  Fig.  G38,  of  a  liquid  is  atti-acted  down- 
ards  by  tho  mass  of  liquid  below  it  witli  a  force  A,  wc  can  assume 
lat  a  condensation  and  a  coherence  among  the  molecnlos  of  the 
qnid  upon  the  surface  will  bo  the  result  and  (hat  a  certain  force 
"ill  therefore  bo  necessary  to  overcome  tiiia  coherence  or  to  tear 
be  surface  of  the  liquid.  This  coherence  of  the  surface  of  a  liquid 
Uowa  itself  not  only  whenever  a  foreign  body  is  dijiped  into  it, 
hut  also  whenever  t!ie  surface 
of  the  Ii(|uid  becomes  curved, 
as,  E.G.,  jn  the  neighborhood 
of  the  wall  of  tlio  vessel.  If 
ve  assume  with  i'ouni}  that 
the  tension  or  cohesion  of  the 
Burfacc  of  a  liquid  is  (he  same 
in  all  parts  of  it,  we  can  de- 
duce, aa  Gchcimcr  Oberbau- 
ra/h  Ilmjcii  has  proved,  from 
that  hypothesis  all  llie  laws 
of  capillary  attraction  which 
coincide  best  with  ilic  results 
I  of  experiment. 
I  In  the  ncigliborhocd  of  a 

plane  wall  D  G,  Fig's.  C'lii  and 
C43,  the  surface  cf  l!ic  liqnid 
forms  a  cylindricul  surface 
DA  i/,  which  is  convex  cither 
upwards  or  downwards.  If  P 
IB  the  normal  foi-co  upon  an 
element  A  E  D  =  a  cf  this 
flnriace,  S  (he  tension  of  this 
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element  and  r  its  radius  of  cuiratore  C  A  =  C  B,  we  have. : 
conBcquenee  of  the  Bunilarity  of  the  triangles  EPS  and  .1  £ ' . 
P       A  B      o 


FiQ.6il 


8       VA       r' 
and,  therefore,  tho  nonzi. 
bending  force  is 


Not  if  the  element  Jfi 
of  the  florface  is  at  the  Tin;;. 
distance  0  R  =  p  abo-t 
below  the  snr&ce  of  tlie  n:  ■ 
which  is  free  from  the  ic^ 
ence  of  the  wall  D  G,  and  : 
denotes  the  heaviness  of ' 
liquid,  we  have,  according* 
(§  356)  the  well-knoini  h^  : 
hydrostatics,  the  presfnrt  ■ 
the  water  npon  the  ekm-;: 
J~B  =  o 

P  =  ayy; 
we  can  therefore  put 


(T  y  y  =  -  5  and 


»  =  . 


Hence  the  depression  or  elevation  of  an  element  of  the  mr'.x 
of  a  liquid  in  reference  to  the  free  or  unaffected  part  of  this  soA' 
is  inversely  proportional  to  the  radius  of  curvature. 

§  379.  In  the  ricinity  of  a  curved  wall,  e,Gt  of  a  irertital  cjb- 
dricol  surface,  the  enr&ce  of  the  water  forms  a  GOT^ice  of  dont: 
curvatnre  and  the  column  of  water  below  the  rectangular  ekmt' 
F  Q  HK,  Pig.  646,  of  the  surface  is  solicited  by  two  forces  P,  ^ 
P^  one  of  which  is  the  resultant  of  the  tensions  S„  S,  in  the  a '■ 
nud  plane  ABE,  parallel  to  the  side  F  G  =  H  K;  tUe  oilur^- 
the  resultant  of  the  tensions  St,  St  in  the  normal  plane  TiT 
parallel  to  the  side  G  H  =  F  K.  The  former  plane  conepec'^- 
to  the  greater  and  the  latter  to  the  least  radius  of  curvntnie;  p''!* 
ting  the  two  radii  =  r\  and  r,  and  the  length  of  the  sides  TC<-' 
and  0  H=-Ct  and  denoting  the  tension  for  a  widtli  =  unitr  bj  ■'■ 
we  have  the  tensions  acting  in  the  two  planes 
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Si  =  Oi  S  and  8i  =  <Ti  S 
and  the  normal  forces  resulting  &om  them 

and 


y  and  their  resultant  is 


Fm.  640. 


K  here  also  y  denote  the 
height  of  the  element  FO  HK 
of  the  surface  (which  may  be 
regarded  as  a  rectangle^  whose 
area  is  <t,  a^)  above  the  low- 
est or  general  surface  of  the 
water,  we  have  the  force,  with 
which  this  element  is  drawn 
^  normally  upwards  or  down- 
wards by  the  water  above  or 
below  it, 

P  =  ya,a^y', 
equating  the  two  values  for 
P,  we  obtain 


whence 


yo.a^y  =:  Sa^oA—  +  — ), 

,  =  ^(1  +  1). 

When  the  wall  is  cylindrical  the  elevation  (depression)  of  the 
surface  of  the  water  above  (below)  the  general  water  level  is  at 
every  point  proportional  to  the  sum  of  the  reciprocals  of  the  maxi- 
mum and  minimum  radii  of  curvature.  This  formula  contains 
also  that  of  the  foregoing  paragraph ;  for  if  the  normal  section 
CBDiseL  right  line,  we  have 

/•j  =  00 ,  whence 
=  0  and 


S 
y  =  - 

if  y 


1^ 


(§380.)    Curve  of  the   Surface  of  Water.— The  curve 
formed  by  the  vertical  cross-section  of  the  surJEekse  of  the  water 
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near  a  plane  ivall,  can  be  found,  according  to  Hagen,  in  the  foIkT- 

■ing  manaci-.      Let  A  R,  Fig.  647,  be  the  Burlace  of  the  «»M 

attractwl  by  the  vertical  wiili   D  t. 

Via.  647.  ^  ji  the  general  level  of  tin;  -nxc^ 

and  lot  the  point  of  intersection  Bd 

the  two  eurfaeea  be  the  origin  off^- 

orJinates.    Let  us  put  the  co-ordimts 

ofapointOoftliesurfiice-t  OliMH 

=  X  and  Jlf  0  =  y,  the  arc  .1  0  =  J. 

the  tangential  angle  0  T M  =  a,ui 

,1  the  clcmenta  0  Q,  Q  P  nad  0  Pr^ 

Bpectively  =  d  x,d  y  aud  d  s.  , 

S  ' 

Since  y  =  — ,  and,  accordinp  t^ 

^  Article  33  of  the  Introduction  to  it  , 

Calculus, 

r  =  —  -=—  and  dy=  —  ds  sifu  a,  we  have 
da  ^ 

Sda       Ssin-a.da 

V  =  — -T—  =  , ,  or  " 

^  yds  y dy 

y  d  y  =  —  sin.  a.  da, 

by  integrating  which  we  obtain 

,    .        5    /"  ■  ^  r-  f^ 

•  f,  y'  =  —   I  sin.  a  .da  =  Con.  —  —  cos.  a. 

Since  for  the  point  R,  a  and  y  are  both  =  0,  we  have 

S  S 

0  =  Can. COS.  0,  whence  Con.  =  —  and 

7  7 

,       2^,,  ,       iS(l-cos.a) 


-  (sin.  i  a 


a/^. 


-  sin.  i  a. 

For  a  =  00°,  we  havo  Bin,  ^  a  =  sin.  45"  =  i^ ;  hence  tb( 
maximum  elevation  of  the  water  imme<liatcly  agninst  the  wall  is 

A  =  2  y  —  Vj  =  y — ,  or  inversely 
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EHfferentiating  this  expression,  we  obtain 

dy  =  i  hV2  COS.  },  a  .  d  a  ^  h  V^S  cos.  \  a  .  d  a, 
.  since  d y  =  —  dx .  tmig.  a,  it  follows  that 

,  ./7    COS.  i  a    J  .  ^rr    COS.  i  a  cos.  a     _ 

tang,  a  -  sin.  a 

—         -h  kTx    g^^'  j  q  [(gQ^-  \  g)'  -  {^n.  \  g)']  , 

2  sin.  .*!  a  .  COS.  A  a 

^         %  sin.  ^  a 


=   —  A  V^  .  l-r^, sin.  i  a)  da. 

^    \stn.  ia  "I 


f, 


But  now 

/  sin.  ^  a  ,  d  a  z=z  —  2  cos.  ^  a  and 

da 

. — r—  =  2  ^  /a«(7.  I  a 
5tw.  ^  a  "^   * 

(see  Introduction  to  the  Calculus,  Art.  29) ; 

nee  we  have 

X  =  —hV^{l  tang.  I  a  +  2  cos.  i  a)  +  Con. 

Xow  since  for  a:  =  0,  a°  =  90°,  tang.  ]  a  =  tang.  22^°  =  V2  —  1 
id  cos.  i  a  =  VT,  it  follows  that 

Con.  =  kVl[l{V2  -1)  -h  2Vll  and 

=  h[l  -V2.  COS.  -ia-VUi  V2  +  1)  tang,  i  a]. 
For  a  =  0  we  have 

COS.  ^  o  =  1  and  I  tang,  j  «  =  —  oo , 

ad  therefore 

a:  =  +  00  ; 
r  J?  is  consequently  the  asymptote,  which  the  section  A  0  li  of 
lie  surface  of  the  water  continually  approaches, 

Kehabk. — ^If  we  invert  the  formula  (1)  and  put 

?e  can  calculate  for  every  value  of  ^,  first  a  and  then  by  means  of  (2)  the 
corresponding  value  of  ^. 
49 
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near  a  plane  wall,  can  be  found,  according  to  Hagcn,  in  the  follus- 

■ing  mauucr.      Let  A  R,  Fig.  G47,  be  the  eurface  of  the  *aw 

attracted  by  the  vertical  wall  li  I,. 

Fio.  647.  ^  ji  the  general  level  of  tli^-  »i>.-. 

and  let  the  point  of  interscciion  fiuf 

the  two  surfitces  be  the  origin  of  fi- 

onlinatcs.    Let  ns  put  the  co-ordinaid 

ofapointOofthesHiface.-l  OR,Sll\ 

=  a:  and  Jf  0  =  (/,  the  are  J  0  =  p.i 

the  tangential  angle  0  7'J/^=  o,ti 

„  the  elements  0  Q,  Q  P  sati  0  Pt.~ 

spectively  =  d  x,dy  and  d  s. 

Since  y  ~  -^,  and,  according  -i 

^  Article  33  of  the  Introduction  to  li 

Calcnlus, 

-  ds  sin.  a,  we  have 

S  situ  a  ,d  a 


ydy  =  -aiji.a.da, 
by  integrating  which  we  obtain 

,    >        S    r  ■  J  r<  ^ 

'1/    =  —  /  sm.  a  ,da  =  Con.  —  —  cos.  a. 

Since  for  the  point  R,  a  and  y  are  both  =  0,  wc  bavo 

0  =  Con. COS.  0,  whence  Con.  =  —  and 

r  .  y 

,        iS  ,.  .        iS(l  ~cos.a)        4  5,  .     ,    ,, 


bcnco 

S  =  2V'|».».i=. 

For  a  =  90°,  we  have  sin.  ha  =  sin.  45'  =  h'j  ;  licnce  tl* 
maximum  elevation  of  tho  water  immediately  against  the  ffsU  is 

ft  =  3  y  —  ■V^  =  Y  — J  or  inversely 

^  =  ift'  and 

y      ^ 

\)  y  =  h^'Z  .  sin.  J  a. 
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Diflfcrentiatmg  this  cxpressioHy  we  obtain 

dy  =  \hVi  COS.  ^^  a  .  d  a  z=  hV\  cos.  i  a  .  d  a, 
since  d y  =  —  dx  ,  tang,  a,  it  follows  that 

,  .rj   COS.  i  a     ^  T  4/7    cos,  A  a  cos.  a     , 

^    tang,  a  "  sin.  a 

,  ^Tj    COS.  j  o  [{cos.  A  g)'  —  {sin.  A  a)'] 

Z  sm.  S  a  ,  COS.  ^  a 

"^         2  sm.  ^  a 

=  —  h  Vi  .  i-r-^i sin.  i  a)  d  a. 

^     WW.  i  a  •    / 

But  now 

/  sin.  i  a  ,  d  a  =  —  2  <:05.  ^  a  and 

-; — - —  =z  2  I  tang.  1  a 
stn.  ^a  *^  ^ 

(see  Introduction  to  the  Calculus,  Art.  29) ; 

ice  we  have 

X  =  —hV^{l  tang.  ^0  +  2  cos.  h  a)  +  C<m. 

Xow  since  for  a:  =  0,  a*'  =  90°,  tang.  \  a  =  tang.  22-i°  =  1^  —  1 
i  COS.  ^  a  =  V^,  it  follows  that 

Con.  ^h  VI  [I  {  V'i  -  1)  +  2  V^A],  and 

=  7*  [1  -  V^ .  C05.  ^  a  -  V\  1{V2  +  1)  ^a«^^.  j  a]. 
For  a  =  0  we  have 

C05.  i  a  =  1  and  /  /atw^.  |  a  =  —  00 , 

d  therefore 

a?  =  -f  00  ; 
R  is  consequently  the  asymptote,  which  the  section  A  0  Rof 
e  sur&ce  of  the  water  continually  approaches. 

Hemakk.— If  we  invert  the  formula  (1)  and  put 

\  can  calculate  for  every  value  of  y^  first  a  and  then  by  means  of  (2)  the 
^responding  value  of  ir. 
49 
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The  measurements  nuKle  by  Eagen  to  test  ^lia  tlieoiy,  diow  tL 
agrees  very  well  with  the  results  of  ezperimeiit  Tb^  were  tried  T, 
dead  polished  brass  plate  upon  spring  water,  and  gave  the  foUowTDg  m 


\/  measured  in 
E  calculated. . 


1,87 

0,™ 

0,« 

0,84 

0,84 

0,18 

0,00 

0,81 

0,6! 

0,W 

1,86 

1,57 

0,00 

0,38 

0,64 

0,86 

,88 

1,56 

0,13  0,07jO,MOO: 
1,88  a,Mj  8,13  a.:i 
1,06  8,47  3,01 1^ 


FIO.M8. 


These  values  are  giveu  in  Paris  lines.  .From  A  =  1,87  lioes  wc  cl'- 

late  —  =  0,M  and  the  mimmnm  radius  of  currature  r  =  0,68  lints.  P:^ 

7 
of  boxwood,  slat«,  and  glass  gave  the  same  resulte. 

§  381.    PazaUel    Plates.— The  water  between  two  pk.- 

D  E,  D  E,  Fig.  648,  which  art  pUvxd  near  each  other,  rias  :.■' 

only  ou  the  onteide,  bat  ako  between  t>: 

and  the  croBS-eection  of  its  sor&ce  is  nearJr; 

Bemi-ellipse.     One  aemi-axis  of  the  elli^ 

cro88-Bection  is  the  half  width  C  A  =a.t 

other  semi-axis  G  B  =  bis  equal  to  the  di£: 

ence  .4  J*  —  5  C  =  Aj  —  A,  of  the  maiiic:: 

and  minimiim  elevations  of  the  elliptical  sr- 

fece  ABA  above  the  general  water  tv- 

According  to  the  "  Ingenieur,"  page  ITl,  "i- 

radioB  of  curvature  of  the  ellipse  at  .^  ia 

fi'       (A,  -  A,)*       ,  ,.    .    .  „  . 
:  —  =  i li-  and  that  mB^B 


"        5   "(A.-A,)' 
hence  we  have,  according  to  §  378,  the  elevation  of  the  EU&a  > 
the  water  at  A 

.    _    S_  _        aS 

'''-r.y-(A.-A,)'? 
and,  on  the  contrary,  that  at  B 

k   =-^  =  <^  -  ^)  -^ 
'      nr  a'  y 

Sabtractingthe  latter  equation  from  the  former,  ve  obttia 

y  \(A,-A,)'  ffl*     /' 
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CLce 

1)    J.    _    *,    =    O  |/y-A_^ 


,  finally,  the  ratio 


A, —  A,       a'y        ,    /S 
ni  S  y 

If  £Z  is  very  small^  we  can  put 

At  =  Ai  =  -  .  — 
a  ,  y 

elevcUion  of  the  surface  of  the  water  is  then  inversely  proportional 

he  distance  of  the  plates  from  each  other.  . 

We  have,  however,  more  accurately,    . 

a    y  \         ^    S  /      Ot    y       ^ 
By  inversion  we  obtain 

—  =  a  Ai  +  ■^. 
y  6 

These  formulas  agree  very  weU  with  the  results  of  observation, 

peciaUy  when -7-  does  not  reach  i. 

Ilagen  found,  from  his  experiments  with  two  parallel  plane 
ates  in  spring  water,  as  a  mean 

Ai  =  1,55,  A,  =  2,09,  and  A  =  1,38  Paris  lines, 

id  by  calculation 

a 

—  =  1,04,  A,  =  2,12,  and  A  =  1,44  Paris  lines. 

More  recent  experiments  (see  PoggendorflT's  Annalen,  Vol.  77) 
ive  for 

a  =  0,360 ;  0,5875 ;  0,7575  lines, 

A,=  2,562;  1,429;  1,068  lines,  and 

—  =  0,949;  0,907;  0,917  lines, 
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LE.  as  a  mean  value 

~  =  0,92i3  and  5  =  0,01059  grams. 

(Compare  the  foregoing  paragraph.) 

§  382.  Capillary  TabeB.— We  can  easily  calculate  the  bd^J 
to  which  the  surface  of  water  will  rise  in  narrow  rertical  v^a] 
called  capillary  tubes  (Fr.  tubes  capillairea ;  Ger.  HaarrohtcheD.i.  tr 
atartiug  from  the  formula 

of  g  379  as  a  basis  and  assuming  that  tbe  sr- 
Fm.  649.  f^pQ  ^jijg    jneniscus)  forms  a  Bemi-sphfrai 

°     "*  A  5  J,  Fig.  649,  whose  circular  base  J  J  (i- 

cides  with  the  cross-section  of  the  tube.  If: 
retain  the  notations  of  the  foregoing  paiag;^^ 
LE.  if  wo  put  the  radius  CA  of  thetabe=' 
and  minimum  and  maximum  he^lits  S  i- 
and  A  Fof  the  water  in  the  tube  sboi?  i 
general  level  of  the  water  If  B,  =h,utli- 
we  must  substitute  in 


*1 

tractmg  t 

+  — 1,  ri  =  «  and  r,  = 

-;  ttrna 

,)..a 

the  one 

i^,  and  in 

Sub 
obtain 

'  rj-''    '•    ;<.-« 
*■      r(o  +  (4,-*, 

he  last  eqnation  from 
y  t  +  (4,-*,)' 

preceding  i^n 

1 

■'(        '           1 

a 

-^). 

y  U  (*,-*,)   '   (J, 

-»,)■ 

If  a  is  smallj  we  can  put 
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|-  (A.  -  A.)'  -  ^  (A.  -  A.)'  =  (h 

ice  it  follows  that 

/ia  —  A,  =  a; 

cning  7i,  —  A,  =  a  +  (J  and  putting  (A,  —  hiY  =  a'  +  2  a  (J, 
also  (A,  —  h^y  =  a'  +  3  a'  d,  we  obtain 


(^  -^  ^)  {a^  +  ^a^  ^)  ^\{a^  +  2a6)  = 


a. 


a"  +  (|r  +  -^)  .  3  aM  -  2  cJ  =  0, 
ncc  it  follows  that 


8 


aTTiM^^T^*  ^"^  approximatively,  d  =  -  ^^. 


Hence  we  have 


hi  —  Ai  =  a  — 


ence 


,         2^      1   /        ya'\      2      S       a     ^ 
y        a*  \        4  A7       ay       2 


y  La      a  \        2  o  /J      a      y       2 

7%^  mean  elevation  in  capillary  tubes  is  inversely  proportional 
the  vridth  of  the  tube. 
We  hare  also  for  the  determination  of  ^S^  the  formula 

y  =  1  a  A,  +  ^^-. 

Observations  made  by  Hagen  with  capillary  tubes  in  spring 
iter  gave  the  following  results  : 

idth  of  tube  a,  lines 

levation  A^,  " 

easure  of )  5 

,     .        f  — ,  2rramB 

tension     >  y   *^ 


0,395 

0,386 

0,413 

0,546 

0,647 

0,751 

1 
0,765 

10,08 

8,50 

6,87 

5,17 

4,28 

3,72 

3,50 

1 

1,508 

1,455 

1,458 

1,478 

1,478 

1,512 

1 
1,494 

1 
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Accordiog  to  these  experiments  the  mean  valaes  are 

—  =  1,483  and  S  =  0,0170  grams. 

The  variationa  in  these  values  are  dae  to  fbc  fact  that  ihe  i-t 
fiion  S  of  the  surface  of  the  water  diminishes  with  the  time,  m  • 
much  smaller  in  watfir  that  has  been  boiled,  than  in  fmb.  1- 
can  now  assume  that  the  tension  of  the  water  in  every  strip  1  fc 
Hide  is  iS  =  0,0106  to  0,0170  grams. 

§  383.  The  foregoing  theory  is  also  applicable,  ichen  the  w^  - 
fwl  moistened  iy  the  liquid;  here,  however,  it  is  not  an  eJen^: 
liut  a  ginkififf  of  the  surface  which  takes  place,  and  the  liti^" 
(•oncave  instead  of  convex.  The  vertical  force  P,  which  is  dc  ■ 
the  difforenee  of  level  H  0  and  acts  from  below  upwards,  is  Wat 
by  the  tensions  S  and  S  of  the  surface  ABA,  Fig.  650,  of  ■ 
liquid  in  the  tube.  The  force  of  adhesion  of  the  solid  bodrc^r- 
not,  according  to  the  foregoing  theory,  come  into  play  in  this  ci.- 

Fro.  6S0.  PiQ.  651. 


I 

If  we  make  the  force,  with  which  the  wall  of  the  tube  atrar^ 

to  itself  the  column  of  fluid  B  G,  Fig.  651,  proportional  fo  •!■ 

circumference  of  the  tube,  if,  E.a.,  for  a  cylindrical  tube  we  pni  tlJ 

force  P  =  d  3  IT  c,  in  which  li  denotes  a  coefficient,  we  haro 

IT  a*  h  =  2  fiiT  a, 
and,  therefore,  the  mean  elevation  of  the  water  in  the  tube  ia 

For  tvo  jmrallel plates,  on  the  contrary,  we  h8veP  =  2/<Jiy  | 
J'  =^  iahly,l  denoting  the  undetermined  length  of  the  cote  i 
of  water,  and,  therefore,  ' 

*  =  ?,  ! 

a 
I.E.,  half  as  great  as  in  a  tube,  when  the  distance  2  a  of  the  i&i^ 
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from  each  other  is  equal  to  the  diameter  of  the  tube.    This  agrees 
also  with  the  results  of  the  last  paragraph. 

According  to  Hagen^s  experiments  the  strength  or  tension  of 
the  surface  of  liquid  does  not  depend  upon  its  degree  of  fluidity, 
but  it  increases  in  intensity,  the  more  the  liquid  adheres  to  other 
bodies.  According  to  others,  particularly  Brunner  and  Franken- 
Iieim  (see  Poggendorf  *s  Annalen,  Vols.  70  and  72),  the  height  h,  to 
which  water  rises  in  capillary  tubes,  increases  and  S  consequently 
diminishes,  when  the  temperature  of  the  liquid  is  augmented.  For 
alcohol  S  is  about  one-half  and  for  mercury  about  eight  times  the 
strength  of  the  surface  of  water. 

Remabe — 1)  Hagen  found  by  measuring  and  weighing  drops  of  liquid, 
which  tore  themselves  loose  from  the  base  of  small  cylinders,  about  the 
same  yalues  as  he  did  by  his  observations  upon  capillary  plates.  In  like 
manner  the  experiments  with  adhesion  plates  have  furnished  results,  which 
coincide  very  well  with  the  former,  when  we  assume  that  the  force  neces- 
sary to  tear  the  plate  loose  is  balanced  by  tiie  weight  of  the  cylinder  of 
liquid  raised  and  by  the  tension  upon  the  surface  of  this  cylinder. 

2)  The  number  of  treatises  upon  capillary  attraction  is  so  gi'eat  that  we 
cannot  cite  them  all  here.  The  greatest  mathematicians,  such  as  La  Place, 
Poisson,  €kiuss,  etc.,  have  given  their  attention  to  it.  A  complete  account 
of  the  older  literature  is  to  be  found  in  Frankenheim^s  "  Lehre  von  der  Co- 
hasion."  The  treatise  which  was  specially  used  in  preparing  this  chapter  is 
the  following:  "Ueber  die  Oberflache  der  Flussigkeiten,"  by  Hagen,  a 
memoir  read  in  the  Royal  Academy  of  Science  in  Berlin,  in  1845.  A  new 
physical  theory  of  capillary  attraction,  by  J.  Mille,  is  contained  in  VoL  45 
of  Poggendorff's  Annalen  (1838).  Here  also  belong  Boutigny's  Studies 
of  Bodies  in  a  Spheroidal  Condition* 
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CHAPTER    IV. 

OP  THE  EQUILIBmUM  AND  PRESSURE  OF  THE  AIE. 

g  384.  Tension  of  Gtases. — The  aimospJieric  air,  whicb  s^- 
rounds  ua,  as  well  az  all  other  gases  {Fr.  gaz ;  Ger.  gase)  possess  - 
consequence  of  the  repulsion  between  their  molecules,  a  tendtu  / 
to  expand  into  a  greater  space.  We  can  therefore  obtain  a  lira::-, 
quantity  of  air  only  by  enclosing  it  in  a  perfectly  tight  resseL  Ti 
force  with  which  the  gase3  seek  to  expand  is  called  their  teni.: 
(Fr.  tension ;  Ger.  Spannkraft,  Elasticitat  or  Expanaivkiafl).  J" 
shows  itself  by  the  presaure  exerted  by  the  gas  upon  the  milh  ■  i 
the  vessel  oncloeing  it,  and  differs  fi-om  the  elasticity  of  Bolids  r  , 
liquids  in  this:  it  ia  in  action,  no  matter  what  the  density  of  l' 

gas  may  be,  while  the  expansive  force  of  solids  an'   i 
F1o^^53.      liquids  is  null,  when  they  are  extended  to  a  certain  li-   | 
gree.    The  pressure  or  tension  of  the  air  and  ot^  ■   j 
gases  is  measured  by  baTonwters,  manoiae/ers  and  valv  - 
The  harometer  (Fr,  haromfitre ;  Ger.  Barometer)  ma-    | 
ployed  principally  to  measure  the  pressure  of  the  sin- 
sphere.  The  most  common  kind  ia  the  BO-called  nii(^- 
baromeler,  Fig.  652 ;  it  consists  of  a  glass  tnbf,  d(.i<-    | 
at  one  end  A  and  open  at  the  oflier  B,  whicb,  aft«l>- 
ing  filled  with  mercury,  is  turned  over  and  placed  ro    i 
its  open  end  under  the  mercury  contained  in  thcTi-s!    | 
C  D.    After  the  instrument  has  been  inverted,  lie. 
remains  in  the  tube-  a  column  B  S  of  mercnrF,  wliii-^- 
(see  §  374)  ia  balanced  by  tJie  pressure  of  the  lir  opi'i    | 
the  surface  II  li.    Since  the  space  A  S  above  tbc  ft'- 
umn  of  mercury  is  free  from  air,  the  colamn  has  t 
pressure  upon  it  from  above,  and  the  height  of  it^^    | 
column,  or  rather  that  of  the  mercury  in  the  k©.. 
above  the  level  II R  of  the  mercury  in  the  tcskI  ki 
j;  be  employed  as  a  measure  of  the  pressure  of  (he i:     ^ 

In  order  to  measure  easily  and  correctly  this  he\^'- 
AD  accurately  graduated  scale  is  added,  whicb  on  1> 
moved  along  the  tube  and  which  is  sometimes  provided  villi '    l 
movable  pointer  S. 
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Remark. — It  is  the  province  of  physics  to  gire  more  detailed  descrip- 
tions of  diffeiBnt  barometers,  to  explain  their  use,  etc.  (See  MuUer's  Lehr- 
bach'  der  Physik  und  Meteorologie,  Vol.  I.) 

§  385.  Pressure  of  the  Atmosphere. — By  means  of  11) e 
barometer  it  has  been  found  that  in  places  situated  near  the  level 
of  the  sea,  when  the  atmosphere  is  in  its  average  condition,  tlie 
pressure  of  the  air  is  balanced  by  a  column  of  mercury  at  a  tem- 
perature of  32°  Fahr.,  76  centimetres  long  or  about  28  Paris  inches 
=  29  Prussian  inches  =  29,92  English  inches.  Since  the  specific 
gravity  of  mercury  at  32°  temperature  is  13,6,  it  follows  that  the 
pressure  of  the  air  is  equal  to  the  weight  of  a  column  of  water 
0,76  .  13,6  =  10,336  metres  =  31,73  Paris  feet  =  32,84  Pnissian 
feet  =  33,91  English  feet.  We  often  measure  the  tension  of  the 
air  by  the  pressure  upon  the  unit  of  surface.  Since  a  cubic  centi- 
metre of  mercury  weighs  0,0136  kilograms,  the  atmospheric  pres- 
sure or  the  weight  of  a  column  of  mercury  76  centimetres  high,  the 
base  of  which  is  1  square  centimetre,  is 

p  =  0,0136  .  76  =  1,0336  kilograms. 

But  a  square  inch  is  6,451  square  centimetres,  and  therefore  the 
mean  pressure  of  the  air  is  also  measured  by  1,0336  .  6,451  =  6,678 
kilograms  =  14,701  pounds  upon  a  square  inch  =  2116,9  pounds 
upon  a  square  foot  Assuming  the  exact  height  of  the  barometer 
to  be  28  Paris  inches  =  29  Prussian  inches,  we  obtain  for  tlu* 
pressure  of  the  air  upon  one  square  inch  14,103  Prussian  pounds 
and  upon  the  square  foot  2030  Prussian  pounds. 

The  standard  usually  adopted,  where  the  English  system  of 
measure  is  used,  is  14,7  pounds  upon  the  square  inch,  which  cor- 
responds to  a  column  of  mercury  about  30  (exactly  29,922)  inches 
and  to  a  column  of  water  about  34  (exactly  33,9)  feet  high.  It  is 
very  common  in  mechanics  to  take  the  pressure  of  the  atmospherc 
as  the  unit  and  to  refer  other  tensions  to  it;  they  are  then  given  in 
pressures  of  the  atmosphere,  or  simply  in  atmospheres.  Thus  a 
column  of  mercury  30  .  n  inches  high,  or  a  weight  of  14,7 .  n  Eng- 
lish pounds,  corresponds  to  the  pressure  of  n  atmospheres,  and,  in- 
versely, a  column  of  mercury  h  inches  high  to  a  tension  ^^  = 

0,03333  h  atmospheres  and  the  tension  :r~=  =  0,06803  p  atmo- 
spheres  to  a  pressure  of  ^  pounds  upon  a  square  inch.  Besides  the 
equation  ~  =  ~r  gives  the  formulas  for  reduction 

jiuyiZZ  14,7 

h  =  2,0355  p  inches  and  p  =  0,4913  h  pounds. 
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For  a  tension  of  h  inches  =  p  pounds  the  preesore  upon  » tc- 
&ce  of  F  square  inches  is 

P  =  Fp  -  0,i913  Fh  pounds 
=  Fhy  =  8,0355  Fp  inches. 
EzAKFLE — 1)  If  the  leve)  of  the  water  is  2S0  feet  above  tbepisdccjt 
watcr-presaure  engine,  the  pressure  upon  the  piston  ia 

=  -ij-  =  7,4  atmo^hcrea. 
S|  If  the  air  in  a  blowing-cylinder  has  a  tendon  of  1 ,2  atinDq>berK  Ik 
pressure  upon  erery  square  inch  of  the  same  is 

=  l,a  .  14,7  =  17,S4  poands, 
and  upon  the  piston,  whose  diameter  is  50  inches, 

=  ^-^  .  17,64  =  34036  pounds. 

IT.  60' 
Since  the  atmoqthere  exerts  an  opposite  pressure  — j^~ .  14,7  =  SMS 

lbs,,  the  force  of  the  piston  is 

P  =  84686  —  28B68  =  ST73  potmda. 

g  3S6.  Manometer. — In  order  to  determine  the  tensoG 
gases  or  rapors  wiiich  are  enclosed  in  vessels,  we  employ  imr- 
ments,  which  resemble  barometers  and  are  called '  "■ 
■  Fig.  053.  nomcters  (Fr.  manom^tres;  Qer.  Manometer).  Tt^^ 
instruments  arc  filled  with  mercury  or  water  sdJ  - 
either  open  or  closed ;  in  the  latter  case  the  nppor  it- 
may  be  free  from  air  or  filled  with  it  The  maura- 
tcr  with  a  vacuum  above  the  column  of  mcrcnry^t-- 
represented  in  Pig.  653,  ia  like  the  common  barom-t' 
In  order  to  be  able  to  measure  with  it  the  ienm''- 
the  air  in  a  gasholder,  a  tube  C  E  is  added  toit.'' 
end  of  wliich  C  opens  into  the  gasholder  and  the i'^- ' 
end  E  enters  above  the  level  of  the  mercury  B  ?•  i"" 
the  case  S"  i>  ff  of  the  instrument  The  space  S I ' 
above  the  mercury  is  thus  put  in  communicatioD  r,; 
the  gasholder ;  the  air  existing  in  this  space  asm>- 
the  tension  of  the  air  or  gas  in  the  gasholder  J^- 
presses  a  column  of  mercury  B  3  into  the  tube,  'te- 
balances  the  tension  of  the  air  that  ia  to  be  n»- 
nred. 
•^  The  syphon  manometer  ABC,  Fig.  654,  vbich  i; 

„  -  openat  the  cnd^jgivestheexcese  of  thetenaioDoFii' 

gas  in  a  vessel  above  the  pressure  of  the  ahno^^' 
for  that  tension  is  balanced  by  the  combination  of  the  pressnif  ^^ 
th?  atmosphere  upon  S  and  of  the  column  of  mercury  SS.  If' 


586.]  EQUILIBMDM  AND  PEtESSURB  OP  THE  AIB.  770 

the  height  of  the  barometer  and  A  that  of  the  manometer,  or  the 
stance  li  S  between  the  sar&cea  H  and  S  of  the  quicksilver  in 
.e  two  legs  of  the  manometer,  the  pressure  of  the  air  which  ie  in 
immtuiication  with  the  abort  1^  will  be  expressed  b;  the  height 
■  the  column  of  mercury 

J,  =  J  +  A, 
r  by  the  pressure  upon  a  square  inch 

p  =  0,4913  {h  +  A)  pounds, 
r,  if  b  is  the  mean  height  of  the  barometer, 

P  =  14,7  +  0,4913  h  pounds. 

The  cistern  manometer  A  B  C  D,  Fig.  665,  is  more  common 

ban    the  syphon  manometer.     Since  in  the  former  the  air  acts 

ipon  the  column  of  liquid  through  the  medium  of  a  large  mass 

■f  mercury  or  water,  the  vibrations  of  the  air  are  not  so  quickly 

Fio.  6S4  Flo.  6S5.  Fia.  656. 


communicated  to  the  column  of  liquid,  and  consequently  tlie  meas- 
urement of  the  column,  which  is  less  agitated,  can  be  made  more 
easily  and  more  accurately.  In  order  to  facilitate  the  reading  of 
the  instrument,  a  float,  which  communicates  by  means  of  a  string, 
passing  oTcr  a  pulley,  with  a  pointer,  which  is  movable  along  tiie 
scale,  is  often  placed  on  top  of  the  mercury  iu  the  tube. 

Manometers  con  also  be  used  for  the  purpose  of  measuring  the 
pressure  of  water  and  other  liquids ;  in  this  caso  they  are  colled 
piezometers  (Fr.  piezomotres ;  Oer.  Piezometer), 

By  the  wd  of  a  valve  D  E,  Fig.  656,  the  tension  of  the  gas  or 
steam,  contained  in  a  vessel  M  N,  can  be  determined,  altliough  not 
witli  the  same  accuracy,  by  placing  the  eliding  weight  G  in  such  a  po- 
sition that  it  balances  the  pressure  of  the  steam.  If  C  iS  =  s  is  the 
(iistance  of  the  centre  of  gravity  of  the  lever  from  the  axis  of  rota- 
tion C,  C  A  =  athfi  arm  of  the  lever  of  the  sliding  -weight  and  Q 
the  combined  weight  of  the  valve  and  lever,  we  have  the  statical 
moment,  with  which  the  valve  is  pressed  downwards  by  the  weights, 
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=  Ga  +  Qs; 

now  if  the  pressure  of  the  gas  or  steam  upwards  =  F,  the  pressiL^ 

of  the  atmosphere  downwards  =  P,  and  the  arm  of  the  lever  f  L 

of  the  Talve  =  J,  wc  have  the  statical  moment  with  which  iht 

valve  tends  to  open 

=  (P  -  P,)  J, 

equating  the  two  moments,  we  obtain 

PJ--PiJ  =  G«-f-  Q  s,  and  consequently, 

If  r  denote  the  radius  of  the  valve  D  Byp  ihe  interior  and^-v 
the  exterior  tension,  measured  by  the  pressure  upon  a  square  inci 
we  have  P  =2  n  r*p  and  P,  =  #r  r' je?i,  whence 

.   Ga  +  Qs 

Example — 1)  If  the  height  of  the  mercuiy  in  an  open  manometer  k 

8,5  inches  and  that  of  the  barometer  80  inches,  the  corresponding  teoEion  u 

A  =  &  +  Aj  =  80  +  8,5  =  83,5  inches,  or 

p  =  0,4918  .  A  =  0,4913  .  38,5  =  16,46  pounds. 

2)  If  the  height  of  a  water  manometer  is  21  inches  and  that  of  tb 

barometer  is  29  inches,  the  corresponding  tension  is 

21 
A  =  29  +  -jg-g  =  80,54  inches  =  15,0  pounds. 

8)  If  the  statical  moment  of  a  safety  valve,  when  not  loaded,  is  10  bc> 
poonds,  if  the  arm  of  the  lever  of  the  valve,  measured  from  the  Talret. 
the  axis  of  rotation,  is  &  =  4  inches  and  its  radius  is  r  =  1,5  inches,  tbt 
difference  of  the  pressures  upon  the  valve  is 

150  +  10        160       ,  ^^ 
^-^*  =  .  (1,5)' .  4  =  91;  =  M6  pounds 
If  the  pressure  of  the  atmosphere  were  p^  =  14,6  pounds,  the  tenaon 
of  the  air  under  the  valve  would  be 
p  =  20,26  pounds. 

§  387.  Mariotte's  Law.— The  tension  of  a  gas  increases  tith 
the  condensation ;  the  more  we  compress  a  certain  quantity  of  air. 
the  greater  the  tension  becomes,  and  the  more  we  expand  or  attesc- 
ate  it,  the  less  the  tension  becomes.  The  relation  between  the 
tension  and  the  density  or  volume  of  gases  is  expressed  by  the  iuf 
discovered  by  Mariotte  (or  Boyle)  and  named  after  him-  It  asserts. 
that  the  density  of  one  and  the  same  quantity  of  air  is  proporiiMil^^ 
its  tension^  or,  since  the  spaces  occupied  by  one  and  the  same  mas? 
are  inversely  proportional  to  their  densities,  that  the  volumc^i  af  (><^ 
and  the  same  mass  of  air  are  inversely  proportional  to  their  iciw-i^ 
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If  a  certain  quantity  of  air  is  compressed  into  half  its  original 
volume,  that  is  if  its  density  doubled,  its  tension  becomes  twice  as 
great  as  it  was  in  the  beginning,  and  if,  on  the  contrary,  a  certain 
quantity  of  air  is  expanded  to  three  times  its  original  volume,  its 
density  is  diminished  to  one-third  of  what  it  was,  and  its  original 
tension  is  also  diminished  in  the  same  proportion.  If  the  space 
below  the  piston  U  F  oS  &  cylinder  A  C,  Fig.  657,  is  filled  with 

ordinary  atmospheric  air,  which  in  the  beginning 
acts  with  a  pressure  of  14,7  pounds  upon  each 
square  inch,  it  will  act  with  a  pressure  of  29,4 
pounds,  when  we  move  the  piston  to  Bi  Fi  and 
thus  compress  the  inclosed  air  into  one-half  its 
initial  volume ;  the  pressure  wiU  become  3  .  14,7 
=  44,1  pounds,  when  the  piston  in  passing  to 
Fi  Fi  describes  two-thirds  of  the  entire  height. 
If  the  area  of  the  surface  of  the  piston  is  one 
square  foot,  the  pressure  of  the  atmosphere  against  it  is  =  144 .  14,7 
=  2116,8  pounds ;  hence,  if  we  wish  to  depress  the  piston  one-half 
the  height  of  the  cylinder,  we  must  place  upon  it  a  gradually 
increasing  weight  of  2116,8  pounds,  and  if  we  wish  to  depress  it 
two-thirds  of  the  height  of  the  cylinder,  2 .  2116,8  =  4233,6  pounds 
must  gradually  be  added,  etc. 

We  can  also  prove  Mariott(?8  Law  by  pouring  mercury  into  the 
tube  ffa  H,  which  communicates  with  the  cylindrical  air  vessel 
A  C,  Fig.  658.    If  we  begin  by  cutting  oflf  a  certain  volume  A  C 

of  air,  of  the  same  tension  as  the  exterior  air,  by 
means  of  a  quantity  D  E  F  H  oi  mercury,  and 
'»  if  we  then  compress  it  by  pouring  in  quicksilver, 
until  it  occupies  one-halJF,  one-quarter,  etc.,  of  its 
Gi  original  volume,  we  will  find  that  heights  d  Hi, 
Gi  ZTg,  etc.,  of  the  surface  of  the  mercury  in  the 
tube  are  equal  to  the  height  of  the  barometer  b 
multiplied  by  one,  three,  etc.  Consequently,  if 
we  add  the  height  corresponding  to  the  pressure 
of  the  atmosphere,  we  find  that  the  tension  is 
double,  quadruple,  etc.,  that  of  the  original 
volume. 

Tlie  correctness  of  the  law  of  Mariotte  in  regard  to  expansion 
can  easily  be  proved  by  dipping  a  cylindrical  tube  (of  regular  cali- 
l)re)  A  B,  Fig.  659,  vertically  into  mercury  (water)  and,  after 
properly  closing  the  upper  end  A,  expanding  the  enclosed  volume 
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G\ 
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of  air  A  E  (I)  by  carefully  drswi&g  ap  the  tube  bo  that  tbe  iL' 

shall  occupy  a  volume  Ai  E,  (11).    The  deiuities  of  the  ur  ii 

the  spaces  A  B  and  A,  E,  are  ic- 

'^'  Tersely  proportional  to  the  heift:- 

A  0  and  A,  C„  and  its  tenmoiif  u* 

directly  proportional  to  the  diSr- 

ences  between  the  hei^t  b  of  xi- 

barometer  and  the  heights  CDni 

'  (7i-D,  of  the  columns  iJ£  and/*:  £ 

of  mercary  standing  above  the  IcT.i 

S  Rot  the  mercnry ;  hence,  accotd- 

ing  to  Mariotte's  lav, 

AO  _b-C,D, 
A,C,  ~  h-CD' 
which  can  be  verified  by  obeerring  any  given  immersion  of  tb- 
tube^S. 

If  h  and  A,  or  p  and  p^  are  the  t«n8ioas,  y  and  y,  tbe  ottt;- 
sponding  densities  or  heavinesses,  and  V  and  F,  the  conespondiB: 
volumes  of  the  same  quantity  of  air,  we  have,  according  to  ibt    I 
above  law, 

—  =  ^'  =  T  =      I  or  V  y  =  F|  y,  and  V\Pi  =  y  p,  whence 

y,        V        «i       Pi 

h  '       p  '  "i  P\ 

By  means  of  these  formulas  we  can  reduce  the  density  and  al* 
the  volume  of  the  air  of  one  tension  to  those  of  another. 

Rem  ABU. — It  is  onl7  when  the  prceeures  are  veiy  great  that  Ttriitke 
ftom  the  law  of  Mariotte  are  observed.  According  to  Ifagnault,  wboi  ti- 
Tolnme  V  of  atmoephcric  air  at  ono  meter  preesure  becomes  the  volmc: 
F,,  the  preaanre  ia 

p  =  ^  [l  -  0,0011054  C^-x\  +  0.000019881  (^  -  ^ )' ] ""et*^ 


BO  that  for  ....  -^  =    5 

we  have p  =  4,07944     9,91688     14,88484      19,71898  mftes 


EzAHFLK  1)  If  the  maaometer  of  a  blowing  machine  marks  3  incba 

30  +  3 
and  the  barometer  stAnda  at  BO  inches,  the  density  of  the  blast  u  ^-  = 

sjT-  =  1,1  tunes  as  great  as  that  of  the  exterior  air. 

8)  If  a  cabic  foot  of  air,  when  the  barometer  stands  at  80,03  a/iiis 
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Fia.  660. 


62,435 
^g^3     ili'Q   pounds,  what  is  its  weight  when  the  barometer  stands  at  84 

;faea  ?     Its  weight  is 

6M25     _34_      4M4?  ^  0,09178  pounds 
770    •  80,06      462,77         '  puuuus. 

3)  How  deep  can  a  diving-bell  (Fr.  cloche  ^  plongeur ;  Qer.  Taucher- 
ocke)  A  B  ODj  Fig.  660,  be  immersed  in  water,  when  the  water  is  not  to 

rise  in  it  above  a  certain  height  OH  =  y.  In  the 
beginning  the  bell  with  its  opening  O  D  stands 
above  the  level  of  the  water  JT*  i^  so  that  the 
whole  space  F  is  filled  with  air  at  a  pressure 
equal  to  that  of  a  column  of  water,  whose  height 
is  =  &.  If  afterwards  the  bell  sinks  to  a 
depth  0  C  ^  z  and  a  volume  W  of  water  is 
thus  introduced  into  it,  the  volume  of  the  in- 
closed air,  when  none  is  pressed. back  through 
the  hose,  becomes  F  —  TTand  the  height  of  the 
water  "barometer  becomes  &  +  a?  —  y ;  hence 

5  +  iB  —  y  _       F 


whence  we  obtain 


Fft 


V—W 


F-  TT 


y  + 


Wl 


IF 


If  the  mean  cross-section  of  the  lower  part  of  the  bell  =  F^  we  can  put 

W ^  Fy  and  therefore 

Fl 


If  the  height  of  barometer  =  34  feet  of  water,  the  volume  of  the  bell  V=^ 
100  cubic  feet,  the  mean  cross-section  of  the  lower  half  J^  =  20  square 
'eet,  and  the  height,  to  which  the  water  is  to  be  admitted,  is  y  =  3  feet,  the 
rolume  of  this  water  is  Tr=  JPy  =  20  .  3  =60  cubic  feet ;  hence  that  of 

Jie  confined  air  is  F  —  TT  =  40  cubic  feet,  and  its  density  is  =  ^  =  2J 

times  that  of  the  exterior  air,  and  the  corresponding  depth  of  immersion  is 

60    84 
«  =  8  +  ^^^j^  =  3  +  61  =  64  feet. 
40 

§  388.  Work  Done  by  Compressed  Air. — The  energy  stored 
hj  a  given  quantity  of  air  when  it  is  compressed  to  a  certain  degree^ 
as  well  as  that  restored  by  it  when  it  expands  again,  can  not  be  de- 
termined at  once ;  for  the  tension  varies  at  every  moment  of  the 
expansion  or  compression.  We  must  therefore  seek  out  a  particular 
formula  for  the  calculation  of  this  quantity.  Let  us  imagine  a 
certain  quantity  of  air  ,4  i^  to  be  shut  off  in  a  cylinder  A  C,  Fig. 
661,  by  a  piston  E  F,  and  let  us  calculate  what  mechanical  effect  is 
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necessary  to  move  the  piston  a  certain  distance  E  E,  =  P  F,  L' 
the  initial  tension  =  p  and  the  initial  height  of  the  space  in  tL 
cylinder  A  E  =  s,  and  if,  on  the  contrary,  the  tension  after  ti. 
flpace  E  E,  haa  been  described  =  p,  and  the  hti^; 
Fig.  661.  ^^  ^  ^f  tjjg  remaining  volume  of  air  =  «,,  we  br 
"  C      the  proportion 

'■  '  p,  ip  =  s:  Ss,  whence  J),  =  —p. 

While  the  piston  describes  a  veiy  small  ponii 
P  E,  Ei  =  aot  the  space,  the  tenBion  /i,  can  be  r- 
I'l     garded  as  constant,  and  the  work  done  is  =  fp,  e  = 


According  to  the  theory  of  logarithms,*  a  very  email  qoacc;; 
x  =  i(l  +  x)  =  3,3036  log.  (1  +  x), 
;  denoting  the  Naperian  and  log.  the  common  logaritlim;  conj^ 
quently  we  can  put 

Fp8-^=Fpsl[l  +-^) 

=  2,dOZ6Fpslog.(l  +  ~\ 
But  now 

;(l  +  -1)  =  1^-^}  =  i(s.  +  o)  -i.,; 
hence  the  elementary  work  done  is 

Fps^  =  Fps{l(^i  +  <t)  -  Is,]. 

Let  us  imagine  the  whole  space  .ff  £"1  to  be  composed  of  s  jari;. 
such  as  a,  i.e.,  let  us  put  E  E  =  n  a,  -we  will  then  find  therM 
corresponding  to  all  these  parta  by  substituting  in  the  last  (owaL 
snccessiTCly,  instead  of  s„  the  values  Bj  +  ff,  s,  +  2  »7, «,  +  3  ^ .  ■ 
up  to  Si  +  (m  —  1)  a,  and  instead  of  »,  +  o,  the  values  t,  +  ■■• 
«,  +  3  (T,  etc.,  up  to  s,  +  n  a  or  s,  and  if  we  add  the  values  de- 
duced, wo  will  obtaia  the  whole  work  done  while  the  space )  -  ■ 
is  described 

*  According  to  the  series  «•=  1  +«  +  ^—^  +  j— 5^  + ■  ■■'"**'^ 
and  also  the  Introduction  to  the  Calculus,  Art.  16)  for  a  reiy  mmU  ', « 
have  C  =  I  +  a,  and  therefore 

i{H-a)=*. 
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A^  Fps 


^  (^i  +  <y)  —  ?  Si 

I  («i  +  2  (7)  -  Z  («,  +  a) 

?  («i  +  3  <y)  —  Z  («,  +  2  a) 


l{8x  +  no)  ^  I  [si  +  (n  —  1)  a] 
=  Fp  «  [^^1  +  w  a)  —  i  5j] 

for  the  first  term  in  each  line  is  cancelled  by  the  second  term  in 
the  next 

Since  —  =  — ^  =  ^,  we  can  put  the  work  done 
«i        A        jt?  ^ 

If  we  make  the  space  described  by  the  piston  «  —  «i  =  a^  we 
find  for  the  mean  yalue  of  the  pressure  on  the  piston^  when  the  air 
is  compressed  in  the  ratio 

h  '^  p' 

X  -^  X    \pf 

Putting  ^  =  1  (square  foot)  and  5  =  1  (foot),  we  obtain  the 
following  formula  for  the  work  done 

This  formula  giyes  the  mechanical  effect  necessary  to  transform- 
a  unit  of  volume  (1  cubic  foot)  of  air  from  a  lower  pressure  or  ten- 
sion !>  to  a  higher  one  p^y  and  in  so  doing  to  compress  the  air  into 

a  volume  of  (—1  cubic  feet    On  the  contrary, 

jl=_p.z(|!)  =  2,3026i»,%.(|i) 

expresses  the  work  done  by  the  unit  of  volume  of  a  gas  which  passes 
from  a  greater  tension  ^i  to  a  lesser  one  j). 

'      In  order  to  compress  a  quantity  of  air,  whose  volume  is  Fand 

y 
whose  tension  is  jt?,  into  a  volume  Vi  of  the  tension  je?i  z=  '=^  p,  the 

work  to  be  done  is  Vp  I  (-^  I,  and  if,  on  the  contrary,  the  volume: 

50 
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Vi  of  the  tension  pi  becomes  a  Yolnme  F,  whoae  tenaon  is  jj  = 
—r  p^  the  energy  restored  is 

Remabk. — The  mechanical  effect  necessary  to  piodnoe  moderate  <if- 
ferences  of  tension  (p^  —  jp),  or  small  changes  of  volome  (Fj  —  F)  ce  It 
expressed  more  simply  by  the  formula 

or  more  accurately  by  the  aid  of  Simpson's  rule,  when  f  denotes  iiep» 
ure  at  the  middle  of  the  path  — ^  of  the  piston,  by  the  fomnda 

^=F(.-i)(s±ii±ay 


But  now 

Z  8  2  8  2  2p^ 


p      i  («  +  O      «  +  «i      X  +  S^     /  +^^1' 

Pi 

whence  it  follows  that 

ExAJO^LB— 1)  If  a  blowing  machine  changes  per  second  1$  csfak  fe 
of  air,  at  a  pressure  of  28  inches,  into  a  blast  at  a  pxessoBS  of  SO  inift 
the  work  to  be  done  in  every  second  is 

A  =  17280  .  0,4918  .28. 1  (^  =  887711  .  (215  -  n«) 

=  237711  .  (2,708050  -  2,689057)  =  287711  .  0,0689W 
=  16400,4  inch-pounds  =  1866,7  footrpounds. 
The  approximate  formula,  giyen  in  the  remark,  gives  for  this  woik 

(30       8    2       2R\ 
28  +  "5§-  "■  35)  =  ^^^  '  ^'^^^ 
=  16396,9  inch-pounds  =  1866,4  foot-pounds. 
2)  If  under  the  piston  of  a  steam-engine,  whose  area  is  J^  =  ?  •  ^  = 
201  square  inches,  there  is  a  quantity  of  steam  15  inches  high  and  atits- 
Bion  of  8  atmospheres,  and  if  this  steam,  in  expanding,  moves  the  pis^ 
forward  25  inches,  the  energy  restored  and  transmitted  to  the  piatonis.^* 
we  assume  Mariotte's  law  to  be  true  for  the  expansion  of  steam, 

^  =  201 .  3  .  14,70  .  15  I  P^^  =  182961,5  if 

-  132961,5 . 0,98088  =  180418  inch-ibe.  =  10806  fiwt4b&. 
and  the  mean  force  upon  the  piston  is,  when  we  n^lect  the  firlctko 
the  opposing  pressure, 
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„       180418        ' 

P  =  — ^= —  =  6217  pounds. 

§  389.  Pr^ssiire  in  the  IMflfaront  Layers  of  Air.— The  air 
encloBed  in  a  yessel  has  a  differeBt  dezisitj  and  tensian  at  different 
depths;  for  ihe  npper  layers  compress  those  below  them,  npon 
which  they  rest ;  the  density  and  tension  are  the  same  in  the  same 
horizontal  layer  only,  and  both  increase  with  the  depth.  In  order 
to  find  the  law  of  this  increase  of  the  density  from  above  down- 
wards, or  of  the  decrease  from  below  npwards,  we  make  use  of  a 
method  similar  to  that  employed  in  the  foregoing  paragraph. 

Let  lis  imagine  a  vertical  column  A  E,  Pig.  662,  whose  cross- 
section  A  B  ^1  and  whose  height  A  F  ^  s.  Putting  the  heavi- 
ness of  the  lowest  layer  =  y  and  its  tension  =  jp,  and 

Fig.  663.      ^j^^  heaviness  of  the  uj^r  layer  ^  ij  =  y,  and  its 

tensian^i»„wehave-^  =  A 

y      p 

H  <T  denotes  the  height  E  Ex  of  the  layer  Ex  F^  its 
weight,  which  is  the  decrease  of  the  tension  corre- 
sponding to  (T,  is 

1  <^yp\ 

V  =  1 .  (J .  y,  =  — ^, 

P 
hence  by  inversion  we  obtain 

p      V 

r    Pi 
or,  as  in  the  foregoing  paragraph. 

If  we  substitute  in  it  for  ;?,succes8ivdyjE?,  +  v,^i  +  2v,;?i  +  3v, 
etc.,  up  to  /?  =  ;?i  +  («  —  1)  V  and  add  the  corresponding  heights 
of  the  layers  of  air  or  values  of  a,  we  obtain,  exactly  as  in  the  fore- 
going paragraph,  the  height  of  the  entire  column  of  air 

or  also 

when  i  and  ii  denote  the  tensions  and  p  and^i  the  corresponding 
heights  of  the  barometer  in  A  and  F. 

Inversely,  if  the  height  8  is  given,  the  corresponding  tension 
and  density  of  the  air  can  be  calculated.    We  have 

n         y        '  P  P 

-^  =  -^  =  e    ,orr,  =ye      , 
Pi       Ti 
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in  which  e  =  8,71828  denotefl  the  baoe  of  the  Napeim  BjBtam; 
logarithms. 

Kguake.— This  formula  is  employed  for  the  meaanremcnt  rf  l^ta 
hy  meana  of  the  barometer,  a  anbject  which  is  treated  in  the  ^lugami' 
page  278.    If  wo  neglect  the  temperature,  etc.,  we  cao  write  u  a  uku*^ 

(  =  80846^3.  (J^)feet 

EXAKPLE  1)  If  we  have  found  the  hdght  of  tlie  barometer  it  ibe  vc: 
of  a  mountain  to  be  389  and  at  tlie  top  SIS  lines,  the  bugfat  of  tlu  Kn> 
tain  given  bj  these  obserratioDa  is 

t  =  6034a  los.  (Ht)  =  60846  .  0,081889  =  1S24  feeL 
3)  For  tlie  deneit?  of  the  tur  at  the  top  of  a  moantain  10000  fot  )Bd 
we  have 

log-—^  HiH  =  0,165711,  whence  -^  =  1,468  and  ^  =  y^=».**: 
its  denMty  is  therefore  HB}  per  cent,  of  that  of  the  air  at  its  fiiot 

§  390.  Stereometer  and  Tolmneter.— Mariotte's  bo  ki- 
a  practical  application  in  the  determination  of  the  Tolnmes  of  pci- 
Terent  and  fibrons  bodies,  etc,  by  means  of  the  so-called  BtcTeotnc'; 
and  Tolumeter. 

1)  Say's  Stereometer.— U  the  glass  tnhe  OD,  which  is  immfrw 

in  mercnrj  SDR  and  at  the  same  time  is  in  commnnicstion  it: 

the  closed  vessel  A  B,  Kg.  663, 1  i 

Fio.  863.  raised  up  witboat  being  drawn  enrinf' 

'  ^  out  of  the  mercnry  (11),  then,  in  imk- 

qnence  of  the  expansiou  of  the  enclov' 

air,acolumti  C^ofaireDteninto6: 

tube  and  a  column  of  meicniy  i>f  ("^ 

remain  behind  in  the  tube,  bv  the  u: 

of  which  the  dimiulBfaed  tensitm  ot  i^ 

enclosed  air  balances  the  prcgBoie  of  tbe 

atmosphere. 

Now  if  F,  is  the  volume  of  the  q«E 

A  B  C,Vi  the  re^jnired  volnmerfth? 

body  K,  which  is  placed  in  it  f"  tt- 

volume  of  the  column  of  air  C  ^,  J  tfe 

height  of  the  barometer  and  h  thif  of 

the  column  of  mercury  DS,ve  W- 

flccording  to  Mariott^'s  law,  since  the  eame  quantity  of  air  occupis 

the  volume  F,  —  V„  when  the  tension  is  5,  and  the  voknR  T,  - 

V,  +   V,  when  the  tension  is  S  —  A, 
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K-v^ 


b-h 


v.-  ¥:+  V         b 
hence  the  required  volume  of  the  body  is 

".  =  ^-  -  (^) 


F. 


Fia  664 


If  we  know  the  volume  F,,  and  if,  when  making  the  experi- 
ment, we  draw  the  tube  so  far  out  of  the  water  that  thfe  length  and 
consequently  the  Tolume  Fof  the  column  of  air  in  the  tube  CD 
becomes  a  certain  definite  one,  and  if  we  observe  also  the  height  t 
of  the  barometer  and  that  h  of  the  column  of  mercury  D  Ey  we  can 
calculate  by  means  of  this  formula  the  volume  F,  of  the  body  K, 

2)  RegnauWa  Volumeter. — K  the  space  A  B  CD^  Pig.  664,  which 
is  filled  with  atmospheric  air  and  which  contains  also  the  body  JT, 

whose  volume  Fi  is  to  be  determined,  is  shut  off 
by  the  cock  O  from  the  exterior  air,  and  if,  by 
opening  the  cock  Ey  we  let  out  so  much  mercuiy 
from  the  tube  D  E  that  its  level  descends  from 
M  to  Ny  ^Q  can  again  employ  (according  to 
Mariotte's  law)  the  above  formula 

V,-V^      _b  —  h 

in  which  we  denote  the  volume  of  the  space 
A  B  C Dhj  F„  that  of  the  mercury  drawn  off 
by  F  and  the  height  M  Noi  the  same  by  A.  It 
follows,  exactly  as  in  the  above  case,  that  the 
volume  of  the  body  in  ^  is 


') 


V. 


In  order  to  fill  the  tube  D  E  with  mercury 
again  for  the  purpose  of  making  a  new  measure- 
ment, we  put  that  tube  D  E  in  communication 
with  the  reservoir  of  mercury  6^  iZ^  by  turning 
the  cock  E. 

3)  Kopp^a  Volumeter. — The  pressure  of  the 
air  enclosed  in  the  space  A  B  C  Dy  Pig.  665,  is 
the  same  as  that  of  the  exterior  air,  when  the 
surfiEice  of  the  mercury  D  G  touches  the  lower 
opening  D  of  the  manometer  D  E.  If  by  means 
of  a  piston  P  we  press  the  mercury  into  D  G, 
until  it  rises  to  a  certain  height  and  its  surfjEUse  reaches  the  point 
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3,  the  CDcloBed  air  will  be  compressed  and  the  mercury  wiD  ris  i 
Dertain  distance  k  in  the  maDometer,  which  distance  c&n  be  read  cI 
upon  the  scale.  If  again  V,  is  the  volume  A  B  (7  i)  of  tbe  lii, 
K,  the_  required  volume  of  the  bodj  placed  in  it  and  F  the  tcIhq: 
of  the  mercnry,  which  has  been  preseed  into  the  air-vesael,  ve  Wt 
in  this  case 

y^-Vx       _  ft  +  A 
r,  -  F,  -  F  ~      J    ' 
and,  therefore,  the  required  volnme  of  the  body 

The  constant  volnmes  F,  and  F,  are  determined  for  eadi  [r- 
ticular  instmmeut  by  filling  them  with  mcrcniy  and  weigbiiif  tx 
quantity  which  they  hold. 

§  391.   Air  Pomp.— (Ft.  machine  pnenmatiqae ;  Ger.  Ld:- 
pnmpe.)    If  we  nuse  the  pibton  K,  Fig.  666,  of  an  air  pnmp  fir. 
the  stop-cock  is  in  the  position  (I)&k 
Fill.  06a.  pjjgjj  j^  ^Q-^tra.  when  the  BtopnxxJc  is  ii 

position  (II),  it  acts  as  on  eAaaxHi^ ' 
Torefying  pump  ;  if,  on  the  coutrvy.* 
raise  the  pifiton  when  the  stop-cock  ti 
position  (H)  and  depress  it  when  iti^r 
position  (I),  it  acta  as  a  compremni  '■' 
condenting  pump.  In  the  first  ewe  i 
air  in  the  receiver  A  is  more  and  my 
rarefied  by  the  reciprocating  motiofi  of  4 
piston  Jl  in  the  cylinder  CD,  aid  a i- 
latter  case  it  is  rendered  more  and  laiR 
dense. 

1)  The  Exhaust  Pwmp.— If  P  is  tt^ 
volnme  of  the  receiver,  measured  to  tL 
cock  H,  F,  the  clearance  between  ffw- 
the  lowest  position  of  the  piston,  and  C  the  volnme  described  bi 
the  piston  .^,  which  is  also  measured  by  the  product  i*!  of  li» 
aurfaoB  Foi  the  piston  and  the  space  s  described  by  it,  the  pream 
b  of  the  air  originally  contained  in  the  receiver  becomes,  acosdiu 
to  Mariotte's  Uw,  at  the  end  of  a  single  stroke  of  the  piston 

Since  upon  the  return  of  the  piston  the  cleoranoe  remaine  ^ 
with  air  at  the  pressure  of  the  exterior  air  b,  if  ttie  presBwe  of  th 
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air  in  the  receirer  at  tlie  end  of  the  second  stroke  is  denoted  by  b^, 

we  will  have 

(F+  F,  +  (7)  J,  =  FJ,  +Fj» 

^«- Vf+F, +  C7  ''■^(F+Fj  +  C7)'  "^  V-hV.  +  C 

In  like  manner  for  the  tension  bz  at  the  end  of  the  third  stroke 

we  find 

(V-hV^^  C)  J,  =  FJ,  +  F,  5, and  therefore 

^•""VF+  V.-^cl  ^"^  (F+F,  +  60"'*'(F+  F,  +  Cy 

■*■  F+F1+  (7  "^  (f+  F»  +  C7  *  +  L(f+  F,+  t7/ 
F n        V,b 

+  F+F^+C^"*"     Jf+F,+C^ 
and  from  the  foregoing  we  see  that  the  pressure  h^  after  n  strokes, 
will  be 

+  l(r+Fi+C7    ■*"  \v  +  v,+c)    +---  +  iJr+F,  +  c- 

F  F 

If  we  denote  ^     1/^7-7^  ^7  P  ^^^  ^       '      ^  by  g,  we  will  have 

6„  =j0-6  +  (1  +jE?  4-jE>'  +  ...  +ir-')y6, 

or,  since  the  .sum  of  the  geometrical  series  in  the  parenthesis  is 

=  -- — r-  —  ^j — ^--  (see  Ingeniear,  page  82),  the  required  jimd 

tension  is  simply 

1  -^ 

For  w  r=  00 ,  ^*  becomes  =  0,  and  consequently  the  smallest  possi- 
ble tension  is 

" ""  1  -i?  ~  c  +  v; 

%)  The  Condensing  Pump,  It  we  adopt  the  same  notations  as 
for  the  exhaust  pump,  we  have  here  for  the  tension  of  the  air  at 
the  end  of  the  first  single  stroke 

(F  +  F,)  Ji  =  (F  +  F,  +  C)  J,  whence  b^  =  (I^±-El+^)  J; 
and  for  that  bt  at  the  end  of  the  second  stroke 


'-^M^']^- 
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{V+  r,)  J,  =  F  J,  +  (F,  +  C)  J,  whenoe 
_  (F+  V,  +  C)Vb   ,    F,  +  C 
'"         (F+  F,)'  F+  F. " 

In  like  manner  the  tension  at  the  end  of  the  third  stroke  l< 
found  to  be 

(F  +  F,)  i,  =  F&,  +  ( F,  +  C)  *,  and  therefore 

".  =  {y^J » + [( rfrA  r^  *  ■]  ftI  ^ 

or  patting 

___  =  ^,  and  ■^^^— ^  =  jr, 

*.  =  CK  +  (1  +Pi  +p')  qi]  *• 

In  general,  yre  have  for  the  tension  at  the  end  of  Hie  nfh  stiokc 
of  the  piston 

J»  =  [Pi"  +  (1  +  ;^i  +  i?i*  +  . . .  +  i>i*~')  ?i]  J,  or,  since 

For  «  =  00  ,^i"  =  0  and 

This  is  of  course  the  greatest  tension  that  can  be  prodnoed  bj 
this  condensing  pump. 

If  the  clearance  F,  were  =  0,  we  would  have  for  the  exhaor. 
pump  y  =  0,  whence 

1-K 

and,  on  the  contrary,  for  the  condensing  pump/?,  =  1  and  r-^ 
=  n,  and  consequently 

J.  =  (1  +  n  yO  *  =  (l  +  »  y)  «• 

Example. — If  the  yolume  of  the  receiver  of  an  air  pump  is  F  =  10^^ 
cubic  inches  and  the  clearance  is  10  cubic  inches,  while  the  yolume  of  tbe 
cylinder  is  300  cubic  inches,  the  tension  of  the  air  after  20  strokes  is 

1)  when  rarifying,  since 

1000      ^  „^^^^      , 
P  ==  J3J5  =  0,76836  and 

.  ^  =  15I0  =  iSI  =  ^'^^^^^^' 
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X        T  /'/.  ,*«oo/.,«       1  —  0,76886**     ^  ^«„«««„\  , 

*•  =  ^8  0  =  (^0,76336»«  +    1  _  0,76336"  '  ^>^^7^33^j  ^ 

=±  (0,0045143  +  0,0321126)  &  =  0,076269  J> ; 
on  the  contrary, 

2)  when  condensing,  in  which  case 

^*  =  1515  =  ^'^^^^^  ^^ 

810 
3^1=1010==  ^'^^^^^' 

0,9901"  +    ^  _  '^^^^^  .  0,30698j  6 

§  392.  Gkiy-Ltissac's  Law.— The  heat  or  temperature  of 
gases  has  an  important  influence  upon  their  density  and  tension. 
The  more  the  air  enclosed  in  a  vessel  is  warmed,  the  greater  its 
tension  becomes,  and  the  more  the  temperature  of  a  gas,  contained 
in  a  yessel  closed  by  a  piston,  is  raised,  the  more  it  will  expand  and 
drive  the  piston  before  it  Oay-Lussa^da  experiments,  repeated 
more  recently  by  Eudberg,  Magnus  and  Segnault,  have  shown  that 
for  the  same  density  the  tensions,  and  for  the  same  tensions  the 
Tolume,  of  one  and  the  same  quantity  of  air  increases  with  the 
temperature.  We  can  place  this  law  by  the  side  of  that  of  Mariotte 
and  call  it  Oay-Luasads  Law.  According  to  the  latest  researches 
the  increase  of  the  tension  of  a  given  volume  of  air,  when  heated 
from  the  freezing  to  che  boiling  point  of  water,  is  0,367  times  the 
original  tension,  or  if  its  temperature  is  raised  that  much,  the  vol- 
ume of  a  given  quantity  of  air  is  increased  36,7  per  cent,  when  the 
tension  remains  constant  K  the  temperature  is  given  by  the  cen- 
tigrade thermometer,  in  which  the  distance  between  the  freezing 
and  boiling  points  of  water  is  divided  into  100  degrees,  the  expan- 
sion for  each  degree  is  =  0,00367,  and  for  tl^e  temperature  f  it  is 
=  0,00367  f,  or  if,  on  the  contrary,  we  use  Eeaumur's  division  of 
the  same  space  into  80  degrees,  we  have  the  expansion  for  each  de- 
gree =  0,00459,  or  for  a  temperature  of  t%  =  0,00459  t. 

In  England  and  America  the  Fahrenheit  thermometer  is  gene- 
rally used,  in  which  the  boiling  point  is  212'  and  the  freezing 
point  is  32" ;  hence  the  increase  for  each  degree  is  =  0,00204,  and 
for  f  it  is  0,00204  {t  -  32). 

This  ratio  or  coefficient  of  expansion  6  =  0,00367  or  =  0,00204 
is  strictly  correct  for  atmospheric  air  alone;  its  value  for  other 
gases  is  generally  smaller,  and  it  varies  slightly  with  the  tempera- 
ture for  atmospheric  air. 
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If  a  mass  of  air^  originally  of  the  volume  F«,  is  wanned  &ce 
the  freezing  point  to  t  degrees  without  changing  its  tenaoo,  m 
volume  becomes 

F  =  (1  +  0,00367  ()  F«  =  [1  4-  0,00204  (i  -  32*)]  V^ 
and  if  it  reaches  the  temperature  ti,  the  volume  becomes 

F;  =  (1  +  0,00367  /,)  Fo  =  [1  -f  0,00204  (^,  -  3r)]  F.; 
hence  the  ratio  of  the  volumes  is 

V  _  (1  +  0,00367  0  _  1  4-  0,00204  (^  -32*), 
T^  *~  (1  +  0,00367  A)  ""  1  +  0,00204  {(,  -  32')*^ 
on  the  contrary,  the  ratio  of  the  densities  or  heavinesses  is 
'  ^^Vi_  1  +  0,00367  /i  _  1  +  0,00204  (/,  -  32^) 
7,  "*   F       1  H-  0,00367 1        1  +  0,00204  (/  -  32*j' 
or  generally 

X  -  Z'  =  ^-^^^t  _  1  +  <^  (^  ~  32') 

When  a  change  in  the  tension  also  occurs,  if  p«  is  the  iensm  : 
the  freezing  point,  p  that  at  the  temperature  t  and  pi  that  at  /» n 
have 

F=  (1  +  0,00367/)  ^V^ 

f;  =  (1  +  0,00367  /,)  ^"  f; 

F  __  1  +  0,00367  t    pi       , 
F,  "1  +  0,00367 ///>'^^ 
y       1  +  0,00367  ^i     « 
7,  ""  1  +  0,00367 1  •  i>/ 

y  _  1  -f  0,00367  /,     h  ,, 

"^""1  +  0,00367/  --^^,88  well  as 

J?  _  »  _  1  +  0,00367  t     r 

^j  ~  Ji  ""  1  +  0,00367  ti '  r," 
When  Y  is  given  in  degrees  of  Fahrenheifa  thermometer,  vemag 
substitute  in  the  latter  formulas  for  0,00367  t,  0,00204  (/  -  32') 

Example.— If  800  cubic  feet  of  air,  at  a  tension  of  15  pomids  c^ 
at  a  temperature  of  50^  Fahrenheit,  are  brought,  by  means  of  the  blov- 
ing engine  and  warming  apparatus  of  an  iron  fumace,  to  a  tempentar 
of  892°  and  to  a  tension  of  19  lbs,  its  volume  will  be 
^^       14-0,00204.(893-82)    ,,    ^^^       1,784     12000      ^^^^     ^^ 

^- n:too2047(6o:^ 

Bbuabx.— The  formula 

X  -  Tl  -  ^  -^^h  _  1  +  d  (<t  —  82) 
Xi  "  V  ■"  1  +  6%^  1  4.  d  («  —  82) 
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can  be  employed  for  solids  and  for  some  liquids;  but  for  every  solid  we 
must  substitute  a  different  coefficient  of  expansion,  e.g., 

Centigrade.  Fahrenheit. 

for  cast  iron,  6  =  0,0000886  =  0,0000187, 
for  glass,  6  =  0,0000258  =  0,0000148, 
for  mercury,  6  =  0,0001802  =  0,0001001. 

§  393.  Heaviness  of  the  Air.— By  the  aid  of  the  formula 
at  the  end  of  the  last  paragraph^  we  can  calculate  the  heaviness  y 
of  the  air  for  a  given  temperature  and  tension.  Begnault^  by  his 
recent  weighings  and  measurements^  found  the  weight  of  a  cubic 
meter  of  atmospheric  air,  at  the  temperature  0®  of  the  centigrade 
thermometer  and  at  a  tension  corresponding  to  height  of  0,76 
meters  of  the  barometer,  to  be  =  1,2935  kilograms.  Since  a  cubic 
foot  (English)  =  0,02832  cubic  meters  and  1  kilogram  =  2,20460 
poimds  English,  the  heaviness  of  air  under  the  given  conditions  is 

=  2,20460  .  0,02832  . 1,2935  =  0,08076  pounds  English. 
If  tlie  temperature  is  =  t°  centigrade,  we  have  for  the  French 
measure  1,2935        . ., 

y  =  1  +  0,00367  t  '^og^^> 
and  for  the  English  system  of  measures  and  Fahrenheit's  ther- 
mometer  0^8076 

^  "  1  +  0^204  (^  -  32')' 
If  the  tension  differs  from  the  mean  tension,  or  if  the  height  of  the 
liarometer  is  not  0,76  meters^  btit  b,  we  have 

_        1,2935  b     _      1^702 .  b      , ., 

^  "  i  +  0,00367  r  0,76  ""  1  +  0,00367  t  ^^^8^°^^> 
or,  since  in  England  and  America  the  height  of  the  barometer  is 
generally  given  in  inches,  and  since  0,76  meters  =  29,92  Enghsh 

inches, 

0,08076  b     _  0,002699  b  ,. 

'^  '~"  i  +  0,00204  (1^  -  32")  •  29,92       1  +  0,00204  (t  -  32*) 

Very  often  we  express  the  tension  by  the  pressure  p  upon  the 

square  centimeter  or  inch,  and  then  we  must  introduce  the  factor 

06a  ^^  i^'  ^y  doing  which  we  obtain 


1,0336       14,7 

_        1,2935  p       _       1,2514  p     ,., 

^  ™  1  +  0,00367  r  i:0336  "  1  +  0,00367  t  ^^^g^°«>  ^^ 

_  0,08076  p    _         0,005494  p 

^  ""  1  +  0,00204  {t  -  32) '  14,7  ""  1  +  0,00204  (t  -  32) 
For  the  same  temperature  and  tension,  the  density  of  steam  is 
about  g  of  that  of  atmospheric  air;  hence  for  steam  we  have 
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0,8084  !>  0,7821  »       , ., 

^  =  rvoioo-SGu  •  Tms  =  rTo;6o36n  •^'«™^  ^ 

-  ___  3^50475 p     _    0,003434  ;>  ^ 

^~  1  +  0,00204'(^  -  32)  ■  14,7  ~"  i+0,O0aO4(i-3aj  **■""" 
£xAifFi.E~l)  What  is  tlie  weiglit  of  the  air  contaiced  in  i  cs'\io.: 
regulator  40  f!?et  loog  and  6  Tect  wide,  fftacn  it  is  at  «  temperaioK  of  : 
and  its  tendon  is  13  poaods  1    The  heaviQese  of  this  air  is 
0,005494  .  19      0,086682 

^  =  —xM^i-  =  -ijoMT  =  "'""'^^  P^""^ 

and  the  capacity  of  the  reBerroir  ia 

r  =  ff .  8" .  40  =  llSl  cnWc  f«et; 
hence  the  air  enclosed  in  it  weighs 

Vy  =  0,09539  .  1181  =  107,9  pounds. 
9)  A  Et«am-engine  uses  per  minnte  SOO  cubic  feet  of  EteamitaUape'' 
anire  of  234,6°  F.  and  at  «  tension  of  89  inches  =  0,4918 .  8S  =  It.!' 
pounds ;  how  mach  water  is  needed  to  produce  this  steam  ?    TIk  ba:! 
ness  of  tbe  steam  is 

0,008484 .  10,161        0,06580       „  „,_„, 
=  1  +  0,00204  ■  192,8  =  ^MT  =  ^'""^  P"*^'  , 

bence  the  waght  of  SOO  cubic  feet  of  steam  is  ' 

Fr  =  SOO  .  0,04724  =  S8,«2  pounds. 
g  394.  Air  Manometer, — From  Uie  Teenlte  obtained  in  it- 
Pjq_  ^ffj  last  paragraphe,  the  theory  of  the  atr  or  cUaid  wo"*-  j 
eter  can  be  deduced.  It  is  composed  of  a  baromc^^r 
tube  A  S,  Fig.  667,  of  regular  calibre,  the  nppetpr 
of  which  is  filled  with  air  and  the  lower  part  viz 
mercury,  and  of  a  cistern  0  E  R,  which  also  contiii-  ' 
mercory  and  is  pat  in  commonication  with  the  gifi* 
T^por.  From  the  heights  of  the  columns  of  w  vt: 
mercury  iuAB,  the  tension  can  be  calculated  inil*^ 
following  manner.  The  iustminent  is  generallj  '- 
arranged  that  the  mercury  in  the  tube  and  in  tt^ 
dstem  are  upon  the  same  level,  when  the  temp9^ 
tare  of  the  enclosed  air  is  (  =  10"  Cent  =  50°  Fili-' 
and  the  tension  in  the  space  S  B  is  equal  to  >^ 
mean  height  of  the  barometer  b  =  0,76  meter  =  ^^■ 
inches. 

If,  when  the  height  of  the  baromater  is  J,  a  eolw^ 

of  qnicksilYer  rises  from  the  cistern  E  R  into  i; 

'  tube  to  a  height  A,,  and  if  the  longtli  ^  5  of  tbi'  f- 

maining  column  of  air  is  =  ht,  the  tension  uf  ii^' 

O  latter  is 
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Z 


= (^) '. 


and,  therefore^  the  height  of  the  barometer  of  the  mmE  R 

Now  if  a  change  of  temperature  takes  place,  i.e.,  if  the  tem- 

peratnre  at  the  time  when  hi  and  A«  were  observed,  was  not  as  in 

the  beginning  =  t,  but  =  tiy  we  haye  for  the  tension  of  the  column 

of  air  ^  ^ 

_  1  +  0,00204  {t,  -  32)    (h,  +  h,\  , 

^  ■"  1  +  0,00204  (t  -  32)  •  \     7h    I  ' 
and,  therefore,  the  required  heignt  of  barometer  is 

1  +  0,00204(^,-32)    Ai+A, . 

^'-^'"^  1  +  0,00204  {t  - 32)  •  "AT" 

For  h  =  29,92  inches  and  ^  =  60**  Fahr. 

5,  =  Ai  +  28,88  [1  +  0,00204  (A  -  32)]  ^^ 

/If 

A  =  /ij  4-  A2  denoting  the  total  length  of  the  tube,  measured  from 

its  upper  end  A  to  the  surface  H  R  of  the  meVcury.     From  the 

height  of  the  barometer  h  inches  we  obtain  the  pressure  upon  each 

square  inch  (English) 

^'  =  ^  *■  +  1*'^  -111^  +  0,00204  it.  -  32)]  * 
=  0,4913  A,  +  14,179  [1  +  0,00204  (#,  -  32)]  -|-  lbs. 

P«t«°g  l  +  jfi'lS)  =  ''•  ^'  ^*^" 
(6i  —  Ai)  (A  —  A,)  =  f*  A  5,  and  therefore 

By  the  aid  of  this  formula  we  can  calculate  the  values  of  the 
divisions  of  a  scale,  upon  which  the  pressure  h  can  be  read  off  from 
the  height  of  the  manometer. 

Example. — If  a  closed  manometer  25  inches  long,  at  a  temperature  of 
69,8°  Fahr.,  shows  a  colunm  of  air  12  inches  long,  the  corresponding  height 
of  barometer  is 

5i  =  26  -  12  +  28,86  (1  +  0,00204  .  87,8)  ff  =  13  +  28,86  .  1,07707 .  f ^ 

=  18  +  64,76  =  77,76  inches,  and  the  pressure  on  a  square  inch  is 
/?!  =  0,4013  .  77,76  =  88,20  pounds. 

§  395.  Buoyant  Effort  or  Upward  Thrust  of  the  Air.— 

The  law  of  the  buoyant  effort  of  water  against  a  body  immersed  in 
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it,  discussed  in  §  364,  can  of  oourae  be  applied  to  bodies  in  the  ;j 
K  F  is  the  volume  of  the  body  and  y  the  heaviness  of  the  sh,  z 
which  it  is  placed,  the  buoyant  effort,  acoordii^  to  this  lav.i 
P  r=  F y ;  if  the  body  has  the  apparent  weight  G  (in  the  air), :< 
true  weight  {in  vacuo)  is 

(?i  =  6?  +  Vy. 
H,  further,  yi  is  the  heaviness  of  this  body,  we  have  also 

(?j  =  Fy„  and  therefore 

r  =  — ,  so  that  we  can  put 
6f,  =  G^  +  — ^  or  ff  1  (y,  —  y)  =  ff  yj,  whence  it  fddlows  fti: 

G.  =  {^^  G. 

\yx  -  y/ 

K  the  body  is  weighed  upon  a  soale  by  a  weight  Gt,  tLcs 
heaviness  is  y^,  the  following  equation 

Vy,  -  y/ 
holds  good;  if  we  divide  the  last  two  equations  by  each  oth&.vi 
obtain  the  ratio  of  the  weights 

ffi  _  7i  y»—  y r. 

<?t      yi'yi-y     i^ll 

or,  approximatively,  and  generally  accurately  enough, 

Gt  Ti       Tt  \  ri       W 

or  also 

e,  Ci,  and  Ct  denoting  the  specific  gravities  of  tiie  air,  of  the  bod; 
weighed,  and  of  the  weight  itselC 

In  many  cases  —  and  —  are  such  small  ficactions  that  tiier  i^ 

be  neglected  and  the  true  weight  can  be  put  equal  to  the  ai" 
parent  one. 

Bbicabx. — ^The  law  of  the  buoyancy  of  the  air  can  be  employed  to  ^ 

temiine  the  force,  with  which,  and  the  height,  to  which  an  (PiM^*'^ 

(Fr.  aerostat ;  Ger.  Luftballon)  A  B,  Fig.  668,  will  rise.    JfV'raik^'' 

ume  of  the  balloon,  O  its  total  apparent  weight,  including  the  car,  et^  i 

the  heaviness  of  the  external  and  y^  that  of  the  enclosed  air,  we  bare  ^ 

buoyant  effect 

P  =  Vyi  =  F7,  +  G,  and  therefore 
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necessary  TOlmne  of  the  balloon  is 


Fig.  668. 


F  = 


G 


71  -  1% 
and  the  heaviness  of  the  external  air,  "when 

the  balloon  attains  the  greatest  height,  is 

Q 

7i  =  y«  +  y. 

From  this  heaTineas,  by  means  of  the 
formula 

found  in  {  889,  we  can  determine  the  great- 
est height «,  to  which  the  balloon  will  rise, 
by  substitating  for  y  the  heayiness  of  the 
air  at  the  point  of  beginning,  which  must 
be  calculated  according  to  §  898. 

Example  1. — What  is  the  ratio  of  the 
tme  weight  of  dry  hard  wood  to  its  appa- . 
ot  weagM,  when  it  is  weighed  by  means  of  brass  weights  at  a  tempera- 
re  of  32°  and  when  the  height  of  the  barometer  is  29  inches.    The  den- 
ry  of  the  air  is,  according  to  §  808, 

y  =  0,002699  .  29  =  0,07827  pounds,  that  of  the  wood 
y^  =r  0,458  .  62,425,  'and  that  of  brass 
7a  =  8,55  .  62,425  (see  {  61), 
>BBequently  the  ratio  required  is 


r^  =  i  + 


0,07827 


•  (o;^!  -  8^)  =  ^  +  ^^^^1^^  •  »'«^^  =  i>^^^- 


,  62,425 

Thus  we  see  that  one  thousand  pounds  of  wood  lose  about  2f  pounds 
I  consequence  of  the  buoyancy  of  the  air. 

ExAMFLS  2.^If  the  diameter  of  a  spherical  balloon  is  80  feet  and  the 

eaviness  of  the  matter  with  which  it  is  filled  is  73  ^  0,017  pounds,  and 

r  the  weight  of  the  baUoonwith  the  car  and  load  is  (?  =  500  pounds,  the 

teariness  of  the  air  at  the  place,  where  the  balloon  ceases  to  rise,  is 

G  6  ^  8000 

y,  =  y,  +  ^  =  7,  +  IJ  =  0,017  +  ^^3gi  =  0,017  +  0,08587 

=:  0,05287  pounds. 
Now  if  the  density  of  the  exterior  m  at  the  starting-point  is  0,0800 

^^'"^'•'^^•''^(^)  =  ^(S)  =  0.4948. 

UDd  if  we  assume  the  ratio  of  the  pressure  per  square  foot  to  the  heayiness  of 

l^e  air,  i.b.,^  =  26210,  we  obtain  the  maximum  height  to  which  the  balloon 

wiU riae         g^Pi  (Z\  =  36210  .  0,4948  =  12969 feet 

7      \7t/ 
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CHAPTER    I. 

THE  GENERAL  THEORY  OP  THE  EFFLUX  OP  WATEB  F&M 

VESSELS. 

§  396.  Effluz.— The  theory  of  fhe  efflux  (Ft.  ficonlenst: 
Ger.  Ausfluss)  of  fluids  from  yessels  forms  the  first  grand  diriaia: 
of  hydrodynamics.  We  distinguish,  in  the  first  place,  the  efflux  r. 
water  and  the  efflux  of  air,  and,  in  the  second  place,  efflui  wni' 
constant  and  under  variable  pressure.  We  will  begin  withil 
efflux  of  water  under  constant  pressure.  We  can  regard  the  pre- 
sure  of  water  as  constant,  when  the  same  quantity  of  water  enters 
the  vessel  as  is  discharged  from  it,  or  when  the  quantity  of  ift? 
discharged  is  very  small,  compared  with  the  capacity  of  the  Te»- 
The  principal  problem  to  be  solved  is  to  determine  tiie  quantitf  i 
water  or  the  discliarge  (Fr.  d6pense ;  Ger.  Wassermeuge),  vhici 
passes  through  a  given  aperture  or  orifice  (Fr.  orifice ;  (kt.  0^ 
nung)  under  a  given  pressure  and  in  a  given  time. 

If  the  discharge  per  second  =  Qy  we  have  the  dischaig?  is 
t  seconds,  when  the  pressure  is  constants, 

r=Qt. 

But  if  we  wish  to  find  the  discharge  per  second,  we  must  bo^  j 
the  size  of  the  orifice  and  the  velocity  of  the  effluent  molecules  of 
the  water.     To  simplify  our  researches,  we  assume  that  the  m:*-  j 
cules  flow  in  parallel  straight  lines,  and,  consequently,  form  a  p"-^ 


J 
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matic  streamy  vein  or  jet  of  water  (Fr.  veine,  coarant  de  fluidc; 

Ger.  Wasserstrahl).    If  F  is  the  cross-section  of  the  stream  and  v 

the  yelocity  of  the  water,  or  that  of  every  one  of  its  molecules,  the 

discharge  Q  per  second  forms  a  prism,  whose  base  is  F  and  whose 

height  is  v,  and,  therefore,  we  have 

Q  =1  Fv  units  of  volume 
and 

G  =  Fvy  units  of  weight, 

y  denoting  the  heaviness  of  the  efSuent  water  or  liquid. 

Example — 1)  If  water  flows  through  a  sluice  gate,  tho  cross-Bectiou  of 
wMch  IB  1,7  square  feet,  with  a  velocity  of  14  feet,  the  discharge  per 

G  =  14  .  1,7  =  28,8  cubic  feet, 
and  the  hourly  discharge  is 

=  23,8  .  8600  =  85680  cubic  feet. 
2)  If  264  cubic  feet  of  water  are  discharged  in  3  minutes  and  10 
seconds  through  an  orifice,  the  area  of  which  is  5  square  inches,  the  mean 
velocity  of  the  liquid  is 

V  264  264 .  144 


V  = 


Ft 


-•"» 


5.  190 


=  40  feet. 


Fio.  669. 


CrMtlll 


§  397.  Velocity  of  Effluz. — Let  us  imagine  a  vessel  A  C, 
Fig.  669,  which  is  full  of  water,  to  be  provided  with  an  orifice  F, 

which  is  rounded  upon  the  inside  and  is 
very  small,  compared  to  the  surface  H  Rot 
the  water,  and  let  us  put  the  head  of  water 
F  G  (Fr.  charge  d^eau ;  Ger.  Druckhohe), 
which  is  to  be  regarded  as  constant  during 
the  efflux,  =  A,  the  velocity  of  efflux  =  ?', 
and  the  discharge  per  second  =  ft  or  its 
weight  =  C  y.  The  work,  which  this  quan- 
tity of  water  can  perform  while  sinking 
through  the  distance  A,  is  =  C  *  7?  ai^d  the 
energy  stored  by  the  discharge,  whose  weight 
is  §  y,  in  passing  from  a  state  of  rest  to  the 

Qy  {%  ''^)-    If  ^0  loss  of  mechanical  effect  takes 


velocity  v,  is 


v» 


^9 


place  during  the  passage  through  the  orifice,  the  quantities  of  work 
arc  equal  to  each  other,  or  A  ^  y  =  g—  0  7*  !• 


7i  = 


51 
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and  inversely 
in  meters 


Fro.  670. 

B 


h  =  0,0510  v"  and  v  =  4,429  VA, 

and  in  feet  (English), 

h  =  0,0156  t;'  and  V  =  8,025  Vh. 

The  velocity  of  the  effluent  water  is  the  same  as  that  of  a'^ 
which  lias  fallen  freely  through  a  height  which  is  equal  totheiigd^ 
water. 

The  correctness  of  this  law  can  also  be  shown  by  the  foDor:: 
experiment    If  in  the  vessel  A  CF,  Pig.  670,  we  make  an  ori?: 

directed  upwards,  the  jet  F  K  will  r&t  vrr 
cally  and  will  nearly  reach  the  level  El  • 
the  water  in  the  vessel,  and  we  can  afisa 
that  it  would  actually  reach  it,  if  all  inpu- 
ments  (such  as  the  resistance  of  the  lii.  li 
Motion  upon  the  sides  of  the  vessel,  tbeda- 
turbanoe  caused  by  the  tilling  bock  oft: 
water  upon  itself,  etc.)  were  removed.  Sjt* 
a  body  which  rises  vertically  to  the  heigl: 
has  an  initial  velocity 

V  =  ^27*, 
it  follows  that  the  velocity  of  efflux  mD57  • 

V  =  V2g  h. 

For  another  head  of  water  A|  the  Telxr* 
of  efflux  is 


r,  =  V2jhry 


hence  we  have 


v:t\  =  Vh:  V^; 
the  velocities  of  efflux  are,  therefore,  to  each  other  as  the  squart  r*\ 
iyf  their  heads  of  water. 

Example— 1)  The  dischaige  per  second  throngh  an  orifice  whose  I'M 
is  10  square  inches,  under  a  head  of  water  of  5  feet,  is 


C  =  i^tJ  =  10 .  12  V  2  pr  A=120 .  8,025  Vs  =  963 .  2,236=2158  cabkwi^ 

2)  In  order  that  252  cubic  inches  of  water  shall  pass  in  one  sectr  I 
through  an  opening  of  6  square  inches,  the  head  of  water  must  be 

h^^=±(9.\=^^^    /252Y     0,0165  43,^»j8i^ 
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§  398.  Velocities  of  Znfltiz  and  EffliUL--If  the  water  flow« 

in  with  a  certain  velocity  r,  we  must  add  to  the  mechanical  effect 

^« 
h  Qy  the  energy  q—  C  7^  possessed  by  the  influent  water  and  cor- 

responding  to  the  height  A,  =  ^-^  due  to  the  velocity ;  hence  we 
must  put 

{h  +  h,)Qy  =  ^QyyOTh  +  h,  =  ^ 

and  the  velocity  of  efflux 

V  =  V2g{h  -^  A,)  =  V2ffh  -h  c\ 
If  the  vessel  is  maintained  constantly  full,  the  quantity  of  the 
influent  water  is  equal  to  the  discharge  Q,  and  we  can  put  0  c  = 
Fv/m,  which  0  denotes  the  area  of  the  cross-section  H  R  (Fig. 

F 

669)  of  the  water  that  is  flowing  in.  Putting  c  =  ^^  r,  we  obtain 


whence 


^  =  2:^-1^;  2^=1^-"  IffjJa? 


V  = 


^^2^7* 


^^  -  (I)" 

According  to  this  formula,  the  velocity  increases  with  the  ratio 

^  of  the  cross-sections,  and  it  is  a  minimum  and  =  V2g  /i,when 

the  cross-section  F  of  the  orifice  of  discharge  is  very  small,  com- 
pared with  that  G  of  the  orifice  of  influx,  and  it  approaches  nearer 
and  nearer  to  infinity,  the  smaller  the  difference  between  the  two 

orifices  becomes.    If  F  =  G  or  -^  =  1,  we  have  v  =  — ^^—  =  oo, 

and  also  c  =  oo ;  this  infinite  value  must  be  understood 

thus :  if  a  vessel  A  (7,  Fig.  671,  is  without  a  bottom,  water 

jIJ^Mq    must  flow  in  and  out  with  an  infinitely  great  velocity  or 

the  stream  of  liquid  G  i^  will  not  fill  the  orifice  of  exit 

Gc 
CD.    Putting  z?  =  -=-,  we  obtain 


i>  m^ 


h  =  li-rf )  —  ll  s-T>  aiid  therefore  F  =     , ■   :iz=-- 

l\F/        J2i/'  /        2^/i' 


804  GENERAL   PRINCIPLES  OF   MECEAMCS.  ga 

which  espression  shows  that  the  cross-«ection  F  of  the  dkduifiii 
stream  ia  always  smalier  for  a  finite  velocity  of  inflnz  thsi  itui  i 
through  which  the  water  flows  in,  and  that  it  therefore  does  not  fill  1 
orifice  of  efQns,  when  the  latter  is  larger  than 


Remaxk. — The  correctness  of  the  formula 


/^^ 


wbicli  was  first  establisbed  by  Daniel  Bernoulli,  was  afterwtrdi  zjA 
disputed.  I  hnve  endeavored  to  prove  in  the  "  Allgemejoen  U*B(iB» 
tncyclopadie,"  b;  Hulsse,  in  the  article  "Efflux"  (A.usflns8>,  how  onfoD^rf 
were  the  representations,  which  were  made. 

ExAKPLE. — If  water  flows  from  a  vessel,  whose  cross-section  ia  SO  ■;: 
inches,  through  a  circular  orifice  ifi  the  bottom  5  inches  in  <Uunetazi 
a  bead  of  water  of  six  feet,  its  relocit;  is 
8,033  V6      _  8,035.  2,446  _  19,658  _  19,658 


/'-©■ 


Vl  -  (0,337)'      V0,8981       '*-**S 


=  20,7S&a 


g  399.  Velocity  of  Bfflnx,  Preesnxa  and  Beaviness- 

formalas,  which  we  have  fonnd,  hold  good  so  long  only  as  the  ps 

sure  of  the  air  upon  the  sar&ce  of  the  water  Is  the  same  i.-  lia 

npon  the  orifice  of  efflux;  but  ifthesepreasurea  differ,  these  fora:j 

must  have  an  addition  made  to  them.    If  tbe  -::> 

Fio.  672.         j^gg  jy  jj^  j-ig  g^g^  jg  preaaed  upon  hy  a  pis-* '- 

! — -y—  j        with  a  force  P„  as  occurs,  b.0,  in  fire  engineii" 

■  can  imagine  this  force  to  be  replaced  by  tk  \y 

Bare  of  a  column  of  water.     If  A,  ie  the  be^ 

L  E  ot  this  column  and  y  the  henTiness  of  '- 

liquid,  we  can  put 

F,=  Gk,  y. 

Substituting  for  A  the  head  of  water  A  +  A,  =  i  - 
p  p 

-zr. — ,  which  has  been  increased  by  A.  =  -Tr,^<^ 
0  y  ^         Gi 

tain  for  the  velocity  of  efflux 


-W7[h 


Qyf 
F 

'o  be  very  small     If  we  denote  the  juesr 

upon  each  unit  of  the  surface  ffbypi,  we  have  more  simply 
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and  therefore 


t,  =  4/2flr(A  +  |l). 


Finally,  if  we  denote  the  pressure  of  the  water  at  the  orifice  of 
efflux  by^,  we  can  put 

h 

y 


i^  =  (A+  ~)%or 


A  4-  ~  =  "  J  whence 


t;  =  |/ 


^9 


Hence  the  velocity  of  efflux  is  directly  proportioned  to  the  square 
root  of  the  pressure  upon  the  unit  of  surface  and  inversely  to  the 
square  root  of  the  density  or  heaviness  of  the  liquid.  When  the 
pi*essure  is  the  same,  a  liquid  four  times  as  heavy  as  another  dis- 
charges one-half  as  fast  as  the  latter.  Since  air  is  770  times 
lighter  than  water,  it  would,  if  it  were  inelastic,  flow  out  under  tho 

same  pressure  VYf^  =  27|  times  faster  than  water. 

This  theory  is  also  applicable  to  the  case  where  the  effluent 

water  is  subjected  to  the  pressure  of  a  column  of  another  liquid. 

If  above  the  level  H Rof  the  water  HER. 
in  a  vessel  A  C  Dy  Fig.  673,  there  is  still 
a  column  of  liquid  H  Bx^  whose  height 
G  Gi  =  h  and  whose  heaviness  =  y,,  while 
that  of  the  water  is  =  y,  we  can  replace 
the  latter  by  a  column  of  w^ter  whose 

height  is  ~  A,  without  changing  the  pres- 
sure upon  H  R  OT  causing  the  velocity  /• 
of  the  water,  which  is  passing  through  the 
opening  Fy  to  vary.  Hence  if  A  is  the 
head  E  O  oi  water,  I.E.,  the  height  of  the 

surface  of  separation  H  R  above  the  orifice  F,  we  have  the  height 

due  to  velocity 


H 


'Mm 
mm 


It    ^  ♦.•.*-- — ---- — .»  .  •  »  1 


D 


t)' 


^9 


=  *  +  -^  A„ 
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Nowifyi  <  yor  A  +  —  A,  <  *  +  Ai,  the  jet  F  f,  vMeh  r^s 

vcrticsally,  mil  not  reach  the  level  Hi  B,  L,of  the  surface  cfi 
iiquid. 

If  the  aurface  of  separatioa  -ff  i?.  Fig.  074,  is  liot  abore.l-i 
certaiu  distance  E  F  =^  k  bek's  v 
Pta  874.  g^ji^g  p  of  the  vessel  A  /J  f ',  »hiie  = 

surface  IT,  E^  of  the  liquid  H,bl: 
at  the  height  (?  G,  =  Ai  abore  tbr  ■, 
face  of  separation  H  R,  we  haTo 


and  therefore  the  velocity  of  tbejei 


=  VM| 


This  eupposes  --A,  >  i,ot7-> 
1  ■  y  * 

From  this  it  ia  easy  to  see  that  tif .' 
F  K,  which  ia  projected  verticallj  "-■ 
wards,  can  rise  above  the  surCace  B,  Z  ■ 

'^  the  liquid  ffxDJl.    UOM=  ''}  '  ■ 

the  head  of  the  liquid,  reduced  to  that  of  water,  M  give*  tho  t' 
to  which  the  jet  will  nearly  reach. 

If  the  water  does  not  discharge  freely,  but  under  icaler,iix- 

nution  of  the  velocity  of  efflux  takes  place  owing  to  the  opjiie 

pressure.    If  the  orifice  F  of  the  vessel  j  ' 

Fro.  675.  pig_  g,yg^  jg  ^t  ^  distance  /"  0  =  A  belo*  ti- 

A  B  upper  level  H  Roi  the  water  and  »t  t^^ 

tance  FG,  =  fi,  below  the  lower  level  H  i 

we  have  the  pressure  from  above  doTD***- 

i>  =  A  y, 
arid  the  opposite  pressure  from  belo»'r 
wards 

i'l  =  Ai  y ; 
hence  the  force,  which  produces  tbeefBia-> 
j>  -p,  =  (A-A,)y 
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1  the  Telocity  of  efflux  is 


When  water  discharges  under  water,  we  must  regard  the  differ- 
:e  of  level  h  —  A,  between  the  surfaces  of  water  as  the  head  of 

iter. 

If  the  water  at  the  orifice  of  efflux  is  pressed 
upon  with  a  force  p  and  at  the  surface  or  ori- 
fice of  influx  with  a  force  j»„  we  have  in  general 

# 


v  =  \/2g(h 


+ 


Pi- 


-'• 


This  case  occurs  when  water  flows  from  one 
closed  vessel  ABC  into  another  closed  one 
D  Ey  Fig.  676..  Here  h  is  the  height  F  0  oi 
the  surface  of  the  water  H  R  above  the  orifice 
FjPx  the  pressure  of  the  air  in  A  II R  and  p 
the  pressure  of  the  air  or  the  steam .  in  i>  ^. 

Example — 1)  If  the  piston  of  a  fire  engiDe  is  12 
inches  in  diameter  and  it  is  pressed  down  in  the 
cylinder  with  a  force  of  3000  pounds,  and  if  there  are 
no  resistances  in  the  pipes  and  hose,  the  water  will 


ass  through  the  nozzle  of  the  hose  with  a  velocity 

.  =  ^,7i^=  V^  =  8,0.5  |/^» 


62.5 


/< 


=  8,025  V  64 .  -  =  62,74  feet ; 

f  the  stream  is  directed  vertically  upwards,  it  will  reach  a  height 

A  =  0,0155  .  v^  =  01,007  feet. 

2)  If  water  flows  into  a  space  in  which  the  air  has  been  rarified,  E.G., 
nto  the  condenser  of  a  steam  engine,  while  its  upper  surface  is  pressed 
Jpon  by  the  atmosphere,  we  must  employ  the  last  formula  for  the  velocity 
of  efflux,  viz., 

If  the  head  of  water  is  A  =  8  feet,  the  height  of  the  barometer  of  the  exte- 
rior air  29  inches  and  that  of  the  enclosed  air  4  inches,  we  have 


« 


A  + 


Pi  -P 


■)• 


25  inches  =  2,083  feet  of  mercury 


r 

=  13,6  .  2,088  =  28,33  feet  of  water. 
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bence  the  velocity  of  the  water  flowing  into  the  space,  which  ia  fiUd  vL 
rarefied  air,  is 

0  =  8,025  V3  +  28,83  =  8,025  V^UJt  =  44,62  ftet 
8)  If  the  water  in  the  feed-pipe  of  a  stfam  boiler  stands  IS  fctt  &'-<■< 
the  level  of  the  water  in  the  boiler  and  if  the  pressure  of  the  Mcani  in  ;'i 
Utter  is  20  pounds  and  that  of  the  exterior  air  is  15  poonds,  the  t><-- 
with  which  the  water  enters  the  boiler  is 

=  8,025  Vl2  -  11,52  =  5,56  feet 

g  400.  Hydraulic  or  Hydrodynamic  Head.— If  the  t^.- 
in  a  vesfiel  is  in  motion,  it  presses  leas  against  the  ddea  of  lbs  r- 
sel  than  when  it  is  at  rest.  We  mnst,  therefore,  distingniih  !'* 
hydraulic  or  hydrodyiiamic  from  the  hydrostatic  head  of  rs-' 
If  p,  is  the  pressure  npon  each  unit  of  the  surface  of  the  «• 
H,  li,  =  G„  Fig.  677,  p  the  pressure  at  the  orifice  F  and  f  i- 
head  of  water  F  (7,,  we  have  the  velocity  of  efflux 


h  +  ' 


r-\}-^M-- 


h-h,+t 


now  if  in  another  section  Jit  lit  =  Gb  which  is  at  a  diaj>- 1 
F  6i  —  h,  above  the  orifice,  the  pressor.  -I 
Fio.  877.  _  p^  ^jj  have  in  like  manner 

^        ^■  +  ^  =  ['-(|)']r,   - 

If  we  subtract  these  two  equations  from  a  t 
other,  we  obtain 

or,  if  we  denote  the  head  of  water  C,  G,  ef  '^■ 
layer  ff,  R,  =  0,  by  h,,  we  have  for  the  bviir- 
dynamic  head  at  If,  Rt 

Fv 
But  -yz-  is  the  velocity  p,  of  the  water  at  the  upper  sarfiiw  ^' 

and  -jy-  the  velocity  v,  of  the  water  in  the  croBS-Bection  ffr  ^ 
can,  therefore,  put 
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i'f  _  Pi 


P* 


The  hydraulic  head  —  at  any  position  in  the  vessel  is  equal  to 

the  hydrostatic  head  —  +  Ag,  diminished  by  the  difference  of  the 

lieights  due  to  the  velocities  of  the  water  at  this  point  and  at  the  inlet 
orifice.  If  the  free  surfaxje  G^  of  the  water  is  very  great,  we  can 
neglect  the  velocity  of  influx  and  put 


£i  =  Pi  +  h,^ 


2g' 


hence  the  hydraulic  head  is  less  than  the  hydrostatic  head  iy  an 
amount  equ4il  to  tJie  height  due  to  the  velocity  of  the  water.  The 
quicker  the  water  moves,  the  less  it  presses  upon  the  sides  of  the 
pipe.  For  this  reason  pipes  often  burst  or  leak  for  the  first  time, 
when  the  motion  of  the  water  is  checked,  when  the  pipes  clog,  etc. 
By  means  of  the  apparatus  A  B  C  D,  represented  in  Fig.  678, 

the  difference  between  the  hydi'aulic  and 
the  hydrostatic  head  can  be  ocularly  dem- 
onstrated. If  from  the  cross-section  (?, 
we  carry  a  tube  E  R  upwards  the  latter 
will  fill  with  water,  which  will  rifee  above 
the  level  HE  of  the  water,  when  G^  >  G^  or 
v«  <  V, ;  for,  since  the  pressure  pi  upon 
the  surface  of  the  water  is  balanced  by  the 
pressure  of  the  air  upon  the  mouth  of  the 
tube,  we  can  put  the  height,  which  meas- 
ures the  pressure  in  G^, 


Fio.  678. 
A         B 


X 


V, 


V.' 


—  J^«  _  x      /  ^«'      J!l\ 


and  xis  >  hi  when  ^—  <  —-.    Jf,  on  the  contrary,  the  cross-sec- 

if  *J 

tion  Gz  <  G^  the  water  flows  more  rapidly  through  ff„  and  we 
have  for  the  height  of  column  of  water  in  the  tube  £^„  inserted  at  6^2, 

which  is  less  than  hi,  so  that  the  water  does  not  rise  to  the  level 
H  Bo{  Gi.    If,  finally,  G4  is  very  small  and  the  corresponding  ve- 


BR^PE 


locity  very  great,  ^ 
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^'-  can  be   >  7iu  and  the  comqwndiii; 

hydraulic  head  z  will  be  negative,  u.  ttv 
presenre  of  the  air  on  the  oateiderillbi 
greater  than  that  of  the  irater  wife 
Hence,  if  a  tube  ie  carried  downiFuds  a. 
its  end  placed  tmder  water,  a  colanm  J 
water  £,  K  will  rise  in  it,  which,  togetlrt 
with  the  pressure  of  the  water,  vill  k'- 
ance  the  atmospheric  pressnre.  !f  tit 
tube  is  short,  the  water  in  the  resell 
which,  in  this  exjjeriment^  sfaoald  beci- 
ored,  will  rise  in  the  tube,  enter  the  kh- 
voir  A  B  0  D  and  flow,  with  tie  olii 
water,  out  at  F. 


Reuare.— If  the  Tessel  A  0  E,  Fig.  6! 


of  aw 


u.Uo 


Fki.680. 


of  a  narrow  verticiO,  tube  C  E,  the  hydrodjoanuc  bail  t 
negative  in  all  parts  of  this  tube.  If  wc  do  nofwgudi 
pressure  of  the  atmoapherey,,  the  pressure  of  tbeitiiB- 
the  orifice  of  efflux  is  =  0  j  for'here  the  entire  bead  of  n-' 
is  expended  in  producing  the  velocitj  v  =  V¥ji;  rati 
contrary,  for  a  position  D  E,  which  is  at  a  distance  G^Q-. 
Aj  under  the  water  level,  the  hydraulic  head  is 

=  a,  -  A  =  -  (ft  _  A,), 

or  Mgatite;  if,  then,  a  bole  were  boied  in  thia  tube,  do  nt^' 
wonld  escape,  bat,  on  the  contrary,  air  woald  be  eimM  ) 
and  discharged  at  F.    This  negative  preaaare  is  a  nunax 
directly  under  the  reservoir,  unce  A,  is  here  a  mimnniis. 
%  401.  Rectaiigolar  Lateral  Orifices,— By  the  lud  otilit 

forma  la  

Q  =  Fv  =  FV'iffh, 
the  discharge  per  second  can  be  calculated  only  whoD  the  orifc^' 
liorizontal,  since  in  that  case  the  velocity  is  uniform  in  the  »W 
cross-section  F;  but  if  the- cross-section  is  inclined  to  the  horn 
if,  e.Gt  the  opening  is  in  the  side  of  the  veasel,  the  molecuki  i 
water  at  different  depths  flow  out  with  different  velodties,  tui '' 
discharge  can  no  longer  be  regarded  as  a  prism ;  hence  the  fomii' 
Q  —  Fv  =  FVUgh  cannot  be  applied  directly.    Tbegaesl*''- 

mula  is  

Q  =  F,  VTgh,  +  /; Vzjlt,  +  F,  \^igX  +  . ., 
=  Vz~g{F,  Vh-+F,VT^  +  F,\%+.. .), 
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Fig.  68L 


in  which  Fi,  F^  ^, . . .  denote  the  areas  and  A,,  A^  As . .  •  the  heads 

jf  water  of  the  various  portions  of  the  orifice. 

The  Bunplest  case  is  that  of  efflux  through  a  notch  in  the  side, 

xcdr  or  overfaUy  Fig.  681.    The  notch  D  ^  ff  IT  in  the  wall,  through 

which  the  efflux  takes  place,  is  rec- 
tangular; let  us  denote  its  width 
D  E=.  ©  jy  by  J  and  its  height 
D  H—  E  G  hyh.  If  we  decom- 
pose this  surface  I  k,  by  horizontal 
Imes,  into  a  great  number  n  of  hor- 
izontal strips  of  equal  width,  we  can 
consider  the  velocity  to  be  constant 
for  each  of  them.  Since,  if  we  pro- 
ceed from  above  downwards,  the 
heads  of  water  of  these  strips  are 
h    2h  3h 

we  have  for  the  corresponding  ve- 
locities 


n  fi  fi 

h         h  h 

and  since  the  area  of  each  of  these  strips  is  =  J  .  -  =  — ,  we  have 

*  n       n 

\\\v  (corresponding  discharges 

.   -^'\  ^ff'Z'^   V  ^9'—y  —y  ^9'-—y  etc.; 


n    n 


n      n 


hence  that  of  the  whole  section  is 


Since  (as  is  given  in  the  Ingenieur,  page  88) 

1^  +  4^  +  1^3  +  .  . .  +  4^w, 


or 


»  +  * 


1*  4-  2*  +  3*  4-  ...  +  «*  =  -I:- — f  -\n\-\n  VH, 
it  follows  that  the  required  discharge  is 
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"  ¥n 
If  we  understand  hy  the  mean  velocity  v  thai  velocity,  vhiA  nuiv' 
exist  at  aS,  points  of  tlte  overfall,  when  the  same  quantity  of  tealtr 
passes  through  tlie  wholecross-sedionvnth  auniformvelocityasda' 
pass  through  with  the  variable  velocity,  ire  can  put 
Q  =  i  hv.  Thence  it  follows  that 
v^^VWJh, 
I.E.  the  mean  velocity  of  tcater  flowing  out  through  a  rtdangular 
notch  in  the  side  of  a  vessel  is  ^  the  velocity  at  the  sill  or  lower  ed^ 
of  the  notch. 

If  the  rectanguiar  orifice  E  G,  Fig.  682,  witli  the  horizont^ 
baae  G  H,  does  not  reach  to  the  le?'-. 
FiQ.  eea.  ^f  ^^  water,  we  find  the  disdiaip 

throngh  It  by  regarding  it  as  the  dif- 
ference between  two  notches  in  Ih 
BiAt>DEO  HfOiADELK.  \V. 
IB  the  depth  E  Got  the  lower  anC 
h,=  EL  that  of  the  upper  edge,  t-' 
have  for  the  discharges  throngh  thcR 
notches 

ibViJh?, 
and  

hence  the  discharge  throoghthem- 
tangular  opening  G  S E  Lit 
Q  =  ib  fT^  -  I  5  *'^7V  =  ihi^  (A,l  -  A,r), 
and  the  mean  Telocity  of  efflnz  is 

If  A  is  the  mean  head  of  water  E  M  =  -^ — ,  or  the  depth  «f 

the  centre  of  the  orifice  below  the  level  of  the  water,  and  a  the 
height  E  JI=  L  G  =  h,  —  h,ot  the  orifice,  we  can  pnt 

V  =1 1  y2g. ,  or  tipprosimatively 


=  [i-.'.©']<^. 
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£xA3CPiiB. — If  a  rectasgular  orifice  of  efflux  is  8  feet  wide  and  1}-  feet 
high  and  the  lower  edge  is  2}  feet  below  the  level  of  the  water,  the  dis- 
charge is 

e  =  1 .  8,026  .  8  (2,758  -  Ifil )  =  16,05  (4,660  -  1,887) 
=  16,05  .  2,723  =  43,7  cubic  feet. 

According  to  the  approximate  formula 

«  =  [l  -  Vt  (^)']  •  8,025  VvaS  =  (1  -  0,0036)  11,698 

=  11,698  -  0,042  =  11,656  feet, 
and  the  discharge  is,  therefore, 

Q  =  8  .  f  .  11,666  =  48,710  cubic  feet. 

RxsMABK. — If  the  notch  in  the  wall  is  inclined  to  the  horizon  at  an 

angle  <J,  we  must  substitute  for  the  height  of  the  orifice  —-. — j^  instead  of 

sin,  0 

^i  —  Ag,  and  therefore  we  must  put 

"  nn.  d  ^     ^  *  '^ 

If  the  cross-section  of  the  reservoir,  from  which  the  water  is  dis- 
charging, is  not  much  larger  than  the  crossHsection  of  the  orifice,  we  must 

XT 

take  into  account  the  velocity  of  approach  Cj  =  ^  t?  of  the  water  and  put 

§  402.  Txiangalar  Lateral  Orifice. — Besides  rectangular  lat- 
eral orifices,  triangular  and  circular  ones  also  occur  in  prftjtice. 
We  will  next  discuss  the  discharge  through  a  triangular  orifice 
BEG,  Fig.  683,  with  a  horizontal  base  B  O  and  with  its  apex  D 

at  the  level  of  the  water  R  R.  If  we  put  the  base 
JS'  6?  =  J  and  the  height  i>  Z  =  A  and  if  we  divide 
the  latter  into  n  equal  parts  and  pass  through  these 
divisions  lines  parallel  to  the  base,  we  divide  the 
entire  surface  into  small  strips,  whose  areas  are 

h     h  %b     h  ^l     h     ^  ,,        11      r 

-  .  -,  —  .  -,  —  .  -,  etc.,  and  whose  heads  of 
n     n    n      n    71      n 

water  are  -,  — ,  — ,  etc.    The  discharges  through  them  are 
tu    n      n 

by  summing  these  we  obtain  the  discharge  of  the  whole  triangular 
orifice 
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e  =  *|  1/2^*  (1  +  2  i^T^  3  fT+ . . .  +  n/^) 


b4fli 


5  A  4^2  ^7^.. 

=  -==: —  (if  4-  2i  +  31  +  . . .  +  n\)y 

n^  V  n 

"i — r)  =!*•*> 

If  the  base  D  K  oi  tiie  orifice  D  G  K  lies  in  the  surface  of  tfr 
water  and  the  apex  G  is  at  the  depth  A  below  it^  we  hare  the  cw- 
responding  discharge,  since  that  through  the  rectangle  D  E  G  K 

is  f  5  A  VYfh, 

The  discharge  through  a  trapezium  A  B  0  D,  Fig.  684,  who* 
upper  base  A  B  =  bi  lies  in  the  surface  of  the  water,  whose  lower 
base  ia  CD  =  bi  and  whose  height  is  i>  ^  =  A,  is  found  by  com- 
bining the  discharge  through  a  rectangle  with  those  through  t%o 

triangles,  and  it  is  

Q  =  i  b,hV2jh  +  t'j  (*i  ~  *0  *  ^^W^ 
=  A  (2  J,  4-  3  J,)  k  VYgk 
Fig.  684.  Fr<J.  685. 

HA    E         F     BB  -a  A        O 


HA 


BB 


Further,  the  discharge  through  a  triaugle  C  D  Ey  Fig.  685. 
whose  base  is  D  E  =  J„  whose  altitude  is  0  M  =  hi  and  who* 
apex  (7  is  situated  at  a  depth  0  C  =  h  below  the  level  jffi?  of  tb< 
water,  is  Q  =  discharge  through  ABC  minus  that  through  J  / 

=  -SbhVYih  -  Jij(2  }  +  3  JO  A,  VJJh, 

=  IT  ^^  P  *  (^*  -  ^lO  -  3  Jx  A,l]. 
Since  the  width  A  B  =  b  is  determined  by  the  proponiti. 
&  :  J, : :  A  :  (A  —  A,),  it  follows  that 

^  ^r%g.l.  p  A  (A>  -  A.l)_ 3     ^ 
15  \      A  —  Ai  / 

-  ^^9'^^  /2AS--5AA,g  +  3A,<\ 
""         15         \  A-Ai  / 

Finally,  we  have  for  the  dischai^  through  a 
triangle  A  C  D^  Fig.  686,  whose  apex  lies  aboro 
its  base, 


FiQ.  686. 
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f  =  §  4/2^ .  J,  (A»  -  A,«)  - 


2  V2g  .  bi  /2  AI-  5AA,4  -f  3  A,5 


15 


{ 


A- Ai 


) 


_  2V¥g.bi  /3  Al  -  5  At  Al  +  2  A^^^ 


( 


15         \  A-Ai  )• 


ExAicpuB. — ^What  is  the  difichaige  through  the  square  orifice  ABO B, 
ig.  687,  whose  vertical  diagonal  A  C=l  foot,  when  the  comer  A  reaches 
>  the  level  of  the  water  ?  The  discharge  through  the  upper  half  of  the 
i^nare  is 

}  =  fh  \/2jh*  =  1 .  1  .  8,025  Vf  =  1,605  .  0,7071  =  1,185  cubic  feet, 
nd  tliat  through  the  lower  half 

_  %h^2g  /2AI-5AA,f  +  8A^t\ 


Fia.  687. 
IT         A  R 


15 


__  2  .  8,025  /2  ~  5  (j^)t  +  8  ft)!  \ 


15 


r^ 


i-i 


; 


82  10 
=  -^^-  (2  -  1,7678  +  0,5308) 


r=:  2,14  .  0,7625  =  1,632  cubic  feet, 
CQfnsequently  the  total  discharge  is 

Q  =  1,185  +  1,632  =  2,767  cubic  feet. 

§  403.  Circiilar  Lateral  Orifices. — The  discharge  for  a  cir- 
cular aperture  A  B,  Fig.  688,  can  only  be  determined  by  means 

of  approximate  formulas  obtained  in  the  follow- 
ing manner.  Let  us  decompose  the  circular  ori- 
B  fice  by  concentric  circles  into  small  rings  of 
equal  width  and  let  us  consider  each  ring  to  be 
composed  of  elements,  which  may  be  regarded  as 
parallelograms.  If  r  is  the  radius,  b  the  widtli 
and  n  the  number  of  elements  of  one  of  these 

2  Tr 

rings,  — ^  is  the  length  of  one  of  these  elements 


n 


and  its  area  is 


2n  rb 
n 


Now  if  A  is  the  depth  C  O  of  the  centre  0  below  the  level  of  the 
water  H  R  and  ^  the  angle  A  C  Ky  which  measures  the  distance  of 
the  element  JTfrom  the  highest  point  A  of  the  ring,  we  have  for 
the  head  of  water  of  this  element 

if  JV  =  C  G  '-  CL-7i-rcos.(p, 
and  therefore  the  discharge  through  this  element 

2  n  r  b 


n 


V2  g  {h  —  r  COS.  (p). 


A 


2  TT  r  b 
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But. 

V  h  —  r  COS.  <f> 

=  |/1  [l  -  -i  I  cos.^  -  Vs  (-^)   (1  +  COS.  %if>)  +  .  --l 
and  therefore  the  discharge  through  this  element  is 

The  discharge  through  the  whole  ring  is  found  by  gafastitmiif 
in  the  parenthesis  instead  of  1,  7i .  1  =  n,  and  instead  of  co^.  otk' 
sum  of  all  the  cosines  of  <f>  from  ^  ==  0  to  0  =  2  tt,  and  instead  of 
cos,  2  0  the  sum  of  all  the  cosines  of  2  ^from  2^=0  to2^=4T 
Since  the  sum  of  all  the  cosines  of  a  full  circle  is  equal  to  0^  tkes 
cosines  disappear^  and  we  have  the  discharge  through  the  ring 

=  iILt^^[,_,,(0.„_...] 

=  2  TT  r  i  V%Jh  [  1  -  t'b  (^)'-  . .  •} 

If,  instead  of  6,  we  substitute  — ,  and  instead  of  r;  — .  — .  —  t 

m  m    m    m 

TUT 

— ,  we  obtain  the  discharge  through  each  of  the  rings,  which  fom 

r/v 

the  entire  circle,  and  finally  the  discharge  through  the  erUire  dm- 
lur  aperture  is 

e=27rr^2^(— ,(1  +  2+3+...+w)-tV^^(1'+^'+3'  +  -+«^^^ 

=  2  TT  r  r 2  ^  A  .  ( -J  •  ^r ^g  .  — rri  •  -r) 

=  7rr'.V27A[l-,'2(0'-,..} 
or  more  exactly 

If  the  circle  reaches  to  the  level  of  the  water,  we  have 

■  Q  =  J»,y,  7T  r"  |/27A  =  0,964  J^  V%fh, 
when  F  ^'n  r'^  denote^  the  area  of  the  circle. 

Moreover,  it  is  easy  to  understand  that  in  all  cases,  where  fc 
head  of  water  at  the  centre  is  equal  to  or  greater  than  the  diameter 
of  the  orifice,  we  can  put  the  vahie  of  the  entire  series  =  1  and 

This  rule  can  also  be  applied  to  other  orifices  and  also  to  aE 
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cases,  where  the  depth  of  the  centre  of  gravity  of  the  orifice  below 

tlie  level  of  the  water  is  as  great  as  the  height  of  the  aperture ;  wc 

can  then  regard  the  depth  h  of  this  point  as  the  head  of  water  and 

put  Q  =F  VTfh. 

If  we  consider  that  the  mean  of  all  the  cosines  of  the  first 
2 
quadrant  is  =  -  and  that  of  all  those  of  the  second  quadrant  is 

2 

=  • ,  or  that  the  mean  of  the  first  and  second  quadrant  =  0,  the 

discharge  for  the  upper  sejutcircle,  determined  in  the  manner 
shown  above,  is* 

«,=i|V.v7.[.-3iO-,i(t)]     • 

and  that  through  the  lower  semicircle  is 

in  which  ^denotes  the  area  of  the  aperture. 

The  formulas  for  Q,  Qi  and  ft  hold  good  also  for  elliptical 
orifices  with  horizontal  axes ;  for  the  discharges,  when  the  other 
circumstances  are  the  same,  are  proportional  to  the  widths  of  the 
apertures  and  the  width  of  an  ellipse  is  proportional  to  the  width 
of  an  equally  high  circle  (see  Introduction  to  the  Calculus,  Art.  12). 

Example. — ^What  is  the  hourly  discharge  through  a  circular  orifice  1 
inch  in  diameter,  when  the  level  of  the  water  is  one  line  above  the  top  of  it  ? 
Here  wo  have 

^  =  f;  hence  (0'=  II   =0,735, 

and  ^  ~  ^  (D  ~  ^  ""  ^'^^^  ^  ^'^'^'^' 

and  consequently  the  discharge  per  second  is 

Q  =  ^!^  .  13 . 8,025  |/j^ .  0,0977  =.  ^ .  8,025 . 0,977  V7= 10,29  c.  inches, 
per  minute  =  977,4  cubic  inches,  and  per  hour  =  83,94  cubic  feet. 

§  404.  Efflux  from  a  Vessel  in  Motion. — The  velocity  of 
efflux  changes  when  a  vessel,  originally  at  rest  or.  moving  uni- 
formly, is  set  in  motion,  or  when  a  change  in  its  condition  of 
motion  takes  place,  since  in  this  case  every  molecule  of  the  water 
acts  upon  those  surrounding  it  not  only  by  its  weight,  but  also 
by  its  inertia.  62 
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If  the  TCBSel  A  C,  Fig,  689,  is  moved  with  an  acalenttd  tmr. 
vertically  upwards,  while  the  water  flows  throDgh  an  opening/i 
the  bottom,  the  Telocity  of  efflu  a 
augmented,  and  if  it  descends  »iih  n 
accelerated  motion,  the  yelodtj  iidin.- 
ished.  If  the  acceleration  is  p,  tr-r 
molecule  M  of  the  water  pnaef  1 1 
only  with  its  weight  3fg,  but  iIh  rzi 
its  inertia  M  p,  and  in  the  fiisl  osf  i 
must  put  the  force  of  each  ncJ^. 
equal  to  (ff  +  p)  M,  arid  in  the  seoK 
case  equal  to{g  —  p)  Jf,  or  instad  J 
Siff  ±  P-    Hence  it  follows  that 


-.(g±p)h. 


and  that  the  vehcUy  of  efflux  is 


v  =  V%(g±p)h. 
If  the  Tessel  rises  with  the  velocity  g,  we  have 
V  =  V%  .  2gh  =  2  ^'gh, 
and  the  velocity  of  cfBux  is  1,414  times  as  great  as  it  wonldb:.' 
the  vessel  stood  still      If  tlie  Tessel  falls  by  its  own  nigtii  ' 
with  the  acceleration  g,via  =  t'O  =  0  and  no  water  niiia  ont  1 
the  vessel  moves  uniformly  upwards  or  downwards,  v  remMi  - 
Vigh,  but  if  its  rise  is  retarded,  r  becomes  =  f'3(y-f)*.aK- 
its  fall  is  retarded,  r  is  =  f'2  (^f  +  ^)  A. 

J.     go-  If  the  vesse],fromwhich  thewslerflo^ 

is  moved  horizontally  or  at  an  acnttutl 

to  the  horizon,  the  surface  (see  g  3ol)  ^" 

comes  oblique  to  the  horizon  andi'S'* 

tion  of  the  velocity  of  efflux  is  the  ntali 

If  a  vessel  A  C,  Pig.  690,  is  raas'I 

revolve  about  its  vertical  axis  XX,>^^'' 

face  will  assume,  according  to§3H  ' 

shape  of  a  parabolic  funnel  A  0  B.irJ 

the  centre  M  of  the  bottom  the  beiJ'' 

water  Jf  0  is  smaller  than  near  thf  ^ 

and  tlie  water  will  flow  more  dowly  iir'~ 

'  an  orifice  at  the  centre  than  tiron^  s.- 

other  equally  large  aperture  in  the  botHJ 

If  h  denotes  the  head  of  water  M  0  at  the  centre  M,  the  Tckfii' 
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of  efflux  through  an  aperture  at  that  point  will  he  =  V2g  h;  but 
ii'  y  denotes  the  distance  M  F  =  iV  P  of  an  aperture  F  from  the 
axis  JT  X  and  w  the  angular  Telocity,  we  have,  since  the  subtan- 
gent  TI^  of  the  arc  0  P  of  the  parabola  is  equiu  to  twice  the  abscissa 
0  N,  the  corresponding  elevation  of  the  water  above  the  centre  0 
ON=lTN=^^PN.  tang.  NP  T, 

6)'  f/ 

consequently  if  we  substitute  tavig.  N  P  T  ^  tang,  0  =  — -  (see 
§  354)  and  denote  the  inj^iiliii  llillil  l(j  co  \of  F by  Wy  we  can  put 

^^     g        ^9      ^9 

Henoe  the  velocity  of  efflux  through  the  orifice  Fis 

This  formula  holds  good  for  a 
vessel  of  any  shape,  even  when  it 
is  closed  on  top,  like  A  C,  Fig.  691, 
in  such  a  manner  that  the  fun- 
nel i>  0  C  cannot  be  completely 
formed.  Here  also  h  is  the  depth 
MO  of  the  orifice  below  the  vertex 
0  of  the  funnel  and  v  the  velocitv 
of  rotation  of  the  aperture.  It  will 
be  employed  repeatedly  in  the  dis- 
cussion of  reaction  wheels  and  tur- 
bines in  another  part  of  the  work. 

Example — 1)  If  the  vessel  A  C,  Fig.  689,  which  when  filled  with  water 
weighs  350  pounds,  is  drawn  upwards  by  a  weight  G  of  450  pounds  by 
means  of  a  cord  passing  over  a  pulley,  it  rises  with  an  acceleration 

_  450  -  850       _  100       __ 
^  "■  450  +  350  •  ^  ""  800  •  ^  ~  *  ^' 
and  the  velocity  of  e£9ux  is 

V  =  V2  07  +  jp)  A  =  V2  . 1  ^  A  =  \fiffh. 

Now  if  the  head  of  water  were  A  =  4  feet,  the  velocity  of  efflux  would  be 

V  =  V9T7=  8  V82;2  =  17,02  feet. 

2)  If  the  vessel  A  C,  Fig.  691,  which  is  filled  with  water,  makes  100 
revolutions  per  minute  and  if  the  orifice  ^  is  2  feet  below  the  level  of  the 
water  at  the  centre  and  at  a  distance  fix)ni  the  axis  X  X,  =  3  feet,  the 
velocity  of  efflux  is  

V  =  V2j7A  +  w'  =  y  64,4  .  2  +  (^^-^^^^y=  vi28,8  +  100  .  ir» 

=  V128,8  +  987  =  Vril5;8  =  38,4  feet_ 
If  the  vessel  stands  still,  we  have  ©  =  Vl2'8,8  =  11,35  feet 
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CHAPTER    II. 

OK  THE  CONTEACTION  OF  THE  VEIN  OE  JET  OF  WATEB  WHB  ' 
'SSDING  FROM  AN  OEIFICE  IN  A  THEN  PLATE. 

g  40S    CoefBcient  of  Velocity. — The  laws  of  effliii,drf3<tc 

in  ^e  last  chapter,  coincide  almost  exactly  with  the  retniti  f.'- 

tuincd  in  practice,  so  long  as  the  head  of  water  is  not  verj  blZ 

compared  to  the  width  of  the  aperture,  if  the  orifice  of  etBni  :■ 

gradually  widened  inwards   and  joins  bottom  or  sdes  wiiitx 

forming  an  angle  or  edge.    The  eiperiments  made  with  poiiii« 

metal  mouth-pieces  by  Michehtti,  Eytelivein  and  others,  anil  sK 

by  the  author,  haye  ahown  that  the  real  effective  discharge  is  fr " 

9C  to  99  per  cent,  of  the  theoretical  one.    The  mouth-piece  J  .'■ 

•  Fig.  C93,  which  is  represented  in  one-half  its  natural  eize,  gS' 

under  a  preesure  of  10  feet  98  per  csi- 

Fia.  092.  under  a  pressure  of  6  feet  97  per  cent,!*: 

under  a  pressure  of  1  foot  96  per  cent  (' 

the  discharge  calcnkted  theoretical)!  ili 

periments  with  lai^  orifices,  oe  Xv'-'- 

Buchungen  in  dem  Oebiete  der  iiechiii 

und  Hydraulik,  Zweite  AbtheiL).   Ifi:- 

efilux  through  such  a  mouth-piece  is  !■:■> 

as  free  from  disturbance  as  posible,  i 

rounding  must  not  bo  in  the  foran^Ii 

circle,  but  in  that  of  a  curve  AD  =  ^' 

the  curvature  of  which  gradually  decreases  from  within  ontnri^ 

(from  A  towards  D).    Since  in  this  case  the  stream  has  the  ^ 

cross-section  F  as  the  orifice,  we  can  aseume  that  the  dimimiti : 

of  fhc  discharge  is  caused  by  a  loss  of  velocity  arising  froii  ^' 

IViction  of  the  water  upon,  or  its  adhesion  to,  the  inner  eut&k-* 

the  month-piece  and  from  the  viscosity  of  the  water.    Heraf'" 

wc  will  call  the  ratio  of  the  real  or  effective  velocity  to  tbii;'- 

rctical  velocity  v  =  Vigh  the  coefficient  of  velocity  (Fr.  cw-fficH:- 

,de  Vitesse;  Ger.  CcscbwindigkeitecocSicient)  and  we  will  to- 

it  by  0.    Thus  the  effective  velocity  of  ciBus  in  the  simplest  as  a 

V,  =  <f)  V  =  <j>  S'%g  h, 
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and  the  effective  discliarge  is 

Q  =  Fvi  =  (l>Fv-(l>F  V2g~h. 

Substituting  for  ^  its  mean  value  0,975,  we  obtain  (in  English 
feet) 

Q  =  0,975  .FV2jh  =  0,975  .  8,025  FVk  =  7,824  F  Vh. 
The  vis  viva  of  a  quantity  Q  of  water,  issuing  with  the  velocity 

0  y 

v„  is  -— ^  .  Vi*,  by  virtue  of  which  it  can  perform  the  mechanical 

V* 

efifect  Q  y .  ^.    But  since  the  weight  ^  y  in  descending  a>om  the 

height  A  =  x~  performs  the  work  Qy  .h=^Qy  5—,  it  follows  that 
the  loss  of  mechanical  effect  of  the  water  during  the  eflBiux  is 


•  V 

L  =  0,049  .  tr—,  or  4,9  per  cent. 
2<7 

The  water,  which  issues  from  the  vessel,  will  therefore  perform 
4,9  per  cent  less  work  by  virtue  of  its  vis  viva  than  by  virtue  of  its 
weight,  when  &lling  from  the  height  h, 

Rehabk. — The  author  has  tested  the  law  of  efflux,  expressed  by  the 

formula  ©  =  V2  gh,  under  very  different  heads,  viz.,  from  the  very  great 
head  of  JlOO  meters  to  the  very  small  one  of  0,02  meters.  A  well  rounded 
mouth-piece  1  centimeter  wide  gave  for  the  heads 


&  =  0,02  meters .  . . 

0,50  meters 

8,5  meters 

17  meters 

103  meters 

^  =  0,969 

0,967 

0,975 

0,994 

0,994 

See  Civilingenieur,  New  Series,  Yol.  5,  first  and  second  numbers. 

§  406.  Coefficient  of  Contraction. — ^If  the  water  issues  from 
an  orifice  in  a  thin  plate  (Fr.  orifice  en  mince  parol ;  Ger.  Mun- 
dung  in  der  diinnen  Wand),  and  if  the  other  circumstances  are  the 
same,  a  considerable  diminution  in  the  discharge  takes  place.  This 
diminution  is  due  to  the  fact  that  the  directions  of  the  molecules 
of  the  water,  which  are  paesitig  through  the  orifice,  converge  and 
produce  a  contracted  stream  or  vein  (Fr.  veine  contract6e ;  Ger. 
contrahirter  Wasserstrahl).   The  measurements  of  the  stream,  made 
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by  several  experimenters 'and  more  recently  by  the  anthor  hiiDSe^ 

have  shown  that  the  stream^  at  a  distance  from  the  orifice  equal  .i 

half  its  width,  experiences  its  maximum  contraction,  and  th^  :• 

tliickness  is  0,8  of  the  diameter  of  the  orifice.    K  -Fi  is  the  er?s- 

acction  of  the  contracted  vein  and  F  that  of  the  orifice,  we  k^ 

therefore 

F^  =  0,8*  F  =  0,64  F. 

F 
The  ratio  -^f  of  these  cross-sections  is  called  the  (vefficieai  *' 

contraction  (Fr.  coefiicient  de  contraction ;  Ger.  Contnictionax^cf  • 
(iiont;,  and  is  denoted  by  a ;  from  what  precedes  we  see  that  r- 
mean  value  for  the  efflux  of  water  through  an  orifice  in  a  U; 
plate  is  a  =  0,64. 

So  long  as  we  have  no  more  accurate  knowledge  of  the  b^*'^ 
tlie  contraction  of  the  stream,  we  can  assume  that  the  stream  ^y- 
ing  through  a  circular  orifice  A  A,  Fig.  693,  forms  a  solid  of  roiir 
tion  A  E  E  Aj  whose  surface  is  generated  by  the  revolution  of  '^ 
arc  ^  -E^  of  a  circle  about  the  axis  C  D  of  the  stream.    Pnttini:  i  - 

diameter  -4  ^  of  the  orifice  = 
and  the  distance  C^  Z>  of  the  m- 
tracted  section  E  E  from  the  oib- 
=  ^  rf,  we  obtain  the  radius 
MA =ME^r 
of  the  generating  arc  A  Ehjwes:.' 
of  the  equation 

ATW'  =  E  J\r  {2  M E-  B X: 

from  which  we  obtain 
>•  =  1,3  d. 
The  velocity  of  efflux  through  orifices  of  this  kind  is  about 

Vi  =  0,97  v. 

The  contraction  of  the  stream  of  water  owes  its  origin  to  tJ- 
fact  that  not  only  the  water  immediately  above  the  orifice  flj*  • 
out,  but  also  that  the  water  all  around  flows  in  and  is  disehar^^ 
with  it.  The  filaments  of  water  begin  to  convei^  within  *i 
vessel,  as  is  shown  in  the  figure,  and  the  contraction  of  the  stress 
is  caused  by  the  prolongation  of  thiS  convergence.  We  can  cvl- 
vince  ourselves  of  this  fact  by  employing  a  glass  vessel  and  puttiii: 
into  the  water  small  bodies,  such  as  saw-dust,  bits  of  sealing-wix. 
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.,  of  nearly  the  sameL  specific  gi'avity  as  the  water,  and  allowing 
m  to  flow  out  with  it 

§  407.  Contracted  Vein  of  Water— If  the  water  flows 
ough  triangular,  quadrangular,  etc.,  orifices  in  a  thin  plate,  the 
3am  assumes  particular  forms.  The  most  striking  phenomenon 
;he  inversion  of  the  stream  or  the  change  in  position  of  its  cross- 
tion  in  reference  to  the  cross-section  of  the  orifice,  in  consc- 
3ncc  of  which  a  comer  of  the  former  cross-section  comes  into 
J  same  position  as  the  middle  of  one  of  the  sides  of  the  orifice. 
lU3  the  cross-section  of  the  stream,  issuing  from  a  triangular  ori- 
i  A  B  Cy  Fig.  694,  is,  at  a  certain  distance  from  the  latter,  a 
ree-pointed  star  D  E  F\  that  from  a  square  orifice  A  B  C  D, 
?.  695,  is  a  four-pointed  star  E  F  Q  H\  that  from  a  pentagonal 


Fia.  697. 


\&cqAB  CDEy  Fig.  696,  is  a  five-pointed  star  E  OH  K  I,  etc. 
lie  cross-sections  are  very  different  at  diflferent  distances  from  the 
iCce ;  they  decrease  for  a  certain  distance  and  then  increase  again, 
c. ;  the  stream  consists,  therefore,  of  ribs  of  variable  width  and 
rms,  as  can  be  best  observed  when  the  pressure  is  very  great, 
ilges  and  nodes  similar  in  form  to  the  cactus  plant  If  the  ori- 
^  A  B  C  D,  Fig.  697,  is  rectangular,  the  cross-section  at  a  small 

distance  from  the  aperture  forms  also 
a  star  or  cross,  but  at  a  greater  dis- 
tance it  assumes  more  the  form  of  an 
inverted  rectangle  E  F. 

Bidone  observed  the  discharge 
from  various  kinds  of  orifices ;  Pon- 
celet  and  Lesbros  have  made  the 
only  accurate  measurements  of  the 
stream  issuing  from  square  orifices 
(see  the  Allgemeine  Maschinenency 
klopadie,  article  "Ausfluss").  The 
last  measurements  have  led  to  a  small 
coeflBcient    of    contraction     0,563. 
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Measarements  of  the  water  discharged  through  smaller  opeuifir- 
lia/e  given  greater  coefficients  of  contraction ;  they  indicate  t» 
the  coefficients  are  greater  for  oblong  rectangles  than  for  recump  •. 
which  approach  the  square  in  form. 


- .  i 


§  408.    CoeflELcient  cf  EffliUL— If  the  effective  velocirj 
water  issuing  from  an  opening  in  a  thin  plate  was  equal  to  'I 

theoretical  v  =^  V2g  h,  we  would  have  for  the  effective  discing: 

Q  =  aFv'=z  aFV^Jhy 
a  F  denoting  the  cross-section  of  the  stream  at  the  point  of  naxi- 
mum  contraction,  w^here  the  molecules  of  water  move  in  pa£ 
lines ;  but  this  is  by  no  means  true.    It  appears,  from  experiiBri. 


I  -/'  ^^  ""  that  Q  is  smaller  than  a  F  V2g  h  and  that  we  must  multiply  i: 

theoretical  discharge  Fi^2g  hhj  b,  coefficient  smaller  than  thet- 
efficient  of  contraction,  in  order  to  obtain  the  real  dischaiga  ^ 
must  therefore  assume  that,  when  water  issues  from  an  orifice  hs 
thin  plate,  a  certain  loss  of  velocity  takes  place,  and  consequaii.; 
a  coefficient  of  velocity  (f)  must  also  be  introduced ;  hence  the  e£. 
tive  velocity  of  efflux  is 

The  effective  discliarge  is 

Q^  =  Fi,Vi  =  aF.^v  =  a<pFv  =  aipF  V^glu 

Let  us  call  the  ratio  of  the  real  discharge  Qi  to  the  theoretical  ' 
hypothetical  discharge  Q  tha  coefficient  of  efflux  (Ft.  coefficieDti 
depense ;  Ger.  Ausflusscoefficient)  and  let  us  denote  it  hereaft* 
by  M ;  then  we  have 

Q,=liQ  =  fiFv  =  liF  V¥gli, 
and  therefore 

1.1^  tlie  coefficient  of  efflux  is  the  jproAuct  of  tlhe  coefficietdoj^^, 
and  tlie  coefficient  of  contraction.  %  , 

Eepeated  observations,  and  particularly  the  meafiurementfi  <  ( 
the  author,  have  led  to  the  conclusion  that  the  coefficient  of  effl« 
13  not  constant  for  all  orifices  in  a  thin  plate,  that  it  is  p^^' 
for  small  orifices  and  small  velocities  of  efflux  tlian  for  l^^r 
orifices  and  great  velocities  and  that  it  is  much  greater  for  h^^ 
narrow  orifices  than  for  those  whose  forms  are  regular  or  drcol*' 

For  square  orifices,  whose  areas  are  from  1  to  9  squaw  incA*- 
under  a  head  of  from  7  to  21  feet,  according  to  the  experiments^*^ 
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•ossut  and  Michelotti,  the  mean  coeflRcienfc  of  efflux  is  ^  =  0,610 ; 
)r  circular  orifices  from  ^  to  6  inches  in  diameter  and  under  a  head 
f  from  4  to  21  feet,  it  is  jla  =  0,615  or  about  ^%.  The  vahies,  which 
rere  obtained  by  Bossut  and  Michelotti  from  their  observations, 
iffer  materially  from  each  other;  but  they  do  not  appear  to  de- 
>end  upon  the  size  of  the  orifice  or  upon  the  head.  According  to 
he  experiments  of  the  author,  under  a  head  of  0,6  meters,  the  co- 
fficient  of  efflux  is  for  a  circular  orifice 

1  centimeter  in  diameter /*  =  0,628 

2  centimeters         "  =  0,621 

3  "  *'  =0,614 

4  "  "  =0,607. 

On  the  contrary,  under  a  head  of  0,25  meters,  with  the  same  orifice, 

1  centimeter  in  diameter,  he  found .    .    .    .    /z  =  0,637 

2  centimeters         "  '^  .    .    .    .        =  0,629 

3  «  '^  «  ....       =0,622 

4  «  "  "  .    .    .    .        =0,614. 

We  see  from  these  results  of  experiment  that  the  coefficient  of 
efflux  increases  when  the  size  of  the  orifice  and  the  head  of  water 
diminish.  If  we  assume  as  mean  values  ^  =  0,62  and  a  =  0,64, 
we  obtain  the  coefficient  of  velocity  for  efflux  through  an  orifice  in 

a  thin  plate  ^  =  'i  =  0,97, 

a 

or  about  the  same  as  for  efflux  through  mouth-pieces  rounded  in- 
ternally. 

Remabk — 1)  Experiments  made  by  Buff  (see  Poggendorff's  Annalea, 
Vol.  XLYl)  show  that  the  coefficients  of  velocity  for  small  orifices  and 
small  heads  or  velocities  are  considerably  greater  than  for  large  or  medium 
orifices  and  velocities.  An  orifice  of  2,084  lines  in  diameter  gave,  under  a 
head  of  1|  inches,  ft  =  0,692  and,  under  a  head  of  35  inches,  fi  =  0,644. 
On  the  contrary,  an  orifice  4,848  lines  wide,  under  a  head  of  4J  inches, 
gave  fi  =  0,683  and,  under  a  head  of  29  inches,  fi  =  0,663.  The  author 
also  obtained  similar  results. 

2)  For  efflux  under  water,  according  to  the  experiments  of  the  author, 
the  coefficients  of  velocity  are  nearly  1 J  per  cent,  smaller  than  for  efflux 
into  the  air. 

§  409.  Iizperiments. — The  coefflcient  of  efflux  fi  correspond- 
ing to  a  certain  mouth-piece  can  be  determined,  when  we  know  the 
discharge  F,  which  passes  through  the  known  cross-section  F  of 
the  orifice  nnder  a  head  of  water  A  in  a  certain  time  t ;  here  we 
have 
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and  inversely  _  V 

In  order  to  lind  its  two  factors,  yiz. :  the  coefficient  of  coddk- 
tion  and  that  of  velocity,  it  is  necessary  to  measare  either  the  cros- 
si'ction  F,  =  a  F  of  the  stream  or  to  determine  the  velocitv  :i 
efflux  r,  =  0  r  =  ^  V2(?&  by  means  of  the  range  of  the  y. 
Neither  measurement  can  be  made  with  sufBcient  accnracy  mile.- 
the  stream  ia  thin  and  the  cross-section  is  circnlar. 

The  circular  cross-section  F,  of  a  jet  can  be  detennined  vm 
simply  by  means  of  the  apparatus  represented  in  Fig.  C98.   Ii  j 
composed  of  a  ring  and  four  sharp-pointed  &:- 
screws  A,  B,  C,  D,  which  screw  in  towardEt*-- 
other.     The  screws  are  directed  towardi  it- 
centre  of  the  cross-section  of  the  stream  audir. 
turned  until  their  points  touch  its  sarbce :  iL 
ring  ia  then  removed  from  the  stream  and  t!/ 
distance  between  the  opposite  points  of  ii 
screws  ia  measured ;  the  mean  rf,  of  the*  !»■■ 
distances  is  asanmed  to  be  the  diameter  of  ft^ 
stream.     Now.if  if  is  the  diameter  of  the  cross-section  of  the  orifi^^ 
w^!  have  J*, 


F       \d  /' 


and  therefore 

*  ~  «■ 
If  we  measure  the  range  ^  C  =  5  of  a  jet  ^  j5,  Fig.  699,  irV"^- 
issues  horizontally  from  the  mouth-piece  S  A,  which  ia  at  n  CTrtsii 
height  A  C  =  a  above  the  ground,  we  have,  according  to  g  36,  i^- 
Felocity  of  efflux 

Fio.  ceo. 
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and  since  r,  =  ^  v  =  ^  f^2  ^  A,  we  obtain 

0  =  i:?  =  i/^  =    ^ 

V  4:ah      2Wh' 

whence  ^       2  i^ol 

o  =  -—  = = — ^. 

The  determination  of  v  is  more  certain  when,  instead  of  a  and 
^,  we  measure  the  horizontal  and  vertical  co-ordinates  of  three 
points  of  tiie  parabolic  axis  of  the  stream;  for  the  axis  of  the 
mouth-piece  may  have  an  unknown, inclination  to  the  horizon. 
The  most  simple  method  of  proceeding  is  to  stretch  a  horieontal 
thread  D  F  above  the  stream  and  to  hang  three  plumb-lines  from 
tliree  points  D,  Ey  and  F^  which  are  at  equal  distances  from  each 
otlier ;  we  then  measure  the  distances  D  G^  E  H,  and  jP  -ff'  of  the 
axis  of  the  stream  from  D  F.  If  D  F  =  x  is  the  horizontal  dis- 
tance of  the  extreme  points  from  each  other,  if  the  vertical  dis- 
tances D  OyE  II,  and  F  K  =^  z,  Zi,  and  z^y  and  if  we  take  (?  as  the 
origin  of  co-ordinates,  we  have  the  co-ordinates  for  the  point  ff 

x,=GL=DE=\I)F=^(indy,=:LH=Eff-'DO  =  Zi-z, 

and  for  the  point  .^ 

.r,  =  GM=DF-xan(ii/,  =  MK=  FK-  DG  =  z^-z. 

According  to  §  39,  if  a  denotes  the  angle  of  inclination  of  the 
axis  of  the  stream  at  G, 

y,  =  x.tang.a  +  ^-^J-^-,  and  also 
y,  =  =^.  t<^rig.  a  +  3—,-^^^,  or 
y.  -  z.  te«^.  a  =  — ^J^,  and 

whence,  by  division,  we  obtain,  since  2;^  =  2  a-,, 

y^^-x^ng^  =  -',  and  therefore  tang,  a  =  ilL=J^'. 
y*  —  x^  tang,  a       ^'  ^  x 

If  in  one  of  the  foregoing  formulas,  instead  of  — ,— ,  we  put  1  + 

COSm        Qt 

tanfj.^  a,  and  for  tang,  a  we  substitute  the  last  expression,  we  obtain 
iho  required  formula  for  the  velocity  of  efflux 
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_  J gj^ w^(i  +  iang.a')ytt 

^^  ^   '    ^{y^  —  ^  tang,a)co8.^  a      ^      2  (2y,  -  4^,) 

^  A/VW±J^y[EMl 

Hence  tlie  cocflBcicnt  of  velocity  is 


x"  +  (4  y,  -  y^)' 


"^         V'Zgh  8A(y, -2y,)" 

Example  1)  The  following  measurements  of  an  uncontncted  strem. 

which  issued  from  a  well-rounded  orifice  1  centimeter  wide,  jnreie  made: 
X  =  2,480  meters, 

j^j  =  «j  —  «  =  0,267  —  0,1185  =  0,1585  meters, 
y,  =  «2  -  «  =  0,669  -  0,1185  =  0,5555     " 

and  the*head  of  water  was  h  =  8,859  meters.    From  these  data  we  Sri 

the  coefficient  of  velocity  to  be 

^       y  S,  3,359  .  0,2485        r    26,872  .  0,2485        ' 
Since  no  contraction  took  place,  a  =  1  and  therefore  a<  =  ^  1^  resiiit- 
of  measurements  given  in  the  remark  to  §  405  agree  well  with  this  valot. 
2)  The  measurements  of  a  perfectly  contracted  stream,  which  paani 
through  a  circular  orifice  in  a  thin  plate,  were,  for  a  head  of  water  i&  = 
8,896  meters,  the  following : 
X  =  2,70  meters, 

y^  =  0^  ~  «  =  0,2465  —  0,1115  =  0,1850  meters, 
y,  =  2,  -  «  =  0,6620  -  0,1115  =  0,5505      " 
whence  it  follows  that 

_  J\jWT^Wi  _  J        7,2901 
'^  ""  r    8  .  3,396  .  0,2806  ~  r    27,168  .  0,2805  -"'''''^ 
From  the  measurement  of  the  discharge  fi  was  calculated  to  be  =  0,617: 

hence  the  coefficient  of  contraction  was  a  =  -  =  0,681,  which  agreed  Ten 

9 

well  with  the  measurement  of  the  cross-section  of  the  stream. 

§  410.  Rectangular  Lateral  Orifices. — ^The  moet  accnnt« 
experiments  upon  efflux  through  large  lateral  rectangular  orifioet 
are  those  made  at  Metz  by  Poncelet  and  Lesbros.  The  width  of 
these  apertures  were  2  and  in  some  cases  6  decimeters  and  tbcir 
heights  were  different,  varying  from  1  centimeter  to  2  decimeto 
In  order  to  produce  a  perfect  contraction,  the  orifice  was  made  in  a 
brass  plate  4  millemeters  thick.  From  the  results  of  these  experi- 
ments, these  savants  have  calculated,  l)y  interpolation,  the  tablt". 
which  are  given  at  the  end  of  this  paragraph,  and  which  can  1^ 
employed  for  the  measurement  or  calculation  of  discharges. 

If  h  is  the  width  of  the  orifice  K L^  Pig.  700,  and  if  h  awl/. 
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ire  the  heights  E  0  and  E  Lot  the  level  of  the  water  above  the 
ower  and  upper  horizontal  edge  of  the  orifice,  we  have,  according 
:o  §  401,  the  discharge 

<?  =  I  J  4/2^  (A,8  -  W). 
If  we  introduce  the  height  of  the  orifice  G  L  =  a  =  h^  --  h^ 

and  the  mean  head  of  water  E  M  =  h  =  ^ — \  we  have  approxi- 

-"-■^        e  =  (i  -  g|l) .  J  VS77. 

and,  therefore,  the  eflfectiTC  discharge  is 

If  we  put 


Fig.  700. 


we  have  more  simi)ly 


and  as  it  is  more  convenient  to  employ 
this  simple  formula  for  the  discharge, 
the  values  of  /ii,  and  not  those  of  fi 
are  given. 

Since  the  water  in  the  neighborhood 
of  the  orifice  is  in  motion,  it  stands 
higher  immediately  in  front  of  the 
wall,  in  which  the  aperture  is  made ; 
for  this  reason  two  tables  are  given, 
one  to  be  used,  when  the  heads  of  water  are  measured  at  a  distance 
from  the  orifice,  and  the  other,  when  they  are  measured  directly  at 
the  wall  of  orifice.  We  see  from  both  these  tables  that,  with  some 
<3Tceptions,  the  less  the  height  of  the  orifice  and  the  head  of  water 
13,  the  greater  the  coefficient  of  efflux  is. 

If  the  width  of  an  orifice  is  different  from  those  given,  wo 
niHst  employ  these  coefficients  to  calculate  the  discharge,  as  wo 
have  no  other  experiments  to  base  our  calculations  upon.  That 
wfi  are  not  liable  to  great  error  can  be  seen  by  comparing  the  co- 
efficients for  the  orifices,  whoso  widths  arc  0,0  motors,  with  thoso, 
^»1iose  widths  are  0,2  meters,  for  the  same  hoad  of  water.  If 
the  apertures  ara  not  rectangular,  we  determine  tlioir  mean  heigh  1 
and  width  and  substitute  in  the  calculation  the  ^oofiioient  corre- 
sponding to  these  dimensions.  It  is  always  l)ctter  to  measure  the 
iii'ad  of  water  at  a  great  distance  from  the  orifice  and  to  employ 
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the  first  table  than  to  measure  it  immediately  at  the  orifice,  wki^ 
the  surface  of  the  water  is  curred  ai^d  less  tranquil  than  at  a  dir 
tance  from  it. 

Example — 1)  What  is  the  discharge  through  an  orifice  %  dedineter* 
wide  and  1  decimeter  high,  when  the  surface  of  the  water  is  1}  meter^ 
ahore  the  upper  edge  ?    Here  we  have 

6  =  0,3,  a  =  0,1,  A  =  ^^*  =  i^^  =  1.56  meters, 

and,  therefore,  the  theoretical  discharge  is 

C  =  0,1  .  0,2  V2^  Vl,55  =  0,02  .  4,429  . 1,246  =  0,1103  cnbic  meter. 
But  Table  I  gires  for  a  =  0,1  and  A,  =  1,6,  Mt  =  0,611,  hence  tk 
real  discharge  is 

Q  =  0,611  .  0,1103  =  0,0674  cubic  meters. 
2)  What  is  the  discharge  through  a  rectangular  orifice  in  a  thin  plitr. 
whose  height  is  8  inches  and  whose  width  2  inches,  under  a  hesd  of  val'r 
of  16  inches  above  the  upper  edge  ?    The  theoretical  diacbaige  h 

e  =  I .  i  .  8,026  Vf  =  0,8917  .  1,1547  =  1,0296  cubic  feet 
But  two  inches  is  about  0,06  meters  and  16  inches  about  0,4  iDe:*^.*^. 
we  can  therefore  take  the  value  f^i  =  0,628,  corresponding  to  a  =  0,05  ££-< 
A,  =  0,4,  and  put  the  required  discharge 

Q^  =  0,628  .  1,0296  =  0,647  cubic  feet. 
8)  Ifthe  width  is  0,26  meter,  the  height  0,16  and  the  headofia'rr 
kg  =  0,046,  we  have 

C  =  0,26  .  0,16  .  4,429  Vo;i2  =  0,166  .  0,3464  =  0,0575  cubic  meters: 

the  height  0,16  corresponds,  for  A  3  =  0,04,  to  the  mean  value 

0,582  +  0,603      ^  ,^^^ 
/*!  = 1-^ =  0,5926, 

and,  for  h^  =  0,05,  to 

0,585  +  0,605 
fi.  =  -5 5~^ =  0,596. 

Now  since  h^  =  0,045  is  given,  we  substitute  the  new  mean 

0,5925  +  0,6960  ^  ^^^ 

2 
as  coefficient  of  efflux,  and  we  obtain  the  required  discharge 

Qi  =  0,694 . 0,0676  ^  0,08416  cubic  meters. 
Remabk. — ^The  coefficients  of  velocity  do  not  change  sensibly  for  a  nr- 
tangular  orifice,  when  we  change  the  height  into  the  width  or  vice  Terst. 
as  is  demonstrated  by  the  following  experiments  of  Lesbros  (see  his  ''Ex- 
periences Hydrauliques,  Paris,  1851"). 

An  orifice  0,60  meters  wide  and  0,02  meters  high,  under  ahead  ofwtU: 
from  h  =  0,30  to  1,50  meters,  gave 

fi^z=zfi  =  0,635  to  0,622, 
and,  on  the  contrary,  when  it  was  set  on  edge,  or  when  the  height  vas  O.W 
meters  and  the  width  0,02  meters, 

fi^  =  0,610  to  0,626  and 
ft   =  0,638  to  0,627. 
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TABLE  L 
TJia  eoeglcUnU  of  efflux  of  water  issuing  from  rectangular  orifices  in  a  thin 

vertical  plate^  according  to  Poncelet  and  Leebro^ 

(The  heads  of  water  are  measured  above  the  orifice  at  a  point  where  tlic 
water  can  be  considered  as  still.  The  values  below  the  asterisk  (♦)  are  de- 
termined only  by  interpolation.) 


HSICHT  OP  THB  OHIFIOS,   IN  1 

MBTERS. 

Width  oft 
=  0,6  I 

hs  ®  5  w  «r 

Width  of  the  orifice  =  o,a  meters. 

he  orifice 
nctcra. 

ml 

0,20 

0,10 

0,05 

0,03 

0,02 

0,01 

1 

0,20 

1 

0,02 

0,000 

it 

<t 

(( 

it 

(C 

C( 

(» 

(i 

0,005 

u 

(t 

tc 

(t 

u 

0,705 

It 

it 

0,010 

tt 

C( 

0,607 

0,680 

0,660 

0,701 

tt 

0,644 

0,015 

t( 

0,593 

0,612 

0,682 

0,660 

0,697 

t( 

0,644 

0,020 

0,572 

0,596 

0,615 

0,684 

0,659 

0,694 

tt 

0,648 

0,030 

0,578 

0,600 

0,620 

0,688 

0,659 

0,688 

0,698 

0,642 

0,040 

0,582 

0,603 

0,623 

0,640 

0,658 

0,688 

0,695 

0,642 

0,050 

0,585 

0,605 

0,625 

0,640 

0,658 

0,679 

0,697 

0,641 

0,060 

0,587 

0,607 

0,627 

0,640 

0,657 

0,676 

0,6€9 

0,641 

0,070 

0,588 

0,609 

0,628 

0,689 

0,656 

0.678 

0,6C0 

0,640 

0,080 

0,589 

0,610 

0,629 

0,638 

0,656 

0,670 

0,601 

0,640 

0,090 

0,591 

0,610 

0,629 

0,687 

0,655 

0,668 

0,601 

0,689 

0,100 

0,592 

0,611 

0,630 

0,687 

0,654 

0,666 

0,602 

0,689 

0,120 

0,593 

0,612 

0,630 

0,686 

0,658 

0,668 

0,608 

0,638 

0,140 

0,595 

0,613 

0,030 

0,685 

0,651 

0,660 

0,608 

0,687 

0,160 

0,596 

0,614 

0,681 

0,684 

0,650 

0,658 

0,604 

0,687 

0,180 

0,597 

0,615 

0,630 

0,684 

0,649 

0,657 

0,605 

0,686 

0,200 

0,598 

0,615 

0,680 

0,683 

0,648 

0,656 

0,605 

0,686 

0,250 

0,599 

0,616 

0,630 

0,632 

0,646 

0,668 

0,eC6 

0,684 

0,300 

0,600 

0,616 

0,629 

0,682 

0;644 

0,660 

0,607 

0,688 

0,400 

0,602 

0,617 

0,628 

0,681 

0,642 

0,647 

o,eo7 

0,681 

0,500 

0,608 

0,617 

0,628 

0,680 

0,640 

0,644 

0,607 

0,680 

0,600 

0,604 

0,617 

0,627 

0,630 

0,688 

0,642 

0,607 

0,629 

0,700 

0,604 

0,616 

0,627 

0,629 

0,687 

0,640 

0,607 

0,628 

0,800 

0,605 

0,616 

0,627 

0,629 

0,686 

0,687 

0,606 

0,628 

0,900 

0,605 

0,615 

0,626 

0,628 

0,684 

0,685 

0,606 

0,627 

1,000 

0,605 

0,615 

0,626 

0,628 

0,683 

0,682 

0,e05 

0,626 

1,100 

0,604 

0,614 

0,625 

0,627 

0,681 

0,629 

0,604 

0,626 

1,200 

0,604 

0,614 

0,624 

0,626 

0,628 

0,626 

0,604 

0,625 

1,300 

0,603 

0,613 

0,622 

0,624 

0,625 

0,622 

0,€08 

0,624 

1,400 

0,603 

0,612 

0,621 

0,622 

0,622 

0,618 

0,608 

0,624 

1,500 

0,602 

0,611 

0,620 

0,620* 

0,619* 

0,616* 

0,602 

0,628 

1,600 

0,602 

0,611 

0,618 

0,618 

0,617 

0,613 

0,602* 

0,628 

1,700 

0,602* 

0,610* 

'  0,617 

0,616 

0,615 

0,612 

0,602 

0,622 

1,800 

0,601 

0,609 

0,615* 

0,615 

0,614 

0,612 

0,602 

0,621* 

1,900 

0,601 

0,608 

0,614 

0,613 

0,612 

0,611 

0,602 

0,621 

2,000 

0,601 

0,607 

0,618 

0,612 

0,612 

0,611 

0,602 

0,620 

8,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 

0,601 

o,cin 

Similar  tables  for  the  Prussian  system  of  measures  are  to  be  found  in 
the  Ingenieur,  page  482. 
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TABLE  IL 

The  coefficients  of  efflux  of  icater  iwuing  from  rectangular  orifices  i»  a  V*i\ 
f>ertical  plate,  according  to  Poncelet  and  Lesbros. 

(The  beads  of  water  were  measured  directly  at  the  orifice.    The  tiIeci 
above  and  below  the  asterisks  (*)  are  determined  by  interpolation  only.; 


urface 
above 
I  of  the 

HEIGHT  OP  THE  ORIFICE,  IX  METERS. 

:      Width  of  rk 

Head  of  wai 
tance  of  XY 
of  the  wat 
the  upjjer  e 
oiifice,  in  r 

Width  of  the  orifice  =  o^a 

meters. 

orJficE 

—  o,f  incsn. 

0,20 

0,10 

0,05 

0,03 

0,02 

0,01 

0,20 

0,000 

0,619 

0,667 

0,718 

0,776 

0,783 

0,795 

0,33e 

0,005 

0,597 

0,630* 

0,668* 

0,725* 

0,750* 

0,778* 

0,587 

0,010 

0,595 

0,618 

0,642 

0,687 

0,720 

0,762 

0,-589 

0,015 

0,594 

0,615 

6,639 

0,674 

0,707 

0,745 

0,o90 

0,020 

0,594* 

0,614 

0,638 

0,668 

0,697 

0.729 

0..J91 

0,030 

0,593 

0,613 

0,637 

0,659 

0,685 

0,708 

0,592 

0,040 

0,593 

0,612 

0,636 

0,654 

0,678 

0,695 

0,o94» 

0.050 

0,593 

0,612 

0,636 

0,651 

0,672 

0,686 

0,o9o 

0;060 

0,594 

0,613 

0,635 

0,647 

0,668 

0,681 

0,0^*6 

0,070 

0,594 

0,613 

0,635 

0,645 

0,665 

0,677 

0,597 

0,080 

0,594 

0,613 

0,635 

0,643 

0,662 

0,675 

0,598 

0,090 

0,595 

0,614 

0,634 

0,641 

0,659 

0,672 

0.599 

0,100  - 

0,595 

0,614 

0.634 

0,640 

0,657 

0,669 

0,600 

0,120 

0,596 

0,614 

0,633 

0,687 

0,655 

0,665 

0.601 

0,140 

0,597 

0,614 

0,632 

0,636 

0,653 

0,661 

0,602 

0,160 

0,597 

0,615 

0,631 

0,635 

0,651 

0,659 

0,602 

0,180 

0,598 

0,615 

0,631 

0,634 

0,650 

0,657 

0,603 

0,200 

0,599 

0,615 

0,630 

0,633 

0,649 

0,656 

0,603 

0,250 

0,600 

0,616 

0,630 

0,632 

0,646 

0,653 

0.604 

0,800 

0,601 

0,616 

0,629 

0,632 

0,644 

0,651 

0,6^ 

0,400 

0,602 

0,617 

0,629 

0,631 

0,642 

0,647 

0.606 

0,500 

0,603 

0,617 

0,628 

0,630 

0,640 

0,645 

0.607 

-    0,600 

0,604 

0,617 

0,627 

0,630 

0,638 

0,643 

0,607 

0,700 

0,604 

0,616 

0,627 

0,629 

'0,637 

0,640 

0,607 

0,800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,637 

0,607 

'     0,900 

0,605 

6,615 

0,626 

0,628 

0,634 

0,635 

0.607 

1,000 

0,605 

0,615 

0,626 

0,628 

0,633 

0,632 

0.606 

1,100 

0,604 

0,614 

0,625 

0,627 

0,631 

0,629 

0.606 

'     1,200 

0,604 

0,614 

0,624 

0,626 

0,628 

0,626 

0.605 

;     1,300 

0,603 

0,613 

0,622 

0,624 

0,625 

0,622 

0,604 

1     1,400 

0,603 

0,612 

0,621 

0,622 

0,622 

0,618 

0,603 

L  1,500 

0,602 

0,611 

0,620 

0,620* 

0,610« 

0,615* 

0,603 

1,600 

0,603 

0,011 

0,618 

0,618 

0,617 

0,613 

0,602 

1,700 

0,602* 

0,610* 

0,617 

0,616 

0,015 

0,012 

0,602 

1,800 

0,601 

0,609 

0,615* 

0,615 

0,614 

0,612 

0,602 

1,G00 

0,601 

0,608 

0,614 

0,613 

0,613 

0,611 

0,6C2 

"    2.000 

0,601 

0,607 

0,614 

0,612 

0,612 

0,011 

0,602 

3,000 

0,601 

0,603 

0,600 

0,608 

0,010 

0,609 

0,601 

^V^/ 
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§  411.  Overfalls. — If  the  water  flows  through  an  overfall,  weir 
or  notch  (Fr.  deversoirs;  Ger.  UeberfaDe)  in  a  thin  wall,  as,  E-g.,  F  By 

Fig.  701,  the  stream  is  contracted 
Fig.  701.  on  three  sides  and  a  diminution 

p^^g^^^^^^gs^^  of  the  discharge  is  produced.  The 

discharge  through  this  orifice  ij 

Here  the  head  of  water  E  H  =z  h  jT/^Ak^,^^^ 
is  to  be  measured,  not  at  the  edge, 
but  at  least  three  feet  from  the 
wall  in  which  the  notch  is  cnt ;  for  the  surface  of  the  water  is  de- 
pressed immediately  behind  the  orifice,  and  the  depression  increases 
continually  towards  the  orifice,  and  in  the  plane  of  the  orifice  its 
value  G  Ris  from  0,1  to  0,25  of  the  head  of  water  F  J?,  so  that  the 
thickness  F  G  of  the  stream  is  but  0,9  to  0,75  of  the  head  of  water. 
Many  experiments  have  been  made  upon  efflux  of  water  through 
notches  m  a  thin  plate,  and  the  results,  although  vcr}'  multifarious, 
do  not  agree  as  well  as  could  be  desired.  The  following  tables  con- 
tain the  results  of  the  experiments  of  Poncelet  and  Lesbros. 


1.  TABLE  OF  COEFFICIENTS  OF  EFFLUX  FOR  OVERFALLS 
T^VO  DECIMETERS  WIDE,  ACCORDING  TO  PONCELET  AND 
LESBROS. 


Head  of  water  A 

in  meters. 

1 

0,01 

0,02 
0,417 

0,03 
0,412 

0,04 
0,407 

0,06 
0,401 

0,08 

0,10 

0,15 
0,398 

0,20 
0,390 

-  'I 
0,22 

0,885 ' 

Coefficient 
of  efflux 

0,424 

• 
0,307 

0,305 

S.  TABLE  OF  THE  COEFFICIENTS  OF  EFFLUX  FOR  OVERFALLS 

SIX  DECIMETERS  WIDE. 


Head  of  water  A 
in  meters. 


Coefficient 
of  efflux 


0,06  ;  0,08 


0,10 


0,12 


0,15 


0,412  0,409 0,406  0,4030,400 


0,20     0,30     0,40 


0,895  0,391  0,391 


0,50 


o,co; 


0,391  0,390; 


Hence  for  approximate  determinations  we  can  put  fi^  —  0,4. 
53 
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Eytelwein  found,  by  his  experiments  with  overfalls  of  great  ski 
the  mean  vahie  of  //i  to  be  =  5  jea  =  0,42,  and  Bidone  fh  —  l  ^ '  • 
=  0,41,  etc.     The  most  extensive  experiments  were  made  by  d'A  - 
buisson  and  Castel.    From  these  d'Aubuisson  concludes  thai  i  - 
overfalls,  whose  width  is  not  greater  than  ^  that  of  the  canal  it 
the  wall  in  which  the  weir  is  placed,  we  can  put  ft  =  0,G0  or  - «. 
0,40 ;  that,  on  the  contrary,  when  the  overfall  extends  acros.-  :l 
whole  wall  or  has  the  same  width  as  the  canal,  we  must  take «  z 
0,G65  or  fii  =  0,444 ;  that,  finally,  when  the  relations  between  tt 
width  of  the  notch  and  that  of  tiie  canal  differ  from  the  abore.  t: 
coefficient  of  efflux  is  very  varied,  the  extremes  being  0,58  andd*' 
The  experiments  made  in  1853  and  1854,  at  Hanswyk,  upon  ore:- 
falls   3  to  6  meters  wide  under  a  head  of  0,1  to  1,0  meters  gi^ 
fi  =:  0,64  to  0,65  or  §  ^  =  0,427  to  0,433  (see  the  «  Zeitechrift  1- 
Archit-  und  Ingen-Vereins  fur  Hanover,  1857").    The  regearch.: 
made  by  the  author  upon  the  efflux  of  water  through  over&IL'  > 
fer  the  variation  of  these  coefficients  of  efflux  to  certain  laws,  vhi. 
will  be  noticed  further  on  (§  417). 

Example — 1)  The  discharge  per  second  of  an  OTerfall,  0,25  m:?.: 
\ridc  under  a  head  of  water  of  0,15  meters  is 

Q  =  0393  .  h  h  ^Ygh  =  0,393  .  4,429  .  0,25  (0,15)!  =  0,435  .  ^S^^\ 
=  0,02527  cubic  meters. 

2)  What  mu3t  be  the  width  of  an  overfall,  which  under  a  head  of  wt": 
of  8  inches  will  discharge  6  cubic  feet  of  water  ?    Here  we  have 

■K  _        C         _  « ? a4S4feet 

H^Vg  h^  ■"  M .  8,025  V(f)»  ""  3,210  .  0,'6443        *^ 

If  according  to  Eytelwein  we  take  /^i  =  0,42,  we  have 

3,37  .  6,5443  "" '*'^'* 

§  412.  Masimum  and  Miaimum  Contraction.— When  n- 

ter  flows  through  an  orifice  in  a  ^Iwm  surface^  the  axis  of  the  on- 
fice  is  at  right  angles  to  the  wall  of  the  vessel  and  we  have  am- 
dium  contraction ;  if,  however,  the  axis  of  the  orifice  or  of  th' 
.stream  forms  an  acute  angle  with  the  portion  of  the  wall  of  ^ 
vessel  containing  the  aperture,  the  contraction  is  smaller,  and  i 
the  angle  between  this  axis  and  the  inner  surfece  of  the  vessel  iJ 
obtuse,  the  contraction  is  greater.  The  first  case  is  represented  i:: 
Fig.  702  and  the  second  in  Fig.  703.  This  difference  of  contne- 
tion  is,  of  course,  due  to  the  fact  that  in'  the  former  qae  tb: 
molecules  of  the  water,  which  are  flowing  towards  the  orifices.  ^ 
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d  less,  and  in  the  latter  case  more,  from  their  primitive  di- 
•tion,  \fhile  passing  through  this  aperture  and  forming  the  vein. 
Tlio  contraction  is  a  minimum,  i.e.,  null,  if,  by  gradually  con- 
icthig  the  wall  surrounding  the  orifice,  the  water  is  prevented 
3ni  flow'ing  in  upon  the  side  and,  on  the  contrary,  a  maximum 
lAcii  the  direction  of  the  wall  is  opposite  to  that  of  the  stream,  so 
at  certain  molecules  must  descrilje  an  angle  of  180  degi-ees  in 


Fig.  702. 


Fig.  703. 


Fio.  704, 


Fig.  705. 


>r(ler  to  reach  the  orifice.  Both  cases  are  represented  in  Figures 
roi  and  705.  In  the  first  case  the  coefficient  of  efflux  is  nearlv  1, 
viz. :  0,96  to  0,98,  and  in  the  second  case,  according  to  the  measure- 
ments of  Borda,  Bidone  and  of  the  authpr,  its  mean  value  is  =  0,53. 
In  practice,  variations  of  the  coefficients  of  efflux,  produced  h y 
convergent  walls,  often  occur,  particularly  in  the  case  of  sluices, 
which  are  inclined  to  the  horizon,  as  is  shown  in  Fig.  706.  Pon- 
celet  found  for  such  an  orifice  the  coefficient  of  efflux  fi  =  0,80, 
when  the  gate  was  inclined  at  an  angle  of  45°,  and,  on  the  contrary, 
^  is  only  =  0,7-1,  when  the  inclination  is  63  .J  degrees,  i.e.,  for  a 

Fig.  706.  Fig.  707. 

IJ 


D  C 


slope  of  one-half  to  one.  For  the  overfall,  represented  in  Fig.  707, 
where,  as  in  Poncelet's  sluice,  contraction  takes  place  upon  one 
Bvde  only,  the  author  found  fi  =  0,70  or  fi^  =  f^  fi  =  0,467  for  an 
inclination  of  45°,  and  [i  =  0,67  or  fii  =  0,447  for  an  .inclination 
of  63  J  degrees. 

According  to  M.  Boileau  (see  his  Traite  de  la  mesure  des  eaux 
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courantes)  wo  can  put  for  an  overfall,  which  is  inclined  upwards 
in  such  a  way  that  the  horizontal  projection  is  I  the  vertical,  or 
that  the  angle  of  inclination  is  71 J  degrees,  the  coeflScient  of  ef&nx 
=  0,973  times  the  coefficient  of  efflux  for  an  overfall  with  a  vertical 
wall.  We  also  find  from  the  experiments  of  Boileau  that,  for  ver- 
tical overfalls  placed  at  an  angle  to  the  direction  of  the  stream,  we 
must  put,  when  the  angle  is  45°,  the  coefficient  of  efflux  =  0,943 
and,  when  the  angle  is  G5°,  only  0,911  times  the  coefficient  of  efflux 
for  the  normal  overfall ;  the  whole  length  of  the  edge,  over  which 
the  water  flows,  being  of  course  considered  as  the  length  of  the 
orifice. 

Example. — If  a  sluice  gate,  which  is  inclined  at  an  angle  of  50  degrees 

and  closes  a  troagh  2^  feet  wide,  is  raised  ^  foot  and  if  the  surface  of  the 

water  then  stands  permanently  4  feet  above  the  bottom  of  the  trough,  the 

height  of  the  orifice  is 

a  =  J  w/i.  60'  =  0,8830, 

the  head  of  water  is 

A  =  4  -  1 .  0,3880  =  8,8085  feet, 

and  the  coefficient  of  velocity  is  /x  =  0,78,  hence  the  discharge  is 

Q  =  0,78  .  2,25  .  0,8830  .  8,025  \  3,8085  =  10,52  cubic  feet. 

§  413.  Scale  of  Contraction. — T?ie  more  the  direction  of  the 
water  which  flows  in  from  the  sides  differs  from  that  of  the  streamy 
tlie  greater  is  the  contraction  of  the  vein. 

When  a  sti-eam  flows  through  the  orifice  C,  Fig.  708,  in  a  plane 
thin  plate,  the  angle  cJ,  formed  by  its  axis  or  direction  of  motion 

Fia.  708. 
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v»  itli  tliat  of  the  molecules  of  water  which  flow  in  from  the  side,  is 

a  right  angle .(  ;t  ) ;  when  the  orifice  A  is  formed  by  the  thin  edge* 

of  a  tube,  this  angle  <J  is  two  right  angles  (t);  when  wo  have 
a  conical  divergent  mouth-piece  B,  6  U  l)ctweeu  A  t  and  tt; 
when   the  discharge  takes  place  through  a  conical  conycrgent 
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mouth-piece.  Sis  between  0  and  -;  and  when  a  cylindrical  month - 

piece  E  well  rounded  oflF  internally  is  used,  it  is  =  0. 

In  order  to  discover  the  law,  according  to  which  the  contraction 
diminishes  with  the  angle  <5,  the  author  made  a  series  of  experi- 
ments with  a  great  number  of  mouth-pieces  2  centimeters  wide  and 
under  diflfci-ent  pressures  (from  1  to  10  feet) ;  the  results  of  these 
experiments  are  given  in  the  following  table : 


[ 

1 

1800    157JO 

135° 

112^0 

900 

67fo 

450 

22J-0 

lli<> 

5  JO     00 
0,949  0,966 

0,541    .0,546 

0,577 

0,603 

0,632  0,684  0,753'o,882 

0,924 

'  This  table  gives,  it  is  true,  only  the  coefficients  of  efflux  ji*  corre- 
sponding to  different  angles  of  deviation  (J;  the  coefficients  of 
contraction  are  from  1  to  2  per  cent  greater,  since  a  small  loss  of 
velocity  always  takes  place  during  the  efflux.  In  order  to  prevent 
any  loss  of  vis  viva,  when  the  water  enters  the  mouth-pieces  D  and 
B,  the  latter  are  rounded  off  at  the  entrance.  The  friction,  to  be 
overcome  by  the  water  in  passing  along  the  walls  of  the  mouth- 
piece, will  be  determined  in  the  following  chapter. 

Remark. — According  to  the  calculations  of  Prof.  Zeuner  Csee  Civiliii- 

genieur.  Vol.  2cl,  page  55)  of  the  results  of  the  above  experiments,  we  can 

put 

fi^  =  ;i^  ^  (1  +  0,38214  {CO8.  dy  +  0,16672  (cos,  6)*) 

/. ,  ^  denoting  the  coefficient  of  efflux  for  an  orifice  in  a  plane  thin  j)latc, 

for  which  the  maximum  deviation  of  the  elements  of  the  water  during  efflux 
is  =  J  ^-=90°,  and  //j^on  the  contrary,  denoting  the  coefficient  of  effiux  for 

an  orifice  in  a  conical  thin  plate,  wh«re  the  maximum  deviation  of  the 
elements  of  the  water  upon  entering  is  cT. 

§  414.  Partial  or  Incomplete  ContractioxL — We  have  as 
yet  studied  only  the  case,  where  the  water  flows  in  from  all  sides  of 
the  opening  and  forms  a  stream  contracted  upon  all  sides ;  we  must 
now  consider  the  case,  where  the  water  flows  in  from  but  one'  or 
more  sides  to  the  orifice,  and  consequently  produces  a  stream  which 
is  incompletely  contracted.  In  oi*der  to  distinguish  these  condi- 
tions of  contraction  from  each  other,  wo  will  call  the  case,  where 
the  stream  is  contracted  on  all  sides,  complete  contraction,  and  the 
case,  where  the  stream  is  contracted  upon  a  part  only  of  its 
periphery,  ^flrha^  or  incomplete  contraction  (Fr.  contraction  incom- 
plete; Ger.  unvollstandige  or  partielle  Contraction).  Incomplete 
contraction  occurs  whenever  an  orifice  in  a  thin  plane  plate  is 
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surrounded  upon  one  or  more  sides  by  a  plate  placed  in  I'j. 
direction  of  the  stream.  In  Fig.  709  tlierc  are  represented  ijzi 
orifices  a,  b,  c,  d  of  equal  magnitude  in  the  bottom  A  C  of  a  vesi-i 
The  contraction  of  the  water  flowing  through  the  orifioe  amti 
middle  of  the  bottom  is  complete,  for  in  this  case  the  water  (x^ 
How  in  from  all  sides;  the  contraction  of  the  stream  in  paaau: 
tlirough  5,  c  or  d  is  incomplete,  for  the  water  in  these  cass  cj: 
How  in  from  only  three,  two  or  one  side.  In  like  msnvt 
when  a  rectangular  lateral  orifice  extends  to  the  bottom  of  li? 
vessel,  the  contraction  is  incomplete ;  for  that  upon  the  side  of  il 
base  is  wanting;  if  further  the  opening  extend  to  the  liottomal 
sides  of  the  trough,  there  will  be  contraction  upon  one  side  onJr. 

Incomplete  contraction  manifests  itself  in  two  ways.  First,  u 
gives  an  inclined  direction  to  the  stream;  and  secondly, it  csxndt 
greater  discliarge. 

Fig.  700.  Fig.  710. 


If,  E.O.,  the  lateral  orifice  F,  Pig.  710,  reaches  to  the  bott-o 
O  J),  so  that  no  contraction  can  take  place  there,  the  saisF^f'^ 
the  stream  will  form  an  angle  H  F  G  of  about  9  degrees  with  tb 
normal  F  H  to  the  plane  of  the  orifices.    This  deviation  oi  t;? 
stream  becomes  much  greater  when  two  adjoining  sides  are  a-L- 
lined.    If  the  orifice  has  a  border  upon  two  opposite  sides,  tin' c»'> 
traction  at  those  points  is  thereby  prevented,  and  this  deTiation  *  i 
tlio  stream  does  not  take  place,  but  at  a  certain  distance  ivm  tii 
orifice  the  stream  becomes  wider  than  it  would  have  done,  if  it  ^^ 
not  been  confined  upon  those  sides;    Although  a  greater  discbi^T* 
is  obtained  when  the  contraction  is  incomplete,  yet  it  isgeneralljt* 
])c  avoided,  since  it  is  always  accompanied  by  a  deviation  in  ^-^ 
direction  and  by  a  great  increase  in  the  width  of  the  stwai 
Experiments  upon  the  eflSux  of  water,  when  the  contpacfei? 
incomplete,  have  been  made  by  Bidono  and  by  the  author. 
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Their  results  show  that  the  coefficient  of  efflux  increases  veiy 
nearly  with  the  ratio  of  the  length  of  the  border  to  the  entire  peri- 
phery of  the  orifice ;  but  it  is  easy  to  perceive  that  this  relation  is 
different,  when  the  periphery  is  nearly  or  entirely  suiTounded  by  a 
lx)rder,  in  which  case  the  contraction  is  almost  or  totally  done  away 
with.  If  we  put  the  ratio  of  the  portion  with  a  rim  to  the  entire 
periphery  =  n  and  denote  by  n  an  empirical  quantity,  we  can  put, 
approximatively,  the  ratio  of  the  coefficient  //„  of  efflux  for  incom- 
plete contraction  to  the  coefficient  fi^  for  complete  contraction 

-  -  =  1  +  «  w,  and  consequently  ^„  =  (1  +  «  n)  fi^, 

Bidone's  experiments  gave  for  small  circular  orifices  tc  =  0,128, 
and  for  square  ones  fc  =  0,152 ;  those  of  the  author  gave  for  small 
rectangular  orifices  k =0.134,  and  for  larger  ones  (Poncelet's  mouth- 
pieces) 0,2  meter  wide  and  0,1  meter  high  tc  =  0,157  (see  the  Maga- 
zine *'der  Ingenieur,"  vol.  2d).  In  practice  rectangular  orifices 
with  rims  are  almost  the  only  ones  employed ;  we  will  assume  for 
them,  as  a  mean  value,  «  =  0,155,  and  consequently  put 

j^„  =  (1  -f  0,155  71)  fi^. 

For  a  rectangular  lateral  orifice,  whose  height  is  a  and  whoso 

'  width  is  i,  we  have  n  =  --^ rr,  when  there  is  no  contraction 

2  (rt  +  0) 

upon  the  side  b,  if,  e.g.,  this  side  is  npon  the  bottom ;  tj  =  ^,  when 
one  side  a  and  one  side  5  r^ro  provided  with  rims;  and  n  =  ^r~ =-.-, 

4i   ((I   +   u) 

when  the  contraction  is  prevented  upon  the  side  b  and  upon  the 
two  sides  a,  the  latter  caso  occurs,  when  the  orifice  occupies  the 
eatire  width  of  the  reservoir  and  extends  to  the  bottom. 

Example. — What  is  llio  discharge  through  a  vertical  sluice  S  feet  wide 
and  10  inches  high,  when  the  head  of  water  is  li-  feet  above  the  upper 
wlge  of  the  orifice  and  the  Icv/er  edge  is  at  the  bottom  of  the  trough,  so 
that  there  is  no  contraction  npon  that  side  ?     The  theoretical  discharge  is 

<?  =  -If  .  8  .  8,023  V175~+7j  =  ^  .  3,005  V?,()1C5G  =  S7,77  cubic  feet. 
According  to  Poncelet's  table  for  perfect  contraction  /z  =  0,604,  but 
we  have 

8  _       0        ^0 

^  -  2  (3  +  if)  ""  18  +  5       ^' 

hence  for  the  present  case  of  incomplete  contraction 

^,  =  (1  +  0,155  .  ^)  .  0,604  =  1,060  .  0,604  =  0,640 

ftnd  the  eflfective  discharge  is 

Q  =  0,640  Q  =  0,640  .  27,77  =  17,77  cubic  feet 
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§  415.  Imperfect  Contraction.— The  contraction  of  ili'.  \-- 
d^peiids  also  upon  thia  fact,  viz;,  whetlicr  (he  waier  i%  ftnm''"'' 
real  in  front  of  the  orifice  or  whether  it  arrives  there  tnlhanf:  ■ 
velocity ;  the  faster  the  water  approaches  tiie  orifice  of  cfflni.  :\ 
less  the  atrcam  iB  contracted,  and  conseqaently  the  greater  ;?:■ 
discharge.  The  various  relations  of  contraction  and  efflni.  g:;  i 
and  discussed  in  what  precedes,  are  applicable  onlj  where  th;  ir- 
fice  IS  in  a  large  wail,  in  which  case  we  can  assume  that  the  «:'f 
anives  at  the  orifice  witli  a  very  small  velocity ;  ve  innEi  rj;t 
investigate  the  relations  of  contraction  and  efflux,  when  tbe  i-re- 
eection  of  the  orifice  is  not  much  smaller  than  that  of  the  apjiroj  > 
ing  water,  in  which  ease  the  water  arrives  with  a  velocity,  nhA  .■ 
not  negligable.  In  order  to  distingutelt  these  two  cases  from  *■■ 
other,  let  us  call  the  contraction  wliich  occurs,  when  the  war 
above  the  onfice  is  at  rest,  perfect  contraction  and  fhnt  wb; 
occurs,  when  the  water  is  in  motion,  imperfect  contraction  (Fr  i  ■> 
traction  imparfaite;  Ger.  unvollkommene  Contraction).  T- 
contraction  during  efflux  from  the  vessel  A  C,  Fig.  Til,  isintjvr- 
feet ;  for  the  cross-section  F  of  the  orifice  is  t :  I 
Fia.  Ttl.  much  smaller  than  that  G  of  the  water  appnat-  i 

^  B     ing  it  or  the  area  of  tlic  wall  ('  D,  in  wbifb  \V- 

orifice  is  placed.     If  the  vessel  was  of  ihtf  iVra    I 
A  B  C,D,  and  the  area  of  the  base  C  "  »* 
much  greater  than   tliat  of  the  orifice  f.  i- 
efflux  would  take  place  with  perfect  confrafn:-    I 
The    imperfectly  contracted    stream  is  dl-'.rt   i 
E  :^  guishod  fh>m  the  perfectly  contracted  one  r..' 

only  by  its  size,  but  also  by  the  fact  that  it  i:  »'■    ' 
so  transparent  and  crystalline  as  the  latter  is. 

If  we  denote  the  ratio  of  the  area  F  of  the  orifice  to  tliai  li<'- 

the  wall  in  which  it  is  situated,  or    -,  by  n,  the  coefficient  of  cfflnj  i'^ 

perfect  contraction  by  u,  and  that  for  imperfect  confractioabv-. 
we  can  put  witii  great  accuracy,  according  to  the  esperimeatiiiK 
calculations  of  the  author,  I 

1 )  for  circular  orifices 

^.  =  /'o  11  +  0,04564  {14,821-  -  1)], 

2)  and  for  rectangular  prifices  I 

P.  =  (»,[!  +  0,0760  (0"-l)].*  I 

■  Eipeiimente  npon  the  imperfect  controction  of  water,  etc,  Lripn&  "*■ 


\ 
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In  order  to  facilitate  the  calculations  which  are  required  in 

•actice,  the  corrections  - — --  of  the  coeflacicnt  of  efflux  in  con- 

.  Mo 
quence  of  the  imperfect  contraction  have  been  arranged  in  the 

Uowing  tables : 

TABLE  I. 

The  corrections  of  the  coefficients  of  efflux  for  circular  orifices. 


n 


t^n 

•—• 

^0 

f-o 

n 

Hn 

— 

^0 

0,05  i  0,10 


0,15 


0,20 


0,007  0,014  0,023  0,084 


0,25    0,80  I  0,85 


0,045 


0,40    0,45  '  0,50 


0,059;0,075  0,092  0,112  0,184 


0,55 


0,161 


0,60 


0,65:0,70    0,75 


0,189  0,223  0,260  0,303  0,351 


0,80 


0,85   0,90 


0,95  I  1,00 


0,408  0,471  0,540  0,631 


TABLE  n. 
Tlis  corrections  of  the  coeffUcients  of  efflux  for  rectangular  orifices. 


n 


"«  —  /^« 


0,20 


0,26 


0,00910,019' 0,030  0,042  0,056 


0,80 


0,35 


0,40 


0,071  0,088  0,107 


0,50 


71 


''h    —   ^. 


0,55    0,60 


0,65    0,70 


0,75 


0,80 


0,17810,208  0,2410,278  0,319  0,365 


0.85 


0,90 


0,45 


0,1280,153 


0,^15    1,00 


0,416  0,478  0,537  0,608 


The  upper  lines  in  these  tables  contain  various  values  of  the 

.    F 

ratio  —  of  the  cross-sections,  and  immediately  below  are  the  corre- 
sponding additions  to  be  made  to  the  coefficient  of  efflux  on  account 
of  the  imperfect  contraction,  E.G.,  for  the  ratio  n  =  0,35,  i.e.,  for 
the  case,  where  the  area  of  the  orifice  is  35  hundredths  of  the  area 
of  the  entire  wall,  in  which  the  orifice  is  made,  we  have  for  a  cir- 
cular  orifice  ^«.- (i,  ^  0,075, 

and  for  a  rectangular  one  =  0,088 ;  the  coefficient  of  olftux  for 
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perfecVcouti-action  must  bo  increased  in  the  first  caae  '5  ttnii- 
sand^a  and  in  the  second  88  thousandths,  when  we  wish  tooba: 
tluf  corresponding  coefficient  of  efflus  for  imperfect  contiacd.i 
-if  the  coefficient  of  efflux  were  =  0,015,  ive  would  have  in  la. 
first  ca32 

^,„  =  1,075  .  0,C15  =  0,C61 
jiiid  in  the  second  case 

/^oj.  =  1,088  .  0,015  =  0,G60. 
EsA'jFLS. — What  is  the  discliarge  tbrougli  a  rectangular  IstenI  er&: 
F,  wbich  is  IJ  feet  wide  and  ^  foot  high,  when  it  13  cut  in  a  rccui^j; 
wall  0  £>,  Fifj.  712,  3  feet  wide  and  1  foot  high,  and  when  the  \k:'.  ; 
water  E  H  =  h.  where  the  aatti  i. . 
Fig.  713.  rggt,  ia  S  feet     The  Ibeoretiol  i^ 

charge  is 
G  =  1,36  .  0,5  .  8.035  -.  3 

=  S,0136  1,414  =  T,0»2cii!»cSi'- 
nnd  the  coefficient  of  efflmibrjwf^ 
contraction  is.  accnnbog  to  Pimt'?( 

/.„  =  0.610, 
but  the  ratio  of  the  cross-aeetioii!  b 

,,  =  J=y?^'  =  « 

r.i!  1  for  n  =  0,312  wt  have,  according  to  Table  U,  page  841 

"■'  ^  "■■  =  0,071  +  W  (0,088  —  0,071)  =  0-071  +  0004  =  0,07;. 

Ii;:ic3  (he  coefficient  of  efflux  for  the  present  case  ig 

W,^„  =  1.075  .  ^,  =  1,075  +  0,610  =  0,0137. 

and  the  effective  discharge  is 

5,  =  0,6557  .  Q  =  0,0557  .  7,092  =  4,65  tubic  feet. 

g  416.  Efflux  of  Jfoving  W«ot.— We  have  hmak^ 
nssumsd  Ihnt  the  head  of  imto- was  measured  insliil  vatf'-' 
must  now  discuss  the  caec  whore  the  head  of  water  (nn  \<:^->^ 
iired  only  in  water,  which  is  approaching  the  orifice  with  aoirni'. 
velocity.  If  we  assume  tho  orifice  to  be  rectangidar  ami  iX't^ " 
tbo  widtli  by  i,  the  head  of  water  in  reference  to  the  too  boriMi- 
tal  edges  by  li,  and  A.  and  the  height  due  to  the  veiocity  of  if- 
prooch  c  of  the  water  by  k,  we  have  the  theoretical  thschaip' 
Q  =  ibVz^  [(A,  4.  i)f  -  (h.  +  k)l]. 

This  formula  cannot  be  directly  employed  for  the  determiMDii 
of  tlie  discharge,  since  the  height  due  to  the  velocity 

._'•_!_  IQ\' 
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Fig.  718. 


lepends  also  upon  Q,  and,  if  we  transform  it,  we  obtain  a  compli- 
cated equation  of  a  high  degree  ;  it  is  much  simpler,  therefore,  to 
put  the  effectiye  discharge 

md  to  understand  by  /t*,  not  a  simple  coeflScient  of  efflux,  but  a  co- 
jliicient  depending  principally  upon  the  ratio  of  the  cross-sections. 
This  case  is  often  met  with  in  practice^  E.O.,  when  we  wish  to 
measure  the  quantity  of  water  which  passes  through  a  ditch  or 
eaual ;  for  we  can  seldom  dam  up  the  water  by  means  of  a  trans- 
verse wall  B  (7,  Fig.  713,  to  such  a  height  that  the  area  F  of  the 

orifice,  through  which  tlie  water 
is  discharged,  will  be  but  a  small 
fraction  of  the  cross-section  of  the 
stream  which  approaches  it,  and 
it  is  only  In  the  latter  case  that 
the  velocity  of  approach  is  very 
small  compared  to  the  mean  ve- 
locity of  efflux. 

In  the  experiments  made  by  the  author  with  Poncelet's  orifices 
the  head  of  water  was  measured  1  meter  back  from  the  plane  of  the 
orifice ,  they  gave 

^-ZJ!^  =  0,641  (^)  =  0,641  .  n\ 

F 
n  =z  —  denoting  the  ratio  of  the  cross-sections,  which  should  not 

ix;  much  greater  than  2,  ^0  denoting  the  coefficient  of  efflux  for 
perfect  contraction,  taken  from  Poncelet's  table,  and  ii^  the  coeffi- 
cient of  efflux  for  the  present  case.  Let  b  be  the  width  and  a  the 
height  of  the  orifice,  5i  the  width  and  a^  the  depth  of  the  stream 
cf  water  and  h  the  depth  of  the  upper  edge  of  the  orifice  below  the 
level  of  the  water,  then  we  have  the  effective  discharge 

e,  =,/„.«&  [1  +  0,641  (  Jl:)']  /^  g  [li  +  I). 
Tlie  following  table  is  useful  in  abridging,  calculations  in  practice. 


0,25 


0,80 


0,35 


0,040  0,058  0,079 


0,40 


0,103 


0,45 


0,50! 


0,130:0,160 


Example. — In  order  to  find  the  amount  of  water  brought  by  n  ditch  3 
feet  \7idc,  a  transverse  wall,  containing  a  rectangular  orifice  2  feet  wide  and 
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1  foot  high  is  put  in  it,  and  the  water  is  thus  rais3fl  so  th:it,  when  it-  'n-. 
becomes  constant,  it  is  at  a  distance  of  2^  above  the  bottom  ami  1^-  fn: 
above  the  lower  edge  of  the  orifice.  The  corresponding  tbcoreiical  «r- 
charge  is 

Q  =  ah  '/2jh  =  1,3.  8,025  v1,25  =  16,05 . 1,118  =  17,94  cubic  tea 
As  the  coefficient  of  effiux  for  perfect  contraction  is  0,603  said  th::  n*:  • 
of  the  cross-sections  is 

"  =  Iff  =  ^  =  3:25:8  =  o-^^^' 

we  have  the  coefficient  of  effiux  in  the  p]*esent  case 

^  =  (1  +  0,641  .  0,296')  fi,  =  1,05^ .  0,603  =  0,6357, 
and  the  effective  discharge 

Cj  =  17,94 . 0,6857  =  11,4  cubic  feet 

§  417.   The  contraction  is  also  imperfect  when  wat?r  is  dis- 
charged through  overfalls  (like  that  m  Fig.  714),  if  the  cwsg- 

Pio.  714  section  Fo£  the  stream  past- 

ing over  the  sill  C  is  a  nottbk 
fraction  of  the  cross-section  '- 
of  the  approaching  water.  Th. 
overfall  may  extend  over  bm 
Bi^^^y^^;^^  ?(W!?%^     a  portion  or  over  the  whole  uf 

the  canal  or  ditch.  In  tb 
latter  case,  as  there  is  no  contraction  upon  the  sides  of  the  orifi<. . 
the  discharge  is  greater  than  through  orifices  of  tlie  first  kiul 
The  author  has  made  experiments  upon  these  cases  of  efflux  anJ 
deduced  from  the  results  obtained  formulas,  by  means  of  which  tb  - 
coefficient  of  efflux  can  be  calculated  with  sufficient  accuracv,  vben 

F 
the  ratio  n  =  ^  of  the  cross-sections  is  known. 

Let  h  be  the  head  of  water  E  H  above  the  sill  of  the  overfal 
Ox  the  total  depth  of  water,  I  the  width  of  the  over&Il,  and  Ji  th« 
of  the  approaching  water ;  we  have  then 

F       hi       ^ 

''  =  ^  =  m;'^^ 

1)  for  Poncelefs  overfall 

^-^^  =  1,718  (ly  =  1,718  n%- 

on  the  contrary, 

2)  for  an  overfall  occupying  tJie  wliolc  width  of  the  ditch  or  trouok 

'^'""^^  =  0,041  +  0,3693  n' ; 
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lenee  the  discharge  in  the  first  case  is 

uid  in  the  second  case, 

C.  =  §/*..*  [l,041  +  0^693  {-)']  VWh\ 

A  denoting  the  head  of  water  E  H  above  the  sill  F  of  the  overfall, 
measured  at  a  point  about  one  meter  back  of  it. 

In  the  following  tables  the  corrections  ~- — ^  for  the  simplest 


values  of  n  are  given. 


TABLE  I. 


Correctiom  of  the  coefficients  of  efflux  for  Poneelefs  oterfaUs. 


n 


/*«  —  /fj. 


0,05 


0,000  0,000 


0,30 


0,35 


0,007  0,014  0,026 


0,40 


0,45 


0,044  0,070 


0,50 
0,107 


TABLE  IL 

Corrections  for  overfaiU  extending  over  the  entire  width,  or  witlumt  lateral 

contraction. 


n 

0,00 
0,041 

0,05 
0,043 

0,10 

0,045 

1 

0,15 
0,049 

0,20 
0,056 

0,25 
0,064 

0,30 
0,074 

0,85 
0,086 

0,40 
0,100 

0,45 
0,116 

0,501 

1 

fh.  —  ^„ 

0,188; 

Example. — In  order  to  determine  the  amount  of  water  carried  by  a 
canal  5  feet  wide,  we  place  in  it  a  transverse  partition  with  the  upper  edge 
beveled  outwards  and  we  allow  the  water  to  flow  over  this.  After  the 
upper  water  had  ceased  to  rise,  the  height  of  its  surface  above  the  bottom 
of  the  canal  was  3J  feet  and  above  the  sill  1 J  feet ;  the  theoretical  dis- 
charge was  therefore 

(2  =  f  .  5  .  8,025  (o)*=  "^^^^  ^^^^^  ^*^^*- 

/i-        1 5 
The  coefficient  of  efflux  is  in  this  c^s?,  since    -  =    -    =  f  and  //„  =  0,577, 


«, 


3,5 


/I,  =  [1,041  +  0,3693  {^f]  .  0,577  =  1,110  .  0,577  =  0,64, 

:ind  therefore  the  effective  discharge  is 

Q^  =  0,64  .  Q  =  0,64  .  49,14  =  31,45  cubic  feet. 
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§  418.  Lesbros's  XSzperixnents. — We  are  indebted  to  Moib 
Lesbros  for  a  great  number  of  experiments  upon  the  efllax  of  r;/.  -; 
through  rectangular  orifices  in  a  thin  plate;  the  crifices,  Uz: 
provided  internally  and  externally  with  rims,  afforded  examjv.;  ; 
both  partial  and  incomplete  contraction  (see  his  "  Experiena^  ' 
drauliques  siir  les  lois  de  I'ecoulement  de  I'eau''). .  We  vilJ  i^ 
here  only  the  principal  results  of  his  experiments  with  a  rectangu- 
lar orifice  2  decimeters  wide.  The  orifices,  which  were  surronDUc'- 
with  borders  of  different  kinds,  are  distinguished  from  each  vtri*.: 
in  Fig.  715  by  the  letters  A,  B,  O,  eta 


Fig.  715. 
B  c 


£ 


F 


G 


Til 


A  denotes  the  ordinary  mouth-piece  without  any  rim  or  Ix> 

(as  in  §  410) ; 
B  denotes  a  similar  mouth-piece  with  a  vertical  wall  upon  \\ 

inside  perpendicular  to  the  piano  of  the  orifice  and  at  a  distuD:- 

of  2  centimeters  from  one  side  of  it ; 
C  denotes  the  first  mouth-piece  enclosed  on  the  inside  by  t¥ 

such  walls; 
D  the  orifice  -4,  provided  on  the  inside  with  two  vcrric-al  valk 

which  converge  towards  each  other  at  an  angle  of  90^  aud  cv 

the  plane  of  the  orifice  at  an  angle  of  45°  and  at  a  distant'  i>f 

2  centimeters  from  the  side  of  it ; 
E  the  orifice  A  with  a  horizontal  wall,  which  passes  across  ib. 

reservoir  and  reaches  exactly  to  the  lower  edge  of  the  orificv^- 
F  the  orifice  2?, 
0  the  orifice  C,  and 
H  the  orifice  D  with  a  horizontal  rim  or  wall,  as  in  E,  Tvb:i 

completely  prevents  the  contraction  at  the  lower  edge  of  li 

orifice. 
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ABLiE    OF  THE  COEFFICIENTS  OF  EFFLUX  FOR  FREE  EFFL  UX 

THROUGH  THE  ORIFICES  A,  B,  (7,  ETC. 


§  X  8  fig 

;S   O    «j    O^J 


Meters. 
0,020 

0,050 


0,100 


0,200 
0,500 
1,000 

1,500 
2,000 

3,000 


0,020 

0,050 

0,100 

0,200 

0,500 

1,000 

1,500 

2,006 

3»ooo 


I 


'S 

X 


Coefiicient  of  efflux  for  the  orifices. 


Meters. 


••  0,200  - 


v.  I 


0,572 
0,585 
0,592 
0,598 
0,603 
0,605 
0,602 
0,601 
0,601 


B 


0,587 

0,593 
0,600 

0,606 


0 


D 


0,589 
0,631:0,595 


0,631  0,601 
0,632  0,607 


0,6100,631 
0,611 


0,628 
0;6ii  0,627 

0,6100,62610,611 

I  I 

0,609  0,6240,610 


0,611 
0,612 
0,6  II 


■  0,050  < 


0,616 
0,625 
0,630 
0,631 
0,628 
0,625 
0,619 
0,613 
0,606 


0,627 
0,630 

0,633 


0,647 
0,646 

0,645 


0,635  0,642 


0,634 
0,628 

0,622 

0,616 

0,609 


0,637 

0,635 
0,634 


0,631 
0,632 
0,633 
0,633 
0,632 
0,627 
0,621 


0,6340,615 
0,632  0,608 


E 


F 


0,599 
0,608 

0,615 

0,621 

0,623 

0,624 

0,624 

0,619 


G 


H 


0,622  —  0,636- 
0,628  —  ;o,639 
0,633  0,70810,643' 
0,636  0,680  0,644; 
0,637  0,67610,642! 
0,637^0,672-0,641, 
0,636  0,668  0,640! 


0,614  0,63410,665  0^38 


0,664 


0,663 


0,667  0,669 


0,690 


0,678' 
0,677: 


0,669  0,674  0,688.0,677, 

0,6700,6760,687:0,675! 

Ill' 
0,668  0,676  o,682'o,67ij 

0,666  0,672:0,689  0,670! 

0,665  0,670  0,67810,670 

'  I  I 

0,664  0,670  0,674  0,669 

0,662  0,669  0,673,0,668 
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IL 

TABLE  OF  THE  COEFFICIENTS   OF  EFFLUX   THROUGH  THE  OBI- 

FICES  A,  B,  C,  ETC, 

"With  external  shoots  or  uncovered  canals  of  the  same  dimension  at 
the  orifice  (Fr.  canaiix  de  fnite ;  Ger,  ansscrc  Ansatzgerinnen). 

TliG  shoots  fitix3d  the  orifice  exactly,  and  consequently  the  ber- 
eling  of  the  sides  and  hottom  of  the  month-piece  was  done  away 
with.  They  were  either  horizontal  and  3  meters  long  or  (in  the 
experiments  marked  with  *)  inclined  i\  of  their  length,  which  wag 
hut  2,5  meters. 


I  a  V  o 


Coeffictento  of  efflux  for  the  orifioea* 


B 


G 


E 


0,480 
0,510 

0,538 


JP* 


F 


0,527 

0,553.0,509 

0,574 


0,4890,496 

0,517,0,531 

0,545  jo,563 
0,5760,591 

0,602  0,62 1 

0,609  O,628|0,600  0,6l0;O,60I 

0,604; 


P* 


G  ^  G^\  H 


0,534 
0,562 

o,592'o:6o7;o,59i 


0,566,0,592 


0,480 

0,511 

0,542 

0,574 

0,599 
0,601 

o,6oijo,6iojo,627'o,6o2  0,610 

0,601  0,6100,626 0,602,0,609  0,604 0,617,0,604 0,6420,6:: 


0,546  0,528;  —  0,5:- 

0,569  0,560  0,593  a;:: 
0,58910,589  0,617  0.5^: 
0,608  '0,59 1 0,632  o,6ij 
0,6 1 5  0,60 1  0,638  0,6:: 
0,617  0,604  0,641  ^^^ 


0,601  0,609  0,624  0,601  0,608  0,602 


0,020 

0,050 

0,100 

0,200 

0,500 

1,000 

1,500, 

2,000  I 

3,000  j 


0,6 1 6  0,602  0,641 0,6:: 


f  0,488^0,555  o,557^o,487|0,585jo,483Jo,579  o,5i2|   -  JM?^ 
o,577|o,6oo;o,6o3  0,571,0,614  o,570jO,6ii|o,582  0,6250.5;- 

0,60910,628  0,621 0,639  o,6if 
0,623,0,643  0,637  0,6490,6: 


^  0,050  H 


0,624  0,62510,628.0,605  0,632 
0,63110,6330,6370,617,0,645 
0,62510,630  0,635  o,626'o,652|o,63o'o,65o  0,647  0,6560,6.- 

0,624  0,627  0,635  0,628  0,65  I '0,633  0,651  0,649  0,656  0.fj5 
0,619  0,622  0,634  0,62 7  0,650  0,632  0,651  0,64 7 '0,656  0,63: 

0,613  0,616  0,6340,623  0,650  0,631  0,651  0,644  0,656 oA>: 
0,606 0,6090,632  0,618 0,649 0,628 0,651  0,639 0,6560.^3: 
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ExAMFLE. — What  is  the  discharge  through  an  orifice  2  decimetere 

wide  and  1  decimeter  high,  when  the  lower  edge  is  0,85  meters  below  the 

level  of  the  water  and  upon  a  level  with  the  bottom  of  the  vessel,  1)  for 

free  efflux,  and  2)  for  efflux  through  a  short  horizontal  shoot  ?    We  have 

in  this  case  the  orifice  J^,  and  the  head  of  water  above  the  upper  edge  is 

=  0,35  —  0,10  =0,25  meters.    Table  I  gives,  when  the  head  is  =  0,20  and 

the  height  of  orifice  =  0,  20,  the  coefficient  of  efflux  /i  =  0,621,  and,  on 

the  contrary,  when  the  height  of  the  orifice  is  =  0,05  meters,  n  =  0,670  ; 

hence  for  the  first  case  of  the  problem  we  can  put 

0,621  +  0,670 
A*  = 3 =  0,645. 

Table  n  gives,  on  the  contrary,  by  inteipolation,  for  a  head  of  water 
0,26  meters  above  the  upper  edge  of  the  orifice,  the  following  values  for  fi, 

0,566  4-  A  (0,592  -  0,566)  =  0,570,  and 

0,617  +  A  (0,626  -  0,617)  =  0,619 ; 

hence  in  the  second  case  we  can  put 

0,570  +  0,619       ^  ^^^ 
ti  =  -^ -g— ^ —  =  0,594. 

The  cross-section  of  the  orifice  is 

F=  ah  =  0,20  .  0,10  =  0,020  square  meters; 
the  mean  head  of  water  is 

h  =  0,850  —  0,060  =  0,800  meters; 
and,  consequently,  the  theoretical  discharge  is 

Q  =  F^2~gh  =  0,02  V2  .  9,81 . 0,8  =  0,02  VSJSSS 
=  0,02  .  2,426  =  0,0486  cubic  meters. 
The  effective  discharge  is  in  the  first  case 

Q^  =:  fi^  Q=i  0,645.0,0486=  0,0813  cubic  metere, 
and,  on  the  contrary,  in  the  second  case,  i.e.,  when  a  shoot  is  added, 

Q  =  /*2  Q  =  0,594  .  0,0485  =  0,0288  cubic  meters. 
According  to  the  formula  //»=(!+  0,156  n)  fi^  of  §  414,  we  can  put  for 
efflux  with  partial  contraction  /z,  =  ^^  =  (1  +  0,52)  fi^  =  1,052  /«„,  since 
|.  =  |.  of  the  periphery  of  the  orifice  is  surrounded  by  a  border.  But  for 
such  an  orifice  with  complete  contraction  we  have,  according  to  Table  I, 
page  831,  ft^  =  0,616 ;  hence 

fi^  =  1,052  .   0,616  =  0,648, 
and  the  discharge  is 

Qj  =z  fi^Q  =:  0,648  .  0,0486  =  0,0314  cubic  meters, 
I.B.,  a  little  greater  than  that  obtained  by  employing  Lesbros's  table. 

§  419.  M.  Lesbros  has  also  experimented  upon  efflux  through 
overfalls,  employing  the  same  orifices  A,  B,  C\  etc.,  but  not  allow- 
ing the  water  to  rise  to  the  upper  edge  of  the  orifice.  The  principal 
results  of  these  experiments  are  to  be  found  in  the  following  tables. 

54 


'ojy 


GENERAL  PRINCIPLES  OF  MECHANICS 


^41* 


TABLE  I. 

Table  of  tlie  coefficients  of  efflux  (5  //)  for  free  efflux  through 

overfalls  or  notches. 


Head  of  water 

Coeffictents  of  efflux  for  the  orifices. 

above   the   sill. 

-^             I                -w^ 

the  water  is  stilL 

A 

B 

c 

D    j    E 

F    j     G 

Meter. 

\ 

t 

0,01s 

0,421 

0,450 

0,450 

0,441 

0,395 

0,371 

o^c5 

0,020 

0,417 

0,446 

0,444 

0,437 

0,402 

0,379 

0.31^ 

0,030 

0,412 

0,437 

0,435 

0,430 

0,410 

0,388     0.33; 

0,040 

0,407 

0,430 

0,429 

0,424 

0,411 

0,394     0,35: 

0,050 

0,404 

0,425 

0,426 

0,419 

0,411 

0,398     0,3^; 

0,070 

0,398 

0,416 

0,422 

0,412 

0,409 

0,402     0,3:5 

0,100 

0,395 

0,409 

0,420 

0,405 

0,408 

0,405  1  0,3s; 

0,150 

0,393 

0,406 

0,423 

0,403 

0,407 

0,407 !  O5385 

0,200 

0,390 

0,402 

0,424 

0,403 

0,405 

0,408 ;  0.3^3 

0,250 

0,379 

0,396 

0,422 

0,401 

0,404 

0,407     o,3Si 

0,300 

0,371 

0,390 

0,418 

0,398     0,403 

Oy^o6     Oi3;8 

TABLE  IL 

Table  of  the  coefficients  of  efflux  (f  y)  for  efflux  through  mnr.'^ 

short  shoots  or  open  ca7ials. 


Head  of  wa- 
ter above  the 

I 

Coefficients  o(  efflux  for  the  onficcs. 

sill,  measur- 

ed where  1  he 
{water  15  stilL 

1                — 

A 

B 

c 

D 

B 

F 

0 

B 

i     Metei. 

0,015 

— 

0,375 

0,388 

0,400 

— 

— 

1 

0,020 

0,196 

0,368 

0,383 

0,395 

0,208 

0,201 

0,17s  '0'^'^' 

1    0,030 

0,234 

0,358 

0,373 

0,385 

0,232 

0,228 

0,205  [O^y- 

'    0,040 

0,263 

0,351 

0,365 

0,379 

0,251 

0,250 

0,234  :o.25'' 

0,050 

0,278 

0,346 

0,360 

0,375 

0,268 

0,267 

0,260    O^r 

0,070 

0,292 

0,343 

0,352 

0,371 

0,288 

0,289 

0,285   OJCK 

0,100 

0,304 

0,340 

0,345 

0,369 

0,302 

0,304 

0,299  lO^i: 

0,150 

0,315 

0,335 

0,340 

0,367 

0,314 

0,316 

0,313  ,'oj-; 

0,200 

0,319 

0,331 

0,338 

0,366 

0,323 

0,322 

0,322  a335 

0,250 

0,321 

0,328 

0,336 

0,364 

0,329 

0,326 

0,329  a34' 

0,300 

0,324 

0,326 

0,334 

0,361 

0,332 

0,329  1 

0,332  0^4: 

A  comparison  of  the  coeflScients  in  Table  I  and  Table  II  elof  • 
that  the  discharge  through  orifices  provided  with  shoots  is  smafc* 
tlian  that  through  those  without  them,  and  that  the  differeno?  :►' 
greater,  the  smaller  the  head  of  water  is ;  we  also  see,by  oomjan^' 
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he  columns  C  and  C*,  ^and  -E'*,  F  and  F*j  and  G  and  G*  in  the 
ables  of  the  last  paragraph,  that  the  inclined  shoot  creates  less  dis- 
urbance  in  the  efflux  than  the  horizontal  one. 

Rssfj^jRK  1.— A  different  theory  of  the  efflux  of  water  is  adyanced  by  6. 
Boileau  in  his  "  Traits  sur  la  mesure  des  eaux  courantes."  According  to 
It  the  velocity  of  the  effluent  water  is  the  same  at  all  parts  of  the  cross-sec- 
tion and  depends  upon  the  depth  of  the  upper  limiting  line  of  the  vein  at 
the  plane  of  the  orifice  below  the  level  of  the  water  in  the  reservoir. 
Boileau^  employs  the  same  formula  for  overfalls,  in  which  case  he  must 
know  of  course  the  height  of  the  stream  in  the  plane  of  the  orifice.  Later, 
in  the  12th  volume  of  the  6th  series  of  the  Annales  des  Mines,  1857,  M. 
Clarinval  has  given  another  formula  for  efflux  through  overfalls  in  which  no 
empirical  number  fi  appears,  but  instead  of  |  /i  he  substitutes  the  factor 

•  , -z=z:.^  in  which  h  denotes  the  head  of  water  and  a  the  thickness  of 

V2  (A'  —  a")' 

the  stream  above  the  sill  of  the  overfall.  Bee  the  "  Civilingenieur,"  Vol. 
5th.  I  consider  the  hypothesis  upon  which  this  formula  is  based  to  be 
incorrect. 

Hemabk  2. — Mr.  J.  B.  Francis  gives  in  his  work  "  The  Lowell  Hydraulic 
Experiments,  Boston,  1855,''  the  following  formula  for  efflux  through  a 
wide  overfall  or  weir. 

Q  =  3,38  Q  —  0,1  n  li)  h^  English  cubic  feet, 
in  which  h  denotes  the  head  of  water  above  the  sill  of  the  weir,  I  its  length, 
and  n  either  0  or  1  or  2,  according  as  the  contraction  of  the  vein  is  pre- 
vented upon  both,  one  or  none  of  the  sides.    Since  for  the  English  system 
of  measures 

V2^  =  8,025, 
we  have 

•     «''  =  S  =  ''*'"- 

The  experiments,  upon  which  this  formula  is  based,  were  made  with 
weirs  10  feet  wide  and  under  heads  of  water  from  0,6  to  1,0  feet.  The  edge 
of  the  weir  was  formed  of  an  iron  plate  beveled  down  stream,  the  reservoir 
was  13,96  feet  wide,  and  the  sill  was  4,6  feet  above  its  bottom.  See  the 
Civilingenieur,  Vol.  2,  1858. 

BakewclPs  experiments  upon  efflux  through  weirs  or  overfalls  give 
results  differing  in  some  respects  from  the  above.  (See  Polytcch.  Central 
Blatt,  18th  year,  1862.) 

Rem ABK  3. — At  the  sluice-gate  of  the  wheel  at  Remscheid,  Herr  Ront- 
clien  found  fi  =  0,90  to  0,93.     See  Dingler's  Journal,  Vol.  158. 

A  new  edition  of  Mr.  J.  B.  Francis'  work  has  been  recently  published  by 
D.  Van  Nostrand,  New  York.— [Tb.] 
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CHAPTER    III. 

OF  THE  FLOW  OP  WATER  THROUGH  PlPEa 

§  420.  Short  TnbcB.— If  we  allow  the  water  to  diBcharge 
tlirongh  a  short  lube,  or  pipe,  called  also  an  ajutage,  (Fr.  tnyaa 
ttdditionel ;  Ger.  kurze  AasatzrOhre),  the  conditioii  of  aflairs  ia 
entirely  different  fi-om  that  existing,  when  the  water  issu&  from 
an  orifice  in  a  thin  plate  or  from  on  orifice  in  thick  wall,  which  is 
rounded  off  on  the  outside.  If  the  short  tube  is  prismatic  and  aj 
to  3  times  aa  long  as  wide,  the  stream  is  uncontracted  and  non- 
transparent  and  its  range  and  consequently  its  velocity  is  smaller 
tlian  when  it  iaeacs,  under  the  same  circumstances,  from  an  orifice 
in  a  thin  plate.  If,  therefore,  the  tnbe  JT  i  has  the  same  cross- 
Bection  as  flie  orifice  F,  Fig.  716,  and  if  the  head  of  water  is  the 


same  for  both,  we  obtain  at  Ji  La  troubled  and  uncontracted  op 

thicker  stream  and  at  F H&  clear  and  contracted  or  thinner  one; 

we  can  also  see  that  the  range  E  R 

^^•l^^-  is  smaller  than  the  range  D  H. 

This  condition  of  efQux  exists  only 

when  the  length  of  the  tube  ia  the 

given  one ;  if  the  tnbe  is  shorter, 

E.O.  as  long  as  wide,  the  vein  K  Ji, 

Fig.  717,  does  not  touch  the  sidss 

of  the  tube,  the  latter  has  then  no 

infiueuce  upon  the  efflux,  and  the 

stream  issues  from  it  as  from  an 

orifice  in  a  thin  plate. 

Sometimes  it  liappens,  when  the  length  of  tlie  tube  is  greater, 
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Fig.  718. 


lat  the  stream  does  not  fill  it ;  this  occurs  when  the  water  has 
o  opportunity  of  coming  in  contact  with  the  sides  of  the  tube  ; 
'  in  this  case  we  close  for  an  instant  the  outside  end  of  the  tube 
ith  the  hand  or  with  a  board,  the  stream  will  fill  the  tube  and  we 
ave  the  so-called  discharge  of  a  filled  tube  (Fr.  &  gueule  boo ; 
rcr.  voUer  Ausfluss).  The  vein  is  contracted  in  this  case  also,  but 
he  contracted  portion  is  within  the  tube.  We  can  satisfy  our- 
elves  of  this  by  employing  glass  tubes  like  K  i.  Fig.  718,  and  by 

throwing  small  light  bodies 
into  the  water.  Upon  so  do- 
ing, we  observe  that  near  the 
entrance  K  there  is  a  motion 
of  translation  in  the  middle  of 
the  cross-section  jP„  but  that, 
on  the  contrary,  at  the  peri- 
phery of  the  same  the  water 
forms  an  eddy.  It  is,  however, 
the  capillarity  or  adhesion  of 
the  water  to  the  walls  of  the  tube,  which  causes  it  to  fill  the  end  F  L 
of  the  tube  completely.  The  pressure  of  the  water  discharging 
from  the  tube  is  that  of  the  atmosphere,  but  the  contracted  cross- 
section  Fi  is  only  a  times  as  great  .as  that  F  of  the  tube ;  the 

velocity  v,  at  that  point  is  therefore  -  times  as  great  as  the  velocity 

of  efi^ux  V  and  the  pressure  of  the  water  at  Fi  is  smaller  than  that 
at  the  end  of  the  tube,  which  is  equal  to  the  pressure  of  the  atmo- 
sphere. If  we  bore  a  small  hole  in  the  pipe  near  Fi  no  water  will 
run  out,  but  air  will  be  sucked  in  and  the  discharge  with  a  filled 
tube  ceases,  when  the  hole  is  enlarged  or  when  several  of  them  are 
made.  We  can  also  cause  the  water  in  the  tube  A  B  \x>  rise  and 
flow  through  the  tube  K  L  hj  making  it  enter  the  latter  at  J',. 
The  discharge  with  a  filled  tube  ceases  for  cylindrical  tubes,  when 
the  head  of  water  attains  a  certain  magnitude  (see  §  439,  Chap.  IV). 

§  421.  Short  Cylindrical  Tubes.— Many  experiments  have 
been  made  upon  the  efflux  of  water  through  sJwrt  cylindriccd  tuies, 
but  the  results  obtained  difier  quite  sensibly  from  each  other.  It 
is  particularly  Bossuf  s  coefficients  of  efflux  which  differ  most  from 
those  of  others  by  their  smallness  (0,785).  The  results  of  the  ex- 
periments Michelotti  with  tubes  1^  to  3  inches  in  diameter,  under 
a  head  of  water  varying  from  3  to  20  feet,  gave  as  a  mean  value 
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II  =:  0,813.  The  resalts  of  the  experiments  of  Bidonc,  Ejtetvt^ 
:tiid  d'AuboiBson  differ  bat  little  from  those  of  the  latter.  B:'. 
uucording  to  the  experiments  of  the  anther,  va  can  adapt  for  a:c: 
rylindricai  iubea  aa  a  mean  ^-aluc  ji  =  0,815.  Since  we  fomwl  l!.t 
(Coefficient  for  an  orifice  in  a  thin  plate  =  0,615,  it  follows  tb'. 
iviien  the  other  circamatances  are  the  eame,  l}%  =  1,325  tin«:^ 
much  water  ia  discharged  through  a  short  pipe  as  through  m  i«v 
fioc  in  a  thin  plate.  These  coefficients  increase,  when  the  diaiwit; 
of  tho  tube  becomes  greater  and  decreaac  a  little,  when  the  hac 
of  water  or  the  velocity  of  eflBux  increasea  According  to  B.ft: 
experiments  of  the  aathor'sj  made  nnder  heads  Tarying  firoiii  (LS 
to  0,C  meters,  we  have  for  tubes  3  times  as  long  ea  wide 


Wben  the  widtb  is 

1 

' 

3 

1                    ''  = 
1 

0,843 

0,883 

o,8et 

0,610 

According  to  this  table  the  coefficients  of  efflnx  decrease  kes- 
bly  as  the  width  of  the  tube  increases.  In  like  manner  BaffiboEJ 
with  a  tube  2,79  lines  wide  and  4,3  lines  long  that  the  coeffictn 
of  efflux  increased  gi-adually  from  0,825  to  0,8o5,  when  the  i«i 
of  water  decreased  from  33  to  1 '<  inches. 

For  the  efflnx  of  water  throtigh  short  paraUehpipedicd  h^ 
the  author  found  the  coefficient  to  be  0,819. 

If  the  short  tabe  K L,  Fig.  719,  is  partiaUy  surroundtd^n 
border  or  rim  in  the  inside  of  the  Tessel,  if,  E.G.,  one  of  its  ais 
is  flush  with  the  bottom  CD  of  the  vessel  and  if  partial  coetok- 
tion  is  thus  produced,  according  to  the  ezperimentfi  of  the  m^i 
the  coefficient  of  efflux  is  not  sensibly  increased,  but  the  fjlef 

Fi«.  719.  Via.  rea 
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moves  with  different  velocities  in  different  parts  of  the  cross-sec- 
tion, viz.,  upon  the  side  G  more  quickly  than  upon  the  opposite  one. 
K  the  face  of  the  tube  is  not  in  the  surface  of  the  plate  but 
projects  into  the  vessel,  like  E^  F^  0,  Fig.  720,  it  is  then  called  an 
interior  short  tube.  If  the  face  of  the  tube  is  at  the  least  5  times  as 
wide  as  the  bore  of  the  tube,  as  at  E,  the  coefficient  of  efflux  remains 
the  saine  as  if  the  face  were  in  the  plane  of  the  wall,  but  if  the 
face  of  the  tube  is  smaller,  as  at  F  and  O,  the  coefficient  of  efflux 
is  smaller.  According  to  the  experiments  of  Bidone  and  of  the 
author,  if  the  face  is  very  small,  it  is  0,71,  when  the  stream  fills  the 
tube ;  on  the  contrary,  it  is  =  0,53  (compare  §  113),  when  it  docs 
not  touch  the  internal  surface  of  the  tube.  In  the  first  case  (F) 
tlie  stream  is  troubled  and  divergent  like  a  broom,  but  in  the 
second  (6>^)  it  is  compact  and  crystalline. 


§  422.  CoeflEk^ient  of  Resistance. — Since  the  stream  of  water 
issues  from  a  short  prismatical  tube  without  being,  contracted,  it 
follows  that  the  coefficient  of  contraction  of  this  mouth-piece  a  = 
unity  and  that  its  coefficient  of  velocity  ^  =  its  coefficient  of  efflux  ^i. 
The  -v^s  viva  of  a  quantity  of  water  Qy  which  issues  with  a  velocity 

r,  is  ~-  r',  and  its  energy  is  ^r—  ©  y  (see  §  74).    But  the  theoreti- 
9  ^  0 

V 

cal  velocity  of  efflux  is  - . ,  and  therefore  the  theoretical  energy  of 

1        !•' 
the  water  discharged  is     ,-  .  ,y  -  .  Q  y.    Hence  the  loss  of  energy 

of  the  quantity  Q  of  water  during  the  efflux  is 

For  efflux  through  orifices  in  a  thin  plate,  the  mean  value  of 
0  18  0,975 ;  hence  the  loss  of  energy  is 

[(oi-75)'-l]|^«^  =  «'«^^|'^«^'' 
for  efflux  through  a  short  cylindrical  pipe,  on  the  contrary,  ^  =: 
0,815,  "and  the  corresponding  loss  of  energy  is 

=  [{-mi!-  ^]-h^y  =  «'^o^  fg « ^" 

LE.,  nearly  10  times  as  much  as  for  efflux  through  an  orifice  in  x\ 
thin  plate.  Consequently  if  the  vis  viva  of  the  water  is  to  be  made 
use  of,  it  is  better  to  allow  it  to  flow  tlirough  an  orifice  in  a  i\m\ 
plate  than  through  a  short  prismatical  tube.    If,  however,  we 
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round  off  the  edge  of  the  tubci  vhcre  it  is  united  to  the  inUT> 
surface  of  the  veseel,  so  as  to  produce  a  gradual  jKtssage  Snm  ij. 
vessel  into  tho  tube,  the  coefficient  of  cfllus  is  increased  to  i.'.- 
and  at  tho  same  time  the  loss  of  energy  is  reduced  to  81  pert.:'. 
For  short  tubes  or  ajutages,  which  are  rounded  off  or  shaped  mia- 
nally  like  the  contracted  vein,  we  have  ii  =  (p  =  0,975,  and  i^ 
loss  of  mechanical  effect  is  the  same  as  it  is  for  an  orifice  in  a  'is. 
plate,  viz,  5  per  cent 

The  loBS  of  mechanical  effect  I-;  —  II  x—  $y  corresponds  i"* 

head  of  water  (  -j  —  11  5—;  TQcan  therefore  consider  that  the  W 

of  head  due  to  the  resistance  to  efflux  is  1  -;  —  1 1  -.—  and  n  rx 

assume  that,  when  this  losa  baa  been  Bubtractcd,  tho  rcmainiog  p  t- 
tion  of  the  head  is  employed  in  producing  the  velocity. 

This  loss  z  =  (  -;  —  1}  X—,  which  increases  with  the  wusr 
of  the  velocity,  is  known  as  the  height  of  rcaistanco  (Fr,  hjoiis:  I 
de  resistance ;  Ger.  Widcrstandshohe)  and  the  coefiicieDt  — ,  -  -■ 
by  which  the  head  of  water  must  be  mnldplicd  in  order  to  obo)'. 
the  height  of  resistance,  is  called  the  coepcieni  of  Testshna.  Heii-  1 
after  we  will  denote  this  coefficient,  which  also  gives  the  ratio  ■( 
the  height  of  resistance  to  the  head  of  water,  by  C  or  the  beat:     I 

of  resistance  itself  by  2  =  f .  x— .    By  means  of  the  formnlai 
ig 

f  =  -Jj  -  1  and  I 

Fia.  721.  we  can  calculate  from  the  coeffifi^' 

of  velocity  the  coefficient  of  KOSiwi' 
or  the  latter  from  the  former. 

K  the  velocity  of  efBux  vis<^ 
same,  the  head  of  water  of  an  ori& 
JT,  Kg.  721,  whose  coefficient  of  r«is- 

ance  is  4,  is  7*  =  ^ ;>  and  ^^  ^ 

2g<t>" 
of  water  of  the  orifice  X,  througb  »liit= 
'  the  water  flows  with  this  theoKtJ* 
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velocity,  is  Ai  =  g—,  consequently  the  fii-st  orifice  must  lie  at  a  dis- 

-Tj  —  1 )  s--  =  f  o-  below  the  second 

one.    This  distance  z  is  called  the  height  of  resistance.    If  thev 

have  the  same  cross-section  -Pand  there  is  no  contraction  at  either       '^^ 

oriiice,  the  discharge  Q  =^  Fvi&  the  same  for  both. 

Example— 1)  What  is  the  discharge  under  a  head  of  water  of  3  feet 
through  a  tube  2  inches  in  diameter,  whose  coefficient  of  resistance  is 
f  =  0,4,    Here 

^  =  — — -  =  0,845 ;  hence  p     '     ^ 

Vl,4  ,  'v 

V  =  0,843  .  8,025  V3  =  11,745  feet ; 
F  =  (3V)'  JT  =  0,02182  square  feet, 

and  consequently  the  required  discharge  is 

Q  =  0,02182 .  11,745  =  0,256  cubic  feet. 
2)  K  a  tube  2  inches  wide  discharges  under  a  head  of  2  feet  10  cubic   . 
feet  of  water  in  a  minute,  the  coefficient  of  efflux  or  velocity  is 

^  = ?^=-  = — = ^ —  =  0,673, 

F^2gh      60  .  0,02182  .  8,025  V  2      1,05  V  2 

tbe  coefficient  of  resistance  C  =  (0^70-)  —  1  =  1>208, 

and  the  loss  of  head,  caused  by  the  resistance  of  the  tube,  is 

e  =  C 1^  =  1,208 .  ~  =  1,208  .  0,0155  (J)'= 0,0187.  ^^-^^  =  1,092  feet 

§  423.    Inclined  Short  Tubes  or  Ajutages. — When  tlie 

tubes  are  applied  to  the  vessel  in  an  inclined  position  or  when 

they  are  cut  oflF  ohliquely  to  the  axis,  the  discharge  is  less  than 

-.  when  they  are  inserted  into  tlie  vessel  at 

right  angles  or  cut  oflP  at  right  angles  to 

,^'Z  their  axis;  for  in  this  case  the  direction  of 

the  water  is  changed.  The  author's  extended 

experiments  upon  this  subject  have  led  to 

the  following  conclusions.    If  d  denotes  the 

angle  L  KN^  formed  by  i\\Q  axis  of  the  tube 

K  Ly  Kg.  722,  with  the  normal  iT  JV  to  the  plane  A  B  of  the 

orifice,  and  if  ?  denotes  the  coefficient  of  resistance  for  tubes  cut 

off  at  right  angles,  we  have  for  the  coefficient  of  resistance  of  in- 

clined  tubes 

f,  =  f  +  0,303  sin.  6  +  0,226  sin^  <5. 

Assuming  for  ^  the  mean  value  0,505,  we  obtain 
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/^ 


«br««  = 

O 

10 

1 

1 

0,565 

0,799 

the  coefl&cients  of 
mUtanoe  ^i  = 

the  coefficient  of 
efflux  III  = 

0,505 
0,815 

20 


0,635 
0,782 


30 

0,713 
0,764 


40 


0,794 


50     |6odeg. 


0,870 


0,747  ,  0,731 


0,937 
0,719 


Hence,  e.o.,  the  coefficienfc  of  resistance  of  a  short  tube,  the 
angle  of  deviation  of  whose  axis  is  20'',  is  ^i  =  0,635  and  the  coeffi- 
cient of  efflux  is 

•    z*- =  Ti"^  =  <>'^«^' 

and,  on  the  contrary,  when  the  deviation  is  35°,  the  former  is 
=  0,753  and  the  latter  =  0,755. 

These  inclined  tubes  are  generally  longer  than  those  we  have 
previously  considered,  and  they  must  be  longer  when  they  are  to 
be  completely  filled  with  water.  The  foregoing  fonnula  gives  only 
that  part  of  the  resistance  due  to  the  short  tube  at  the  inlet 
orifice,  that  is,  three  times  as  long  as  the  tube  is  wide.  The  resist- 
ance of  the  remaining  part  of  the  tube  >vill  be  given  further  on. 

Example. — ^If  the  plane  of  the  orifice  ^  ^  of  the  dischaige-pipe  KL, 
Fi'^.  723,  as  well  as  the  inside  slope  of  the  dam,  is  inclined  at  an  angle  of  40° 

to  the  bori^n,  the  axis  of  the  tube 
will  form  an  angle  of  50°  with 
that  plane;  hence  the  coefficient 
of  resistance  for  efflux  through 
the  entrance  of  this  pipe  is  C  =7 
0,870,  and  if  the  coeflicient  of  re- 
sistance for  the  remaining  longer 
portion  is  0,650,  we  have  the  coefficient  of  resistance  for  the  entire  tube 

C  =  0,870  +  0,650  =  1,520, 

and  therefore  the  coefficient  of  efflux  is 

1  _J_ 

^  =  Vl  + 1,520  "=  V2,526  =  ^'^^*^- 

If  the  head  of  water  is  10  feet  and  the  width  of  the  pipe  1  foot,  the 
discbarge  is 

Q  =  0,680 .  V  .  8,025  Vio  =  12,56  cubic  feet. 
4 


§  424.  Imperfect  Contraction.— If  a  short  tube  K  i.  Fig. 
724,  is  inserted  in  a  piano  wall,  whose  area  G  is  but  little  larger 
than  the  cross-section  Foi  the  tube,  the  water  will  approach  the 
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outh  of  the  short  tube  with  a  velocity,  whibh  wo  cannot  neglect, 
id  the   stream  which  entera  it  is  imperfectly  contracted ;  hence 

the  Telocity  of  efflux  is  greater  than 
Fig.  724  when  the  water  can  be  cbnsidered  to 

be  at  rest  at  the  mouth  of  the  tube. 

itB  Now  if  ^  =  « is  the  ratio  of  the  cross- 
section  of  the  tube  to  that  of  the  wall 
and  fi^  the  coefficient  of  efflux  for  perfect 

F 
contraction,  in  which  case  we  can  put  -yy  =  0,  we  have,  according 

to  the  experiments  of  the  author,  for  the  coefficient  of  efflux  with  im- 
perfect contraction,  when  we  put  the  ratio  of  the  cross-sections  =  n, 

^-^^^  =  0,102  n  +  0,067  n'  +  0,046  n%  or 

/i.  =  /I.  (1  +  0,102  n  +  0,067  ft"  +  0,046  n*). 

If,  E.O.,  we  assume  the  cross-section  of  the  tube  to  be  one-sixth 
of  that  of  the  wall,  we  have 

l^x  =  1^0  (1  +  0,102  .  J  +  0,067  .  3>a  +  0,046  .  ^jg) 
"  =  ^„  (1  +  0,017  +  0,0019  +  0,0002)  =  1,019  fi^ 

or  putting  /*«  =  0,815 

fi^  =  0,815  .  1,019  =  0,830. 

The  values  — — ^  of  the  correction  are  given  in  the  following 
tables,  which  are  more  convenient  for  use. 

TABLE  OP  THE  CORRECTIONS  OP  THE  COEFPICIENTS  OF 
EPPLUX,  ON  ACCOUNT  OP  IMPERFECT  CONTRACTION.  FOR 
EFFLUX  THROUGH  BHOBT  CTLINBMIAL  TUBES. 


n 

0,05 
0,006 

0,10 
0,018 

0,15 
0,020 

0,20    0,25 

1 

0,30 

0,85 

0,40 

0,45 

0,50 

^1 

0,027  0,085i0,043 

1          1 

0,052 

0,060 

0,070 

0,080 

n 

0,55 
0,090 

0,60 
0,102 

0,65 

0,70   0,75 

0,80 

0,85 

0,90 

0j95 

1,00 

0,114 

0,127lo,188 

1 

0,152 

0,166  0,181  0,198i0,227 
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When  the  water  is  discharged  throngh  skort  paratUlopipedve' 
tubes,  these  corrections  are  aboat  the  same. 

The  priacipal  applications  of  these  corrections  are  to  th?  c3!^ 

of  water  through  compound  tubes,  as,  e.u.,  in  the  case  reprt<e[i:- 

in  Fig.  725,  where  the  short  tnle  K :. 

''' '    ■  is  inserted  iato  another  shun  v.. 

0  K,  and  the  latter  into  the  vi;.- . 

A  C.    Here,  when  the  water  u.ft- 

the  smaller  &om  die  larger  tobe.  t> 

stream  is  imperfectly  contracted,  s-.' 

the  coefficient  of  effinx  is  determiii  I 

by  tiie  last  role.    If  we  pnt  tlie  ntf 

ficient  of  resistanca  corresponding  to  this  coefficient  of  effloi  =  ■'- 

the  coefficient  of  resistance  for  its  entrance  into  tlie  lai;ger  a^ 

from  the  reservoir  =  C  the  head  of  water  =  A,  the  Telocitj '/ 

effinx  =  V  and  the  ratio  -^  of  the  cross-sections  of  the  tube  =  i- 

or  the  Telocity  of  the  water  in  the  laiger  tnbe  =  «  p,  we  lare  lif 
formnla 

,        w'        _   (nv)*       ^.     «' 

A  =:  (1  +  »'  f  +  fi)  s— ,  and  therefore  ] 

.=  ♦^^        ■      "  I 

Vl  +  «'  <  +  ?, 

EzAUPLE. — What  is  the  discharge  from  the  tcbkI  repreEcirted  ii  H 
725,  when  the  head  of  ivat«r  is  A  =  4  feet,  the  width  of  thensnowtabd 
Inches  and  that  of  the  larger  one  8  inches  t    Here  I 

»  =  (|)<  =  i,  whence  /i,  =  1,069  .  0,81S  =  0,871  | 

«nd  the  corresponding  coeffident  of  resiatance 

fi  =  (s-™)  —  1  =  0,818;  bnt  we  have 

C  =  0,G05  and  n'  f  =  14  .  0,50$  =  OfiW,  j 

whence  it  follows  that 

1  +  n'f  +  f,  =1+  0,099  +  0,818  =  1,417, 
and  the  Telocity  of  efflux 

,^8.0M.V1^J..0»^ 
Vl,417  Vi,417 

PioftUy,  BiiicB  the  cross-section  of  the  tnbcisF  =^    "  =  0,02183tqwe^ 
it  follows  that  the  discharge  is 

q  =  18,48  .  0.02183  =  0,294  cubic  feet 
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Fig.  726. 


§  425.  Conical  Short  Tubes  or  Ajutages.— The  discbarges 
[)iii  conical  mouth^eces  or  short  conical  tubes  are  different  from 
lose  obtained  from  cylindrical  or  prismatic  ones.  They  are  either 
niccUly  convergent  or  conicaUy  divergent    In  the  first  case  the 

outlet  orifice  is  smaller  than  the 

inlet,  and  in  the  second  case  the 

inlet  is  smaller  than  the  outlet. 

The  coefficients  of  efflux  through 

the  former  tubes  are  greater  and 

those  of  efflux  through  the  latter 

smaller  than  for  cylindrical  tubes. 

The  same  conical  tube  discharges 

more  water  when  we  make   the 

?rider   end  the  orifice  of  discharge,  as  in  JT,  Fig.  726,  than  when 

we  put  it  in  the  wall  of  the  reservoir,  as  is  represented  at  L  in  the 

^amc  figure ;  but  the  ratio  of  the  discharge  is  not  aa  great  as  that 

of  the  openings.    When  authors  such  as  B.  Venturi  and  Eytelwein 

g;lve  greater  coefficients  of  efflux  for  conically  divergent  than  for 

(^onically  convergent  tubes,  it  must  be  remembered  that  the  smaller 

cross-section  is  alwavs  considered  as  the  orifice.    The  influence  of 

the  conicalness  of  the  tubes  upon  the  discharge  is  shown  by  the 

following  experiments,  made  under  heads  of  from  0,25  to  3,3 

meters,  with  a  tube  A  D,  Fig.  727,  9  centimeters  long;    The  width 

of  this  tube  at  one  end  was  D  E  ^  2,468, 
at  the  other  A  B  ^  3,228  centimeters, 
and  the  angle  of  convergence^  I.E.  the  angle 
A  0  By  formed  by  the  prolongation  of  the 
opposite  sides  A  E  and  B  D  of  &  section 
through  the  axis  of  the  tube,  was  =40"^  50'. 
When  the  water  issued  from  the  narrow  opening,  the  coefecient  of 
efflux  was  =  0,920 ;  but  when  it  issued  from  the  wider  opening,  it 
was  =  0,553.    If  we  substitute  in  the  calculation  the  narrower 
orifice  as  cross-section,  we  find  it  =  0,946.   The  stream,  in  the  first 
case,  when  the  tube  was  conically  convergent,  "was  but  little  con- 
tracted, dense  and  smooth ;  in  the  second  case,  where  the  mouth- 
piece was  conically  divergent,  the  stream  was  very  divergent  and 
torn  and  pulsated  violently.    Venturi  and  Eytelwein  have  experi- 
mented upon  efflux  through  conically  divergent  tubes.    Botli  these 
experimenters  also  attached  to  these  conical  tubes  cylindrical  and 
conical  mouth-pieces,  shaped  like  the  contracted  vein.    With  a 
compound  mouth-piece,  like  the  one  represented  in  Fig.  728,  the 


Fig.  727. 
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diverging  portion  Jf  L  of  which  was  12  lines  in  diameter  in  i. 

najTowest  place  and  21^  lines  at  the  widest,  and  8[|  inches  hx 

and  whoso  angle  of  convergence  was  6^  9',  Eytelwein  found  t  - 

1,5526,  when  he  treated  the  narrow  end  as  the  orifice^  and,  on  ii- 

contrary,  ^  =  0,483  when,  as  was  proper,  he  treated  the  larger  • :. " 

1  5526 
as  the  orifice.  However,  -~r^  =  2,5  times  a&Di 

U,olo 

water  is  discharged  throngh  this  compound  looa:  • 

piece  as  through  a  simple  orifice  in  a  thin  pbtca^ri 

'         =  1,9  times  as  much  as  throngh  a  j^'j«r 

0,0  lo 

cylindrical  pipe.  When  the  velocities  and  the  angle  of  direi^ui . 
ore  great,  it  is  not  possible  to  produce  a  complete  efflux,  even  \nt, 
first  closing  the  end  of  the  mouth-piece. 

The  author  found  with  a  short  conicaDy  divergent  murJ- 
piece  4  centimeters  long,  whose  minimum  and  maximum  whl'l' 
were  1  and  1,54  centimeters  and  whoso  angle  of  divergence  tk 
8"  4',  under  a  head  of  0,4  meters,  /*  =  0,738  when  the  intemaJ  «te 
was  rounded  off,  and  jm  =  0,395  when  it  was  not 

§  426.  The  most  extensive  experiments  upon  the  efflui '' 
water  through  conically  convergent  tubes  are  those  made  by  d'As- 
buisson  and  Gastel.  A  great  variety  of  tubes,  which  diffewl  i: 
length,  viddth  and  in  the  angle  of  convergence,  were  employ"- 
The  most  extensive  were  the  experiments  with  tubes  1,55  cewi- 
meters  wide  at  the  orifice  of  efflux  and  2,6  times  as  long,  i.e^  4  ci> 
timeters  long ;  for  this  reason  we  give  their  results  in  the  folk-^- 
ing  table.  The  head  of  water  was  always  3  meters.  The  dischan? 
was  measured  by  a  gauged  vessel,  but  in  order  to  determine  iKt 
only  the  coefficient  of  efflux,  but  also  the  coefficients  of  velocity 
and  contraction,  the  ranges  of  the  jet  corresponding  to  the  gi^tn 
heights  were  measur^^d,  and  from  them  the  velocities  of  efflni  veic 
calculated. 

The  ratio     , of  the  effective  velocity  f^  to  the  thcorenca 

V%gh  ^ 

one  V^gh  gave  the  coefficient  of  velocity  0,  the  ratio  -rr-^"  ■'' 

the  effective  discharge  §  to  the  theoretical  discharge  F  sfgh  tli 
coefficient  of  efflux  fi,  and,  finally,  the  ratio  of  the  two  coefficients, 

I.E.,  ~,  determined  the  coefficient  of  contraction  a. 

0 
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This  determination  is  not  accurate  enough,  when  the  velocities 
f  efflux:  are  great ;  for  in  tliat  case  the  resistance  of  the  air  is  too 
xeat. 


TABLE  OP  THE  COEPFICIENTS  OF  EFFLUX  AND  VELOCITY  FOR 
EFFLUX  THROUGH  CONICALLY  CX)NVERGENT  TUBES. 


Angile  of 

Coefficient  of 

I 
Coefficient  of 

Angle  of 

Coefficient  of 

Coefficient  0 

convergence. 

efflux 

velocity. 

convergence. 

efflux. 

velocity. 

o°  o' 

6,829 

1 
0,829 

13°  ^4' 

0,946 

0,963 

1°  36' 

0,866 

0,867 

14°  28' 

0,941 

0,966 

3°  10' 

0*895 

0,894 

16°  36' 

0,938 

0,971 

4°  10' 

0,912 

0,910 

19°  28' 

0,924 

0,970 

\        S°  26' 

0,924 

0,919 

21°  0' 

0,919 

0,972 

7°5»' 

0,930 

0,932       . 

23°  0' 

0,914 

0,974 

1       8-  58' 

0,934 

0,942    ! 

*9°  58' 

0,895 

0,975 

io**  20' 

0,938 

0,951    . 

40°    20' 

0,870 

0,980 

1  12°  4' 

0,942 

0,955    1 

48°  50' 

0,847 

0,984 

According  to  this  table,  the  coefficient  of  efflux  attains  its  maxi- 
mum value  0,946  for  a  tube,  whose  sides  converge  at  an  angle  of  13  i°, 
that,  on  the  contrary,  the  coefficients  of  velocity  increase  continu- 
nlly  with  the  angle  of  convergence.  How  the  foregoing  table  is  to 
bo  employed  in  pi-actice,  is  shown  by  the  following  example. 

Example. — What  is  the  discharge  through  a  short  conical  mouth-piece 
1^  iDcheq  wide  at  the  orifice  of  efflux  and  converging  at  an  angle  of  10°,  vfhen 
the  head  of  water  is  10  feet  ?  According  to  the  author^s  experiments,  a 
cylindrical  tube  of  this  width  gives  fi  =  0,810,  d^Aubuisson  tube,  however, 
gave  fi  =  0,829,  or  0^829  —  0,810  =  0,019  more ;  now,  according  to  the 
table,  for  a  tube  converging  at  10'',/*=  0,937 ;  it  is  therefore  better  to  put 
for  the  given  tube  fi  =  0,937  —  0,019  =  0,918 ;  whence  wc  obtain  the 
discharge 


r 


Q  =  0,918  .  -.-—^ .  0,825  Vl6  =  ~ 


--       0,918  .  8,025  ?r 


4.8 


64 


=  0,8010  cubic  feet. 


§  427.  Resistance  of  Friction.-— The  longer  prismatical  or 
cylindrical  pipes  are,  the  greater  is  the  diminution  of  the  discharge 
through  them ;  we  must  therefore  assume  that  the  walls  of  the 
pipes  by  friction,  adhesion  or  by  the  water's  sticking  to  them  resist 
the  motion  of  the  water.  As  we  might  suppose,  and  in  accordance 
with  mauy  -observations  and  measurements,  we  can  assume  that 


& 


Y 
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this  resistance  of  friction  is  entirely  independent  of  the  ptesscie, 
that  it  is  directly  proportional  to  the  length  I  and  inversely  to  tk 

diameter  d  of  the  pipe,  I.E.,  it  is  proportional  to  the  ratio  ^  It  tu 

also  been  proved  that  this  resistance  is  greater  when  the  Telodtk* 
are  great  and  less  when  they  are  small,  and  that  it  increases,  Te-7 
nearly,  with  the  square  of  the  velocity  v.  If  we  measure  thii 
resistance  by  a  column  of  water,  which  must  afterwards  be  sot- 
tracted  from  the  total  head  A,  in  order  to  obtain  the  height  n««- 
sary  to  produce  the  velocity,  we  can  put  this  height,  which  we  rlD 
liereafter  call  the  height  of  resistance  of  friction, 

'^  =  ^•5-2? 

<  denoting  here  an  empirical  number,  which  we  can  style  the  ctr 
efficient  of  friction.  Hence  the  loss  of  head  or  of  pressure  in  conse- 
quence of  the  friction  of  the  water  in  the  pipe  is  greater,  the  greater 

the  ratio  ^  of  the  length  to  the  width  and  the  greater  the  he^ir 

due  to  the  velocity  ^r—  is.    From  the  discharge  Q  and  the  cross- 

A  g 

section  of  the  tube 

4 
wo  obtain  the  velocity 

and,  therefore,  the  height  of  resistance  of  friction 

*  ="  ^'  5  •  2^  [iTdV  "^  ^  •  2^  •  (s)  •  T*" • 

If  we  wish  to  conduct  a  certain  quantity  Q  of  water  throagii' 
pipe  with  as  little  loss  of  head  or  faU  as  possible,  we  must  makf 
tlie  pipe  as  short  and  as  wide  as  we  can.  If  the  width  of  the  pF 
is  double  that  of  another,  the  friction  in  the  former  is  (^)*  =  v. 
that  in  the  latter. 

If  the  cross-section  of  the  pipe  is  a  rectangle,  whose  heigbt  fefl 
and  whose  width  is  S,  we  must  substitute 

1  __  ^      "^d    __  ,    periphery  _  ^    2  (a  4-  &)  _  g  +i 
(i      ^'^jTrJ--^-      arca^~^-       ab    "  ~  2a«' 
whence  we  have 

,  _       l{a-\-l)     v' 
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By  the  aid  of  these  formulas  for  the  resistance  of  friction  in 
pipes,  we  can  find  the  discharge  and  the  velocity  of  efftnx  of  the 
water  conyeyed  by  a  pipe  of  a  given  length  and  width,  under  a 
given  pressure.  It  is  also  of  no  consequence  whether  the  tube  KL, 
Kg,  729,  is  horizontal  or  inclined  upwards  o;:  downwards,  so  long 

as  we  understand  by  the 
Fia.  729.  head  of  water  the  depth 

ii!SHB7^  R        J?  Z  of  the  centre  L  of 

the  moiith  of  the  pipe 
below  the  level  J?  0  of 
the  water  in  the  reser- 
voir. 

If  A' is  the  head  of  water,  Aj  the  height  of  resistance  for  the  ori- 
fice of  influx,  and  At  the  height  of  resistance  for  the  remaining  part 
of  the  tube,  we  have 

A  —  (A,  +  Ag)  =  jr—,  or  A  =  s h  A,  4-  As. 

y,ff  2g 

If  Co  denotes  the  coefficient  of  resistance  for  the  orifice  of  influx 

and  <  the  coefficient  of  resistance  of  friction  of  the  rest  of  the  tube, 

we  can  put 


or 


and 


i)A=(i+f.  +  4),^^ 


2)  v  = 


V2ffh 


V 


!+<-.  +  ?. ^ 


From  the  latter  formula  we  obtain  the  discharge  Q  =i  Fv. 

I 
For  very  long  tubes  1  +  f ,  is  very  small,  compared  with  f  -^ 

and  we  can  write  more  simply 

A  =  f  ^ .  g—,  or  inversely, 

§  428.  The  coefficient  of  friction^  like  the  coefficient  of  efflux, 

is  not  perfectly  constant*;  it  is  greater  for  low  velocities  than  for 

high  ones,  le.  the  resistance  of  friction  of  the  water  in  tubes  does 

not  increase  exactly  with  the  square,  but  with  another  power  of  the* 

55 


c^/r--^  - 
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velocities.  Prony  and  Eytelwein  have  assamcd  that  the  headLs 
by  the  resistance  of  friction  increases  with  the  simple  Tclociiy  sia 
with  the  square  of  the  same,  and  hare  established  for  it  the  fono^ 

m 

in  which  a  and  j3  denote- constants  determined  by  experiment  la 
order  to  determine  these  constants,  these  authors  availed  thenuelTei 
of  51  experiments  made  at  different  times  by  Couplet,  Boasat,  aod 
du  Bnat  upon  the  flow  of  water  through. long  tube&  FtonT  de- 
duced from  them  ^ 

h  =  (0,0000693  V  +  0,0013932  t;*)  ^ 
Eytelwein, 

h  ==  (0,0000894  V  +  0,0011213  v")  ^ 
d'Aubuisson  assumes 

h  =  (0,0000753  V  +  0,001370  v')  ^  metem 

The  following  formula,  proposed  by  the  author,  coincides  bene: 
with  the  results  of  observation ;  it  is 

and  is  founded  npon  the  assumption  that  the  lesistanoe  of  fridict 
increases  at  the  same  time  mth  the  square  and  ynSa.  Hdr  eqnsR 
root  of  the  cube  of  the  Telocity.  We  hare,  therefore,  for  the  coeS- 
cient  of  lesistanoe  ' 

Vv 

I 

and  for  the  height  of  resistance  of  friction  simply 

*  =  ^-52^- 

For  the  determination  of  the  coefl5cient  of  resistance  for  of  tii« 
auxiliary  constants  a  and  /3  the  author  availed  himself  of  noi  cb^ 
the  51  exjferiments  of  Couplet,  Bossut,  and  du  Buat,  emplojd  M 
Prony  and  Eytelwein,  but  also  of  11  experiments  made  by  iim*^' 
and  one  by  a  M.  Gueymard,  of  Grenoble.  The  older  experimffl^ 
were  made  with  velocities  of  from  0,043  to  1,930  meters,  but  ^^ 
experiments  of  the  author  this  limit  has  'been  extended  to  i^- 
meters.  The  widths  of  the  pipes  in  the  older  experiment '^'^ 
27,  36,  54,  135,  and  490  millimeters,  and  the  newer  experim^s:^ 
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ere  made  with  pipes  33, 71,  and  275  millimeters  in  diameter.  By 
le  aid  of  the  method  of  least  squares,  the  author  found  from  the 
3  exx>erimcnts 

f  =  0,01439  +  5^52^. 


Vv 


>r 


■ 

or  for  tho  English  system  of  measure 


A  =  (o,01439  + 


0,017155\  I    ^ 


Kbmabk — 1)  If  we  take  into  consideration  some  other  experiments  made 
by  Professor  Zeuner  with  a  zinc  tube  2^  centimeters  wide,  and  with  a  ve- 
locity of  from  0,ia56  to  0,4287  meters,  we  obtain 


C  =  0,014312  + 


0,010327 


V  being  given  in  meters. 

2)  Newer  experiments  upon  the  flow  of  water  with  great  and  very  great 
velocities  were  made  by  the  author  in  1866  and  1858  (see  the  "  Civilingo- 
nieur,"  VoL  V,  Nos.  1  and  8,  as  well  as  Vol.  IX,  No.  1).  The  results  of 
these  experiments  are  contained  in  the  following  table : 


Nature  of  the  tubes. 


I^arrow  glass  tubes 

Wider  glass  tubes 

Narrow  brass  tubes 

The  same  made  shorter .... 
The  same  under  very  great  pressure 

Wider  brass  tubes 

The  same  made  shorter .... 
Tlie  same  under  very  great  pressure 

Wider  zinc  tubes 

The  same  shorter 

The  same  still  shorter   •    .    •    . 
The  same  still  shorter   .... 


Width  of  the 
tubes  (d). 

Mean  velocity  of 
the  water  in  the 
tubes  (v). 

CoeflSdent 
of  friction  (. 

1,03  ctm. 

8,51  meters. 

0,01815 

1,48 

t( 

10,18 

4( 

0,01865 

1,04 

t( 

8,64 

(( 

0,01869 

1,04 

C( 

12,32 

(( 

0,01784 

1,04 

u 

20,99 

« 

0,01690 

1,43 

(( 

8,66 

it 

0,01719 

1,48 

it 

12,40 

U 

0,01736 

1,43 

(( 

21,59 

u 

0,01478 

2,47 

i( 

3,19 

u 

0,01962 

2,47 

li 

4,73 

ti 

0,01838 

2,47 

u 

6,34 

tt 

0,01790 

2,47 

u 

9,18 

(( 

0,01670 
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The  ralues  in  the  last  coltmui  again  show  that  the  coefficieni  of 
ance  C  for  the  friction  of  water  in  tubes  decreases  not  onl  j  as  tlie  Tdodtr 
(v)  increases,  but  also,  although  more  slowly,  as  the  width  (^  of  the  pipe 
becomes  greater.    However,  for  high  yelodties,  the  formula 

.      ^n..on       0,0094711 

agrees  tolerably  well  with  the  numbers  found  by  experimeat,  B.a^  fa 

0  =  9  meters 

C  =  0,01489  +  0,00816  =  0,01755 

and  for  o  =  16  meters 

C  =  0,01439  +  0,00287  =  0,01676. 

These  coincide  very  well  with  the  values  in  the  last  table,  which  GQIT^ 

spond  most  nearly  to  them. 

Kbmabk  8.— M.  de  Saint -Yenant  found  that  the  wcU-known  fonali 
for  the  resistance  of  water  in  tubes  agrees  better  with  the  resultB  of  oqpefi- 
ment,  when  we  assume  the  height  due  to  the  friction  to  incrcMe  not  viA 

9*  or  rr— ,  but  with  oV.    (See  his  "  Mdmoire  sur  des  formules  nouyelles  pov 

la  solution  des  probloQies  relatifs  aux  eaux  courantes.*^  According  to  ia 
we  must  put 

A  =  ^  .  0,00029557  «V  =  0,00118228  |  -  «V  =  0,028197  tr-J  .^  p 

The  assumption  of  a  fractional  exponent  for  v  is  not  at  all  new ;  Woltma 
put  oa  instead  of  «'  and  Eytelwein  proposed  9ik  instead  of  •*  (see  tb 
author^s  article  upon  Efflux  [Ausfiuss]  iathe"allgemeine  MaschincDax;- 
clopadie  "  of  Hulsse. 

Remabx  4. — New  and  very  extended  experiments  upon  the  motioo  of 
water  in  pipes  have  been  made  by  Monsieur  H.  Darcy  (see  the  repoit  to 
the  Academy  of  Sciences  at  Paris  in  the  Comptes  rendns,  etc.  Tool  3&. 
1854,  **'  sur  des  recherches  exp^rimentales  relatives  an  monvemat  des 
eaux  dans  les  tuyaux ").  Mons.  Darcy  deduces  from  these  expenmoU, 
where  the  velocity  is  not  less-  than  2  decimeters,  the  formula 

AA,.i./vi,       0,00000647\  I     , 
000507  +  -^ — j  - .  ©" 


r        §  r 


h  =  (o, 

=  (0,01989  +  -i-g ^  5  ^  meten; 

hence  the  coefficient  of  resistance  should  be 

.      A  A.  A«A        0,0005078 
C  =  0,01989  +     '     4 . 

This  formula,  however,  is  not  sufficiently  accurate  for  small  Telocuies. 

§  429.  To  .  facilitate  calculation  the  following  table  of  the 
coefficients  of  resistance  has  been  arranged.  We  see  fipom  it  that  ik 
variation  of  this  coefficient  is  not  insignificant,  since  for  a  velocity 
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of  0,1  meter  it  is  =  0,0443,  for  one  of  1  meter,  =  0,0239  and  for 
one  of  5  meters,  =  0,0186. 

TABLE  OF  THE  COEFFICIENTS  OF  FRICTION  OF  WATER. 


1 

Decimetexs.                          i 

1 

V 

0 
1 
2 
8 

4 

0 

1 

0,0448 
0,0284 
0,0209 
0,0198 
0,0191 

2 

0,0856 
0,0280 
0,0208 
0,0197 
0,0190 

8 

0,0817 
0,0227 
0,0206 
0,0196 
0,0190 

4 

5 

0,0278 
0,0221 
0,0204 
0,0195 
0,0189 

•  6 

7 

8 

9 

0,0244 
0,0213 
0,0200 
0,0192 
0,0187 

00 

0,0239 
0,0211 
0,0199 
0,0191 

0,0294 
0,0224 
0,0205 
0,0195 
0,0189 

0,0266  0,0257  0,0250 
0,0219  0,0217  0,0215 
0,0208  0,0202  0,0201 
0,0194  0,0193  0,0198 
0,0188  0,0188  0,0187 

We  find  in  this  table  the  coeflBcients  of  resistance  correspond- 
ing to  a  certain^ velocity  by  searching  for  the  whole  meters  in  the 
vertical  columns  and  for  the  tenths  of  a  meter  in  the  horizontal 
column  and  then  moving  horizontally  from  the  first  number  and 
vertically  from  the  last,  until  we  arrive  at  the  point  where  the  two 
motions  meet  e.q.  for  v  =  1,3  meters,  f  =  0,0227 ;  for  t;  =  2,8, 
<•  =  0,0201. 

For  the  English  foot  we  can  put 


0,1 

0,2 

0,8 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

0,068e 

\  0,0527 

0,0457 

0,0415 

0,0887 

0,0865 

0,0349 

0,0886 

0,0825 

1 

li 

n 

2 

8 

4 

6 

8 

12 

20 

0,0315  ( 

),0297 

0,0284 

0,0265 

0,0443 

0,0230 

0,0214 

0,0205 

0,0198 

>  0,0182 

1 

Bemabk. — A  more  extensive  and  more  convenient  table  is  to  be  found 
in  the  Ingenieur,  pages  442  and  448. 

§430.  Long  Pipes. — In  considering  the  motion  of  water  in 
long  pipes  or  combinations  of  pipes,  the  three  principal  questions 
to  be  solved  are  the  following. 

1)  The  length  I  and  the  width  d  of  the  pipe  and  the  quantity 
Q  of  water  to  be  conducted  may  be  given  and  we  may  be  required 
to  find  the  necessary  head.  In  this  case  we  must  first  calculate 
the  velocity 


^ 


<^^ 


<1 
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aad  then  search  in  one  of  the  last  tables  for  the  value  of  the  coef- 
ficient of  friction  Cj  corresponding  to  this  value,  and  finaHj  tc 
must  substitute  the  values  d,  Z,  v,  f  and  f,  (C,  denoting  the  coet- 
cient  for  the  orifice  of  influx)  in  the  first  principal  formiila 

2)  The  length  and  width  of  the  pipe  and  the  headof  mur 
may  be  given  and  the  discharge  may  be  required.  The  Tebdn- 
must  be  found  by  means  of  the  formula 


4/1  +  ^,  +  ?.^ 

"Now  as  the  coefficient  of  resistance  is  not  perfectly  coBstmi 
but  varies  somewhat  with  v,  we  must  first  find  v  approximatiTeh 
in  order  to  be  able  to  calculate  f  from  it. 

From  V  we  determine 

Q=^~v==  0,7854  (P  V. 

8)  The  discharge,  the  head  of  water  and  the  lengtti  of  ftepipe 
may  be  given,  and  we  may  be  required  to  determine  the  necesaBy 
width  of  the  pipe. 

Since  v  =  — ^  or  i;'  =  (  -—  )  .  -j-,,  we  have 
nd*  \   TT  /      d* 

2 /7 A  .  (^'^) V  =  (1  +Qd  +  0; 
hence  the  width  of  the  pipe  is 

^  %  g  h  \  TT  / 

But  since  l:;^-  1.621^  and  1  +  <,as  a  mean  =  1,505  and  f(ff 

the  English  system  of  measures  ^—  =  0,0155,  we  can  put 

d  =  0,4787  r  (1,505  .  rf  -f  ^  ?)  -^  feet 
This  formula  can  only  be  used  to  obtain  approximatire  Talues; 


/- 
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for  not  only  the  unknown  quantity  d,  but  also  the  coefficient  f, 

4  Q 
which  depends  upon  the  velocity  v  =  — ^^^p^urain  it. 

ExAMFLB  1)  What  mast  the  head  of  water  be,  when  a  set  of  pipes  150 
fyet  long  and  5  inches  in  diameter  is  required  to  deliyer  25  cnbic  feet  of 
water  per  minute  ?    Here  we  have 

OK      ioa 

V  =  1,2782  '^~-  =  8,056  feet,  ^  7 

and  therefore  we  can  make  C  =  0,0248 ;  hence  the  head  of  water  or  total 
&11  of  the  pipes  must  be 

h  =  ^1,506  +  0,0248  .  ^^^^^)  .  0,0155  .  8,056» 

=  (1,505  +  8,748)  0,0155 . 9,889  =  1,484  feet. 
2)  What  is  the  discharge  through  a  set  of  pipes  48  feet  long  and  9 
inches  in  diameter,  under  a  head  of  5  feet  ?    Here 

8,025  V5  17,946 


V  = 


/ 


l,605  +  f.^»-^2       Vl,503  +  288.f 


2 

For  the  present,  aaeuming  C  =  0,020,  tee  obtain 

17,945       17,945       ^  „ 

II  =  — =  — ■ =  60* 

yrm         2.7         ">"' 

but »  =  6,6  gives  more  correctly  C  =  0,0211,  and  therefore  we  have 

lZiW^_^  =  JW  =,  6,68  feet. 


«   = 


Vl,505  +  288 ".  0,0211       V7,582 
and  the  discharge 

Q  =  0,7854  (~y  0,52  =  0,142  cubic  feet  =  245,4  cubic  inches. 

8)  What  must  be  the  diameter  of  a  set  of  pipes  100  feet  long,  which  are 
to  discharge  one  half  of  one  cnbic  foot  of  water  per  second  under  a  head 
of  6  feet  ?    Here 


d  =  0,4787  V  (1,505  d  +  100  C) .  i  .  (J)»  =  0,4787  vO^OT'G  <i  +  5  C 
Assuming  for  the  present  C  =  0,02,  we  obtain 

d  =  0,4787  v''0,075  d  +"0,100,  or  approximatively 

d  =  0,4787  Vo,100  =  0,30 ;  hence  we  have  more  accurately 


fc  .'^-z:~^ 


d  =  0,4787  V0,0226  +  0,100  =  0,4787  V0,1225 
=  0,3145  feet  =  8,774  inches. 
This  diameter  corresponds  to  the  cross-section 
F=  0,7854  .  0,3145'*  =  0,0777  square  feet; 
the  velocity  is  consequently 

^  =  F  =  070777  =  ^'^^^  ^"^^ 
and  the  coefficient  of  resistance  C  =  0,212.      Substituting  the  latter  nkird 

correct  value,  we  obtain 

d  =  0,4787  \/0ri285  =  0,818  feet  =  8,82  inches. 
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Rbua£K  1. — Experimeats  made  b;  the  autbor  irith  onlinai;  itoi^ir. 
pipeB  H  and  4^  inches  in  diameter  gave  coefficients  of  rEsistance  1,75  riahl 
greaterthan  those  for  metal  pipes,  given  in  the  tables  in  the  foregmngpr 
agrapti.  "While  we  liave,  when  tlic  velocity  is  3  feet,  for  metal  {npta;.- 
0,0243,  forwoodenpipes  its  value  ie  =  0,0243  .  1,75 . 0,043535 ;  in  euicpk  1 
we  found  for  a  metal  pipe  150  feet  long  the  bead  to  be  1,484  feet,  but  i^; : 
wooden  pipe  under  the  same  circumstances  it  would  be 
h  =  (1,505  +  0,042C35  .  BflO)  0,0135  .  9,339  =  16,81  .  0,1448  =  2,43  fa-,. 

According  to  D'Arcj's  Eiperiments,  the  coefficient  of  resirtsnce  ;  t- 
creases  very  considerably  with  the  roughness  of  the  walls  of  the  pipa  ul 
if  the  walla  are  very  rough  it  ia  doubled  or  even  trebled.  The  sni-: 
found  more  recently  the  saroc  result. 

Rguabk  2. — The  temperature  also  has  an  important  inflaeoce  upon  tbr 
resistance  of  water  in  pipes.  Eiperiments  bave  been  made  upon  tiiis  ab- 
ject bj  Qerstner  (see  his  "  Handbuch  der  Mechanic,"  VoL  II),  and  bmi! 
recently  by  Geh.  Rath  Hagen  (see  bin  "  Abhaudlungen  uber  den  J3bJ» 
der  Temperatur  auf  die  Bewe^ung  dea  Waasera  in  Rohren,"  Beriin,  18i4 . 
The  experiments  of  the  latter,  made,  it  is  true,  with  very  nanow  tale 
(d  ~,  0,108  to  0,2S7  inches),  have  shown  that  under  the  same  ciicomstiKe 
the  velocity  of  ths  water  in  pipes  does  not  decrease  indefinitelj  witii  ih 
temperature,  but  that  for  every  tube  there  is  a  cert^n  temperatnie  fa 
which  this  velocity  is  a  maximum.  For  the  experiments  wilhoat  6a 
maximum,  Hagen  finds  the  following  formula : 
h  =  ml »^'"" ,  «!■",  and 
m  =  0,000088941  -  0,0000017185  V7, 
in  which  the  temperature  (  is  expressed  in  decrees  of  the  Reaumur  lis- 
mometer,  and  the  head  A,  the  length  I,  the  radios  of  the  tolio  r  and  Ik 
velocity  V  in  inches  (Prussian),  ^ 

(§  431.)  Conical  Pipes. — ThoreaBtaDceoffrictioninacoiua! 

pipe  A  D,  rig.  730,  can  be  found  in  the  following  manner,    let  ns 

denote  the  semi-angle  of  convergence  of  tbe  waDiof  (be 

Fio.  780.     ^ifeA  CL=  BOL  by  d,  the  diameter  of  the  inH 

orifice  by  d„  that  of  the  outlet  by  rf»  the  length  Kl 

of  the  pipe  by  I,  and  the  velocity  of  efflnx  &tDE}>j^ 

At  a  distance  E  M=x  from  the  ontlet  of  the  tubs 

the  diameter  of  the  tnbe  is 

NO  =  ij=DEAr  %KMtang.&  =  d,  +  ixtm-i 

hence  for  the  velocity  w  at  that  point,  since 

w       d,'  , 

—  =  ^  ire  can  pnt 

d,'  V 

«>  =  —,v  =  -, s- r.- 
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Por  an  element  N 0  P  Roi the  tube,  whose  length  is 

COS,  0         C08.0 

he  "height  of  resistance  of  the  friction  is 
a  n  =  i . .  -—  =4^. 


as  C05.  ^  U  +  J-  tang,  oj 
hence  the  height  of  resistance  of  friction  for  the  whole  tube  is 


But 

/- 


u  t  ^  ^^ 


(l  +  ^  fon^.  d)  CO*.  .J  ,.,,  ,'b- 

=  2^6A^  +^iang.6yd(^tanff.d) 

=  ""  Q    •'  ^  (l  +  -r  ^«wfi^-  ^)   *  whence  we  obtain 
8  8in.  o  \         ds       ^    / 

/»' ^« 

*  ( 1  +  -^  tang.  6j  cos.  d 

8»in.6L         \d,/    J       8«».dL         \rf,/i 

since  d,  +  21  tatig.  6  expresses  the  diameter  af,  of  the  inlet  orifice. 
Gonseqaently  the  required  height  of  resistance  is 

If  the  inlet  orifice  is  much  larger  than  the  outlet  orifice,  we  can 
put  (-^1  =  0,  and  consequently 
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tho  resistance  of  friction  in  thie  case  does  not  depend  at  all  npoc 
the  length  of  the  tube. 

ExAUPLE. — If  the  angle  of  conveigence  of  the  outlet  pcpttka  of  ib- 
nozzle  A  K.  Pig.  731,  of  a  fire-engioe  is  2  d  =  S°,  that  of  the  inlet  ponkc 
AB,  2  d,  =  18°,  the  width  of  the  outlet  dj  =  T  lines,  and  the  widthorih 
ialet  d^  =  1^  inches  =  18  lines,  and  if  its  whole  length  ^^^'sSm^ 
=  73  lines,  what  is  its  coefficient  of  resistance  t  Patting  the  leogtb  of  d; 
outlet  poTtJon  B  K  =  It  and  that  of  the  inlet  portion  A  B  ^  l^,  ve  hat 
d,  —d, 
i  =  li  +  i,  and  l^  tang,  d  +  ?,  tang.  S,  =  ■  -^ — -, 

or  in  figures 

/,  +  ij  =  73  and  ?,  tang.  SJ"  +  l,  tang.  9°  =  ^  or 
0,04302 1^  +  0,15338  Z,  =  G,S. 

Hence  I,  =  61,54  and  I,  =  20,46  lines  and  tho  width  U  fi 
FiQ.  731.     ivhere  the  conical  surfacea  meet  each  other,  is 
Cj  d,  =  .i,  +  S  i,  tang.  <l  =  7  +  2 .  61.54 .  0,04862  =  11,53  Una 

I  Since  this  place  is  rounded  off,  we  can  put  if,  =  13  liw; 

I  hence  for  the  outlet  piece 


v-m\-^ 

j  =  [1  -  (A)']  ■ ««»«  ^' 

=  0,9150  .  32,926 

=  31,08, 

and  for  the  inlet  portion 

[-©•]-- 

.  =  [1  -(«)*]■« 

««,»' 

=  0,7795  .  6.393 

=  4,98. 

Therefore  the  height  of  resistance  for  the  entire  nosic  ii 

ft  =  ^[31,08  +  4,98 

m-f, 

=  g[21,08  +  4,98 

©1^-.' 

8'9? 

.  ---^^ 

if  we  substitute  x~  =  0,015S  and  assunie  C  = 

0,01. «  hi 

ft  =  0,054  . 

V* 

■35- 

LK,  abontiV  the  height  due  to  the  velocity,  which  reeult  coiuddes  *»!'"'' 
with  tho  results  of  experiments  with  such  a  nozzle. 

,  ' j  §  432.  Conduit  Pipes.— Tho  outlet  at  the  end  of  a  svstem 
■\.  of  pipes  is  either  under  water  or  in  the  air.  Both  cases  are  rppn^ 
sontod  in  Figures  I'-SS  and  733.  In  the  first  case  wc  must  rcgsrf 
m  the  head  h  tlio  difference  of  level  R  C  oT  the  two  Bur&w  '^ 
wfttur,  and  in  the  second  case  the  vertical  distance  It  Oot  theonl- 
let  orifice  0  below  the  level  ^of  the  watfir  in  the  reservoir.  U^ 
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ttil3o  is  eyerywhere  of  the  same  width  d,  the  formulas  found  in 
§  4:30  can  be  applied  directly ;  but  if  the  tube  is  enlarged  or  nar- 

FiG.  783.  FiQ.  733. 

A 


rowed  at  any  point,  we  will  have  several  difiTerent  velocities  in  the 
pipe,  and  therefore  the  resistance  of  friction  for  each  portion  of 
the  pipe  must  be  calculated  separately.  Such  a  case  is  presented 
by  the  pipes  in  Fig.  733,  which  lead  to  a  fountain  or  jet  d'eau,  in 
which  case  the  mouth-piece  0  is  narrower  than  the  pipe  B  L  M, 
which  conveys  the  water.  If  we  put,  as  we  generally  do,  the  ve- 
locity of  efflux  =  V,  the  width  of  the  orifice  0  of  efflux  =  r?,  the 
width  of  the  pipe  =  di,  we  have  the  velocity  of  the  water  in  the  pipe 

and  if  we  denote  by  I  the  length  of  the  pipe  JS  L  Jf  and  by  <',  the 
<*oefficient  of  friction,  we  have  for  the  corresponding  height  of 

Motion  h   -^  r  h—1   ^  r  ^^  l^\    ^* 

^'  ''  ^'d;j'g'~'  ^'~dXdJ  '  Yg 
Now  if  4'o  ifl  the  coefficient  of  friction  for  the  inht  orifice  K  and 
C  that  for  the  outlet  orifice  0,  it  follows  that  the  loss  of  head  caused 
by  the  first  is     x  _  >-  ^i'  _  ;-  /  ^  V  _^ 

^''^^'Tg~'^'\dJ'2j 
and,  on  the  contrary,  that  occasioned  by  passing  through  the 
second  is  ,        ^  v* 

^•  =  ^37' 
hence  we  have  the  entire  head 

and  inyersely  the  velocity  of  efflux 


»  =  /■ 


%ffh 


1  + 


(<■  -  ^.  i)  (I)' 


+  f 


If  we  wish  the  jet  to  rise  to  the  greatest  height,  the  orifice  or 
mouthpiece  must  not  only  cause  as  little  resistance  as  possible,  but 
also  allow  the  water  to  issue  from  it  with  its  fibres  nearly  parallel, 
so  that  they  may  form,  while  rising,  a  stream  which  will  hold  tc- 
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gather  as  long  as  possible,  and  conseqaentlj  be  less  dishirbed  br 
the  air  than  a  stream  which  was  more  or  less  torn  when  it  left  tbr 
orifice.  For  this  reason  we  prefer  a  short,  cylindrical  or  slightl; 
conical  mouth-piece,  with  the  orifice  of  infia.\  ronnded  oS,  to  aii 
orifice  in  a,  thin  plate  or  to  the  orifices  of  the  form  of  the  ctb- 
tractM  stream,  although  the  former  cause  a  greater  loss  of  velof  ii; 
than  the  latter.  The  nodes  and  bulges,  which  a  stream  which  hi- 
passed  through  the  latter  orifices  forms  or  tends  to  form,  give  li; 
air  a  much  better  chance  to  penetrate  it  than  a  cylindrical  etam. 

§  433.  Jets  of  Water. — So  long  as  the  stream  f  X  .V,vhi44 
flows  vertically  downwards  through  a  horizontal  orifice  K,  Fig.  7H 
remwis  continuous  and  is  not  broken  np 
Fio.  7S4.  [jj  jjjQ  gjp^  jjg  cross-section  L  decnass 

more  and  more  as  the  distance  K  L-i 
from  the  orifice  i&creascs.  If  c  is  tie  rr^ 
locity  of  efflux  and  v  the  Telocity  at  A  n 
bare 

ji'  =  a^ra:  +  c', 
denoting  by  F  the  cross-section  of  the  ori- 
fice of  efflux  and  by  Y  that  of  the  itRu 
at  L,  we  have  the  following  equation 

Fe=YvotF'<^=  r'p", 

from  which  we  deduce  Uie  equation 

T*{e  +  %gx)  =  Fe,<a 

for  the  form  of  tho  cataract  of  Newton  (w 
Kewton's  Principia  Philosophite,  VoL  H 
Sect  Vn).  If  the  cross-section  of  the 
orifice  £*  is  a  circle,  whose  diameter  ia  i, 
the  crosB-sectiou  at  L  forms  s  circle,  wluia 
diameter  is  y  and  for  which  we  can  put 


Vr 
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beoix    made  by  Savart    See  Poggendorff's  Annalen  der  Physik, 
Vol.  33. 

The  cross-section  0  of  a  stream  M  8^  which  rises  yertically 
from  a  horizontal  orifice  M^  increases  gradually  with  its  distance 
3f  O  ^=  X  from  the  orifice  M;  for  here  the  velocity  of  the  water 
.at  O  is 

V  =  Vc*  —  2  g  Xy  and  therefore 

c'-^gx' 
hence  we  have  for  the  diameter  of  the  cross-section  at  0 

c^i'  d 


y  =7^=r27i'«^y=^ 


VVTH 


X 


Denoting  the  height  due  to  the  velocity  5—  by  A,  we  have  sim- 

"^9 


ply  and  generally 


yi 


d 


4  /— 


/i±f 


This  formula  becomes  incorrect  at  its  limits ;  according  to  it, 
£.Q.  in  the  rising  stream  for  a;  =  A  or  at  the  apex  8,  the  diameter 
of  the  stream  tronld  be 

d 


d 

Vf-^ri     0 


This,  however,  is  not  the  case ;  for  the  various  fibres  of  water, 

of  which  the  stream  is  composed,  are  not  really  at  rest  at  the 

highest  point,  but  possess  a  small  velocity  radially  outwards.    If 

the   stream    of  water 

^^-  '^'  A  OC,  Fig.  735,  is  in- 

clined  to  the  horizon, 

this  formula 
^        d 

is  still  applicable,  when 
we  substitute  instead 
of  X  the  vertical  projec- 
tion N  0  oi  the  stream 
A  0.    If  the  jet  flows 
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out  of  the  orifice  at  an  angle  v  to  the  horizon,  its  mt^-rimnm  hdghl 
BCia 

a  =      ^^    '    =  h  (sin.  vy  (see  §  39). 

Therefore  its  diameter  (at  the  vertex  C)  is 

d  '      d  d 


y  =  ~* 


V^l  ' 


>/l  —  {sin.  vy       Vcas.  v 


In  the  descending  portion  CD  of  the  stream,  y  becomes  gradnalh 
smaller  and  smaller,  and  when  the  stream  reaches  the  horizonra] 
plane  A  Dy  from  which  it  started,  y  becomes  again  =  £^,  if  the  ai: 
has  produced  no  disturbance  in  the  motion  of  the  stream. 

§  434.  The  height «,  to  which  a  vertical  jet  of  water  will  rise. 

is  approximatively  equal  to  height  due  to  the  velocity  h  =  ^,  onlj 

when  the  velocity  of  efflux  (c)  is  smalL  From  the  experiment* 
made  by  the  author  (see  the  experiments  upon  the  height  of  lift; 
of  jets  of  water  with  different  mouth-pieces  in  the  5th  voL  of  the 
Zeitschrift  des  Vereins  deutscher  Ingenieure),  the  following  fiicts 
concerning  jets  of  water  were  ascertained. 

1)  The  resistance  of  the  air  for  small  velocities  of  efflux,  riz, 
from  5  to  20  feet,  or  for  heights  of  rise  of  from  1  to  G  feet  is  ^ 
small  that  the  height  of  rise  of  the  jet  may  in  this  case  withoat 

2)  If  the  height  due  to  the  velocity  does  not  exceed  75  feet  or 
the  velocity  of  efflux  66  leet,  the  ratio  of  the  height  of  rise  to  the 
height  due  to  the  velocity  can  be  expressed  by  the  formula 

8_  1 

/*  ""  a  +  i3A  +  7  A'' 

in  which  a,  /J  and  y  denote  empirical  coefficients  to  be  determined 
for  each  mouth-piece. 

3)  For  jets,  which  issue  from  orifices  in  a  thin  plate,  the  con- 
stant a  can  be  put  =  1 ;  hence  we  can  assume  that  the  resistancr 
during  the  passage  through  the  orifice  is  almost  null,  when  the 
velocities  are  small,  and  that  it  is  measurable  only  when  the 
velocities  are  greai  The  coefficient  of  resistance  for  these  orifice 
Is  therefore  not  constant,  but  increases  from  zero  gradually  irith 


appreciable  error  be  put  equal  to  the  height  due  to  the  velocity  -^. 
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the  velocity ;  the  value  ^  =  0,97,  given  in  §  408,  can  only  be  con- 
sidered as  a  mean  one. 

4)  For  the  same  velocity  of  efflux  the  height  of  rise  increases 
with  the  thickness  of  the  stream,  or  with  the  width  of  the  orifice ; 
consequently  the  resistance  of  the  air  is  smaller  for  thick  than  for 
thin  streams.  The  height  of  rise  increases,  therefore,  not  only  witli 
the  head,  but  also  with  the  thickness  of  the  stream. 

5)  Under  the  same  circumstance  a  stream,  issuing  from  a  circu- 
lar orifice,  rises  higher  than  one  dischai'ged  from  an  aperture  of  a 
difierent  shape  (square,  etc.) 

6)  If  the  velocities  of  efflux  and  the  widths  of  the  orifices  are 
the  same,  those  streams  which  are  not  contracted  rise  higher  than 
those  which  are,  not  only  because  the  former  are  thinner,  but  also 
because  the  latter,  in  consequence  of  their  contractions  and  expan- 
sions, oppose  less  resistance  to  the  penetration  of  the  air. 

If  the  other  circumstances  and  relations  are  the  same  and  if  the 
velocities  of  efflux  are  not  very  small,  the  jets  issuing  from  short 
cone-shaped  and  longer  conical  tubes  or  ajutages  with  an  internal 
rounding  oflF  attain  the  greatest  height 

Mariotte  concluded  from  his  experiments  upon  the  height  of 
rise  of  jets  of  water  (see  Meining's  Translation  of  Mariotte's  Prin- 
ciples of  Hydrostatics  and  Hydraulics)  with  orifices  in  a  thin  plate 
4  to  6  lines  in  diameter  and  under  heads  of  from  5^  to  35  feet  that 
the  head  or  height  due  to  the  velocity,  necessary  to  produce  the  rise 
8,  must  be 


whence 


5« 
*  ~  ^  "^  300  ^^^  ^^** 


*  =  1+V7^  =  1  +  0,003333  s. 


The  very  extensive  and  varied  experiments  of  the  author,  made 
under  heads  of  from  3  to  70  feet,  give,  on  the  contrary,  for  circular 
orifices  in  a  thin  plate,  when  their  diameter  was 

1)  1  centimeter 

-  =  1  +  0,0035305  h  +  0,00005406  h\  and  when  it  was 

8 

2)  1,41  centimeters 

~  =  1  +  0,00237191  h  +  0,00005609  h\ 
s 

h  being  given  in  English  feet 


; 


'/ 
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With  a  conical  month-piece  ABC,  Fig.  736,  15  centinietm 

long  and  1  centimeter  vide  &t  the  onllci 

Fig.  736.         Fra.  787.       (7  and  3  centimetctB  wide  at  the  inti 

orifice  A,  which  was  veil  ronnded  oft  tk 

following  result  wm  obtuned : 

°  3)  -  =  1,0453  +  0,0001137  A 

+  0,00007981  h\ 
and,  on  the  contrary,  with  the  lrimc^.>' 
month-piece  A  B,  Fig.  737,  whose  widi 
wafl  1,41  centimeters  at  the  ontlet  B,  tbt 
result  was 

4)  -  =  1,0316  +  0,00072944 
+  0,00003030  A'. 

B;  the  aid  of  these  formnlas  the  fidlof  • 
ing  table  of  the  heights  of  jett  h^  tea 
calculated. 


Htight  due  to  Mlocity  A  = 


40      60      M     70 


Lt  of  jet  according  to  (1) . . 
"  (3).. 
"  (8).. 
«       (4).. 


3  82,C8l3a,ia  i8,«!4l.» 
28,75  33, 77!30,73  ^ti^ 
26,77  33,97l3fl,98'44,7»'43.« 
28,03  36,39:44,09l61,Oe.STJI 


ExAHFLE. — If  the  pipe  coDdncting  the  water  to  a  fonDtain  i«  Iff  fa: 
long  and  2  inches  in  diameter,  and  ir  the  conical  orifice  is  ^  inch  iride,  bo* 
high  wonld  the  jet  rise  under  a  head  of  40  feet,  provided  otl  the  was- 
ances,  except  the  friction,  are  Bmall  enongh  to  be  neglected  ? 

Here  if  we  put 
J,  =  0,025, 4  =  0,«,(|.)'-  a).  =  rf,  «rf  i  =  ^  =  SIM, 
the  height  due  to  the  velocity  of  efflux  is 


40 


"8? 


■  1  +  <0,5  +  0,028.  aiO0).ih 


and  therefore  the  height  to  which  the  jet  will  rise  in  still  lur  is 
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"~  1,0216  +  0,0007204  h  +  0,00003036  A»      1,0216  +  0,02417  +  0,03884 
=  i;0f9i  =  ^^'^1  ^^^ 

§  435.  Pieasometer. — The  head^  lost  by  the  water  which  is 
massing  through  a  set  of  pipes  ABODE,  Fig.  738^  in  conse- 
quence of  contractions  in 
^^*  '^^'  the  conduit,  friction,  etc., 

can  be  measured  by  means 
of  the  columns  of  water 
maintained  in  the  vertical 
tubes  B  K,  CM,  D  0  which 
^  are  attached  to  the  pipe; 

when  they  serve  for  this 
purpose  only,  they  are  called 
piezomelers  (see  §  386). 
If  t;  is  the  velocity  of  the  water  at  the  point  B,  Fig.  738,  where 
a  piezometer  is  inserted,  I  the  length  and  d  the  width  of  the  por- 
tion A  B  oi  the  pipe,  h  the  head  of  water  or  depth  of  the  point  B 
below  the  level  of  the  water,  ^^  the  coeflScient  of  resistance  for  the 
entrance  of  the  water  from  the  reservoir  into  the  pipe  and  f  the 
coeflRcient  of  friction,  we  have  the  height  of  the  piezometer,  which 
measures  the  pressure  in  B, 

On  the  contrary,  if  the  length  of  the  portion  B  (7  of  the  pipe  is 
^  and  the  fall  is'Ai,  we  have  the  height  of  the  piezometer  at  0 

Hence  the  difference  of  the  heights  of  the  piezometer  is 

and,  inversely,  the  heiglit  of  resistance  of  tJie  portion  B  0  of  the 
pipe  is 


V 


=  h^  +  z  ~-  Zi  =  fall  of  this  portion  of  the  pipe  plus 
^    ^  9 

tlie  difference  of  the  heights  of  the  piezometers. 

We  see  from  this  example  that  the  piezometer  can  be  employed 

to  measure  the  resistances,  which  the  water  has  to  overcome  in 

passing  through  the  pipes.    If  any  obstacle,  if,  E.a.,  a  small  body 

sticks  fast  in  the  pipe,  its  presence  will  be  shown  immediately  by 

the  sinking  of  the  column  of  water  in  the  piezometer,  and  the  dis- 


882 


GENERAL  PRINCIPLES  OF  MECHANIC& 


llfil 


tance  it  sinks  will  indicate  the  amount  of  this  resistance.  The  I^ 
sistances  occasioned  by  regulating  apparatuses^  such  as  coeks^  valTfi. 
etc.  (a  subject  which  will  be  treated  in  the  following  chapter),  cs: 
also  be  expressed  by  the  height  of  the  piezometer.  Thus  ik 
piezometer  at  i9  is  lower  than  at  G  not  only  on  account  of  the  fnc* 
tion  of  the  water  in  the  portion  C D  ot  the  tube,  but  ako  on  ac- 
count of  contraction  in  the  pipe  produced  by  the  yalye  gate  S.  II 
when  the  yalve-gate  is  completely  open,  the  difference  JIT  Oof  d:. 
heights  of  the  piezometers  =  hi  and  if,  when  the  gale  is  pushed  i: 
a  certain  distance,  it  is  =  h*,  the  difference,  or  sinking,  ^  - 1 
gives  the  height  of  resistance  due  to  the  passage  of  the  vairi 
through  the  yalve  gate. 

Finally,  the  Telocity  of  efflux  of  the  water  can  be  caknlaid 
&om  the  height  of  the  piezometer.  If  the  height  of  the  piesomru^ 
P  Q  =  Zy  the  length  of  the  last  portion  of  the  tube  Z>  JP  =  ?aL 
the  width  of  the  same  =  d,  we  have 


V  = 


V' 


and  therefore  th^  yelociiy  of  efflux  t 


EzAHFLB. — If  the  height  of  the  piezometer  P  Q  =  e  apoa  the  srsts 
of  pipes  in  Fig.  738  is  f  feet,  if  the  length  of  the  pipe  D  E,  measored  ^ 
the  piezometer  to  the  outlet  orifice,  is  2  =  150  feet  and  if  the  diameter  <t 
the  tube  is  Z^  inches,  it  follows,  when  the  coefficient  of  resistance  C= ^^ 
that  the  velocity  of  efflux  is 

*  =  ^'^^^  ^l^A^  '  IS  =  8,026.0,2415  =  l,Wfeet, 
and  the  discharge 

e  =  I  .  (^)  .  1,04  =  0,120  cubic  feet 
Reuabk.— The  motion  of  water  in  a  pipe  BOD,  Fig.  739,  can  oaij 

Fig.  739. 


E 


.0. 

t 
I 

t 


■■a 


■iJJ.jJWJ.WW 


be  disturbed  by  air,  which  may  be  given  off  fiom  the  water  or  enter  the 
pipe  firom  without.    In  order  to  prevent  either  case  from  occurring,  w  mwJ 
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take  care  that  the  pressure  at  every  point  shall  be  positiye,  or  rather  that 
it  shall  exceed  the  atmospheric  pressure,  or  that  there  shall  be  a  column 
of  water  C  Sin  every  piezometer.    The  height  of  this  column  ifl 


0 


=  A,_(i  +  f.  +  f'j)i^, 


h^  denoting  the  head  0  0  at  C,l^ihe  length  of  the  portion  B  C  of  the  pipe 
and  V  the  velocity  of  the  water  in  the  tube.    It  is,  therefore,  necessary  that 

*.>(i  +  f.  +  f^)f,. 

that,  E.a.,  the  head  of  water  in  the  receiving  reservoir  shall  at  least  exceed 
the  height  due  to  the  velocity  of  the  water  in  the  pipo.  Otherwise  the 
pipe  may  suck  in  air  in  an  eddy. 

We  caa  also  pntA^  >  j-  *.  A  denoting  the  entire  fell  HK 

of  the  pipe  and  I  its  entire  length  BCD, 

If  we  wish  to  prevent  the  air  from  accumulating  in  the  pipe,  we  may 
lay  the  pipe  in  such  a  position  that  it  will  n^  slightly  in  the  direction  in 
which  the  water  is  moYing.  The  air  will  then  be  carried  along  with  the 
water. 


CHAPTER    IV. 

RESISTANCE  TO  THE  MOTION  OF  WATER  WHEN  THE  CONDTHT 
IS  SUDDENLY  ENLARGED  OR  CONTRACTED 

§436.  Sudden  Enlargement. — Changes  in  ths  cross-seciwn 
of  a  pipe  or  any  other  conduit  produce  a  change  of  velocity.  The 
velocity  is  inversely  proportional  to  the  cross-section  of  the  stream ; 
the  wider  the  vessel  is,  the  smaller  is  the  velocity,  and  the  narrower 
the  vessel  is,  the  greater  is  the  velocity  of  the  water  flowing  through 
it  If  the  cross-section  of  a  vessel  changes  suddenly,  as,  kg.,  that 
of  the  tube  ACE,  Fig.  740,  does,  a  sudden  change  of  velocity, 
_     ^^  accompanied  by  a  loss  of  vis  viva 

and  a  corresponding  diminution 

A  C-i^.  t».  .^v-'-r---?— ^     of  pressure,  takes  place.     This 

^j^^~~  £^z-:f^_^^    loss  is  calculated  in  exactly  the 

I f—w— -=^.-- j.^-  i-i     same  manner  as  the  loss  of  me- 

c  G         chanical  effect  occasioned  by  the 

impact  of  inelastic  bodies  (see  §  335).   Every  element  of  the  water, 
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which  passes  out  of  the  narrower  tube  B  D  into  the  wider  one  D  (r, 
impinges  against  the  more  slowly  moving  current  in  this  pipe  a&d 
after  the  impact  moves  forward  with  it  Exactly  the  same  pbe- 
nomena  occur  when  solid  inelastic  bodies  collide ;  these  bodies 
also  move  forward  after  the  impact  with  a  common  velocity.  Xow 
we  have  found  that  the  loss  of  mechanical  effect  oocasioned  h 
the  impac)^  of  inelastic  bodies  is 

2g      '0,  +  0,' 
and  since  in  this  case  the  impinging  element  (7,  is  infinitely  8d£ 
compared  to  the  mass  of  water  Ot  impinged  upon,  we  can  pat 

and  consequently  the  corresponding  h^  of  "head  is 

Hencey  ly  the  sudden  change  of  velocity y  a  loss  of  head  is  anad 
which  is  measured  by  the  height  due  to  this  change  of  velocity. 

Now  if  the  cross-section  of  the  one  pipe  -4  C,  =  Fiy  that  of  Ae 
other  pipe  C  E,  which  is  united  to  it^  =  /*,  the  velocity  of  tiie  nfe 
in  the  first  tube  ==  Vi  and  that  in  the  other  =  Vy  we  have 

Fv 

and  therefore  the  loss  of  head  in  passing  firom  one  tube  to  ^ 
other  is 

and  the  corresponding  coefficient  of  resistance^  which  wm  te 
found  by  Borda>  is 

The  head 

which  we  have  just  found,  cannot  of  course  be  lost  withont  ptv 
ducing  any  effect;  we  must  rather  assume  that  the  mechanicsl 
effect  corresponding  to  it  is  employed  in  separating  and  coflUDflff- 
oating  a  vibratory  motion  to  the  elements  of  the  water,  which  beto 
formed  a  continuous  mass,  and  in  forming  the  eddies  IT.  W, 
The  experiments  made  by  the  author  confirm  this  theory.  H 
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the  tube  i>  G^  is  to  be  maintained  full  of  water  it  mnst  not  be  very 

short  or  mnch  wider  than  the  tnbe 
A  G.  The  loss  is  done  away  with 
when,  B8  in  Fig.  741,  the  edges  are 
rounded  off  so  as  to  cause  a  gradual 
passage  &om  one  tube  into  the  other. 


A 


Fig.'  74L 
D 


Z^^^fS^^^cI^^^ 


ExAHFLE. — ^If  the  diameter  of  one  of  the  portions  of  the  compound 

I* 
pipe,  Fig.  740,  is  twice  that  of  the  other,  then  -^  =  (f)*=  4,  the  coefficient 

of  redstance  ^  =  (4  —  1)'  =  9  and  the  corresponding  height  of  resistance 

9 

for  the  passage  from  the  narrower  to  the  wider  tubes  is  =  9  .  ^.     If  the 

Velocity  of  the  water  in  the  latter  pipe  is  =  10  feet,  it  follows  that  the 
height  of  resistance  is  =  9  .  0,0155  .  10*  =  18,95  feet 

§  437.  Contraction. — ^A  sudden  change  of  velocity  also  takes 
place,  when  the  water  passes  from  a  vessel  A  B,  Fig.  742,  into  a 
narrower  pipe  D  G,  particularly  if  at  the  place  of  inlet  CD  there 
is  a  diaphragm  with  an  opening,  whose  cross-section  is  smaller  than 
the  cross-section  of  the  pipe  D  0.  II  the  area  of  this  orifice  =  Fi  and 
if  a  is  the  coefficient  of  contraction,  we  have  the  crossysection  of  the 
contracted  stream  F^  ^  a  Fi;  and  if,  on  the  contrary,  F  is  the 
cross-section  of  the  pipe  and  v  the  yelocity  of  efflux,  we  find  the 
velocity  of  the  water  at  the  contracted  cross-section  Ff  by  means 

of  the  formula 

F 

v; 


V.  = 


aJF, 


hence  the  loss  of  head  in  passing  from  Ft  to  F  or  from  v,  to  v  is 

and  the  corresponding  coefficient  of  resistance  is 

FiQ.  74a.  Fio.  748. 


S 


^^i:^ 


^..^zi^^^^'-m 


tJlttt^t^tiatT 


^MiLMiUllaaiiU^MM 


B 


If  the  diaphragm  is  absent,  we  have  a  common  short  pipe,  Fig. 
743,  and  then  i^  =  jPj  and 
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Il« 


or  inversely 


^ = e  -  ')■ 


a  = 


1  +  v? 

Assuming  a  =  0^64^  we  obtain 


< = (^-)'=  «)■ = <«>^ 


^  is  increased  by  the  resistance  at  the  entrance  into  the  tube  sod 
by  the  friction  of  the  water  in  the  exterior  portion  of  the  tnbe  :> 
0,505  (§  422). 

From  experiments  made  with  a  slwrt  tubCy  the  inki  mp  ^' 
which  was  contracted  as  is  represented  in  Fig.  742,  the  author  h 
been  led  to  the  following  conclusion :  The  coefficient  of  resWii. 
for  the  passage  of  the  water  through  the  diaphragm  and  iato  t 
wider  tube  can  be  expressed  by  the  following  formula: 


but  we  must  put 
s — 


^=C4-)'= 


for 


^1 
F 


a  = 


0,1 


0,610 


0,2 


0,614 


0,3 


0,4 


0,612 


0,610 


0,5 


0,607 


0,6 


0,605 


0,7 


0,603 


0,8 


0,9  I  U 


O,6O1,O,5»0> 


and  consequently 


•c  = 


231,7 


50,99 


19,78  9,612 


5,256 


3,077 


1,876 


1,169 


0,7^  e  A* 


If,  E.G.,  the  narrow  cross-section  is  half  that  of  the  pipe,  thefc- 
efficient  of  resistance  is  f  =  5,256,  I.E.  the  passage  througfi  iii* 
contracted  orifice  occasions  a  loss  of  head  5|  times  as  great  as  t 
height  due  to  the  velocity. 

ExAMFLB. — What  is  the  discharge  through  the  apparatus  repiw3»" 
in  Pig.  742,  when  the  head  is  1}  feet,  the  diameter  of  the  coutncteddrs- 
lar  orifice  1},  and  that  of  the  pipe  C  E^-%  inches  ?    Here  we  have 

-^  =  \^\    =  (f)»  =  Vt  =  0,56  and  therefore  a  =  0,606,  and 

r^l     1«  y  ^  /16  --  5,454y  _  /10,546y 

^  "  \976;666  "  7  "■  \     5,454      /  ~  157454/  "^'^^ 
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Now  if  we  put  A  =  (1  +  C)  n-,  we  obtain  the  velocity  of  efflux 

9 


V2gh       8,025vT;5       ,  ,^ 
vl  +  C         v4,74 
uid  consequently  the  discharge  is 

Q  =  ~  «  =  J  .  4  .  12  .  4,51  =  54,19  .  ir  =  170  cubic  inches. 

§  438.  Ixifluence  of  Imperfect  Contraction.— In  the  case 
considered  in  the  last  paragraph,  where  the  water  comes  from  a 
large  Tessel,  the  contraction  can  be  considered  as  perfect ;  but  if 
the  cross-section  of  the  vessel,  or  that  of  the  stream  which  arrives 
at  the  narrow  orifice,  is  not  very  great  compared  to  the  cross-sec- 
tion -Pi,  Fig.  744,  of  that  orifice,  the  contraction  is  imperfect,  and 
the  coefficient  of  resistance  is  consequently  smaller  than  in  the  case 
just  considered.   If  the  notations  previously  employed  are  retained, 
we  have  again  the  height  of  resistance  or  the  head  lost  in  passing 
through  Fi 

but  we  must  substitute  variable  values  for  a,  which  increase  with 

p 
the  ratio  -^  of  the  cross-section  of  the  narrow  orifice  to  that  of  the 

pipe,  which  conducts  the  water  to  it.    If  a  diaphragm  is  placed  in 
Fia.  744.  Fig.  745. 

D  1} 


JiV-'r 


t-.  ..■:::-.-,- --.-•r.-  >'?fl-'-i- '"--    ----^---- 


B  C  G 


a  pipe  A  (?,  Pig.  745,  of  constant  diameter,  the  same  reasoning 

holds  good;  but  the  coeflScient  a  depends  upon  j, 

According  to  the  author's  experiments,  we  must  substitute  ii^ 
the  foimula  for  the  coefficient  of  resistance 


H^r^f- 
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i^'°'t 

».l 

0^ 

0,3 

V 

o,fi  1  o,a  1  0,7     0,8    0,8  j  y 

^    ..= 

.,.« 

0,6m 

0,648 

0,6.0 

a.«81  0,712j0,T35jO,813  03»'l,IX>- 

wtience  it  follows  that 

t  = 

325,8 

47,7730,88 

7,8013,768 

1,766  0,T&7  0,390|0,OM  0,«1 

If  by  rounding  off  the  edges  the  contractioD  is  diminished  a 

preveated,  the  lose  of  hcid  fe- 

Fia,  746.  comes  smaUor,  and  it  can  be  dctt 

away  with,  almost  entireJj,  hwiit- 

troducing  into  the  pipe  a  |dfGt 

vhich   widens   giadu&U/  and  ii 

shaped  hke  ^f  N,  Fig.  746. 

ExufPLE. — Wliatbead  iflDece8sarj,if  the  apparatus  reprtsentediD'^ 

747  is  required  to  deliver  8  cubic  feet  of  wtta  p<i 

miDotet    Zjet  tbe  width  of  the  diaphragm  F,'\*  = 

1^  inches,  the  width  of  the  dischbrge-pipe  0  0,='- 

inches,  aad  the  width  of  the  Teeed  A  C,=%'aAa, 


Bto.  747. 


then  It 


J,  whence  a 


:  0,637;  D 


=  (*)■  =  V- 
and  the  cMfficieat  of  reustanco 

,       /     16  \'     /10,267V     ..u« 

Hence  it  follows  that  the  velocity  of  effloz  ii 
*C           4.8  19.2 

'  =      ji  =  an rrs  =   -^  =  6,112  feet, 

ind,  therefore,  the  required  head  is 

A  =  (l  +  c)  ^  =  4,207  .  0,0156  .  6,112'  =  2,48  feet 
g  439.  Relations  of  PreBSnre  in  Cylindrical  Pipea-Br 
5v„  ijia  tlie  aid  of  Borda's  fonnuia  »e 

can  calculate  the  Tarions  ^^ 
tione  of  the  pressure  in  » J*" 
charge  pipe,  the  diameter  of 
which  ia  not  constant  I<'  h 
be  the  pressure  and  o,  tk  ^ 
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>city  of  the  water  at  J^i,  and  p  the  pressure  and  v  the  velocity  of 
:ie  same  at  F^  then  we  have 

^_  +  |L  +  (t!^  ^  2,  +  Jl,  and  therefore 

^£--  =  ■?-  + -^ i-  =  -^  —  i ^  or 

r       7  ^<7  7  5^ 


7       7       V-^i         75' 


But  the  total  head  is 

aence  we  have  i^o 

Pi_P_  2  (y,  —  y)  y   ^ 


^i?_ 


^fe-')»- 


When  a  stream  of  water,  whose  cross-section  is  F,  flows  into  the 
&ee  air,  -  is  =  to  the  height  h  of  the  water  barometer,  and  there- 
fore the  height  of  the  piezometer  at  ^t  is 


Zx 


=  £l  =  i- 


Ht^-^)^ 


^  1  +  ^^ 


(i;-)' 


So  long  as  p  remains  positive,  the  water  will  discharge  at  E  0 
with  the  cross-section  F  filled ;  if,  on  the  contrary,  p  becomes 
negative,  the  supposed  condition  of  efQux  ceases  to  exist  and  the 
water  flows  through  the  exterior  tube  (7  -ff,  as  if  it  were  not  there, 

with  the  theoretical  velocity  v,  =  V2g  k. 

In  order  to  have  a  full  discharge  at  J^  (?,  it  is  necessary  that 

If,  then,  the  limits  of  the  head  h,  given  by  this  formula,  are  sur- 
passed, the^discharge  with  a  full  cross-section  ceases. 
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These  formulas  are  also  applicable  to  the  case  of  the  pipe  C  E, 
Pig.  742,  with  a  diaphragm;  but  here  we  must  substitute  instcsi 
Fi,  Cj  Fi ;  hence,  for  efflux  with  a  filled  tube,  we  must  hare 


1  + 


b^     ^i  tF 


\a,  F,         J 


(«!  F,       V 


If  we  remoye  the  diaphragm,  we  have  a  simple  short  pipe  CI, 
Fig.  743,  and  then  Fx  =  F;  hence  we  must  put 


A        1  + 


(\  -  •)' 


^(i->) 


If  we  substitute  a  =  0,64  or 1  =  0,5625,  we  obtain  tfe 

a 

limit  of  discharge  with  filled  cross-section  through  these  pipes 

A  ^  1  +  0,3164        A/nr. 
b^    2.0,6625  >^-^5  "^  -^'^'v 

If  we  assume  J  =  34  feet,  it  follows  that  when  the  head  if 
greater  than  1,17  .  34  =  39,8  feet,  the  efflux  with  a  fuD  crc^ 
section  thi*ough  a  short  pipe  ceases. 

The  results  of  the  author's  experiments  coincide  perfectly  Tiir: 
the  above  conclusions  (see  the  article  upon  the  efflux  of  water  ud^ 
great  pressure  in  the  9th  volume  of  the  "  Civilingenieur^). 

This  limit  is  reached  more  quickly,  when  the  water  discbargft 
into  rarefied  air ;  for  in  that  case  b  is  less  than  34  feet  lf,E.G«tLe 
hpight  of  the  water  barometer  in  this  space  was  three  feet,  6: 
efflux  with  filled  cross-section  for  a  short  pipe  would  cease  vbe: 
the  head  became  h  =  1,17  . 3  =  3,51  feet. 

If  the  water  flows  through  a  pipe  A  C  Ey  Fig.  749,  whieli  i- 
gradually  enlarged,  the  height  of  the  piezometer  at  tlie  inl^ 
portion  A  Bh& 

y~^y         2^     ~r      WfJ         \'Zg''y      \\Fj      J 
consequently,  if  we  put  -  =  5, 

Fro.  749.  ^' =  f  =  *  "  KJ)  " 'J"- 

A  ^  ^'        We  must  have,  therefore, 

A.  .^J-j—^ I  Till     -  <-     ■T"„.I'J  >  •     -^  7  f 


irfUi^dkU* 


:s^s4 


c  Q 


©■- ' 
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when  ttie  efflux  takes  place  with  a  filled  cross-section.    If  we  put 

j  =  1,17  or  T-  =  0,8547,  we  obtain  the  ratio  of  the  cross-section,  for 

which,  under  a  head  h  =  39,8  feet,  the  efflux  with  filled  cross- 
acction  ceases,  yiz.  - 

^  =  1^  1  +  0,8547  =  1,362. 

§  440.  The  Relations  of  Pressure  in  Conical  Pipes.— The 
relations  of  efflux  and  pressure  in  a  cylindrical  pipe  C  E,  with  or 
without  diaphragm,  undergo  the  following  modifications,  when  an- 
other mouth-piece  or  another  tube  E  G  H  /i".  Fig.  750,  is  added  to 

the  former.      Let  F  denote  the 
^^'  '^°^'  cross-section,  v  the  velocity  and  p 

the  pressure  of  the  water  at  the 

[C  Q  ff       outlet  E Ky  -Pi  the  cross-section  of 

:::^^-J^^!^^^l^^!^^!^^^^,    the  inlet,  a  Fi  that  of  the  con- 


^^^^g^y^^i  '     K       tracted  stream  of  water,  i',  the  ve- 

J^  ^  locity  and  p,  the  pressure  of  the 

B  water  in  the  latter ;   in  like  man- 


ner lot  F^  be  the  cross-section  of  the  tube,  where  the  stream  of 
water  again  touches  the  wall,  f«  the  velocity  and  p^  the  pressure       .  >y^N 
of  the  water  at  that  point.     Then  we  have  ^ 

Z?  ^  -c  4-  -—_ — L^  and  therefore 
7        7  2  (/ 

7"~y  9  y  ^9  9 

_p      ^''  +  JiL  _  "^li'*  =  -2  +  ^^  ""  ^  ^1  ^«  +  y«' 

or,  since  we  c^n  put  a  Fx  r,  =  F^  ^2  =  Fvy  or 

i?^i;        .  Fv 

Y"  y       L         aFxF,       \fJ  J2ff 
Now  the  head  necessary  to  produce  the  required  velocity  of 
efflux  is 

from  which  it  follows  that 
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IS« 


V 


V 


V 


if'^'U/',     fJ 

or,  when  the  vater  is  discharged  into  &ee  air, 

^       ,       a  F,  F,       \F,  ^  F,'f  ^ 

jP,  ^  \a  i?;       i^,/ 
If  the  efflux  takes  place  with  fall  croQs-fiection,  we  nuutlun. 
according  to  what  precedes^ 

A  +  /jL_iy 

F*  ^  WFt       FJ 


b  ^ 


KaF^F,        F,'/ b       [aFi       Fj' 
By  the  aid  of  the  foregoing  fonnnla  the  relations  of  the  effloi 
ough  the  conical  tubes  A  B  D  E^  Figs.  751  and  752,  can  \< 


aFy 

^^  b 

F' 


through 


Fia.  761. 


Fig.  752. 


given  by  substituting  for  jP,  the  cross-section  of  the  pipe,  where  the 
stream  touches  the  wall.  If  6  denotes  the  semi-angle  ot  diver- 
gence A  C  B  of  one,  or  the  semi-angle  of  convergence  of  the  othei 
tube,  and  if  we  assume  that  the  length  -P,  F^  of  the  eddy  is  eqw/  ^ 
the  width  A  B  =  d  of  the  orifice,  we  have  the  width  of  pipe,  ▼l^^'^ 
the  stream  reaches  its  wall^ 

dii  =  dy^h  2dx  tang.  'J  =  (1  ±  2  tang.  6)  d„ 
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ajid.  tberefore  the  ratio  of  the  cross-sections 


"S{=©  =  ^'^''"^^-'^'' 


in  Trluch  the  positive  sign  is  to  be  employed  for  the  divergent  pipe 
in  Fig.  751  and  the  negative  sign  for  the  convergent  one  in  Fig. 
752,  B.a.  for  <5  =  21  degrees,  2  taii^;.  6  =  0,0875  and 

:p  =  (1  d=  0,0875)'  either  =  1,1827  or  0,8327 ; 

hence  the  velocity  of  efflux  in  the  first  case  is 


v_l/____ll*__^  =  l  / ^jlA 


aaxA,  on  tlio  contrary,  in  the  second 


„  _  I  / 2g* I  /___MA__ 


The  corresponding  coefficient  of  efflux 

1 


u  = 


|/l  +  0,514  ( JJ 

for  the  divergent  tube  is,  of  course,  considerably  smaller  than  the 

coefficient  of  efflux 

1 


/l  +  0,1308  (0 


of  the  convergent  tube. 

If,  E.G.,  the  tubes  were  three  times  as  long  as  wide  at  the  inlet 
orifice,  we  would  have  in  the  first  case 

^^y=  (1  +  C  iang.  6)*  =  1,2625*  =  2,5405  and 

tt  = :,---  =  0,659,  and,  on  the  contrary,  in  the  second  case 

V  2,306 

^y=  (1  ^  G  tang.  6)*  =  0,7375*  =  0,2958  and 

u  = :  =  0,981  (compare  8  425). 

V  1,0387 

If  tlie  efflux  through  these  pipes  takes  place  with  filled  cross- 
eection,  we  must  have 


V 
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7  1    + 


/  F    _  FV 
\  a  F,       fJ 


lSt> 


or  in  the  first  cose,  when 

F         1,5939       ^  ,^^^      ^  F        1,5939      ^  ^ -_ 

1  +  1,1429'  2,3062 


d  ^  0,7112  -  2,8163 


=  0,592, 


3,8949 
and  the  head  h  must  be  less  than  34  .  0,592  =  20,1  feet 

§  441.  Elbows. — ^A  particular  kind  of  impediment  is  opposed 
to  the  motion  of  water  in  pipes,  when  the  latter  are  teni  or  fonc 
elbows.  These  resistances  cannot  be  determined  with  safety  bj 
theory  and  must,  therefore,  like  so  many  of  the  phenomena  i4 
efflux,  be  studied  by  experiment.  If  a  pipe  AC  B,  Fig.  753,  form; 
an  elbow,  the  stream  separates  itself  from  the  inner  surfiioe  of  th? 
second  branch  of  the  pipe  in  consequence  of  the  centnfugal  fon^e: 
when  this  piece  is  short,  the  efflux  with  full  cross-section  cease?, 
and  the  discharge  is,  therefore,  smaller  than  from  an  equally  IwJ? 
straight  pipe.    If  the  exterior  portion  C  B  of  the  elbow  A  C  h. 

Fig.  753.  Fio.  754 


Kg.  754,  is  longer,  an  eddy  S  is  formed  beyond  (7,  and,  when  the 
tube  is  again  filled,  the  velocity  of  efflux  v  is  smaller.  This  dimi- 
nution of  the  Telocity  of  efflux  must  be  treated  exactly  in  tk 
same  manner  as  the  resistance  produced  by  a  contraction  in  tbc 
pipe.  If  jP  is  the  cross-section  of  the  tube  and  F^  that  of  the  con- 
tracted rein,  we  hare  the  coefficient  of  contraction  of  the  latter 

F 
and,  therefore,  the  corresponding  coefficient  of  resistance 
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<={h^M-^)' 


The  coeflOicient  of  contraction  a,  and  consequently  the  corre- 
ponding  coefScient  of  resistance  ^,  depends  upon  the  semi-^ngle  of 
'aviation.  d  =  ACD=^BCE=^BCF,  Fig.  753,  and  accord- 
ag  to  the  experiments  of  the  author,  made  with  a  tube  3  centi- 
neters  in  diameter,  we  can  put 

C  =  0,9457  8in.^  d  +  2,047  sin.'  6. 

Tlie  following  table  contains  a  series  of  coefficients  of  resistance, 
i^lcTilatcd  for  different  angles  of  deviation. 


10 

20 

80 

40 

46 

50 

55 

60 
1,861 

65 

• 
70 

2,481 

0,046 

0,189 

0,864 

0,740 

0,984 

1,260 

1,566 

2,158 

We  see  from  this  table  that  the  yis  viva  .of  water  in  pipes 
is  considerably  diminished  by  the  elbows.  K,  E.O.,  the  elbow 
makes  a  right  angle  or  (5  =  45°,  we  have  the  loss  of  head  occa- 
sioned by  it 

A  =  ^.^  =  0,984.  ^, 

or  nearly  as  much  as  the  height  due  to  the  velocity. 

When  the  pipes  are  narrower,  f  becomes  considerably  greater, 
E.Q.,  for  an  elbow  1  centimeter  in  diameter  and  with  an  angle  of 
deviation  of  90°,  f  was  found  =  1,536.  See  the  author's  "  Experi- 
fnentcdhydraulilcr 

If  to  one  elbow  A  C  B^  Pig.  755,  another  elbow  is  joined,  as  is 
shown  in  Fig.  756,  and  Fig.  757,  a  peculiar,  but  at  the  same  time 


Pio.  755. 


Fig.  756. 


Fio.  757. 


I 


.;!■ 


■v;fl 


-'tli.i'i-trc..  i.wr 


li 


i 


M 


■■•■ 


:;i; 


Sfaiaus.dizacaa 


li 


I 


D 


-V 

•>-  .1 


-r. 


easily  exphcable,  phenomenon  of  efflux  is  observed.  The  second 
elbow  B  D  Ey  Fig.  756,  which  turns  the  stream  to  the  same  side 
as  the  first  one  A  C  B,  produces  no  further  contraction  of  tlio 
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stream^  and,  therefore,  for  efflnx  with  full  cross-section  ( is  do 
greater  than  for  a  simple  elbow  A  C B.  But  if  the  elbow  BDL 
Fig.  757,  turns  the  stream  to  the  opposite  side,  the  contractioiis 
a  double  one,  and  the  coefficient  of  resistance  is  conseqnentlj  tiiee 
as  great  as  for  a  single  elbow.  If,  finaUy,  B  D  £  is  bo  joined  'x 
A  G  B  that  Z>  £J  stands  at  right-angles  to  the  plane  A  BD,iihs 
becomes  about  1^  times  as  great  as  for  the  single  elbow  A  CB. 

ExAHFLE.— If  a  system  of  pipes  KLN^  Fig.  758,  150  feet  loogndS 

inches  in  diameter,  whidi  rixni!! 
Fig.  758.  discbaige  25  cubic  feet  d^its. 

contains  two  elbows,  the  reqtdieL 
head  will  be 

A=(1,$05  +  8,713  +  2.0,S84),' 

=  12,185  .  0,1448  =  1J6  feet 
(Compare  Example  in  §  480.) 

§  442.  Bends-— CSwrvcd  pipeSy  when  the  other  circnmstanfle! 
are  the  same,  cause  much  less  resistance  than  elbows.  Thejalff 
cause,  in  consequence  of  the  centrifugal  force  of  the  water,  a  par- 
tial contraction  of  the  stream  A  B  D,  Fig.  759,  so  that,  vhen  ^ 
bend  is  not  terminated  by  a  long  straight  pipe,  the  cross-sectk* 
Fx  of  the  stream  at  its  outlet  is  smaller  than  that  ^  of  the  p?fc 
But  if  the  bend  A  B  Dy  Pig,  760,  is  terminated  by  a  long  steigiii 

Fig.  71 
A 


Fig.  759. 
A 


pipe  D  Ey  an  eddy  F  is  formed  and  ail  efflux  with  filled  cposs^ 
tion  again  takes  place  at  the  expense  of  the  ris  viva  of  water.  H 

F 

the  coefficient  of  contraction  -j=^  =  a,  we  have  for  the  coeicien^ 

of  resistance  of  the  bend. 

Tlie  coefficient  of  contraction  a  depends  upon  the  ratio  -  of  fc 
radius  B  M  =  E  M  =  a^Fig.  759,  of  the  pipe  to  its  radius  of  cm- 
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vature  C  M  =  r^  and  it  can  be  determined  approximatively  in  the 

following  manner.    If  v  is  the  velocity  of  the  water  upon  entering 

the  bend  and  v,  that  of  the  contracted  vein,  we  have  v^F^  z=  v  F, 

F 
whence  Vi=^  ~=r  v^  and,  therefore,  the  head  which  measures  the 

-^» 
pressure  in  J9  -ff  is 

This  height,  multiplied  by  1  and  y,  gives  the  pressure  of  the  stream 
of  water  in  all  directions  upon  the  unit  of  surface  at  E 

Since  the  centrifugal  force  of  the  water  acts  upon  the  convex 
side  in  opposition  to  the  pressure  p^  it  is  possible  that  it  may  bal- 
ance the  latter  completely.  But  in  this  case  the  exterior  air  would 
enter  and  separate  the  stream  entirely  from  the  convex  side,  as  is 
shown  in  Figs.  759  and  760.  The  centrifugal  force  of  a  prism  of 
water,  whose  length  la  B  F  =  2  a  and  whose  cross-section  is  1,  is, 
when  the  radius  of  curvature  is  C  Jf  =  r. 


v' 


Q'  =  —  .  2  a  y. 
^      gr         ' 

Now  if  we  put^  =  q^  we  have  the  condition  of  separation  of  the 

stream  from  the  wall  of  the  pipe 

and  consequently  the  cpefficimt  of  contraction 

hence  the  coefficient  of  resisiayice  for  efflux  with  a  ftill  pipe  is 

?=(V^-i)".  . 

As  this  calculation  is  based  upon  a  mean  velocity  and  a  mean 
radius  of  curvature,  it  will,  of  course,  give  but  an  approximate 
value  of  a  and  C 

From  his  own  experiments  and  from  the  results  of  some  obser- 
vations made  by  Du  Buat,  the  author  has  deduced  the  following 
empirical  formulas  for  the  coefficients  of  resistance  of  water  in 
passing  through  bent  pipes : 

1)  for  bends  with  circular  cross-sections 

f  =  0,13H- 1,847  g)*; 
67 


898 


GENERAL  PRINCIPLES  OF  MECHANIG& 


B4tt 


2)  for  bends  with  rectangular  cross-sections 

f  =  0,124  -h  3,104  g)*. 

The  following  tables  are  calcakted  according  to  these  formulaE: 

TABLE  L 

Co^ffidenU  of  the  resisUmee  due  to  the  curvature  (^ pipes  tcitk  curadar  o^ 

ieetums. 


a 

r 


?  = 


0,1 


0,131 


0,2 


0,188 


0,3 


0,158 


0,4 


0,206 


0,5 


0,204 


0,6 


I 


0,440 


0,7 


0,8  I  0,9    U 

I        ' 


0,661 0,977 1,408 1,?:* 


TABLE  n. 
Coeffidenis  of  the  resiOanee  due  to  the  eurwture  qf  pipes  usitk  TedanTix 

cran  tedionM. 


a 

r 


C  = 


0,1 


0,124 


0,2 


0,135 


0,8 


0,180 


0,4 


0,260 


0,6 


0,6 


0,898  0,643 


0.7     0,8 


1,015 


0,9  ,  V 


1,546  2,271 12^ 


From  the  above  tables  we  see  that  for  a  circular  pipe,vh:? 
radius  of  curvature  is  twice  the  radius  of  its  cross-section,  theci^: 
ficient  of  resistance  =  0,294,  and  that  for  a  pipe,  whose  radius  •* 
curvature  is  at  least  10  times  the  radius  of  the  cross-fiectioiLt^ 
coefficient  =  0,131. 

In  order  to  check  the  contraction  of  the  stream  of  water  m  - 
bend  A  B  D,  Fig.  761,  the  cross-section  of  the  pipe  must  be  gr^- 
ually  diminished  in  such  a  manner  that  the  ratio  of  the  cross-sO 
tion  i>  JSr  =  ^,  of  the  outlet  orifice  to  that  B  E  -  Foi  ihe  iii- 

1  * 


shall  be  a  = 


Fio.  763. 
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If  one  bend  B  Z>,  Fig.  762,  is  terminated  by  another,  which 
irns  the  stream  further  in  the  same  direction,  if,  e.g.,  the  axis  of 
le  pipe  forms  a  semicircle,  like  B  D  Ey  Fig.  763,  the  contraction 
J  not  changed  and  a  and  f  have  the  same  values  as  for  the  pipe  in 
ig.  762,  which  forms  but  a  quadrant  If,  on  the  contrary,  a  bend 
>  JS,  Fig.  764,  which  turns  the  stream  in  the  opposite  direction,  is 
ttaehed  to  the  first  one,  an  eddy  F  is  formed  between  the  two  and 
.  second  contraction  of  the  stream  takes  place,  by  which  the  resist- 
:nce  (4r)  is  nearly  doubled. 

Fig.  764.  Fio.  765.  Fio.  766. 

..A  A 


n?{^\^ 


The  resistance  to  water  flowing  through  bends  can  bo  dimiri' 
ished  by  enlarging  the  cross-section  of  the  pipe,  e^ain  B  D  B,  Fig. 
765,  or  by  inserting  in  it  a  thin  partition^  like  8  in  B  D  E,  Fig. 
766 ;  for  in  the  first  case  the  velocity  v,  and  in  the  second  the  ratio 

a  . 

~  is  smaller,  and  consequently  the  coefficient  of  resistance  <"  is  ren- 
dered less. 

Example. — If  the  system  of  pipes  B  LMy  F^  767,  in  the  second  ex- 
ample of  *§  430,  contains  5  bends 
Fig.  767.  each  of  90^  and  if  the  radius  of 

A  ^  curvature  of  each  is*  2  inches,  we 

have 


and  according  to  the  first  of  the 
foregoing  tables,  the  correspond- 
ing coefficient  of  resistance  C  = 
0,294;    consequently  for   the  5 

bends  5.  C  =  1,47 ;  hence  the  velocity  of  the  water  issuing  from  the  pipe, 

bateadof 


©  = 


17,945 

V7;582 


=  6,52  feet,  is 


0  = 


17,945 


17,945 


V  7,582  +  1,47       V9,052 


'  =  5,964  feet, 
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80  that  the  discharge  per  second  is  now 

Q  =  0,7854  .  ,V  -  6)^4  =  0,1301  cubic  feet  =  224,81  cabic  mche& 

§  443.  Valve-Gates,  Cocks,  Valves. — In  order  to  r^nk: 
the  discharge  of  water  from  pipes  and  yessels,  we  employ  Tanom 
kinds  of  apparatus,  snch  as  cockSy  valve-gatesy  and  valves^  by  meci 
of  which  we  prodnoe  a  contraction  in  the  pipe,  which  oocaacais  * 
resistance « to  the  passage  of  the  water,  the  yalne  of  whidi  is  de^- 
mined  in  the  same  manner  as  the  losses  of  head  in  the  foregocng 
paragraph.  As  the  stream  of  water  is  subjected  to  cbangaof 
direction,  is  divided,  etc.,  the  coefficients  a  and  C  can  only  \r, 
determined  by  experiments  made  for  that  purpose.  Such  experi- 
ments have  been  made  by  the  author,*  the  principal  resute  of 
which  are  given  in  the  following  tables: 


TABLE  L 

The  coefficients  of  resistance  for  the  passage  of  water  through  valTe-gtte 
or  slide-valves  (Fr.  tiroirs ;  Qer.  Schieber  or  Schubventile)  in  fortM^ 
pipediccd  pipes^ 


Ratio  of  tbe  cross 
sections  -^  = 

Coefficient  of  re- 
sistance C  = 


1,0 

0,9 

0,8 

0,7 

0,6 

0,5 

0,4 

0,3 

0,00 

0,09 

0,89 

0,95 

2,08 

4,03 

8,12 

17,8 

0,2  o: 


TABLE  IL 

The  coefficients  of  resbtvice  for  the  passage  of  water  through  Talf^gBS 

or  slide-valves  in  eylindrieal  pipes. 


Relative  height  of  opening 
s  = 


Ratio  of  the  cross-sections = 


Coefficient  of  resistance  C  = 


0 

1,000 
0,00 

0,948 
0,07 

1 

0,856 
0,26 

i 

0,740 
0,81 

♦ 

0,609 
2,06 

i 

0,466 
5,52 

lii 


0,815A1'^ 


17,0  r,.^ 


*  Experiments  upon  the  offlns  of  water  through  valve-gates,  oocka,  dieb, 
and  valves,  made  and  calculated  by  Julius  Weisbach,  or  under  the  title  "t^ 
tersuchungen  im  Gebiete  der  Mechanik  und  Hydranlik,  etc./'  Leipog,  184t 
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TABLE  m. 

The  coefficients  of  resistance  for  the  passage  of  water  through  a  eoci  (Ft, 
robinet ;  Qer.  Hahn)  in  paraUelopipedieal  pipes. 


Angle  that  the  cock  is 
turned  6  = 

6' 

0,926 

0.05 

10- 

0,840 

0,81 

16' 
0,760 
0,88 

20* 
0,667 
1,84 

25* 
A«04 
8,46 

80- 
0,620 
6,15 

86«» 
0,436 
11,2 

40' 
0,858 
20,7 

45. 

0,269 
41,0 

60' 
0,188 
95,8 

66* 
0,110 
275 

(36|i 

Ratio  of  the  croas-sec' 
tions  = 

0 

Coefficient     of     resist- 

anoe  = 

00 

TABLE  IV, 

The  coefficientB  of  resistance  for  the  passage  of  water  through  a  cock  in  a 

^Undrical  pipe. 


• 

Angle  that  the  cock  is  tamed  d  = 

0,926 
0,06 

10° 

0,850 
0,29 

15° 

0,772 
0,76 

20° 

0,692 
1,56 

25° 

0,618 
8,10 

80° 

0,585 

5,47 

85° 

0,468 
9,68 

Ratio  of  the  cross-sections        = 

Coefficient  of  resistance           = 

Angle  that  the  cock  is  tamed  S  = 

1 

40° 

0,885 
17,8 

46° 

0,815 
81,2 

50° 

0,250 
52,6 

55° 

0,190 
106- 

60° 

0,187 
206 

65° 

0,091 
486 

82i° 

0 

00 

Ratio  of  the  ctoss-sectionB        = 

Coefficient  of  resistance           = 

TABLE  V. 

The  coefficients  of  resistance  for  the  passage  of  water  throagh  thrattle'WLlves 
(Fr.  yalyes;  Ger.  Drehklappen  or  Drosselventile)  in  pa/radebpipedical 
pipe9. 


Angle  thatthe  yalye  is  tamed  6  = 

6° 

0,018 
0,28 

10° 

0,826 
0,45 

15° 

0,741 
0,77 

20° 

0,658 
1,84 

25° 

0,577 
2,16 

80° 

0,500 
8,54 

85° 

0,426 
5,7 

Ratio  of  the  cross-sections        =r 

Coefficients  of  resistance          = 
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Angle  that  the  valve  is 
turned  6  = 

40°     45° 

0,357  0,293 
9,27  15,07 

50° 

55° 

60°     65'    70'    »i 

1                  • 

Ratio    of    the    crosa-sec- 
tiona  = 

0,284j0,181 

1     ' 

0,134  jO.OM  0,060    <> 

i 

Coefficients  of  resistance  = 

24,9 

42,7 

\                1 

77,4     168    m    cc 
1 

TABLE  VI 

Coefficients  of  resistance  for  the  passage  of  water  through  throitle-^aim 

cyUndriad  pipe$. 


Angle  that  the  valve  is  turned  <J= 

6° 

0,918 
0,24 

10° 

0,826 
0,52 

15° 

20°     25=    90    35 

I         1 

1 

Ratio  of  the  cross^ections        = 

i      i     ' 

0,741i0,658  0,577  0,500  0.4^, 

i 

Coefficient  of  resistance            = 

0,90 

1 
1,54   2,51   3,91  6*: 

1 

Angle  that  the  valve  is 
turned  6  = 


Ratio    of    the   cross-sec* 
tions  = 


/     Coefficient  of  resistance  = 


40* 


45° 


60^ 


55* 


60°     65' 


70'    >i' 


0,857  0,293,0,234  0,181,0,134  0,094  0.060 


82,6;  58,8'    lis'    256    751,  a 

!  I  . 


§  444.  "With  the  aid  of  the  coefficients  of  resistance,  giren  ifl 
the  above  tables,  we  can  find  not  only  the  loes  of  head  for  a  ccrai 
])osition  of  the  valre-gate,  cock  or  valve,  but  also  the  ^position  ? 
must  give  to  these  apparatus  in  order  to  produce  a  certain  velocii; 
of  efflux  or  a  certain  resistance.  Of  course,  such  a  determiiw^^^ 
will  be  more  accurate,  the  more  the  regulating  apparatus  resembi^ 
that  used  in  the  experiments.  Besides,  the  values  given  in  the 
above  tables  are  not  correct,  when  the  water,  after  passing  the  cod- 
tracted  orifice  produced  by  the  apparatus,  does  not  fill  the  pip 
again.  In  order  that  the  efflux  with  a  filled  cross-section  shall  tak? 
place,  it  is  necessary,  when  the  contraction  is  great,  that  the  fip' 
shall  have  a  cei-tain  length.  The  cross-section  of  the  parallelopipt^- 
leal  pipe  was  5  centimeters  wide  and  2 A  centimeters  high,  ani  t^ 
diameter  of  the  cylindrical  pipe  was  4  centimeters.    With  the  rfj^*- 
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oalt>e  or  valve-gate.  Fig.  768,  the  croBS-8ect(on  is  merely  narroired, 
and  its  shape  in  one  pipe  is  a  simple  rectangle  Fi,  Fig.  769,  and  in 


^^ 


the  other  a  crescent  F„  Fig.  770.  When  cocks  are  employed,  as  in 
Fig,  771,  there  are  two  contractions  and  two  changes  of  direction, 
and  the  resistance  is  therefore  in  this  case  very  great    The  cross- 


sectiona  of  the  maitimnm  contractions  have  Tery  peculiar  forme. 
The  stream  is  divided  hy  the  throttle-valve  (or  disc  and  pivot  valve). 
Fig.  772,  into  two  parts,  each  of  which  passes  through  a  contracted 
orifice.  The  cross-sections  of  the  contracted  openings  ore  rec- 
tangular in  parallelopipedical  pipes  and  crescent-shaped  in  cylin- 
drical ones.  The  following  examples  will  sufBciently  explain  the 
use  of  the  foregoing  tables. 

ExAUFLE — 1)  If  in  a  system  of  cylindrical  pipes  8  incbes  in  diameter 
and  500  feet  long  a  valvc-gatc  is  introduced,  and  if  it  is  raised  f  of  tite 
entire  height,  so  03  to  close  %  of  the  diameter,  what  will  he  tlic  discharge 
through  it  under  a  bead  of  4  itet )  According  to  what  precedes  we  caa 
pnt  the  coefficient  of  resistance  for  the  entrance  of  ttie  water  into  tlie  pipe 
Co  =  0,505  and  the  cnefflcient  C|  of  resiBtance  of  the  pipe  according  tii 
Table  II,  \  443,  =  5,53,  whence  it  follows  that  the  velocity  of  efflux  ia 
8,035  V^  _  8,023  .  3 10,06 

Ifwepnt  the  coefficient  of  fHctionC=  0,02S,  we  obtain 

,=  JML  =  3,126  feet. 
V57,025 
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But  the  velocitM  =  2 J25L  feet  corresponds  more  accaratelj  to  C  =  0,0215, 
hence  we  have  more  correctly 

V  =  -7  Arrz  =  2,07  feet, 
V60,025 
and  the  discharge  per  second  is 

C  =  ^  .  9  .  12  .  2,07  =  55,89  ir  =  176  cubic  indies. 

2)  A  system  of  pipes  4  inches  in  diameter  discharges  under  a  bead  ri 
5  feet  10  cubic  feet  of  water  per  minnte ;  at  wliat  angle  must  a  thii<t> 
valve,  placed  in  them,  be  turned  to  cause  a  discharge  of  8  cubk  feet  pff 
minute  ?    The  initial  velocity  is 

10  .  4      •    6 

=  eoT^TTj)^  =  i;  =  *'"  f*«*' 

and  that  after  turning  the  valve 

=  A  .  1,91  =  1,528  feet 
The  coefficient  of  efflux  in  the  first  case  is 

-==r  = =  0,107  i 

J2gh       8,025  V5 
hence  the  coefficient  of  resistance  Is 

and  the  coefficient  of  efflux  in  the  second  case  is 

=  -^  .  0,107  =  0,0856  ; 
hence  the  coefficient  of  resistance  is 

=  0;0856«  "■  ^  =  ^^'^' 

and  the  coefficient  of  resistance  of  the  throttle  valve 

C  =  185,5  -  86,84  =  49,16. 

Now  Table  VI,  §  448,  gives  for  the  angle  J  =  50%  C  =  83,6  and  fortk 

angle  d  =  55°,  C  =  ^8,8 ;  we  can,  therefore,  assume  that,  when  the  tijte 

<  16,56 

is  placed  at  an  angle  of  60°  +  —- .  5°  =  53°  lO',  the  required  qMntiiy 

of  water  will  be  discharged.     If  we  take  into  consideration  the  fact  tbt 

the  coefficient  of  friction  changes  from  0,0268  to  0^0283  when  the  velocitj 

decreases  from  1,91  to  1,528,  we  have  more  correctly 

288 
C  =  135,6  -  86,84  ^^  =  185,5  -  91,2  =  44,8, 

and  consequently  the  angle  that  the  valve  must  be  turned 

rf  =  50^  +  ^'1  S°  =  5^'  1^'- 

§  445.  Valves. — The  knowledge  of  the  resistance  produced  by 
valves  {Ft.  soupapes ;  Ger.  Ventile)  is  of  the  greatest  importanct. 
Experiments  have  also  been  made  by  the  author  with  them. 
Those  most  commonly  employed  are  the  puppei  valve  and  the 
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clack  valve,  which  are  represented  in  Figs.  773  and  1^4    In  both 
cases  the  water  passes  through  an  aperture  in  amng  R  (?,  which 


Fig.  773. 


Fig.  774. 


^1  IF        _*— *"— "^  _ 


J> 


urn  urn    n  11  #>iii    I     1  I  n>  ■  I 

is  called  the  seat.  The  puppet  valve  JT  L,  Fig.  773,  is  provided 
with  a  spindle,  which  runs  in  guides  and  which  permits  the  valve 
to  move  only  in  the  direction  of  its  axis ;  the  clack  A"  i.  Fig.  774, 
on  the  contrary,  opens  by  turning  like  a  door.  We  see  that  in 
both  apparatuses  not  only  the  ring,  but  also  the  valve  are  obstacles 
to  the  motion  of  the  water. 

The  ratio  of  the  aperture  in  the  seat  .of  the  puppet  valve,  with 
which  the  experiments  were  made,  to  that  of  the  pipe  was  0,356, 
and,  on  the  contrary,  the  ratio  of  ring-shaped  surface  around  the 
open  valve  to  the  cross-section  of  the  pipe  was  =  0,406,  hence  we 

can  put  as  a  mean  -—  =  0,381.  By  observing  the  eflflux  for  differ- 
ent positions  of  the  valve  it  was  found  that  the  coefficient  of  resist- 
ance decreased  with  the  lift  of  the  valve,  but  that  this  decrease  was 
very  inconsiderable,  when  the  lift  exceeded  one-half  the  width  of 
the  orifice.  Its  value  for  this  position  was  =  11,  and  the  heigJit 
of  resistance  or  loss  of  head  was 

V  denoting  the  velocity  of  the  water  in  the  full  pipe.  Thi^um- 
ber  can  be  used  to  find  the  coefficients  of  resistance  corresponding 
to  other  relations  of  cross-section.    If  we  put  in  general 


we  obtain  for  the  case  obserred 


F 
and  therefore 


=  0,381  and  f=y^-iy=  11, 


a  = 


=  0,608, 


0,381  (1  +  Vii)       4.317  .  0,381 
and  finally  the  general  expression  for  the  coefficient  of  resistance 
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,608  F^ 

If,  E.G.,  the  cross-section  of  the  aperture  is  one  half  that  of  ihr 
pipe,  the  coefficient  of  resistance  becomes 

=  (1,645  .  2  -  !)•  =  2,29'  =  5,24. 
In  the  experiments  with  clack-valves  the  ratio  of  the  cres- 

F 

section  of  the  aperture  to  that  of  the  pipe,  i.e^  -^,  was  =  0<>1. 

The  following  table  shows  how  the  coefficients  of  reastance  i^ 
crease  as  the  opening  increases. 

TABLE  OP  THE  COEFFICENTS    OF  RESISTANCE  FOR 

CLACK-VALVES. 


Angle  of  opening 

16" 
90 

20* 
62 

26"^ 

42 

30" 
30 

35° 
20 

40'* 
14 

45^ 
9,5 

50' 
6,6 

5o» 

eo*fi5 :? 

Coefficient  of  resistance.. 

4,6 

3,2  2,3  i: 

By  the  aid  of  this  table  the  coefficient  of  resistance  for  elaci- 
valves  can  be  calculated  approximatively,  when  the  relations  cf »!: 
cross-sections  are  different.  We  must  adopt  the  same  method  t 
we  did  for  puppet  valves. 

Example.— A  fprce-pump  delivers  every  time  the  plnnger  descends  '-• 
4  seconds  5  cubic  feet  of  water,  the  diameter  of  the  column  pipe  in  wbid 
the  pupnet-valve  is  placed  is  6  inches,  the  interior  diameter  of  Ihe  vi1t> 
rmg  is  Z\  inches,  and  the  maximum  diameter  of  the  valve  is  ^  inebei^ 
\^bat  resistance  is  to  be  overcome  hy  the  water  in  passing  throogh  ^ 
valve  ?    The  ratio  of  the  cross-sections  for  these  apertures  is 


=  (tV)'  =  0.8*, 
and  the  ratio  of  the  ring-ahaped  contraction  to  the  cross^ection  of  tk 

tube  is  =  1  -  Q~^  =  1  -  (i)'  =  0,44; 

hence  the  mean  ratio  of  the  cross-sections  is 

F^  _  0,34  +  0,44  _ 

-F 2 ^'^®* 

and  the  corresponding  coefficient  of  resistance 

The  velocity  of  the  water  is 


«?  = 


4.i.(i)' 


20 
=  -^  =  6,87  feet, 
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he  height  due  to  the  velocity  is  =  0,680  feet,  and  conseqi^ently  the  height 
>f  resistance  is  =  10,4  .  0,630  =  6,55  feet.  The  amount  of  water  raised  in 
\  second  weighs  f .  62,5  =  78,125  lbs. ;  the  mechanical  effect  consumed 
)y  the  passage  of  the  water  through  the  valve  in  that  time  is  therefore 

=  6,55  .  78,126  =  611,72  foot-pounds. 

--Mr 

§  446.  Componnd  Vessels. — The  foregoing  theory  of  the  re- 
Bistance  dne  to  the  passage  of  water  through  contractions,  is  also 
applicable  to  the  discharge  from  compound  vessels.  The  apparatus 
A  Dy  represented  in  Fig.  775,  is  divided  by  two  walls,  which  contain 

the  orifices  i^  and  t],  into  three  communicating 
vessels.  If  the  dividing  walls  were  absent  and 
the  edges  at  the  passage  from  one  vessel  to  the 
other  rounded  oflf^  we  would  have,  as  in  the  case 
of  a  simple  vessel,  the  velocity  of  efflux 


V 


_     V2yh 


in  which  h  denotes  the  depth  of  the  orifice  below 
the  level  of  the  water  and  fo  the  coefficient  of  re- 
sistance for  the  passage  of  the  Water  through  the  orifice  F. 

But  since  when  the  water  has  passed  through  the  orifices  F^  and 
/I  the  cross-sections  a  Fi  and  a  F2  change  suddenly  into  the  cross- 
soctions  Gi  and  G^  of  the  vessels  0  D  and  B  C,  and  according  to 
§  437  the  resistances  thus  produced  arc 


^\ 


vl  _  (^   _    y  (aFV  v^_  (F^_  oFV    v^ 
^g^KaF,         )\G/2g'~\F,         G/'2ff 


imd 


^'2(/  ~  \aF,        )  \  G,  l'2g~  \F,        G,  /'  2 g' 


we  have 


whence  we  obtain  the  velocity  of  efflux 

V¥gh 


V  = 


a/.       y        iF        aF\      iF        aF\ 
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In  the  compound  Teesel,  represented  in  Fig.  770,  from  whkl' 
tbe  water  is  discharging,  the  some  conditions  exist,  bat  periiij  - 
we  must  here  consider  tbe  (H  - 
Fio.  778.  tjoQ  Qf  (j,g  ^atgp  jn  t^e  twr. 

municating  tube  C  E,  Ijet  i ' 
the  length,  (f  the  diameter.;':! 
coefficient  of  friction  of  tii 
tnbe,  and  v,  the  velocity  of  li.' 
water  in  it^  then  we  have  br. 
the  head  loet  by  the  wa^O'  m 
passing  fh)in  A  Cto  0  L 

*■=['  +  £-)'+ 4]  f> 

or,  since  the  Telocity  v,  =  —=—  v, 

If  we  subtract  this  height  from  the  total  head  h,  there  remaitu  iIk 
head  in  the  second  Tessel  A,  =  A  —  h,;  hence  the  Telocity  of 
efSnx  is 

This  determination  becomes  rery  simple  when  the  appsistns  L- 
like  the  one  represented  in  fig.  Tn: 
^^-  '"■  for  in  this  case  we  can  aasnme  tht 

cross-sections  0,  0„  ffi  to  be  infi- 
nitely large,  compared  to  the  era* 
sections  of  the  orifices  F,  F.,  /* 
The  first  difference  of  IctcI  0  B,  or 
the  height  of  resistance  for  the  pu- 
sage  throngh  F„  is 

and  in  like  manner  the  second  difference  of  leTcl  Oi  Hi  or  '^i 
height  of  resistance  for  tbe  pass^e  throngh  Ft  is 
_(aF\*  ;^ 

in  wliich  a,  a,  and  a,  dcDote  the  coefficients  of  contraction  for  tte 
s  F,  F,  and  /*,-    Hence 
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V  = 


and  the  discharge  is 


V%gh 

\/l  ■ 

/ o  /" \ »       la 
^  U  F^)  "^  U 

aF  V%gh 

/l 

(aFV       It 
+  (a.  f)  +  (a 

'^'Agh 

.Fj 

i/i. 

1  V-.  /  1  V. 

...  /  1  V 

It  is  easy  to  see  that  under  the  same  circumstances  compound 
Teasels,  o»reservoirs,  discharge  less  water  than  simple  ones. 

Example.— If  in  the  apparatus,  Fig.  776,  the  total  head  or  the  depth 
of  the  centre  of  the  orifice  F  below  the  level  of  the  water  in  the  first  vessel 
is  =  6  feet,  if  the  orifice  is  8  inches  wide  and  4  inches  high  and  if  the 
reservoirs  are  united  by  a  pipe  10  feet  long,  12  inches  wide  and  6  inchca 
high,  what  will  be  the  discharge  ? 

The  mean  width  of  the  trunk  is 

_      4.1.0,5       ,  .   ,  ,  I        8.10       _ 

a  =  -^ — :r~  =  f  feet,  hence  -^  =  —= —  =  15. 
« .  1,0  d  « 

Putting  the  coeflicient  of  friction  C  =  0,025,  we  obtain 

I 
;-z=z  0,026  .  15  =  0,875, 

and  adding  ^  =  0,505,  the  coefficient  for  the  entrance  into  prismatical 
pipes,  we  have 

1  +  /I  -  ij  4-  ^-  =  1  +  0,505  +  0,875  =f=  1,88. 

Since  -^  =  '  '  '  =  0,2845,  it  follows  that  the  coefficient  of  resist- 
ance for  the  entire  pipe  is  =  1,88  .  0,2845'  =  0,152,  and  if  we  put  the 
coefficient  of  resistance  for  the  passage  through  F,  =  0,07,  we  obtain  the 
velocity  of  cffiux 

8,025  Ve  8,025  Vo       ,„^or   ^ 

©  = ■ =    '  =  17,78  feet. 

Vl,0~7  +  0,152        V  1,222 

The  contracted  cross-section  is  0,64  . 1  .  J  =  0,82  square  feet,  and  there- 
fore the  discharge  is 

Q  =  0,82  .  17,78  =  6,69  cubic  feet. 
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CHAPTER    V. 

OF  THE   EFFLUX  OF  WATER   UNDER  VARIABLE  PBESSCBE 

§  447.  Prismatic  VeBsels. — If  a  vessel,  from  which  waur 
iasumg  throngh  an  oriBce  in  the  side  or  bottom,  receiveg  no sj- 
ply  of  water  ftom  any  other  source,  the  level  of  the  valtr  s: 
gradually  sink,  and  the  vessel  will  finally  become  empty.  Soc  : 
the  discharge  Q  into  the  vessel  is  greater  or  lesa  than  i^j 
fi  FV%gh  from  it,  the  water  level  will  rise  or  sink,  nnol  the  In-. 

becomes  A  =  ^r—  f  --■  ^  I ,  end  afterwards  the  head  andVelocin. 
2g\iiF/' 

efflnx  will  remain  constant.  Our  problem  now  is  to  detennin^ ' 
dependcTice  upon  each  other  of  ths  time,  of  the  rising  or  sinkm  f 
the  surface  of  the  water  and,  if  it  occurs,  of  the  empl^nij  ej  it- 
vessel,  when  the  loiter  has  a  given  form  and  size.  The  most  simp 
case  is  that  of  efflux  through  an  orifice  in  the  bottom  ofaprianir 
vessel,  which  receives  no  supply  of  water.  Let  z  be  the  vaiii'T 
head  F  P,F  the  area  of  the  orifice  and  0  the  cross-aection  of  il 
vessel  A  C,  Fig.  778,  then  the  theoretical  velocity  of  eflaui  is 

Pio.  m  »"  =  ^^9^^ 

■A  B     and  the  theoretical  velocity  of  the  sinking  surf*.' 

of  the  water  is 

F  F    ^ — 

and  the  effective  velocity 

a  F    . 

In  the  beginning  x  =  1^0  =  h,  and  at  the  end  of  the  efflm 
a:  =  0,  the  initial  velocity  is  therefore 

and  the  final  velocity 


=  0. 
We  see  from  the  formula 


-^W^'- 
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that  the  motion  of  the  surface  of  the  water  is  uniformly  retarded, 
and  that  the  retardation  is  ^  =  f  ~-  ]  5^ ;  we  also  know  (§  14) 
that  this  velocity  will  be  =  0  an(J  that  the  efflux  will  cease  after  a 


time. 


^^  ■■  m'^ = 1^4^. 


LE. 


2  GVh 

We  can  also  put 

=      ^  g^      _  ^  G^ _  2F 
i'FV^^h^      Q     '^    Q' 
and  consequently  we  can  assume  that  a  volume  F  =  G  hof  water 
will  be  discharged  through  an  opening  i^  in  the  bottom  under  a 
head  decreasing  from  A  to  0  in  double  the  time  that  it  would,  if  the 
head  were  constant  and  equal  to  h. 

As  the  coefficient  of  efflux  [a  is  not  perfectly  constant,  but  in- 
creases when  the  head  diminishes,  we  must  employ  a  mean  value 
of  this  coefficient  in  our  calculations. 

Example.— In  what  time  will  a  parallelopipedical  box,  whose  cross- 
section  is  14  square  feet,  empty  itself  through  an  orifice  in  the  bottom, 
which  is  circular  and  2  inches  in  diameter,  when  the  initial  head  is  4  feet  ? 
Theoretically  the  time  required  would  be 

^^^UVl      ^  a^4y44^2  =  ^L  =  819",9  =  5mu..l9,9Bec. 
8,025.  |.g)'  ^'"^"^  «'«^'^ 

At  the  end  of  half  the  duration  of  the  efflux  the  head  is  =  (^Y  h  = 
J  .  4  =  1  foot,  but  the  coefficient  of  efflux  for  an  orifice  in  a  thin  plate, 
corresponding  to  a  head  =  1  foot,  is  /»  =  0,618 ;  hence  the  real  duration 
ofthe  efflux  is 

=  -A  L-o-  =  521",8  =  8  minutes  41,8  seconds. 
0,010 


§  448.  Communicating  Vessels. — Since  for  an  initial  head 
Jii  the  duration  of  efflux  is 

^  ^  2  GVh, 

and  for  an  initial  head  h^  the  duration  is 

.  _    %  GVlh 
\jlF.  V2^ 
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it  follows  that  bj  subtractioiL  we  obtain  the  time  dniiiig  vkkh  tk 
lieod  changes  from  h,  to  ht,  or  the  level  of  the  water  ginlu  ■  ii- 
iance  k,  —  h,;  its  value  is 

or,  when  the  dimensions  are  expreeaed  in  feet, 

On  the  contrary,  when  the  dnrstion  of  the  efflox  U  giTca.  i 
determine  the  distance  a  =  h,  —  k,  that  the  soi&ce  of  the  tcf 
einkB  by  means  of  the  formuhi 

'- ff ('^--Te-'^V- 

The  same  formulas  are  applicable  to  the  case  of  a  vessel  f/-. 

Fig.  779,  filled  from  another  vessel  A  B,  in  which  the  leyel  o(  ti- 

FiQ.  779.  water  is  constant    If  the  cros»«ciir- 

■*  ^  of  the  commanicating  pipe  or  i)rii> 

=  F,  that  of  the  vessel  to  be  filled  =  'r 

and  initial  difference  of  level  0  O-/'- 

Ute  two  snr&ces  of  water  =  A,  *e  bv 

since  in  this  case  the  level  of  tlie  nv: 

in  the  second  vessel  risee  with  »  w- 

formly  retarded  motion,  the  time  re 

quired  to  fill  it  or  the  time  in  which  the  second  surfece  of  i- 

water  rises  to  the  level  ff  B  of  the  first 

t  =  _^-^tL. 

and  in  like  manner  the  time  in  which  the  distance  0  0,  =  'M 

tween  the  enrfaces  of  the  water  becomes  0,  0  =  h^  or  dnni; 

which  the  level  of  the  water  rises  a  distance  0,  0,  =  *  =  fe  -  f- 

9  a 


Ejcample  1)  How  mucfa  does  the  surface  of  the  water  in  Ik  )^ 
pic  (§  417)  sink  in  2  minutes  f    Here  we  have 

and  if  we  assume  also  li  =  0,605,  it  follows  that 


/o-       ■^A'      /«       0,605. 8.035. e-iai 
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Fig.  780. 


=  (2  -  0,605 . 8,026 .  ^-^y  =  1,546'  =  2,8901  feet, 

id  that  the  reqaired  distance  that  it  sinks  is 

«  =  4  —  2,8901  =  1,6099  feet. 
2)  What  time  does  the  water  require  to  rise  in  a  pipe  (7i),  Fig.  780, 18 

inches  in  diameter,  so  as  to  overflow,  when  the 
pipe  communicates  with  a  vessel  ABhy  means 
of  a  short  pipe  1^  inches  in  diameter,  and  when 
the  surface  of  the  water  G  is  in  the  beginning 
at  a  distance  0  JET  =  6  feet  below  the  constant 
level  of  the  water  J.  and  at  a  distance  0  C7  =  4^ 
feet  below  the  top  0  of  the  pipe.  We  must 
substitute  in  the  formula 


'Jim-^'  -'      '      "r^8  '■!■■      '-~I1^- 


-^•'"*^ 


«  = 


Fio.  781. 

A. 


Aj  =  6,  A,  =  6  -  4,6  ==  1,5, 

O       1 18\» 

bt  =  I  fic/  ~  ^^  ^"^^  V"  =  ^j®^  '  ^^^^  "^®  obtain 

.  2 .  144      / /^        /--         288 .  1,2248     '.  ^  , 

^  =  TTEk — 5-K?rs  ^' ^  -^  ^^1>5)  =  ^~-~ — -^---~  =  54,3  Ecconds. 
0,81  .  8,025  '  ^       0,81  .  8,025  ' 

§  449.  If  the  first  vessel  A  B,  Fig.  781,  from  which  the  water 
passes  into  the  second,  receives  no  water,  and  if  its  cross-section  ff, 

cannot  be  considered  as  infinitely  great, 
compared  to  the  cross-section  O  of  the 
other  vessel  CD,  we  must  modify  our  cal- 
culation. If  the  variable  distance  ff,  Ox  of 
the  first  surface  of  the  water  above  the 
level  H  R,  at  which  the  water  in  both  ves- 
sels stands  after  the  eflBux,  =  x  and  the 
distance  G  0  oi  the  other  surface  of  the 
water  below  the  same  plane  =  y,  the 
variable  head  will  be  x  -f  y  and  the  corresponding  velocity  of 
efflux  will  be  v  =^  V%  g  {x.-^-  y),  or,  since  the  quantity  of  water 
G,x^  Gy, 


\:_:,^Of. 


tt 


'  ^  ''  -  V    ■'^-      '■^  "'  - 


■,;  =  4/27(1  +-|-)y. 
The  velocity  with  which  the  surface  of  the  water  rises  in  the  sec- 

bence  the  oorresponding  retardation  is 


ond^  vessel  is 


^-mi^^^h 
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and  the  duration  of  efflux  is 

■JBVj      _ 

SabBtitnting  instead  of  x  and  y  the  initial  difference  of  brci: 
that  is,  putting  x  +  t/  =  hoTll  +  ^1  y  =  A,  we  ohtain 
A 


and  the  time  in  which  the  two  BOiiacee  of  water  come  to  x 
level  is 

=  agy^ 2  0  0,  Vh 

The  time  dnring  which  the  difference  of  lerel  changes  free 
to  Ai  ie,  on  the  contrary, 

^  ^  2  g  gi  ( VA  -  /Aj) 
liF(0  +  e,)  t^ij* 
EzAitFLB.— If  the  crcM»«ecti(ni  O,  of  the  reasel,  &0111  whicli  tlu  i#' 
flows  into  the  other,  is  10  aqaore  fbet  and  the  cross-section  0  of  Ibt  ft* 
receiving  the  water  b  4  square  feet,  if  the  initial  difference  of  krd  h 
tween  the  twoanrfaceaofwaterisS  feet,  andif  tbe  c;UndricaI  pipe  1^- 
fonna  the  communication  is  1  inch  in  diameter,  the  time  in  which  Ik^- 
snr&ces  of  water  will  reach  the  same  lerel  is 

=       3  •  10  ■  *  ■  -^       _     880  .  7a  ■  v^ 
"  0,82. 8,(«5.  J.  ^  "»■»»■  »■'»»■■'- 

§  450.  Notch  in  the  Side.— If  the  water  iesncs  tbna^ ' 
nolck,  overfall  or  weir  D  E  from  a  prismatic  Tessel  A  BC.f^ 
Fm.  783.  782,  into  which  there  is  no  vitert- 

charged,  the  dnration  of  the  elBiu  - 
fonnd  in  the  following  manner.  U!'-' 
denote  the  cross-section  of  tbe  ^ 
by  O,  the  width  BFof  the  nofci  i;  '- 
and  the  height  DEhjA,  and  let  us  i- 
vide  the  whole  orifice  of  efflm  ">'' 
small  strips,  the  length  of  cadi  ^^ 


-  =  2~9  tecaoit. 
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>  and  the  height  -.    K  the  head  is  constant^  the  discharge  per  seo 
>nd  is 

O  h 
iividing  the  contents of  a  layer  of  water  by  the  latter,  we  ob- 
tain the  corresponding  duration  of  the  efflux 

Oh 

T  ==   , 

^linbV2gh* 

for  which  we  will  write -=r  .  hr-h 

2iinbv2g 

In  order  to  obtain  the  duration  t  of  the  efflux  of  a  quantity 

G  (h  —  Ai)  or  to  detemnine  the  time  during  which  the  level  of  the 

water  above  the  sill  sinks  from  D  JE  =  h  to  D  Bi  =  hi,  let  us  put 

Jty^  =  —  hy  I JL  let  hi  consist  of  m  parts,  and  let  us  substitute  in  the 

last  equation,  instead  of  h  "t,  successively  -f- 

and  then  add  the  results  found.    In  this  manner  we  obtain  the  re- 
quired time 

3  Gh 
1  = 


2  tin  I  V~2'g 


[^r-(H^r--Hw] 


3  Oh       •  A_J  |.^_j  ^  ^^  ^  i)_,  +    _  +  „_,j 


=       3  Gh-i       [  (i-j  +  2-5  +  3-»  +  . . .  +  «r-l) 

-  (1-J  +  2-f  +  3-»  +  . . .  +  f»-l)  ], 
or,  according  to  the  Ingeniear,  page  88, 
_       3  GJi-*      /w-^t  *i    _  wt-t  + 1  \ 

2/*Sy2^A  /uJI'^TaLVw/  J 

1 

If  we  put  Ai  =  0,  we  obtain  --=  and  also  /  =  oo ;  hence  the 

r    fli 

time  required  for  the  water  to  sink  to  the  level  of  the  sill  will  be 
infinitely  great 
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ExAMPLS.— If  the  water  isaaeB  from  a  reaerroir  110  feet  long  ud  40 
feet  wide,  throogh  on  overfell  8  incbes  wide,  in  what  time  will  &e  )e^ 
of  the  water  fall  from  IS  inches  above  the  aill  to  S  inches  abore  it  t  Hot 
wo  bare 

_  8  .  no  .  40  /    1  1     \  _    19800 

'  -;;.  |.  8,025  ^/ojo       VTjag^  "  ^.8,025  ^^5  -  ^^ 

=  S^  ('.««  -  »."«)  =  i^^^^=-^  ■-- 

If  we  assame  as  tlic  coefficieat  of  efflnx  ^  =:  0,60,  we  have  for  the  real  lim 

of  discharge 

1382  S 
t  =  ' — -j-^ —  =  2137,5  seconds  =  33  minutes  S7,5  seconds. 

IIeuabk.— For  a  loctangulat  orifice  in  the  side  we  can  pat  appn^a^ 


cvx  -  ■^)  - 


in  which  F  and  Q  denote  the  cross-sections  of  tlie  orifice  and  of  the  nvd 
a  the  height  of  the  orifice,  Aj  the  initial  head,  and  A,  the  heed  when  tk 

discharge  ceases.    If  A,  =  ^,  the  orifice  becomes  a  notch  ond  the  Ibnoc. 

for  OToriklls  must  be  employed. 

§  451.  Wedge-Slmpad  and  Pyramidal  Tessel&— C  i. 

vessel  A  B  F,  Fig.  783,  from  which  the  water  ia  discharged,  foia- 
s  horizontal  triangviar  prism,  the  tiiiK  i 
Fm.  763.  which  it  will  empty  iteelf  is  foimd  in  tbt 

"  following  manner.  If  we  divide  the  bei§i: 
C  E  ~  h  into  n  eqnal  parta  and  pasa  b«i- 
zoEtal  planes  through  the  poiotfi  of  ^■■ 
sion,  the  whole  mass  of  water  will  V 
divided  into  eqnolly  thick  horizontal  lajni 
whose  common  length  \sAD  =  /and  wIkk 
width  diminishes  &om  the  Gnrfiice  Aav.- 

wards.    If  the  width  D  B  of  the  upper  layer  =  h,  the  width  D,  i 

of  another  layer  situated  at  the  distance  C  Ei=:x  above  the  orifc 

F,  which  is  located  at  the  lower  edge  of  the  prism,  is  y  =  t  i 

and  its  volume  is  ^  i .  -  =  .    But  the  discharge  in  fte  naii 

.of  time  is 

Q  =  fiFV%gx; 
hence  the  small  time,  daring  which  the  water  sinks  a  distance  -, 

T  =  _-  :  p  FV2gx  = --^ .  a:». 

«  ni^FvT^  . 
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7i  « A 

Finally,  since  the  sum  of  all  the  a^  from  a;  =  ~  to  a;  =  —  is 

n  n 

we  have  the  lime  of  discharge  of  the  whole  prism  of  water 

==  .  I  ^  A*  =  §  — — ^-  .  A*  =  I     ^   r^ ,  1. 


nil  FV%g 


^  =  |. 


liFV'%g'  *  iiF^^gli 

V 


R 


fii^V 


in  which  F  =  A  5  Z  /*  denotes  the  total  yolume  of  the  water  and 


Fig.  784. 


c  =  V%gh  the  initial  velocity.    In  this  case  it  requires  \  more 

time  to  empty  the  vessel  than  if  the  velocity  c  were  constant. 
If  the  vessel  A  B  Fy  Fig.  784,  forms  an  upright  paraboloid^  we 

have  the  ratio  of  the  radii  K  M  ■=^  y  and 

hence  the  ratio  of  the  horizontal  section 
Gi  through  K  to  the  base  A  D  B  =•  (?  is 

—  =  -f^  =  T,  and  therefore 
O        b*       h 

^'^    h    ' 
the  volume  of  the  layer  of  water  is 

—  /3    h  _0x 

—  Cri  •  ~  -—  — — , 

n        n 
As  this  expression  coincides  exactly  with  that  found  for  the  tidan- 
gular  prism,  we  can  put  here  also 

or,  anca  V=^Gh(%  124,  Example), 

^  fiFc 
This  formula  can  also  be  employed  in  many  other  cases  for  the 
approximate  determination  of  the  duration  of  eflflux,  B.G.,  for  de- 
termining the  time  required  to  empty  a  dam.  It  is  applicable, 
whenever  the  horizontal  sections  increase  in  the  same  ratio  as  the 
distances  from  the  bottom. 
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*5.  I^  nnaUy,  we   haTe  a  pyramidal  Te»: 

1     AJSF,  Fig.  785,  to  deal  with,  then 

T 

the  Tolnme  of  the  layei  ff,  Jt,  is 
g.  A  _  ff  j^ 
n         »  A  ' 
and  the  time  uecessacy  to  dischargn  theladcT'^i 

T  =  ■ — r-:iiFr2gx  =  ■ ^t — =  -a^- 

nA     '^  "  n,i  F  hy^g 

But  eince  Uie  8nm  of  all  the  rf  from  a:  =  -to;r  =  —  u 

/A\t  »t        .      ,, 


'-\n)-  ^  - 


we  have  the  time  necessary  to  empty  the  entire  pyraniid 
or,  patting  -J  g  A  =  Pi 

Since  in  this  case  the  initial  Telocity  gradnally  diminidies  &« 
c  to  0,  the  duration-  of  the  efBox  is  J  greater  than  if  the  T«locr  | 
remained  invariable  and  equal  to  c- 

EzAUFLB. — What  time  will  a  dam,  tlie  area  of  whose  Bnr&ce  ii  TlW 

equare  feet,  require  to  empty  iteelf,  when  tlie  discharge  pipe  entenS  t^ 

deepest  place  and  is  IS  inches  in  diameter  and  SO  feet  l<Nig,  ud  irhti  itt 

depth  ia  IS  feetf    Theoretically  I 

-     __r__  -  i    X  765000 .  IS  _     1B58400D 

=  200568  Beconda  *     W 

But  the  coefiicieat  of  resiBtance  for  the  entrance  of  thetnttrbito^ 
pipe,  nhich  ia  cat  off  at  an  angle  of  45°,  is 

f  =  0,905  -f  0,827  (see  $  428)  =  0,882, 
and  the  resistance  of  friction  far  the  pipe  is 

I       e'  60      e"        e' 

=  0,025  -j  .  s~  =  0,025  .  -r  ■  ^  =  ir'' 

licDcc  the  complete  coefficient  of  efflux  for  the  eame  is 

P  =  ^  .—-=  =  ~L^  =  0,6H, 

Vl  +  0,882  +  1       V2,883 
and  the  required  doration  of  efflnz  is 
t  =  200568  :  0,594  =  887855  seconds  =  98  hoare  47  mioata  » sw»i 
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Fig.  786. 


§  452.  Spherical  and  Obelisk'  Shaped  Vessels.— By  the 

aid  of  the  formtilas,  deduced  in  the  foregoing 
paragraph^  we  can  find  the  duration  of  the 
efflux  from  spherical,  obelisk  shaped,  pyrami- 
dal, etc.,  vessels. 

1)  The  time  required  to  empty  a  segmmt 
of  a  y)here  AFB,  Fig.  786,  which  is  filled 
with  water,  whose  radius  C  A  =  G  F  =^  r  and 
whose  height  F  G  ^  h^is 


i   4 


n  r¥ 


If 


-§. 


-nh* 


=  t\ 


TT 


(10  r  ~  3  h)  At 


or,  if  an  entire  sphere  is  to  be  emptied,  in  which  case  A  =  2  r, 


^IbfiF^' 


14  TT  r*  l^r 


and  for  a  hemisphere,  where  A  =  r,  <  =  ^- — et   ^— • 

Here  the  horizontal  layer  jy,  i?,  =  ff „  corresponding  to  the 

depth  F  Oi  =  X,  is 

,^           .A       2  n  r  hx       TrAof 
=  TT  x(2r  —  X)  -  = ; 

hence,  if  the  velocity  of  efflux  is  v  =  V%g  x,  the  duration  of  the 

discharge  will  be 

_      27rrA         ,  trh  . 

Since  the  first  part  of  this  expression  coincides  with  the  formula 
for  the  emptying  of  prismatic  vessels  and  the  second  part  with 
that  for  the  emptying  of  pyramidal  vessels,  if  we  in  the  first 
case  substitute  2  tt  r  A^  for  J  Z  and  in  the  second  tt  A'  instead  of  G, 
we  obtain  by  the  aid  of  the  difference  of  times  required  to  empty  a 
prismatic  and  a  pyramidal  vessel 

"    I'  ^  V%gh 
Fio.  787. 


*  /*  ^  V2TA 

the  time,  in  which  a  segment  of  a  sphere 
will  empty  itself,  as  was  found  above. 

2)  For  a  vessel  A  C  K,  Fig.  787,  shaped 
like  an  obelisk  or  a  pontoon^  we  can  employ 
the  abqve  formulas;  for  we  can  consider  it 
to  be  composed  of  a  paraHelopipedon  A  EKy 
of  two  prisms  B  E  JV^and  D  E  iVand  of  a 
pyramid  GEN  (compare  §  121).    Let  h  be 
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im 


Pig.  788. 


the  width  A  Doi  the  top,  5,  that  K  Lot  the  bottom,  I  the  leng-i 
A  Bot  top,  h  that  IT  Nof  the  bottom  and  A  the  height  0  F^-i 
the  Yessel.    Then  we  have  the  surface  A  C  oi  the  water 

il  =  bj,^h,{l^  Z.)  +  ?,(*-  6,)  +  (Z  -  /,)  (ft-  Ji), 
in  which  5,  /i  is  the  base  of  the  parallelopipedon  A  E  K,Ih{\-' 
and  Ix  (fi  —  Si)  the  bases  of  the  prisms  BEN  and  D  EK  tt. 

(I  -  I,)  {b  -  b,)  that  of  the  pyramid  C  E  .V 
Now  the  time  required  to  empty  tlie  jaraJ- 
lelopipedon  is 

_2b,hVh 

that  required  for  the  triangular  prisms  is 

and  finally  that  requured  to  empty  tbe  fp- 
mid  is 

hence  the  time  required  to  empty  the  entire  vessel  is 
t  =  f,  +  tt  +  tt 

=  [305,  lr  +  10  b,{l-U)  +10  Z,  {b-h^)  +6  (Z-Z.)  (5-J,)] 
=  [3iZ  +  8J,Z,+2r5Z,  + J,0]        ^ 


^.= 


2 
If 


15M-^f;^f 


Si 


15  f*^  4/2^* 
When  y  =  r  the  vessel  is  a  truncated  pyramid.    Putting  in 
this  case  the  base  bl  =  0  and  the  base  bi  U  =  ff„  we  obtain 

^  =  (3  6^  +  8  (?,  +  4  f^^O  — ^--^. 

15  fi  i^  V2g 

It  is  easy  to  see  that  this  formula  will  hold  good  for  any  triis- 

gular  or  polygonal  pyramid. 

Example.— An  obelisk-shaped  reservoir  is  5  feet  long  and  8  feet  wideofi 
top  and  at  a  depth  of  4  feet,  where  a  short  pipe  1  inch  in  diameter  vA  ^ 
inches  long  is  inserted  in  it,  it  is  4  feet  long  and  2  feet  wide ;  bow  longi 
time  will  be  required  for  the  water  to  sink  2|  feet  ?  The  time  requiKd  to 
empty  it  is,  assuming  /*  =  0,815, 

^=[8.4.24-8.5.84-2(8.4  +  5.2)] ^ 


15 .  0,815 


•I(iJ-^«' 
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153.4.4.144  .„  2804 


=  153. 


=  153.  7,475=  1144 sec. 


15  .  0,815 .  8,025.  ff  12,225  .  8,025  tt 

At  the  level  4  —  2J  =  1 J  feet  above  the  tube  1=1^  +  f  =  4#  and 
=  ^1  +  i  =  ^  ^^^ ;  hence  the  time  required  to  empty  the  vessel,  when 
is  filled  to  that  height,  is 

=  608  seconds. 
"he  difference  of  these  times  gives  the  time  (541  seconds)  in  which  the 
arface  of  the  water  wDl  sink  2j-  feet  from  the  top. 

§  453.  IrregnlarlyHEihaped  Vessels.— If  we  ar^  required  to 
ind  the  duration  of  efiBux  for  an  irregularly-shaped  vessel  H  F  R, 

Fig.  780. 

A 


i  = 


)■ 


O, 


Fig.  789,  we  must  employ  some  method  of  approximation,  such  as 
Simpson's  Rule.  If  we  divide  the  whole  quantity  of  water  into  4 
equally  thick  layers  and  denote  the  heads  corresponding  to  the 
different  horizontal  sections  G^,  Ox,  ffj,  Oi,  G49  by  A^,  A„  A,,  As,  h^, 
we  obtain,  according  to  Simpson's  Rule,  the  duration  of  the  efflux 

12^FV2g^Vh,        VX       VX        Vh,        'fh. 
It  we  divide  it  into  six  layers,  we  have 

lBiiFV2g^Vh,     Vhr     VT,     Vh,     VT4     4^X5      V'hJ' 
The  discharge  in  the  first  case  is 

V  =  ^^^  (0^  4.  4  ff,  +  2  G,  h  4  ff,  +  G,),  and  in  the  second 

F=  ^-^i*  (ff„  +  4  (?,  +  2(7,  +  4  (?,  +  2  (?4  +  4  6^,  +  G,). 

If  the  form  and  size  of  the  reservoir  is  not  known,  we  can  cal- 
culate the  discharge  Fby  observing  the  heights  A^,  Ai,  etc.,  of  the 
water  at  equal  intervals  of  time.  If  t  is  the  whole  duration  of  the 
efflux,  we  have  for  orifices  in  the  side  and  bottom 

r='AZ^i^(  vT,  +  4i^  +  2/a;  +  4ia;  +  /a:), 
12 

and  for  overfalls  or  notches 

7=  I  ^^i  i^gi  VV  +  4  VA?  +  2  iC"  +  4  VA?  +  VA?)- 
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Example. — ^In  what  time  will  the  snrfaoe  of  the  water  of  a  dim  eck  € 

fbet,  when  the  dischaige-pipe  is  a  semi-cylinder  18  inches  wide»  9  iocbe* 

high,  and  60  feet  long,  and  when  the  crofl^-sections  of  the  smfaoeB  of  t^ 

water  are 

for  a  head  of  20  feet,  G^  =  600000  square  feet, 

«  "  18,5  »*  G^  =  495000  ^ 

«  «  17,0  "  G,  =  410000  « 

"  "  15,5  "  G^  =  825000  " 

"  "  14,0  "  G^  =  265000  **        f 

Now  F^^,(iy=i^=z  0,8836  square  feet.    If  we  put,  as  m  theEi- 

ample  of  §  451/the  coefficient  of  resistance  for  the  entrance  of  the  vateri: 

I 

the  pipe  =  0,832  and  that  of  the  friction,  =  0,025  -.  =  0,025 .  60 .  IM  = 

(»        • 

1,6850,  we  obtain  the  coefficient  of  efflux 

fi  =    .  —.  =  ■"  =  0^87,  and 

VI  +  0,882  +  1,6356      V8,4685 

f^  P  V2^  =  0,587  .  0,8886  .  8,025  =  8,808. 
Now  we  haTe 


gp  _  600000 


^o^^^/v    ^1       495000       ^^^,,r^ 
=  184170,  -  L  =  — =  115090, 


VA         V20  VAj       V18,5 

-??.  =  11^-*  =  99440, -^.  =  ?P^  =  88M0. 

Va,       Vi7  \/a7     Vi5;5 

G.       265000       ^^^^^     ^  ^    ^        .        ^.^     -     . 

—4  =  — pr.-  =  70880;  hence  the  duration  of  thecffloxfi 

VA^         Vi4 

t  =  i2-^o8-  (184170  +  4. 115090  +  2  .  99440  +  4  .  82550  +  76880) 

1194440 
=  -^r^a—  =  156883  seconds  =  48  hours  88  minutes  ^Z  seconds. 
7,010 

The  discharge  is 

'  F  =  ^  .  (600000  +  4  .  495000  +  2  .  41()000  +  4  .  825000  +  265000) 

^  4965000  ^  ^^^^  ^^j^.^  ^^^ 

2 

§  454.  Inflnz  and  EfSnz. — ^If,  while  water  is  flowing  oat  of 
the  vessel,  other  water  is  flowing  into  it,  the  determination  of  tb. 
time  in  which  the  level  of  the  water  will  rise  or  sink  a  certain  ^ 
tance  becomes  much  more  complicated,  and  we  are  generally  obli^ 
to  content  ourselves  with  an  approximate  result    If  the  discbai? 

per  second  into  the  vessel  Qi>  fi  F  V2gh^  the  water  will  rise,  and 

ifQi<liF  V2ghy  it  will  sink.    But  the  level  of  the  water  bd^ 
comes  constant,  when  the  head  is  increased  or  diminished,  until H 

l)eeomes  equal  to  *  =  g—  (r%)  •    ^^^  ^^^  "^  during  which  the 


I 
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ariable  head  x  is  increased  a  small  quantity  ^,  is  determined  by  the 

equation  <?i  f  =  Qi^  —  f^  FV2,ffX  .  r, 

ind,  on  the  contrary^  the  time^  in  which  the  surface  of  the  water 

^mks  a  distance  ^y  is  determined  by  the  equation 

Oii  =  II  FV2gx  .  T  -  Q,r. 
Hence  we  have  in  the  first  case 


T  =r 


,  and  in  the  second 


liFV%gx^  Q, 

By  employing  Simpson's  Knle,  we  obtain  the  time  of  discharge, 
during  which  Gl  becomes  successively  6^,,  G^y  etc.,  and  the  head  A, 
becomes  /^n  Ihj  ••  »y 
t  =  K-Kr  G,  -^  4:G,  ^  2  G, 

12     lfiFV2gh,'-'  Q,       iiFV2ghi-Qi  .iiFV2gh,- Qi 

4  (?,  G, 


+  ; '- + 


rrj} 


f  = 


Q, 

or  if  wo  denote  —    , by  t  ifc ,  ■vre  have  more  Bunply 

liFV2g 

12  H  F  V%g L  VJ,  -  V~k        VT^  -  V'k        /A, -  Vk 

,  i^o         +       _^* -1 

VX-  Vk        i^h,-  Vk^ 
If  the  vessel  is  prismatic  and  its  cross-section  is  constant 
and  =  G,  we  hare  (see  the  author's  "  Experimentalhjdraulik,'' 
§  9,  XII) 

for  the  time,  in  which  the  head  h  changes  to  A]. 

Q-       *     7        ,    VA  -  VA       VA  -  fOb 
Since  for  /j,  =  k,  —= —  = x =  « > 

it  follows  that  the  level  of  the  water  becomes  permanent  after  an 
infinite  time  has  elapsed. 

For  a  notch  in  the  side  we  have  the  following  formula 

-  ^A  \i  ( »^  -  ■>^)'  (Ai  +  ♦^  +  ifc) 
3  C.  L  (  ^/h-  VkY (A  +  Vtk  +  *) 
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Lt 


4Sl 


in  which  h  =  \t, — ^    , )  and  I  denotes  the  Ifaperian  logarithm 

\|  /*  *  V%g' 

and  tangr^  y  the  arc  whose  tangent  is  y. 

According  as  £  ^  A  or  the  discharge  into  the  yessel 

a  rising  or  a  sinking  of  the  Water  in  the  vessel  takes  place.  Tfcv 
state  of  permanency  occurs,  when  Ai  =  Jc,  but  in  this  case  the  I'^r- 
responding  time  t  becomes  =  oo . 

Example. — In  what  time  will  the  water  in  a  paiallclopipedical  b^j 
12  feet  long  and  6  feet  wide  rise  2  feet  above  the  sill  of  a  notch  in  the  >i'> 
^  foot  wide,  when  the  dischaige  into  it  is  5  cnbic  feet  per  second !  B^? 
we  have  A  =  0  and  'consequently  more  simply 


Gh  r  Ai+V^j  jfc  +  h 


+  12  tang. 


.1    -V3A, 


■]■ 


Kow  <?  =  12  .  6  =  73  feet,  Qi  =  6,  Aj  =  2,  »  =  J,  m  =  0,«,  and 

*  =  (|.  0,0.  i.  8,025)  =  ^'^«"' 

hence  the  time  required  is 

,       72  .  2,1880  r,  4,1880  +  V4,2660         r—  ^         ,  /  Ve 

'  =       8.5       L^  (1,4142  -  14606)'  "  ''^^  *^-     U,4142  +  2,9 

=  ^».^to^-^'«'^--(4;i-2)] 

=  10,288  (7,969  -  1,776)  =  10,238 .  6,193  =  68^  seconds. 

■ 

§  455.  Locks  and  Sluices. — ^We  can  make  a  useful  applies 
tion  of  the  principles  just  enunciated  to  the  fUing  and  m]pi^^ 
of  locks  and  sluices  (Fr.  ecluses ;  Oer.  Schleusen)«    We  distingiu^ 

two  kinds  of  lockS)iiaii»^ 
ly,  the  single  and  tiiv 
double.  The««jfcW 
consists  of  a  chamber  J, 
Fig.  790,  which  ifl  fiepi- 
rated  from  the  vater  in 

the  Imd  lay  A  by  & 
gate  JT -P  and  from  tta' 

inthefeiY  JnyCbrii^ 
gate  R  &  The  douV^ 
lock,  Mg.  791,  on  tb» 
contrary,  consists  of  t^'^ 
chambers  "with  an  iipj^^^^ 
gate  K  LySL  middle  i'n« 
HF,  and  a  lowcrono  /?>• 


Fig.  790. 


n 

o 

B 

F  • 

5^— 

1^^88,85^, 

( 

/MHL —  -  ^- 

ir__ 

ft^ 

.  J. 

|~7pfl  J 

■y^lAy 
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1)  If  we  put  the  mean  horizontal  cross-section  of  the  chamber 
of  a  single  lock  =  0,  the  distance  0  Ox  of  the  centre  of  the  open- 
Lug  in  the  upper  gate  below  the  surface  H  Rot  the  water  in  the 
head  bay  =  /^„  its  distance  Ox  0,  above  the  water  in  the  tail  bay  =  Z/g 
and  the  cross-section  of  the  orifice  in  the  gate  =  Fy  we  have  the 
time  necessary  to  fill  the  lock  to  the  middle  of  the  orifice,  during 
whicli  the  head  is  constant, 


ty  = 


Oh2 


f'^"  V2gkx~ 

and  the  time  necessary  to  fill  the  remaining  space,  during  which 
there  is  a  gradual  diminution  of  head, 

_       2G7i, 

''"VFY^Thx' 
henco  the  time  required  to  fill  the  whole  lock  is 

If  tho  orifice  in  the  lower  gate  is  entirely  submerged,  the  head 
decreases  gradually  during  the  emptying  from  0  0,  =  /ji  +  A,  to 
zero,  and  the  time  of  emptying  the  lock  is,  therefore, 

2  0  Vhr  +  Jt, 

V    — 


• 


But  if,  on  tho  contrary,  a  part  of  the  orifice  lies  above  the 
lower  watar  level,  we  have  to  consider  two  quantities  of  water,  one 
discharged  above  and  the  other  below  the  water.  Putting  the 
height  of  the  portion  of  the  orifice  above  the  water  =  a^,  the  height 
of  that  below  the  water  =  a^  and  the  width  of  the  orifice  =  J,  we 
obtain  the  duration  of  tho  efflux  by  means  of  tho  formula 
^  ^ '^GJJixJ-Ji^ 

f*  &  V2'^  («i  |/a,  +  a,  -  y  +  «•  VhTVh) 

2)  In  tlie  double  lock  (Fig.  791)  the  head  in  the  upper  cham- 
ber which  is  cut  off  from  the  head  bay  gradually  diminishes  during 
the  efflux  into  the  second  chamber.  If  0  is  the  horizontal  cross- 
eection  of  the  first  chamber,  and  if  the  initial  head  0  Ox  =  1h 
is  diminished  to  X  0,  =  x,  while  the  water  in  the  lower  chamber 
rises  to  the  middle  of  the  orifice  in  the  gate  a  distance  Oi  0^  =  A., 
we  have  the  time  corresponding  to  it 

But  the  discharge  is 
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G  (Ai  —  a?)  =  ^1  A« ;  hence 
a;  =  Ai  —  -^  A,  and 

The  time  in  which  the  water  in  the  second  chamber  rises  to ; 
leyel  with  that  in  the  firsts  or  in  which  the  water  in  the  two  cLsz- 
bers  assumes  a  common  level,  is,  according  to  §  449, 

^'^  \iF{G-\-G,)^r%-^''      fi.F{G+G,)^    ' 
and  the  trhole  time  required  to  fiUit  is 


^  =  ^,  +  ^,  = 


2V^ 


(^^*'-^*'^*'-^'4 


Example. — What  time  is  necessary  to  empty  and  fill  a  siiigle  lock  -a 
the  following  dimensions :  mean  length  of  the  lock  =  200  feet,  meanvif' 1 
=  24  feet  or  (?  =  200  .  24  =  4800  sqnare  feet ;  distance  of  the  cectRr: 
the  orifice  in  the  upper  gate  from  both  surfiices  of  water  =  5  feet  vi-^- 
of  both  orifices  =  2)-  feet,  height  of  the  orifice  in  the  upper  gate  =t 
feet,  and  height  of  the  orifice  (entirely  submerged)  of  the  lower  gate  = ' 
feet  ?    Substitating  in  the  formula 

^  ^  (2  A,  +  h,)  G 

fi  F^2  g  h 

Aj  =  5,A,  =  6,  G'  =  4800,/i  =  0,615, -^  =  4.2^  =  10  and  Va7  =  *^''-' 

we  have  for  the  time  required  to  fill  it 

8.6.4800                  14400  __^  .^     .     ^^.^ 

.  _ _  = =  052J  sec,  =  10  mm.  5^«t 

^  ~  6,16  .  8,026  V6       1,23  .  8,026  V6 
If  we  substitute  in  the  formula 

t  =  ^  ^  ^^1  ^^^\  Q  ^  4800,  Ai  +  A,  =  10,  J?*  =  5  .  2^  =  12,5,  we  br. 
fiF^ig 

the  time  necessary  to  empty  the  lock 

2.4800VlO  .„  J        o     •     *     ^ft  J 

t  =  Tnrrz — ^^  ,.    ^  ^^^  =  492  seconds  =  8  nunutes  12  seconds. 
0,616  .  12,5  .  8,025 

§  456.  Apparatus  for  Hydratdic  Ezpeximents.— By  oKaa^ 

of  the  apparatus  represented  in  Fig.  792,  we  can  not  only  shov  by 
more  than  100  experiments  the  most  important  phenomeM  *• 
efflux,  but  also  prove  in  figures  the  most  important  of  its  la'- 
The  apparatus  consists  of  a  discharging  vessel  A  B  C^  i^&Jf^  ' 
provided  with  three  orifices  -P,,  F^,  jFJ,  whose  centres  are  at  d:i- 
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lances  from  tiie  mean  level  of  the  water,  which  are  to  each  other 

is  the  squarea  1,  4,  9.      To  these  orifices  varioaa  mouth-piecee  and 

pipes  can  be  applied,  and  la  order  to  do  this  without  being  dis- 

Eto.  TS2. 


tnrbed  by  the  water,  we  cloae  the  orifice  by  means  of  a  particular 
kind  of  T&lre  H^,  Mt>  to  which  is  attached  a  rod  passing  through  a 
stuffing  boi  in  the  back  of  the  apparatus.  In  the  upper  and  wider 
part  ^  .B  of  the  apparatus  two  pointers  Z,  and  Z„  which  aro 
directed  upwards,  are  placed.  These  serve  as  fixed  points,  the  one 
marking  the  beginning  and  the  other  the  end  of  the  experiment. 
The  water  which  is  dificbtD'ged  is  caught  in  a  vessel,  which  before 
each  experiment  is  placed  on  top  the  discharging  reservoir,  into 
which  its  contents  are  emptied  by  opening  an  orifice  that  is  gen- 
erally closed  by  a  stopper. 

In  order  to  find  by  the  aid  of  this  apparatus  the  coefficient  of 
eEux  I*  for  different  month-pieces  and  tubes,  we  must  observe  by 
means  of  a  good  stop-watch  the  time  t,  in  which  the  water-lcvct 
sinks  from  one  pointer  to  the  other,  or  within  which  the  hcnil  /r, 
becomes  A,;  if,  then,  J^is  the  cross-section  of  the  orifice  and  <i   If 


«=( 
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area  of  the  sinking  surface  of  the  water^  we  hare  the  coeflScienu^ 
efflux  (see  §  448) 

and  the  corresponding  mean  head 

2         /• 

This  apparatus  is  provided  mth  a  collection  otmouih-piimtaf. 
tubes,  viz.,  square,  rectangular,  circular  and  triangular  orifices  is  a 
thin  plate  with  or  without  an  internal  rim,  short  cylindrical  o 
conical  tubes,  long  straight  tubes  of  different  diameters,  elbowi 
bends,  etc.,  which  can  be  inserted  in  the  different  openings  f ,  /. 
Fi.  By  means  of  an  apparatus  with  the  above  accessories  vect. 
show  in  a  few  hours  aU  the  phenomena  and  laws  of  efflnx ;  with: 
we  can  study  not  only  the  perfect  and  imperfect  and  compkteat' 
incomplete  contraction,  but  also  the  different  degrees  of  the  ex- 
traction of  the  jet,  and  we  can  make  ourselves  acquainted  irithtL 
resistance  of  friction,  with  that  of  elbows  and  bends,  and  alM> 
observing  jets  of  water  and  the  sucking  up  of  water,  with  th 
positive  and  negative  pressure  of  water.  We  wiD  alvays  hi 
results  which  agree  pretty  well,  and  sometimes  eitraordinaiih 
Avell,  with  the  coefficients  given  by  experiment  (/*,  <^,  a,  ^).  Iiicc 
apparatus  G  =  0,125  square  meters,  the  usual  diameter  of  :> 
orifices  and  tubes  is  1  centimeter,  and  for  the  lower  oiii-r 
A,  =  0,96  meters  and  h^  =  0,84  meters.  (A  detailed  descripuom:' 
this  apparatus  and  of  the  experiments,  etc.,  which  can  be  mir. 
with  it,  is  given  in  the  author's  "Experimentalhydraulik.") 

The  following  example  shows  how  well  observations  with  tb 
apparatus  agree  with  the  well-known  experiments  on  a  large  ask 
With  a  short  cylindrical  tube  placed  in  the  lower  aperture,  ^^ 

=  33,  and  with  a  long  glass  tube,  for  which  the  ratio  ^  =  W 

was  found  to  be  =  56;  from  this  we  deduce  in  the  one  case 

11,  =  0,815  and  f,  =  —  —  1  =  0,504, 
and  in  the  other 

M,  ■=  0,480  and  ^2  =  ~  -  1  =  3,332; 

hence 

f,  -  <•,  ==  3,332  -  0,504  =  2,828, 
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and  therefore  the  coefficient  of  friction  for  the  tabe  is 

f  =  ^(f.-f.)  =  ^^  =  0,0238. 

According  to  the  first  table  in  §  429,  for  the  mean  velocity  v  = 
1,84  meters,  with  which  the  water  was  discharged  from  the  tube, 
f  =  0,0215;  the  results  agree,  therefore,  yery  well  By  means 
of  these  experiments,  we  can  satisfy  ourselves. that  the  velocity  of 
efflux  of  the  water  does  not  depend  at  all  upon  the  inclination  of 
the  tube,  but  upon  the  head  of  water  above  the  orifice  of  discharge. 
The  duration  of  efflux  is  the  same,  no  matter  whether  the  long  tube 
is  inserted  in  the  lower  or  middle  opening,  provided  its  orifice  of 
discharge  is  at  the  same  depth  below  the  surfia.ce  of  the  water  in  the 
reservoir. 

This  apparatus  has  recently  received  many  additions,  so  that  we 
can  now  make  with  it  experiments  upon  the  efflux  of  water  under 
constant  pressure,  upon  the  efflux  of  air,  and  also  upon  the  pressure, 
impact,  and  reaction  of  water. 

CiiOsmo  Remark.  —A  very  complete  list  of  the  works  upon  the  subject 
of  efflux  of  water  and  upon  the  motion  of  water  in  tubes  is  given  in  the 
"AUgemeine  MAchinenencyclopadie,"  Vol.  I,  Art.  **  Ausfluss."  We  will- 
mention  here,  among  the  later  works,  Gerstner's  "Handbuch  der  Me- 
chanik,"  Vol.  2,  Prague,  1882 ;  d'Aubuisson's  "  Traite  d'Hydraulique  u 
Tosage  des  Ingenieurs,"  II  ddit.  1840 ;  Eytelwein's  **  Handbuch  der  Mc- 
chanik  fester  Korper  und  der  Hydraulik,"  3d  edition,  1842 ;  Scheffler's 
"  Principien  der  Hydrostatik  und  Hydraulik,"  Braunschweig,  1847.  The 
older  works  of  Bossut  and  du  Buat  upon  hydraulics  arc  always  of  value  on 
account  of  their  practical  treatment  of  the  subject.  ^^  Die  Experimental - 
hydraulik,  eine  Anleitung  zur  Ausflhrung  hydraulischer  Versuche  im 
kldnen,"  by  J.  Weisbach,  Freiberg,  1855,  is  particularly  adapted  for  teach- 
ing and  for  the  practical  study  of  hydraulics.  Ruhlmann's  **  Hydrome- 
chanik*'  is  also  to  be  recommended*  The  more  recent  worlds  of  Lesbros, 
Boileau,  Francis,  etc.,  have  been  mentioned  before  (§§  878,  380  and  387). 
We  can  also  recommend  Hankine's  "  Manual  of  Applied  Mechanics,"  as 
well  as  Bresse's  "  Cours  de  M^canique  Appliquee,"  11.  But  two  parts  of 
the  hydraulic  experiments  of  the  author  have  as  yet  appeared,  and  they  arc 

1)  "  Experiments  upon  the  efflux  of  water  through  valve-gates,  cocks, 
clacks,  and  valves ;"  and 

2)  "Experiments  upon  the  incomplete  contraction  of  water  during 
efflux,  etc.,  Leipzig,  1843.'- 

Several  new  treatises  by  the  author  upon  hydraulics  are  contained  in 
tbe  "  Civilingenieur,"  the  "  Zeitschiifl  des  Deutschen  Ingenieurvereines^^^ 
etc, 
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CHAPTER    VI. 

OP  THE  EFFLUX  OP  THE  AIB  AND  OTHER  FLUIDS  FBCOC  VGSSSi 

AND  PIPEa 

§  457.  Fffl"'*'  of  Mercniy  and  OIL — ^Tbe  gen&ni  foiim 

V  =  V2gJ  (see  §  397) 

for  the  velocity  v  of  efflux  of  water  under  a  pressuie,  measoied  b; 
the  head  7i,  holds  good  (see  §  399)  also  for  other  liqnidfi,  Eodi  i 
quicksilyer,  oil,  alcohol^  eta,  and  can  also  be  employed  for  && 
flux  of  air  and  other  aeriform  fluids,  when  the  pressure  is  not  Ten 
great    If  y  denotes  the  heaviness  of  the  fluid  and  p  its  presin 

upon  the  unit  of  surface,  we  have  in  like  manner  A  =^i3C 

therefore 


v^\/: 


7 


If  we  measure  the  pressure  by  means  of  a  piezometer,  fiBedvii: 
a  liquid  whose  density  is  yi,  the  height  of  the  column  of  liquid  k 

hence/?  =  hi  yi,  and  therefore 


v  =  \/l 


2g^h-V%ge,K 
•  7 

in  which  Ci  =  —  denotes  the  ratio  of  the  heaviness  of  the  liq[oiiii 

y 

the  piezometer  to  that  of  the  fluid  which  is  being  dischaiged 

This  agreement  of  the  laws  of  efflux  for  different  fluids  is  b< 
confined  to  the  velocity  alone,  but  extends  to  the  comtractioii  ri 
the  fluid  vein.  Streams  of  mercury,  oil,  air,  etc.,  when  ptfsi? 
through  an  orifice  in  a  thin  plate,  are  contracted  in  almost  eiieti; 
the  same  manner  as  a  stream  of  water.  Some  experiment  Btt^ 
by  the  author  upon  the  efflux  of  mercury,  oil  and  air,  havedioii 
conclusively  this  agreement  (see  the  Polytechn.  Oentralblatt,  ya' 
1851,  page  386).    These  experiments  gave 

1)  With  a  circular  orifice  in  a  thin  plate  6,6  millimeters  in  ^ 
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ameter,  under  heads  of  91,5  millimeters  and  329  millimeters,  the 
coefficients  of  efflux 


For  water. 

Mercury. 

Rape-seed  oil  • 

ft  =  0,709 

0,670 

« 

0,674 

From  the  above  table  it  appears  that  the  contraction  of  streams 
of  mercury  and  rape-seed  oil  is  a  little  greater  than  that  of  a  stream 
of  water. 

%)  With  a  shorty  weU^aundedy  canaidal  mouth-piece^  whose  di- 
a|neter<2  was  6,6  m.m.  and  whose  length  was  double  the  diameter 
{1  z=z%  d),  the  following  values  were  found 


For  water. 

Mercury. 

Rape-seed  oD. 

At  a  temp,  xai*  C 

1 

At  a  temp.  39*  C. 

ft  ~  0,942 

0,989 

0,430 

0,665 

« 

3)  A  short  cylindrical  pipe,  which  was  not  rounded  off  inside, 
whose  diameter  was  d  =  6,76  millimeters  and  which  was  three 
times  as  long  as  wide  (Z  =  3  d)y  gave  the  following  values : 


For  water. 

Rape-seed  oil. 

• 

At  a  temp,  iii'  C. 

At  a  temp.  39*  C 

f*  =  0,885 

0,900 

0,363 

0,604 

From  these  experiments  we  find  that  mercury  flows  through 
short  mouth-pieces  and  pipes  but  little  faster  than  water,  and  that, 
on  the  conttaiy,  the  velocity  of  rape-seed  oil  increases  visibly  with 
the  temperature  and  is  less  than  that  of  water.  The  great  differ- 
ence between  the  velocity  of  water  and  oil  is  due  to  the  greater  ad- 
hesion of  the  oil  to  the  walls  of  the  pipe. 

4)  The  following  values  of  the  coefficient  of  resistance  <  were 
obtained  with  a  glass  tube  6,64  millimeters  in  diameter  and  86 
times  as  long  as  wide  (I)  and  with  an  iron  tube  6,78  miHimetiers  in 
diameter  and  85  times  as  long  as  wide  (II). 
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Fw-Mler. 

Ufmry. 

R^«=doa. 

All  temp.  Ill- C 

At  1  «>«.]>)' C 

I. 

4- =0,0271 

0,0277 

39,21 

i,m 

II. 

f  =  0,0403 

0,0461 

54,90 

5,3* 

According  to  this  last  experiment  the  coefiBcient  of  aems 
of  mercury  in  an  iron  or  glase  tube  ie  a  little  greater,  and,  on  ti( 
oontrary,  that  of  rape-seed  oil  many  times  greater  than  tlut  i 
water.  We  also  see  from  these  tables  that  the  coefficient  of  re* 
anco  of  th«  rape-seed  oil  diminishes  as  the  temperature  or  depsaf 
fluidity  increases.  These  experiments  also  show  that  the  co^oo' 
of  resistance  for  the  iron  tube  is  much  greater  than  for  the  ^ 
tnbe,  which  is  due  to  the  greater  smoothneaa  of  the  latter. 

-VF  g  458.  Velocity  of  Bfflnx  of  Air.— If  we  assume  that  ife 
air  does  not  change  its  density  during  the  efflux,  the  well-kiwr. 
formula  for  the  efBux  of  water  from  vessels  can  also  be  a^M  o 

I  the  efflux  of  air.    If  p  is  the  pressure  of  tt: 

Fro.  793.  exterior  mr  and  p,  and  71  the  preasnre  a- 

heariness  of  the  air  inside  the  vessel  i  S. 
■ij  Fig.  793,  we  can  put  for  the  Telocifjof  ^• 

flux  of  the  latter  (see  g  399) 


.  =  /%^, 


J) 


=v'^;fF|). 


But  {according  to  §  393),  if  jj  is  the  pressure  in  kilogramJ  np; 
a  square  centimeter  of  surface,  y  the  weight  of  a  cnbic  mcfarofi'' 
and  r  its  temperature 

P  =  1  +  0,00367  .  r 

y  ~  1,2514        ' 

or,  itp  is  referred  to  a  sur&ce  of  one  square  meter. 


=  ^^  (1  +  0,00307  r)  =  7991  (1  +  0,0 


'^; 


hence  it  follows  that 
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.yl  =  Yy  =  Vmi  VI  +  0,00367  T, 

or  replacing  0,00367  by  d 
y^  =  89,39  VI  +  6  r,  and  t;  =  89,39  j/a  ^  (1  +  d  t)  (l  -  ^) 

=  396  |/(l  +  dr)(l^|-), 
or  for  the  Eoglish  system  of  measures 

V  =  161,9 1/2  i7  (1  +  <y  r)  (1  -  ^\ 

=  1299/(1  +dr)  (l-|-}, 

T  bei^g  expressed  in  degrees  of  the  centigrade  thermometer. 

If  b  is  the  height  of  the  barometer  and  h  that  of  the  manom- 
eter (M),  we  haye  also 

p  _      b  1  _  ^  —      ft 

Pt"  b  +  h'  jPi  "*"  J  +  A* 

and  consequently  tJie  velocity  of  the  issuing  air 


V  =  396  i/ (1  +  6t)  ^— j-^  meters 

=  1299i/(l  +  (Jt)  --A^  feet, 

or  approximatively,  when  the  height  of  the  manometer  is  small,  by 
putting 

1         _  _&^ 

-  ""  -^  "*  2  y 


1AT4 


«  =  396  (1  -  A\  -/(I  +  d  t)  I  meters 

=  1299  (1  -  A)  V^(l  +  dT)| feet 

Heocabk. — On  account  of  the  ordinary  humidity  of  the  atmosphere,  it  is 
advisable  in  practice  to  take  6  =  0,004. 

§  459.  Discharge.— If  F  is  the  cross-section  of  the  orifice,  we 
have  the  effective  discharge,  measured  at  the  pressure  in  the  reser- 
voir, ptorb-h  h. 
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=  F  v^7^|/iii, 

£.0.,  for  atmospheric  air 

O,  =  396  F  y^^  T^V^  cnWc  meten 

0  +  n 

=  1299  F  |/iI+Z5?  cnbic feet 

0  +  n 

If  we  reduce  this  quantity  of  air  to  the  pressure  of  theeiterki 
air  p  or  by  we  obtain 


7       P  h 


E.O.,  for  atmospheric  air 

^  =  396  i?'  |/ (1  +  ^  ^)  (1  +  f)  I  C'lljic  meto 

^  =  1299  F^{\  +  rfr)  (1  +  ^)  ^  cubic  feet 

Example. — ^The  air  in  a  \fix^  reservoir  is  at  a  temperature  of  1^' 
and  at  a  pressore  corresponding  to  a  height  of  the  manometer  of  i^ioE^ 
while  the  barometer  marks  20,2  inches ;  what  will  be  the  discharge  iluti!;;^ 
an  orifice  \\  inches  in  diameter  ? 

The  theoretical  velocity  of  efflux  is 

^  =:  1299  |/(1  +  0,00367  .  120)  gj-^  =  1299  y  -^^  =596le^c 
the  cross-section  of  the  orifice  is 

-^=  -r  =  4  •  (s)   =  266  =  <*'*^2^^  ^"»«**" 
hence  the  theoretical  discharge,  measured  at  the  pressure  in  the  merra^ 

Ct  =  -Pv  =  696  .  0,01227  =  7,818  cubic  feet, 
and,  on  the  contrary,  at  the  exterior  pressure  the  volume  is 

Q  =  ^^  c  =  ^  .  7,318  =  8,565  cnbic  feet 

§  460.  Efflnz  according  to  Maxiotte's  Law.-H  ^/°^^ 

that  the  air  does  not  change  its  temperature  during  theW*? 
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we  can  assume  that  it  expands  according  to  the  law  of  Mariotte 
(see  §  387),  and  therefore  that  the.  quantity  of  air  Q  in  passing  from 

the  presslirejp  to  the  pressure  j3,  performs  the  work  Qpl  (^\    If 

we  put  this  work  equal  to  the  energy  5—  0  y  stored  by  C  7  during 
ti^  efflux,  we  obtain  the  following  formula 

f,oy=' if)  <"'■■"' 

henoe  the  yelocity  of  efflux  is  

Now,  as  in  the  foregoing  paragraph,  for  the  metrical  system  of 

measures  -  =  ^  ^^^  ^  ;  hence  we  have  here  also 
y        1,2514 


V  =  396  |/(1  +  (J  r)  ?  i^A  =  396 1/(1  +  6  r)  I  (^-y^)  meters, 


and 


V  =  1299  j/a  -^6t)i{^\  =  1299  \/{l  +6t)1  (^-y^)  feet, 

in  which  b  denotes  the  height  of  the  barometer  in  the  exterior  air 
and  h  the  height  of  the  manometer  for  the  confined  air,  t  the  tem- 
perature of  the  latter  in  degrees  centigrade  and  6  =  0,00367  tlio 
well-known  coefficient  of  expansion  of  ain  Now  the  theoretical 
discharge  per  second  is  

=  1299  F\/{1  +«It)  I  (--j-~)  cabic  feet, 
or,  when  redaced  to  the  pressure  of  the  au'  in  the  reserroir. 
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If  the  excess  of  pressure  of  the  air  in  the  reservoir,  or  y  is  rm 
small,  we  can  put 

(see  the  Ingenieur,  page  81),  and  therefore,  approximatiTelj, 

while  according  to  the  first  formula  for  the  efflux  (see  §  459) 

We  see  that  if  we  assume  that  air  in  flowing  out  expisda 
according  to  Mariotte's  law,  we  ohtain  a  smaller  dischai]ge  tk: 
when  we  consider  that  the  air  acta  exactly  lilce  water  and  does  st: 

expand  at  all.    This  difference  diminishes  with  ^,  and  in  both  oa 
for  very  small  values  of  =r,  wo  have 


er 


Q  =  F]/^g^.  I  =  1299  F\/{1+6t)  ^  cubicfeet      ^ 

§  461.  Work  Done  by  the  Heat. — The  logarithmic  exprcf* 
sion,  found  in  §  388,  for  the  work  done  during  the  compresaon 
expansion  of  air  is  correct  only,  when  we  assume  that,  while  ik 
change  of  volume  or  density  is  taking  place,  the  temperatoie  of 
the  air  does  not  alter ;  but  this  is  correct  only,  when  the  chw? 
takes  place  so  slowly  that  the  heat  in  the  confined  air  has  tinie 
enough  to  communicate  any  excess  to  the  walls  of  the  vessel  and 
to  the  exterior  air.  But  if  the  change  of  density  takes  place » 
quickly  that  it  is  accompanied  by  a  change  of  temperature,  wIke 
the  air  is  compressed,  the  temi)erature  is  elevated  and  when  it  l^ 
expanded,  it  is  lowered.  Under  these  circumstances  the  tension 
cannot  change  according  to  the  law  of  Mariotte  alone.  Itptx^ 
Pi  are  the  pressures,  y  and  y,  the  heavinesses  and  t  and  n  the  tem- 
peratures of  the  same  air,  we  have,  according  to  §  392,  the  fonnnli 

Pi  _  1  +  Jti     y, 
p        1  4-  <J  T  *  y' 
Now  if  during  the  sudden  change  of  pressure  the  temperataic 

varies  in  the  ratio 

l  +  dr,  ^  / y,\* 

1  +  6t        \y/' 
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or 


wre  can  put 

Pi  _  (1  +  6  tA»_  /  7,\t 
i?   ""  U  +  cJT/""\y/' 

ri  _  /l  +  <yrA«      /^\f 

y     VI +  cyT/"'\jE?r 

If  in  a  cylinder  ^  C7^  Fig.  794^  a  prism  of  air,  whose  initial 

height  is  E  JB  =  s,  whose  initial  tension  is  p 
and  whose  heaviness  is  y,  is  cat  off  by  a  piston 
E  Fy  and  if,  by  suddenly  raising  the  piston  a 
distance  Xy  we  cause  the  density  of  this  mass 
of  air  to  become  y  and  its  teilsion  to  become 
Zy  we  have,  according  to  the  last  formula, 


Fio.  794. 


and  therefore 


In  order  to  move  the  piston,  whose  area 
we  will  for  simplicity  put  equal  to  the  unit 
of  sur&ce,  through  an  element  a  of  its  path 
the  work,  which  must  be  done,  is 

«(T=  (--±-^  pa=pc8l{8-^x)-l 

Substituting  instead  of  x  successively  1  a,  2  a,  3  a  . . .  and  put- 
ting 8  =  no  and  the  height  of  the  prism  of  air,  when  the  piston 
has  described  the  space  B  Biy  Bi  B  ^  Si  =  m  o,  we  have  for  the 
work  done  by  the  piston  in  moving  the  distance  B  B^ 

Ai—po8\  [«-5  +  («  —  a)-t  +  (5  —  2  oy-\  +  ...  +  («  —  m  <7)-5] 
_  .  j(<7)-t  +  (2  ayx  +  (3  ay\  +  ...  +  (n  ay\     \ 

-P'^^   1-[(<y)-»  +  (2(j)-S+  (3<j)-l+...  +  (m(7)-?jf 

_  pjA  j  1-^  +  2-*  +  3-t  +  . . .  +  W-"  +  . . .  +n-'^ 
"■   0*    I  -  (1-t  +  2-1  +  3-»  +  . . .  +  m-l) 

Now,  according  to  page  88  of  the  Ingenieur,  when  m  and  n  are  infi- 
nitely great  numbers,  we  have 

and 


■'[■ 


1-*  +  2-1  +  3-t  4-  • . .  +  m-t  = 
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henoe 

If  by  raising  the  piston  another 'distance  «  we  wish  to  fom  tb- 
compressed  mass  of  air  ^  ^i  into  a  space  £,  vhere  the  premn  b 

the  work  to  be  done  will  be 

the  exterior  air  presses  upon  the  piston  during  the  whole  of  ii^ 
course  with  a  force  p  and  transmits  to  it  tlie  mechanical  eff:.i 
-4;,  =r  p  s.    Hence  the  total  mechanical  effect  necessary  to  comprts 
*  the  volume  of  air  (1 .  5)  and  force  it  into  the  space  R  is 

and  consequently  the  work  done  in  compressing  a  volume  of  ^ 
from  the  pressure  p  to  je?i  is 

A=,v,  [(±y- ,]  =  8  r,[(f  - 1]  =  3  r,(v^-H 

while,  according  fo  Mariotte's  law,  we  should  put 


-^"B 


A 

P 
and  for  perfectly  incompressible  fluids  we  have 

If,  on  the  contrary,  the  quantity  F,  y^  of  air  at  the  pressnn? ; 
is  brought  back  by  sudden  expansion  to  the  pressure  p  and  tb 
density 


= -  & 


\PI 
or  to  the  volume 

^ = ^.  (?)• 

t)ie  work  done  by  air  is 


^  =  ar,[(^)'_x]  =  3r,  „[!-(£)'} 


^  =  80  .  1981 
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SxAMFLE.— If  a  blowing  engine  conyerts  per  second  10  cubic  feet  of 
uir  at  a  pressure  5  =  28  inches  of  the  barometer  into  a  blast  at  the  pressure 
6  +  h  =  ZO  inches,  it  requires,  according  to  the  formula, 

^  =  .r4(|.)'-,3 

since  the  pressure  per  square  foot  is 

p  =  144  .  0,4013  5  =  144  .  0,4918  .  28  r=  1981  pounds, 
tiie  mechanical  effect 

(y^  -  l)  =  69480  (|/^  ^  ^)  =  ^^^  *  ^»^^^ 

=  1883  foot-pounds. 
The  logarithmic  formula  '(see  Example  1,  {  838)  gives  A  z=  1866,7  foot- 
pounds, and  that  for  water 

A  ^Vp  (J^^  - 1)  =  1^810  (j~  - 1)  =  ^f^  =  1415fobt-pound8. 

§  462.  Effinz  of  Air,  when  the  CooUng  is  taken  into 
con8iaeiation.-The  energy  A  =  3  (?,^.[l  -  (f)*]  which  i^ 

restored  during  the  sudden  expansion  of  Qi  to  Q,  can  be  put  equal 

to  the  work  Ci  Ti .  q—  done  in  overcoming  the  inertia  of  the  mass 

^^-  of  air  when  the  latter  assumes  the  yelocity  v. 
From  the  equation 

we  dedaoe  the  following  formula  for  effioz : 

■  ^g~  y.  L       \pj} 

hence  we  have  in  meters 

V 


or 


=  154,8  4/2  gr  (1  +  J  r)  [l  -  (|-j*] 

=  686,8  |/(l+dr)[l -(!-}*} 
and  in  English  feet 

V  =  280,4  |/a  <7  (1  +  (J  r)  [1  -  (0] 
=  2250  4/(1  +  d  t)  [1  -  (^j*]  feet 
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The  tension  of  the  issuing  air  is  that  of  the  exterior  air;?;  hs 
heaviness  is  «.       /J^  \* 

and  its  temperature  is 


jp-)*- 1 


and  the  theoretical  discharge  from  an  orifice^  whose  area  is  /",  is 

=  280,4i?^y  2^(1  +  (Jt)[i  -  Y^)*]  cuhic  fieet, 

in  which  jPi^7i  and  r^  denote  the  pressure,  heaviness  and  tempciar 
ture  of  the  confined  air. 

Beduced  to  the  pressure  in  the  reservoir,  this  discharge  is 

■  «■ = ^  •  «• = (!■}'«■ = '&  ^^'•'f:[^,-(fJ'} 

and,  finally,  reduced  to  the  pressure  of  the  exterior  air  and  to  tbe 
temperature  of  the  air  in  the  vessel  or  to  the  heaviness  y  = 

y,  (^),  it  is 

If  we  put  —  =  — T — 9  in  which  I  denotes  the  height  of  the  bir 

rometer  in  the  exterior  air  and  }  +  A  that  of  the  barometer  in  the 
confined  air,  we  obtain 

=  280,4  V2,(l  +  .r)(?L+_*)*[(L+*y_l] 

=  2250  ^  l/(l  +  <J  r)  (*-+*)*[(*-+*)♦-  i]  cubic  feet 
In  most  cases  t  is  very  small,  and  we  can  put 
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and  therefore 

In  the  application  of  this  formnla  to  fans^  blowing  engines^  cte^ 
ixL  which  eases  t  <i  h  ^^^  theoretical  discharge,  measured  at  the  ex' 
terior  pressure  and  the  interior  temperature,  is  simply 

=  89,39  Fy2g{l  +  d  r)*  =  396  F\/{1  +  6  r)  |  cubic  meters 

.=  161,9  Fi^^2g{l  +  6T)~  =  1299  Fy{l  -^^  ^r)~  cubic  feet.  I 

Example. — In  the  case  treated  in  the  Example  of  §  450,  where  h  =  29,2, 

/i  =  5  inches,  t  =  120°  and  F  =  -^  =  0,01227  square  feet,  we  have  the 

(liscbarge  according  to  the  last  formula,  measured  at  the  pressure  of  the 
external  air, 

Q  =  1299  F  |/l,4404  .  ~  =  1299  F  VpiCG 

=  645,1  F  =  645,1  .  0,01227  =  7,915  cubic  feet, 
while  previously  (§  459)  we  found,  according  to  the  formula  for  water, 
Q  ~  8,565  cubic  feet,  and  according  to  the  logarithmic  formula  in  §  460, 
wo  have 

/  84  2  , 

Q  =  1299  F  V  1,4404  I  ^-  =  1299  F  VpOT 

=  619,9  .  0,01227  =  7,606  cubic  feet. 

§  463.  Effloz  of  Moving  Air-^-The  formulas  for  efflux 
already  found  are  based  upon  the  supposition  that  the  pressure  p 
or  the  height  h  of  the  manometer  is  measured  at  a  place,  where  the 
air  is  at  rest  or  moving  very  slowly ;  but  if  we  measure  pi  and  hi 
at  a  point,  where  the  air  is  in  motion,  if,  E.a.,  the  manometer  J/", 
is  in  communication  with  the  air  in  a  pipe  O  F,  Pig.  795,  we  must 
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take  into  consideration,  in  determining  the  relocitj  of  efflm,  \l; 
yifl  viya  of  the  approaching  air.  •  If  c  be  the  velocity  of  the  air  pu^ 
ing  the  orifice  of  the  maaometer,  we  mnet  put 


;.  a «,..[! -(f/] 


If  F  denotes  the  cross-section  of  the  orifice  and  S  Uut  of  u 
tube  or  of  the  stream,  which  pasees  the  orifice  of  the  mutHaOe 
the  discharge  of  air  la  Q,  y,  =  0  cyi  =  Fvy,;  hence 

«.r.[-(g©'].^-«...[i-(0 

and  the  required  velocity  of  effiux  la 


,?£. 


[-©'] 


l)'{%)'  ' 


or  approzimatiTely,  when  p,  is  not  moch  greater  than  p, 


H«re,  as  in  the  case  of  the  efflnx  of  water,  the  Telocity  of  efBu 

F 
F,Q_  7(|5_  increaseB  with  the  ratio  w  ''^ 

the  crosB-section  of  tte  ori- 
fice to  that  O  of  the  pipe «: 
moving  stream  of  air.  TF^S' 
from  this  that,  under  tiie  aim 
circomstauces,  the  heij^'/ 
of  the  manometer  deows^ 
as  the  diameter  of  tbe  tnt 
diminishes,  or  as  the  velocity  of  the  air  in  the  pipe  increaaea 
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If  we  denote  by  Pf^  the  tension  in  the  reservoir,  where  the  air  is 
at  rest,  we  have  also 

and  if  we  eliminate  v  from  the  two  expressions,  we  obtain 

If  i  denotes  the  height  of  the  barometer  in  the  free  air,  h  that 
of  the  maDometer  connected  with  the  reservoir  and  J' the  area  of 
the  orifice  of  efflux,  wo  have,  finally,  the  theoretical  discbarge, 
measTired  when  its  heaviness  is 


/ h 

(1  +  <Tt)| 


=  1299  F 


-& 


1&XAHFLB. — The  height  of  a  qmcksilver  manometer,  which  is  placed 
upon  a  pipe  S|  inches  in  diameter  through  which  air  is  passing,  is  2)^  inches, 
wbile  the  air  is  dischaiged  through  a  circular  orifice  2  inches  in  diameter 
at  the  end  of  the  pipe :  what  is  the  velocity  of  discharge,  assuming  the 
barometer  in  the  external  air  to  stand  at  27^  inches  and  the  air  in  the  pipe 
to  be  at  a  temperature  of  10°  C  ?    Here 

VI  +  dr  =  VT,0867  =  1,018,  |/|  =  V^  =  V^^  =  0,8015  and 
F=z  TTi^  =  8,141  :  144  =  0,02181  and^ 
A  A       7^'     V49«  -  16«       46,814      '^,^^ 

r  1  -  (g)  =  -TT—  =^ -i9-  =  ^>^^^5 

hence  the  discharge  is 

Q  =  1299  F.  ^^^!f '^^^^^  =  421,8  F  =  9,20  cubic  feet. 
For  the  corresponding  tension  p^  in  the  reservoir,  we  have 

•  -  (D'=  [■  -  m  ■■  ['  -  ©'] = <•  - ''» ■■  »■""■ 

0,0287       ^««„^«    , 
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Vi 


ai 


^  =  0,90788,^,  =  1,103  i?  and  5  +  ^,  =  1,103 1 

Po 

and  consequently  the  height  of  the  manometer  in  the  reservoir  is 
A,  =  0,108  h  =  0,103  .  27,5  =  2,83  inches. 

§  464.  CoefBLcients  of  EfBiiZi — ^The  phenomena  of  cmtnt' 
iian,  which  we  have  studied  for  the  efflux  of  water,  are  abo  zoit 
with  in  the  efflux  of  air  from  vessels.  K  the  orifice  of  efflnx  is  i;. 
a  thin  plate,  the  stream  of  air  has  a  smaller  eross-scetion  tbantbe 
orifice,  and  the  effective  discharge  Qi  is  consequently  smaller  tbsn 
the  theoretical  (>,  or  the  product  Fv  of  the  cross-section  Jof  the 
orifice  and  the  theoretical  velocity  v.  This  diminution  of  the  dis- 
charge is  owing  principally^  as  we  can  ohserve  in  a  stream  e/ 
smoke,  to  the  contraction  of  the  stream  of  air,  and  we  can,  thei^ 

fore,  as  in  the  case  of  water  (see  §  406),  call  the  ratio  a  =  ,!  of 

the  cross-section  Fi  of  the  stream  of  air  to  that  F  of  the  orifice 

the  coefficient  of  contractian, 

the  ratio  ^  =  —  of  the  effective  velocity  t\  to  the  theoretical  r 

(see  §  408) 
>  the  coefficient  of  velocity. 

N.  0        F  V 

.       and  the  ratio  jt*  =  ^  =  -^  =  a  0  of  the  effective  discharge  ^, 

J,  (J  Jr  V 

C'     to  the  theoretical  discharge  Q 

the  cmffident  of  efflux. 
As  in  the  case  of  water  the  coefficient  of  velocity  ^  for  the  ef- 
flux of  air  through  an  orifice  in  a  thin  plate  is  nearly  =  1,  and 
therefore,  so  long  as  we  have  no  measurements  of  the  stream  of  air. 
we  must  put  the  coefficient  of  efflux  fi  =  a  <l>  equal  to  the  wfjoffc* 
of  contraction  a.  The  older  experiments  upon  the  efflux  of  li' 
through  orifices  in  a  thin  plate  vary  very  considerably  from  eaf£ 
other.  The  experiments  of  Koch,  calculated  according  to  tb. 
formula  for  wafer  by  Buff,  gave  for  circular  orifices  from  3  to  ? 
lines  in  diameter,  when  the  height  of  the  water  manometer  fss 
from  0,2  to  6,2  feet,  fi  =  0,60  to  0,50;  on  the  contrary,  the  experi- 
ments of  d'Aubuisson,  calculated  in  the  same  way,  give  for  circnlar 
orifices  1  to  3  centimeters  in  diameter,  when  the  height  of  the 
water  manometer  is  between  0,027  and  0,144  meters,  ft  =  0;65  tr* 
0,64.  Poncelet  also  found,  upon  calculating  the  experiments  c* 
Pecqueur  by  the  same  formula,  for  an  orifice  1  centimeter  in  diam- 
eter, under  an  excess  of  pressure  of  1  atmosphere,  or  of  a  column 
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of  water  10  meters  high,  fi  =  0,563,  and  for  a  similar  one  1,6  cen- 
timeters wide,  fi  =  0,566.  The  more  extended  experiments  of  the 
author,  calculated  according  to  the  last  formula 

« = ^[1  -  V.  ©■]  ^;|| 

gave  the  following  results : 

1)  When  the  diameter  of  the  orifice  rf  =  1  centimeter  and  the 
ratio  of  the  pressures  was 


Pi  _b  -h  h  _ 
p  ^      b      '^ 

1,05 

1,09 

1,43 

1,65 

1,89 

2,15 

1 

ft  = 

0,555 

0,589 

0,693 

0,724 

0,754 

0,788 

2)  When  the  diameter  of  the  orifice  d  =  2,14  centimeters,  for 


b  +  h 

b      ~ 

1,05 

1,09 

1,36 

1,67 

• 

2,01 

(1  = 

• 

0,558 

0,573 

0,634: 

0,678 

0,723 

3)  When  the  diameter  of  the  orifice  d  =  1,725  centimeters,  for 


b  +  h 

b      " 

1,08 

1,37 

1,63 

/*  = 

0,563 

0,631 

0,665 

1 

4)  When  the  diameter  of  the  orifice  d  =  2  centimeters,  for 


b  +  k 

b      "" 

1,08 

1,39 

fM  = 

0,578 

0,641 

The  coefficient  of  contraction  for  efflux  through  an  orifice  in  a 
thin  plate  increases  sensibly  with  the  head.  But  if  the  formula  for 
water  is  employed,  there  is  much  less  variation ;  this  formula  gives 

fl  nearly  y  ~j  e.g.  for  ^  =  2 ;  4^  =  0,707  times  as  great  as  the 


946 


GENERAL  PRINCIPLES  OP  MECHANICS. 


U^ 


last  formula.    According  to  the  first  table,  forif  =3  1  and  ~  =  *: 

P 

fi  =  — -—- ^ — ^  =  0,771 ;  hence,  according  to  the  wate  formak 

^  =  0,707  .  0,771  =  0,555,  which  is  nearly  the  same yalue as Pi- 
celet  found. 

For  efflux  through  a  circular  orifice  1  centimeter  in  diamett: 
situated  in  a  coniccUly  convergent  waUj  the  angle  of  oonicigast^ 
being  100  degrees,  the  author  found  for 


b-k-h 

b     ~ 

1,31 

1,66 

/«  = 

0,752 

0,793 

In  Hke  manner  with  the  same  orifice  in  a  eonicaSjf  dicerj^' 
waUf  the  angle  of  diyergence  being  100  degrees,  the  author  obiaixd 
for 


b  +h 

b     ~    ■ 

• 

1,30 

1,66 

f*  = 

0,589 

f 

0,663 

g  465.  The  variability  of  the  coefficient  of  contraction  a  = " 
for  the  efflux  of  air  through  an  orifice  in  a  thin  plate  also  aSem 
according  to  the  well-known  formula 


i^i  +  f 


lA^M^ 


the  coefficient  of  efflux  for  short  pipes.  According  to  the  expeP- 
ments  of  Koch,  cited  above,  we  have  for  such  tubes  3  to  4  &-' 
in  diameter  and  from  4  to  6  times  their  diameter  in  length,  ^te^ 
the  pressure  is  0,3  to  6,2  feet  of  the  water  manometer,  f*  =  0,7^^^ 
0,72,  while,  on  the  contrary,  d'Aubuisson  gives  for  similar  tuba  1 
to  3  centimeters  in  diameter,  3  to  4  times  as  long  as  iride,  asti 
under  a  pressure  equal  to  0,027  to  0,141  meters  of  the  vater  iiu- 
nometer,  fi  =  0,92  to  0,93;  and  Poncelet  found  for  cjlinim- 
pipes  1  centimeter  in  diameter  and  from  2^  to  10  centimeters  ta»t" 
under  twice  the  atmospheric  pressure,  /i  =  0  632  to  0,650. 

The  experiments  made  by  the  autihor,  on  the  contrary,  ba^^ 
to  the  following  results: 
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1)  A  sJiort  cylindrical  tube  or  ajutage,  1  centimeter  iu  diameter 
nd  3  centimeters  long,  gave  for 


b  +  h 

b      ~ 

1,05 

1,10 

1,30 

¥■- 

0,730 

0,771 

0,830 

2)  A  similar  tube,  1,414  centimeters  in  diameter  and  three  times 
28  long  as  wide,  gave  for 


b  +  h 
b     ~ 

1,41 

1,69 

0,813 

0,823 

3)  .  A  similar  pipe,  2,44  centimeters  wide  and  three  times  as  long, 
gave  for 

^-J-^  =  l,74,|t*  =  0,833. 

0 

The  increase  of  the  coefficient  of  efflnx  as  the  pressnre  increases 
is  explained  by  the  simultaneous  increase  of  the  coefficient  of 
oont^^3tion. 

The  short  pipe  (1),  when  its  inlet  orifice  was  slightly  rounded 
0%  gave  as  a  mean  yalue  for  its  coefficient  of  efflux  fi  =  0,927, 
which  is  much  greater  than  that  for  a  similar  pipe'  which  is  not 
rounded  oflf. 

4)  A  short  pipe,  with  its  inlet  orifice  well  rounded  oflf,  1  centi- 
meter wide  and  1,6  centimeters  long,  gave  for 


b  +  h 
b      ~ 

1,24 

1,38 

1,59 

1,85 

2,14 

M  = 

0,979 

0,986 

0,965 

0,971 

0,978 

The  advantage  of  the  formula  for  efflnx 

Q  =  fi  FY  2  g^^  oyer  the  others 

is  shown  by  the  fact  that  this  coefficient  approaches  very  nearly 
(as  it  should  do)  unity. 

The  older  formulk  gives  of  course  for  great  pressures  much 
smaller  values  for  ^ 
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On  the  contrary^  the  logarithmic  formula  (see  §  460)  giresmocL 
greater  values  which  may  sometimes  eyen  exceed  unity. 

A  8?iort  conical  pipe,  rounded  off  cU  the  inlet  orifice,  gare  netdj 
the  same  values  for  ^^  and  a  short  conical  tube,  whiA  wn  nd 
rounded  off,  and  which  was  1  centimeter  in  diameter  and  4  oeni- 
meters  long,  and  whose  angle  of  convergence  was  T  9',  gave  far 


b  +  h 

b      ~ 

1,08 

1,27 

1,65 

M  = 

0,910 

0,922 

0,964 

] 

Eoch  and  Buff  found  with  a  similar  tube,  whose  exterior 

oter  was  2,72  lines  and  the  angle  of  convergence  of  whose  sides  t% 

6"*,  under  a  head  of  0,3  to  6,2  feet  of  the  water  manometer  ^=1X1! 

to  0,85,  and  according  to  d'Aubuisson  a  similar  pipe,  whose  onkt 

was  1,5  centimeters  in  diameter,  gave  under  a  pressure  measoied 

by  a  height  of  from  0,027  to  0,144  meters  of.  the  water  manontfter. 

fi  r=  0,94.     The  old  or  water  formula  was  employed  in  the  cak> 

lations. 

The  complete  nozzle  A   C,  Fig.  736,  §  434,  consiBtmg  cf  i 

conical  tube  with  an  angle  of  convergence  of  6®,  which  was  143 

centimeters  long,  1  centimeter  wide  at  the  outlet  and  3,8  cesz- 

meters  wide  at  the  inlet,  which  was  well  rounded  off,  gave  for 


b  +  h 
b 

1,08 

1,45 

2,16 

/*  = 

0,932 

0,960 

0,984 

By  experiments  upon  the  influx  of  air  into  vessels,  Saini- 
Venant  and  Wantzel  found  for  a  short  mouth-piece,  rounded  off 
internally  in  the  form  of  a  quarter  of  a  circle,  when  the  csix^ 
tions  were  made  according  to  the  new  formula,  /*  =  0,98,  and/t^ 
an  orifice  in  a  thin  plate,  fJt  =  0,61. 

If  the  pressures  are  small,  as  is  the  case  in  the  ordinaiy  ^ 

where  t  <  J,  we  can  substitute,  according  to  what  precedes,  wh«: 
we  employ  the  new  formula  for  efflux 

Q-  H  F  \/2g  ^  •  I  =  1299  ii  F  4/(1  +  0,004  r)  |  cubicfeek 

as  a  mean 

1)  for  an  orifice  in  a  thin  plate,  fi  =  0,56, 
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2)  for  a  short  ct/lindrical  pipe,  (Jt  =  0,76, 

3)  for  a  well  rounded  off  conical  moutk-piece,  \i  =  0,98, 

4)  for  a  conical  pipe,  whose  angle  of  convergence  is  about  6°, 
fi  =  0,92. 

Example. — ^If  the  sum  of  the  areas  of  two  conical  tuyeres  of  a  blowing 
machine  is  3  square  ii^bes,  the  temperature  in  the  reserroir  is  15%  the 
height  of  the  manometer  in  the  regulator  is  8  inches  and  the  height  of  the 
barometer  in  the  exterior  air  is  29  inches,  we  have  the  effectiye  discharge, 
measured  at  the  pressure  of  the  exterior  air, 


q  =  1299  fi  F  \  {\  +  0,004  r)  I 


=  1299  .  0,92  ;  j?j|/(l+ 0,004.15)^^=  24,9  /i^ 
=  24,9  .  0,381  =  8,242  cubic  feet 

§  466.  CoeflELcient  of  Friction  of  Air.—If  air  moyes  through 
a  l(mg  pipe  C  F^  Fig.  796,  it  has,  like  water,  a  resistance  of  friction 

Fig.  796. 


to  overcome,  and  this  resistance  can  be  measured  by  the  height  of 
a  column  of  air,  which  is  determined  by  the  expression 

^-^•5-27 
in  which,  as  in  the  case  of  water  pipes,  I  denotes  the  length,  d  the 
diameter  of  the  pipe,  v  the  velocity  of  the  air,  and  f  the  coeflScient 
of  resistance  of  friction,  to  be  determined  by  experiment. 

Girard's  experiments  upon  the  movement  of  air  in  pipes  gave  a 
coefficient  of  resistance  ^=  0,0256,  those  of  d'Aubuisson,  as  a  mean, 
^  =  0,0238,  while  according  to  the  experiments  of  Buff  the  mean 
value  of  f  =  0,0375.  Poncelet,  on  the  contrary,  found  from  the 
data  furnished  by  the  experiments  of  Pecqueur,  when  the  ratio  of 

pressure  is  ^  =  2,  ^i  =  0,0237. 

The  experiments  of  the  author,  calculated  according  to  the  new 
formula,  gave  the  following  results : 

1)  A  brass  tube,  1  centimeter  wide  and  2  meters  long,  gave  for 
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velocities  of  from  25  to  150  meters  ^  gradually  decreasing  &qii 
0,027260  to  0,01482. 

'2)  A  glass  tube  of  the  same  leng&>  when  the  Telociti^  w^t: 
about  the  same,  gave  f  =  0,02738  to  0,01390. 

3)  A  brass  itibe,  1,41  centimeters  wide  and  8  meters  loiig»  pv 
<;:=:  0,02578  to  0,01214. 

4)  and  a  similar  glass  tube,  f  =  0,02683  to  0,00940a 

5)  Finally,  a  zi7w  tube,  2,4  centimeters  wide  and  10  iKten 
long,  gave,  for  velocities  of  from  25  to  80  meters,  C  =  0,3303  to , 
0,01296.  -""^ 

Froni  what  precedes  we  may  conclude  that  it  is  only  irba 
velocities  are  about  25  meters  or  80  feet^  that  the  coefficieDt  of  > 
sistance  C  can  be  put  =  0,024,  and  that  it  becomes  smaller  m 
snaaller  as  the  velocity  of  the  air  in  the  pipe  increases. 

Approximatively  we  can  write,  when  the  velocity  is  eipressrl 

in  meters,  ^  =  -^;=-  or  when  it  is  expressed  in  feet  f  =^  — ;r-.  Ts 

general  relations  of  the  flow  of  air  in  pipes  are  very  similar  io  ^i^ 
of  water. 

The  resistance,  caused  by  elbows  and  bends,  is  to  be  treated  z 
the  same  way  as  in  the  case  of  water. 

In  the  author's  experiments  a  rectangular  Mow,  1  centimeterir 
diameter,  gave  f  =  1,61,  and  a  similar  one,  1,41  centimeters  b 
diameter,  gave  ^  =  1,24,  and  a  pipe  like  the  former,  when  bent  a 
the  shape  of  a  quarter  of  a  circle,  gave  f  =  0,485,  and  one  like  th: 
latter,  bent  in  the  same  way,  gave  f  =  0,47L 

§  467.  Motion  of  Air  in  Ldx^  Pipes.— By  the  aid  of  tlh 

coefficient  ^  of  the  resistance  of  friction  of  a  pipe  B  F,wecmcsi- 
cnlate  the  velocity  of  efflux  and  the  discharge  for  a  given  length 
and  width  of  the  pipe. 

If  7i,  is  the  height  of  the  manometer  M^  at  the  end  of  the  pip' 
C  F,  Pig.  797,  directly  behind  the  mouth-piece  F,  whose  coefficient 

FiQ.  797. 


of  resistance  is  ^  =  — =  -  1,  and  if  d  denote  the  diameter  of  th? 

Ml 
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ipe  and  rf,  that  of  the  orifiqe,  whose  area  is  therefore  II  =  -—-,  we 
ave,  according  to  what  precedes,  the  discharge 

'^'^'^'1/  Hf^ '''''■  K  Mir'"''*" 

>r,  inversely,  for  the  height  A,  of  the  monometOT 

£l    A*  -  h  _  /  *Vl  J_  /   g  V 

Bat  the  height  of  the  manometer  at  the  entrance  of  the  pipe  is 

I  denoting  the  length  of  the  pipe  between  Mi  and  M^  and  v  the 
velocity  of  the  air  in  this  pipe;  hence  we  have 

|!-T " [^ ~ (i) ]'2^ vr^)  ■*■  ^sl?*''' 

sabfititntang  v  —  l-jj  «,  and  «,  =  -U, 
hence  the  discharge  is 


[-(4r].v^i(iy 


"^  (l    +   rfT)*» 


=  1299 


— r-H  /    3Ti — :. i — -m  cnbic  feet 

If,  finally,  the  height  h  of  the  manometer  M  in  the  reservoir 

^  jS  is  known,  we  have,  when  we  denote  the  coefficient  of  resist- 

1 
ance  for  the  entrance  C  by  ^^  and  substitute  —i  =  1  +  fi,  since  at 

the  entrance  into  the  pipe  the  head  Co  s""  ^  ^^^^ 
and  consequently  the  discharge 
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Q^  F. 


+   !+<■. 


(1  +  0,04  r)b 
=  1299  ^4^  I  / .     .  .  .    ^ cnbio  feet 


m)^^^<' 


K  the  point  where  the  air  enters  tJiepipe  is  a  distance  s  Mow  at 
above  the  point  where  it  is  discharged  from  it,  we  mast  sabtnr. 

T)      h 

from  or  add  to  the  quantity  —  .  v  in  the  numerator  under  the  lad- 

ical  sign  a  quantity  8* 

Example. — ^The  height  of  a  quicksilTer  maaomcter,  which  is  pbcd 
apon  a  regulator  at  the  head  of  a  system  of  air  pipes  820  feet  \oDgaod4 
inches  in  diameter,  is  3,1  inches,  the  height  of  the  harometer  in  the  fet 
air  is  29  inches,  the  width  of  orifice  in  the  conically  conveigent  end  oTcbf 
pipe  is  c?|  =  2  inches,  and  the  temperature  of  the  compressed  air  ia  the 
regulator  is  r  =  20°  C. ;  what  quantity  of  air  is  delivered  throogb  tte* 
pipes? 

Here  (1  +  0,004  t)  |  =  1,08  .  |^^  =  0,11545, 

4  =  0,024  .  820  .  3  ='23,04,  (^*y=  (?y=  A  =  0,0635, 

F^  =  —^  =  J  .  (i)   =  -Vtt-  =  0,021817  square  feet; 
hence  the  required  dischai^e  is 


Q  -  1299  .  0,021817  y  (o,778  +  23,04)  0,0625  +  1,880 

=  28,84  V^i^48yy^t38o  =  ^®'^  V0,040954  =  5,785  cubic  f««.  ^ 


§  468.  EflEluz  when  the  Pressure  Diminishes.— U  thei? 

is  no  influx  of  air  into  a  reservoir,  from  which  an  uninterrnptt^ 
discharge  of  air  is  taking  place  through  an  orifice  in  it,  the  density 
and  tension  gradually  diminish,  and  consequently  the  velocity  uf 
efflux  becomes  less  and  less.  The  relations  of  this  diminution  i*^ 
the  time  and  to  the  discharge  can  be  determined  in  the  foIlowiD? 
manner. 
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Let  the  volume  of  the  reservoir  he  F,  the  initial  height  of  the 

manometer  be  =  A^,  and  its  height  at  the  end  of  a  certain  time  i  be 

=  Ai,  and  let  that  of  the  barometer  in  the  free  air  ho  =  b;  then 

the  quantity  of  air  originally  in  the  reservoir,  reduced  to  the 

pressure  of  the  exterior  air,  is 

F(»  + AJ 

and  at  the  end  of  the  time  Ht  is 

_F(&  +  A.). 

-  J         ' 

hence  the  discharge  in  the  time  t,  reduced  to  the  external  pressure, 
is  ^_r(b  +  K)       F(ft  + A,)_  rjh.  —  h,) 

But  ve  hare  also 

X  denoting  the  mean  height  of  the  barometer  during  the  time  t  of 
efflux;  hence 

Now  if  we  put  A,  =  m  <T  and  A,  =  n  <T,we  have  the  mean  value 
(a:)-*  =  i^  (1-i  +2-i  +...+»i-»)-(l-*+2-*+...  +  n-n 

^  {priirrt  _  ^\  =  2(gH  (JK  _  Jl\ 
«i— «\^        A  /       m  —  nvo       '    al 

=  — S — - — v =  — ^ — r-* — I ^(8eoIngemeur,p.88); 

/lence  the  required  time  of  efSux  is 

_  2F(Vi;-  f^T.)  _  %V         iJX  _  J%\ 

This  determination  is  sufficiently  correct  only  when  the  reser- 
voir (F)  is  large,  or  when  the  orifice  of  efflux,  aa  well  as  the 
pressure,  is  small,  in  which  case  the  cooling  of  the  air  in  the  reser- 
voir is  very  slight 

Example. — ^A  cylindiical  regulator  50  feet  long  and  5  feet  in  diameter  is 
filled  with  air  at  a  pressure  correspondiDg  to  the  height  A  =  10  inches  of 
the  manometer  and  at  a  temperature  of  G"*  C.  Now  if  the  air  issues  from 
an  orifice  1  inch  in  diameter  into  a  space  where  the  barometer  stands  at 
27  inches,  the  question  arises,  in  what  time  will  the  manometer  sink  to  7 
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inches  and  wliat  wiU  be  the  discharge  in  that  time!    The  Tolimie  of  tfe 
fegulator  or  boiler  is 

F  =  J .  6» .  60  =  1250  .J  =  981,75  cubic  feet,  and 

4/2  g  ^>  =  1299  Vr+o;00867TT  =  1299  Vl,02302  =  ISlSmd 

^=1  (A)'  =  5^6  "^  0,006454  square  feet 

Now  if  we  put  the  coefficient  of  efflux  pi  =  0,9^,  we  have  the  nqoiz«d 
duration  of  the  efflux 

2 .  981,75  . 0,09942 
^  =  0;9'5T0:605454"n[3r8  =  ^>^*^  ^^^ 
RsMARK. — A  more  general  theory  of  the  efflux  of  air  and  steata  -will  U 
given  in  the  second  volume. 

FmAL  Remabk. — ^Experiments  upon  the  efflux  of  air  have  been  made 
hj  Young,  Schmidt,  Lagerhjelm,  Koch,  d'Aubuisson,  Buff,  and  more  r- 
cently  by  Saint  Venant,  Wantzel,  and  Pecqueur.  In  reference  to  the  g 
periments  of  Young  and  Schmidt,  see  Gilbert's  Annalen,  Vol.  22, 1^1,  i&i 
Vol.  6,  1820,  and  Poggendorf  s  Annalen,  Vol.  2,  1824 ;  for  those  of  Kocl 
and  Buff,  see  the  "Studien  des  Gotting'schen  Vereines  bergmanniscir 
Freunde,"  Vol.  1,  1824;  Vol.  8,  1833;  Vol.  4,  1837;  and  Vol.  5,  IKt?: 
also  Poggendorf 's  Annalen,  Vol  27,  1836,  and  Vol.  40,  1837.  See  «!*> 
Gerstner's  "  Mechanik,"  Vol.  8,  and  Hulsse's  "Algemeine  Maschipenepcy- 
klopudlc,"  Article  "  Ausfluss.^'  Lagerhjelm's  experiments  are  discnswdk 
^the  Swedish  work  "Hydrauliska  Foreok  af  Lagerhjelm,  Foreelles  aL 

r  /■  '  Kallstenius,"  1  Delen,  Stockholm,  1818.    The  experiments  of  d'AnbnisKi 
*'^  V*''    *  are  to  be  found  in  the  "  Annales  des  Mines,"  Vol.  11,  1835  ;  Vol.  13, 1«6: 

Vols.  3  and  4,  1828;  and  also  in  d'Autuisaon's  "  Traite  dllydrMiliqK " 
The  experiments  of  Saint- Venant  and  Wantzel  are  to  be  found  in  lb" 
^*  Comptes  rendus  hebd.  des  sdances  de  TAcaddmie  des  Sciences,  a  Paiix 
1839."  The  latest  French  experiments  are  discussed  by  FoDcdet  b  s 
^*  note  sur  les  experiences  de  M.  Pecqueur  relatives  a  Pecoulement  de  T^ 
dans  les  tubes,  etc.,"  Which  is  contained  in  the  Comptes  rendos,  and  c 

^  abstract  of  it  is  to  be  found  in  the  Polytechnische  Centralblatt,  Vol  i 
1845.  From  these  experiments  Poncelet  concludes  that  air  follows  tbf 
same  laws  of  efflux  as  water.  The  greater  number  of  these  expcrimests 
were  made  with  very  narrow  orifices,  for  which  reason  they  scarcely  fblffl 
the  requirements  of  practice.  Unfortunately  these  experiments  do  not 
agree  as  well  as  could  be  wished,  and  the  coefficients  found  by  d'Aubuissja 
differ  very  sensibly  from  those  calcuhited  from  Koch's  experimenta  Coo*, 
parative  experiments  upon  the  efflux  and  influx  of  air  and  upon  the  eto 
of  water  are  given  in  the  author^s  "  Experimental- Hydraulik."  The  n- 
suits  of  the  latest  experiments  of  the  author,  which  were  made  upon  > 
large  scale,  are  given  in  the  5th  volume  of  the  Civilingenieur, 


,t 
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CHAPTER    yil. 

OF  THE  MOTION  OP  WATER  IN  CANALS  AND  RIVERS. 

§  469;  Rnnniiig  TKTater. — ^The  theory  of  the  motion  of  water 
in  t^anah  and  rivers  forms  the  second  part  of  hydraulics.  Water 
llows  either  in  a  natural  or  in  an  artificial  bed  (Fr.  lit ;  Ger.  Bett). 
In.  the  fii*st  case  the  channel  is  a  river,  creek,  riyalet,  etc.,  in  the 
BCKxxnd  case  it  is  a  canal,  ditch,  race,  trough,  etc.  In  the  theory  of 
Uia  motion  of  running  water  this  difference  is  of  but  little  itn*- 
portance. 

The  bed  of  the  stream  consists  of  the  bottom  of  the  channel^ 
(Fr.  font  du  lit;  Grer.  Grundbett  or  Sohle)  and  of  the  two  ba9ik8 
or  sTwres  (Pr.  bords ;  Ger.  Ufer).  If  we  pass  a  plane  through  the 
stream  of  water  at  right  angles  to  the  direction,  in  which  it  is 
flowing,  wo  obtain  a  transverse  sedioyi  (Fr.  section ;  Ger.  Qner- 
schnitt).  The  line  bounding  this  section  is  the  tranverse  profile 
which  is  composed  of  the  water  profile  or  wetted  perimeter  and  of 
the  air  profile,  A  yertical  plane  in  tho  direction  of  the  stream 
gives  ufl  the  longitudinal  section  or  profile  (Fr.  profil ;  G^r.  Profil) 
of  the  latter.  The  slope  of  the  stream  (Fr.  pente ;  Ger.  Abhang)  is 
tlie  angle  formed  by  its  sur&ce  with  the  horizon.  The  relative 
slope  is  file  &11  in  the  unit  of  distance.    The  slope  is  determined 

fgr  any  definite  distance  by  the  fall  (Fr, 
Fio.  79S.  chute ;  Ger.  GefaUe),  which  is  the  vertical 

distance  of  one  of  the  extremities  of  a  cer- 
tain portion  of  the  stream  above  the  othei:. 
In  the  portion  A  D  =  I,  Fig.  798,  B  C  is 
the  bottom  of  the  channel,  D  H  —h  the 
fall  and  the  angle  i>  ^  if  =  (5  is  the  slope.    The  relative  slope  is 

sin.  d  =  p  or  approximatively  ^  ^  y 

Beuabk. — The  fall  of  creeks  and  rivers  varies  very  much.  The  Elb 
Gills  in  a  German  mile  (4^  English  mUes)  from  Hohenelbe  to  Podiebiad 
57  feet,  from  there  to  Leitmeritz  0  feet,  from  there  to  Miililberg  2,5  feet* 
Mountain  streams  fall  from  8  to  80  feet  per  mile.  For  particulars  see 
*•  Vergleichendo  hydrographische  Tabellen,  etc.,  von  Stranz."  The  fall  in 
canals  and  other  artificial  channels  is  much  smaller.  The  relative  slope  is 
{Tcncrally  less  than  0,001,  it  is  oflen  0,0001  and  even  less.  More  details 
upon  this  subject  will  be  found  in  the  second  part. 
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§  470.  Different  Velocities  in  a  Cross-section.— -The  tc^ 

locity  of  the  water  is  far  from  being  unifonn  in  all  points  of  tLe 
same  transYer8e>  section.  The  adhesion  of  the  water  to  the  bed  of 
the  channel  and  the  cohesion  of  the  molecules  of  wat^r  cacae  th-. 
particles  of  water  nearest  to  the  sides  and  bed  of  the  channel  to  U 
most  hindered  in  their  motion.  For  this  rcason,  the  rclocirj 
decreases  from  the  surface  towards  the  bed  of  the  channel  and  it  k 
a  minimum  at  the  shores  and  bottom.  The  maximum  velccitr  in 
a  straight  riyer  is  generally  found  in  the  middle  or  in  that  portitm 
of  the  surface,  where  the  water  is  the  deepest  That  portion  of  ik 
riyer;^  where  the  water  has  its  maximum  Telocity,  is  called  the  lint 
of  current  or  axis  of  the  stream  and  the  deepest  portion  of  the  bed 
is  called  the  mid-channel 

When  the  stream  bends,  the  axis  of  the  stream  is  general  nesr 
the  concave  shore. 

The  mean  velocity  of  the  water  in  a  cross-section,  according  ta 
§  396,  is 

—  ^  —         Discharge  per  second 
^  F  ""  Area  of  the  transverse  section* 

We  can  also  determine  the  mean  velocity  from  velocities  ei,  Ce  f:- 
etc.,  in  the  different  portions  of  the  transverse  section  and  the 
areas  Fi,  F^,  F^,  etc.,  of  the  latter.    We  have  here 

Q  =i  FiCi  -h  F^Ci  +  F^Ci  +  ... 
and,  therefore,  also 

Fiei  +  FjCj  +  ... 
Fi  4-  ^  +  . . .. 

Besides  the  mean  velocity  we  introduce  the  mean  depth  ofwatif* 
I.E.,  that  depth  a,  which  a  transverse  section  would  have,  if  iti 
area  was  the  same  and  the  depth  was  uniform  instead  of  besng 
variable  and  equal  to  Oi,  o^,  ^a,  etc    Here  we  have 

F       Area  of  the  transverse  section 


5       Width  of  the  transverse  section' 
If  the  widths  of  the  elements  corresponding  to  the  depths  a-aO^ 

aj,  eta,  Fig.  799,  are  8„  A„  }&  ete,  ^ 
Fia.  799.  have 

I''  ,        ^*     I       ^*  ,  ifMMt  F  =  Oibi    +  Cs  5a  +  . .  i, 

and  consequently 

a^  bi  +  fl«  &9  4- . . . 
a  =  — 7 £ • 

Finally,  the  mean  velocity  is 
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Hi  bi  Ci  +  fif  J  69  Tg  +  .  .  • 


C  = 


(l\  bl   +  flj  ^4  4"  •  •  • 

iiixd,  when  the  widths  ^i,  b^y  etc.^  of  the  portions  are  the  same^ 


tti  Ci  4-  flj  Cj  + 


di  +  flfj  4-  . . . 

A  river  or  creek  is  in  a  state  of  permanency  (Fr.  permanence ; 
Oer»  Beharrungszustande)  or  it  has  a  fixed  regimen,  when  the  same 
quantity  of  water  passes  through  each  of  its  cross-section  in  the 
same  time,  le.,  if  Q  or  the  product  Fcof  the  area  of  the  cross- 
section  and  the  mean  velocity  is  constant  for  the  whole  length  of 
the  portion  of  the  river  under  consideration.  Hence  we  have  the 
simple  law :  when  the  motion  of  the  water  U  permanent  the  mean 
velocities  of  two  transverse  sections  are  to  each  other  inversely  as  the 
(irects  of  these  sections. 

Example — 1)  In  the  transverse  section  A  B  0  D^  Fig.  799,  of  a  canal, 
v/e  have  found  the  widths  of  the  divisions  to  be 

Jj  =  8,1  feet,  5g  =  5,4  feet,  63  =  4,8  feet, 
the  mean  depths  to  be 

a^  =  2,5  feet,  a^  =  4,5  feet,  a^  =  8,0  feet 
r-nd  tlie  corresponding  mean  velocities  to  be 

c^  =  2,9  feet,  Cg  =  8,7  feet,  Cg  =  3,2  feet. 
Here  we  can  put  the  area  of  the  section 

i^  =  8,1  .  2,5  +  5,4  .  4,5  +  4,3  ,  8,0  =  44,95  square  feet 
and  the  discharge 

Q  =  3,1  .  2,5  .  2,9  +  5,4  .  4,5  .  8,7  +  4,8  .3,0  .  3,2  =  158,665  cubic  feet, 
from  which  we  obtain  the  mean  velocity 

Q        153,665       „,^^^    ,      . 

2)  If  a  ditch  should  carry  4,5  cubic  feet  of  water  with  a  mean  velocity  of 

45 

2  feet  per  second,  we  must  make  the  area  of  its  trans  veree  section  ~  =  2,25 

square  feet. 

8)  If  the  same  river  is  at  one  place  560  feet  wide  and  as  an  average  9 
feet  deep,  and  if  it  moves  with  a  mean  velocity  of  2 J  feet,  the  mean  velocity 
at  another  place,  where  it  is  320  feet  wide  and  as  a  mean  7,5  feet  deep,  is 

560 .9     ^  ^^      .  ^^^  _    . 

•  > 

§  471.  Meaxi  Velocily.— If  we  divide  the  depth  of  the  water 
at  any  point  into  equal  parts  and  lay  off  the  corresponding  veloci- 
ties as  ordinates,  we  obtain  a  scale  A  B,  Fig  800,  of  the  velocities 
of  the  stream.  Although  it  is  veyy  probable  that  the  law  of  this 
scale,  or  of  the  change  of  velocity,  is  expressed  by  a  curve,  as 
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py  or  to  that  portion  of  the  profile  which  forms  the  bed  Now  ana 
the  number  of  filaments  of  water  passed  by  any  transverse  secdo: 
increases  with  its  area,  the  resistance  to  each  filament  is  iiiYer&> 

proportional  to  the  area,  and  consequently  to  the  quotient  ^  of  *ir 

wetted  perimeter  divided  by  the  area  F  of  the  entire  transves 
section.     In  order  to  have  the  least  resistance  from  fridim,  w? 

must  give  the  profile  such  a  shape  that  ~  shall  be  as  smaD  asp>j- 

sible,  LE.,  that  the  wetted  perimeter  p  shall  be  a  minimum  foi 
given  area,  or  that  the  area  shall  be  a  maximum  for  a  given  wertei 
perimeter  p.  When  the  apparatus  which  conducts  the  irater  i- 
closed  on  all  sides  as  in  the  case  of  pipes,  ^  is  the  perimeter  of  it 
entire  transverse  section.  Now  among  all  figures  of  the  am 
number  of  sides,  the  regular  one,  and  among  all  the  regular  en;! 
the  one  with  the  greatest  number  of  sides  has  the  smaDest  peria- 
eter  for  a  given  area;  hence  in  conduits  closed  on  all  sides  ti> 
I'esistance  is  smaller  the  more  regular  the  shape  of  their  transrc?^ 
section  is,  and  the  greater  the  number  of  sides  is.  Since  the  ar- 
is  a  regular  figure  of  infinite  number  of  sides,  the  resistance  of 
friction  is  the  smallest  when  the  transverse  section  is  of  that  fon:. 
When  the  aqueduct  is  open  on  top,  the  case  is  different ;  for  d: 
upper  surface  is  free,  or  in  contact  with  the  air  alone,  whieL?' 
long  as  it  is  still,  offers  little  or  no  resistance  to  the  water.  W^ 
must,  therefore,  in  determining  this  resistance  of  friction,  ih^ 
the  air  profile. 

In  practice  we  employ  in  canals,  ditches,  troughs  and  fluE^? 

only  rectangular  and  trapezoidal  profiles,     A  horizontal  linef- 

Kg.  801,  passing  through  the  centre  if  of  the  square  A  f,  diTid? 

Fia.  801.  the  area  and  perimeter  into  two  equal  parts,  st. 

what  has  been  said  of  the  square  is  true  f  ri'a^r 
halves;  hence,  among  all  rectangular  profe 
the  half  square  A  Ey  or  that  which  is  /ffio?  t' 
wide  as  high,  is  the  one  which  causes  the  smalte 
resistance  of  friction. 

In  like  manner,  the  regular  hexagon  A  C^' 
Fig.  802,  is  divided  by  a  horizontal  line  C  F  into  two  equal  tT^if'- 
zoids,  each  of  which,  like  the  entire  hexagon,  has  the  greats"' 
relative  area,  and  consequently  among  all  trapezoidal  profilesj  ti> 
half  of  the  regular  hexagon,  or  the  trapezoid  A  B  C/',  Trithth' 
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igle  of  slope  B  C  M  ^  60°,  is  the  one  which  causes  the  least 
tsistance  of  friction. 

In  Lke  manner,  the  halfoi  a  regular  octagon  A  D  E,  Fig.  803, 
le  half  of  a  regular  decagon^  etc.,  and  finally  the  half  circle  A  D  B^ 
ig.  804,  are,  under  the  proper  circumstances,  the  most  advan- 


FiG.  803. 
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'  r* 

Fig.  808. 
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% 

M 

1 

Fig.  801 


ageons  profiles  for  canals,  etc.  The  trapezoidal,  or  half  hexagonal, 
Toss-section  causes  less  resistance  than  the  half  square  or  rec- 
angle,  the  ratio  of  whose  sides  is  1 :  2 ;  the  relative  perimeter  of 
he  hexagon  is  smaller  than  that  of  the  square.  The  half  decagon 
>fiers  still  less  resistance,  and  with  the  semicircle  the  latter  is  a 
ninimnm.  The  circular  and  square  profiles  are  employed  only 
br  troughs  made  of  iron,  stone,  or  wood.  The  trapezoid  is  em- 
ployed in  canals,  which  are  dug  out  or  walled  up.  Other  forms 
ire  rarely  used,  owing  to  the  difficulty  of  constructing  them. 

§  473.  When  canals  are  not  walled  up,  but  only  dug  in  the 
earth  or  sand,  on  angle  of  slope  of  60°  is  too  great  or  the  relative 
slope  cotg,  60*^  =  0,57735  too  small;  for  the  banks  would  not  be 
suflBciently  stable ;  we  are  therefore  compelled  to  employ  trapezoi- 
dal transverse  profile?,  in  which  the  inclination  of  the  side  to  the 
base  is  smaller  than  60°,  perhaps  only  45°  or  even  less.  For  a  trapezoi- 
dal cross-section  A  B  C  D,  Pig.  805,  wliich  has  the  same  area  and 
perimeter  as  the  half  square,  the  relative  slope  is  =  -J,  and  the 
angle  of  slope  is  36°  52'.  If  we  divide  the  height  B  E  into  three 
equal  parts,  the  bottom  B  O  is  equal  to  two  of  them,  the  parallel 
top  ^  D  is  equal  to  10  and  each  side  A  B  =  (72)  is  =  5  parts. 
In  many  cases  we  make  the  relative  slope  =  2 ;  in  which  case  the 
angle  is  26°  34',  and  sometimes  it  exceeds  even  2. 

In  any  case  the  angle  of  slope  B  A  E  =0,  Fig.  800,  or  tlic  slope 

A  E 

-K-vv  =  cotang,  0  is  to  be  considered  as  a  given  quantity,  dependent 

npon  the  nature  of  the  ground  in  wliich  the  canal  is  excavated, 
and  therefore  we  have  only  to  determine  the  dimensions  of  tlie  pro-. 
61 
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file  which  will  offer  the  least  resistance.    Putting  the  width  if  f  of 

Fig.  805.  Fia  801 

A  K     y  D 


A  E 

the  bottom  =  J,  the  depth  B  B  =i  a  and  the  dope  -^-^  =  j^Vv 

have  the  wetted  perimeter  of  the  profile  p  = 

AB  +  B  0+  OD=zb  -{-  2Va'  +  v' (f  =  b -h  2a^]Tr 
and  the  area  of  the  same 

or  inversely 

b  =  --va, 
whence  the  ratio 

Substituting  instead  of  a,  0  +  x,  in  which  a?  is  a  small  fpst- 
tity,  we  have 

=  -  (1 +  -ij  +  —ET-  (2  VV  +  l  —  v) 


2  l^v'  +  1  - 


i^) 


In  order  that  this  value^  not  only  for  a  positive  bnt  also  k  - 
negative  value  of  x,  shall  be  greater  than  the  first  value 

or  that  ~  shall  be  a  minimum^  it  is  necessary  that  the  meoibE? 

with  the  fector  x  shall  disappear  or  that 

2  f'y  *  +  1  -  y       _1  _  A 
F  o^  ""  ^' 

whence  the  required  depth  of  the  canal  is 

F 

^  "■  2  Vv^  +  1  -  V 


or,  since  v  =  cotang,  6  and  fvM-~T  = 


sifL  ff 


§474]    THE  MOTION  OF  WATER  IN  CANALS  AND  RIVERS.    063 

,         F  sin.  d 
2  —  COS.  0. 
Hence,  for  a  given  angle  of  slope  0  and  for  a  given  area,  the 
most  advantageous  form  for  the  transverse  profile  is  determined  by 
the  formulas 

^  =  r  s 5  aJid  ^  = a  cotang.  d. 

Consequently  the  width  A  D  of  the  top  is 

F 
Jj  =  J  +  2va  = ha  cotang.  0, 

and  the  ratio 

iL  -  A  ^^     -  1       (2  -  cos.  0)  a  _  2 

F  '"  F  "^  Fsin.  0'^  a'^    '  F  smTV  ""  a 
Example. — What  dimensions  should  be  given  to  the  transverse  profile 
of  a  cana],  when  the  angle  of  slope  of  its  banks  is  to  be  40°  and  when  it  is 
to  carry  a  quantity  Q  =  75  cubic  feet  of  water  with  a  mean  velocity  of 
3  feet. 
Here 

Q       75 
^  _.  _s.  _        _-  25  square  feet,  and  therefore  the  required  depth  is 

C  o 

. /25  tin.  40"         ,  ./0764279       „  „„„  ,   , 

the  width  at  the  bottom  is 

25 
I  =.-  g^Q^  -  8,609  cotang.  40°  =  0,927  --  4,301  =  2,626  feet, 

the  horizontal  projection  of  the  slope  of  the  shore  is 

va  =  a  cotang.  0  =  3,609  cotang,  40"  =  4,801, 
the  width  on  top  is 

5j  =  &  4-  2  a  cotang.  6  =  6,927  +  4,801  =  11,228  feet, 
the  wetted  perimeter  is 

2  a  7  218 

_p  =  J  +  4—.  =  2,636  +  -.---iho-  =  13,855  feet, 
^  8in,  6         '  nn.  40 

and  the  ratio  which  determines  the  resistance  of  friction  is 

P        2  2  ^^^,« 

-J=i  =  8.6o-9  =  "''"5^;. 

We  have  for  a  transverse  profile  in  the  shape  of  the  half  of  a  regular 
hexagon,  where  d  =  60**,  a  =  8,80  feet,  h  =  4,39,  h^  =  8,78  and^p  =^- 18,16 
feet,  and  therefore         p        13,16   '  •    ^^^ 

■p  =  -2-5-  =  '>'^'^«- 

§  474.  Table  of  the  Most  Advantageous  Transverse 
Profiles. — The  following  table  gives  the  dimensions  of  tlie  most 
advantageous  transverse  profiles  for  different  angles  of  slope  and  for 
given  transverse  sections : 


dG4 


GENERAL  PRINCIPLES  OF  lOBCHANICS. 


BCl 


1 

DIMENSIONS  OP  THB  TRAMSVaKSS  PSOnLBS.                    1 

<n»« 

Angle  of 

Relative 

• 

tAoptB. 

slope  V. 

Depth  a. 

Width  of  bot- 
tom A. 

Horixoota]  pro- 
jectiooofilope 

Widths  the 
top*+ar«. 

90° 

0 

0,707  V^ 

1,414  ^ 

0 

1,414  4<^    ^^ 

60° 

0,577 

0,760  i^jF 

0,877  VF 

0,439  ^^ 

1,755  ^>|-^y 

45° 

1,000 

0,740  V^ 

0,613  ^^ 

0,740  i^F 

2,092  f^ 

■  2.734 

40°  ■ 

1,192 

0,722  VjF 

0,525  ^^ 

0,860  f/^ 

2,246  V/" 

2.7:: 

• 

2M 

36°  52' 

1,333 

0,707  VF 

0,471  ^ 

0,943  ^ 

2,357  ^ 

♦/ 

2i'C 

35° 

1,402 

0,697  *^ 

0,439  ♦^ 

0,995  ♦^ 

2,430  r7 

4/ 

30° 

1,732 

0,664  ^ 

0,356  v^ 

1,150  Vy?" 

2,656  Vf. 

26'  34' 

2,000 

0,636  Vf 

0,300  V-F 

1,272  Vf 

2,844  ♦^^ 

4/ 

Semi- 
circle 

0,798  Vj^ 

— 

— 

1,596  V^ 

i?i' 
♦  / 

We  see  from  the  above  table  that  the  quotient  ^  w  a  minimac 

2  507 

and  =  — ;— ^  for  the  semicircle,  that  it  is  creator  for  the  hi' 

Vf  • 

hexagon  and  still  greater  for  the  half  sqnare,  and  for  the  tiape:.*: 
with  its  sides  sloping  at  an  angle  of  36®  52',  etc. 

Example.— What  dimensions  are  to  be  given  to  a  transrcree  pw^" 
whoso  area  is  to  be  40  feet,  when  the  banks  are  to  slope  at  an  angle  of  83 
According  to  the  foregoing  table 

the  depth  is  a  =  0,697  V40  =  4,408  feet, 

the  lower  breadth  is  5  =  0,489  ViO  =  2,777  feet, 

the  horiaontal  projection  of  the  slope  v  a  =  0,995  v'40  =  6,393  fei 
the  upper  breadth  h^  =  15,863, 
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and  the  quotient  is 

p       2,870      ^  ^^^^ 

F        V40 

§  475.  XTnifomi  MotioxL— The  motion  of  water  in  cliannelg 

is  for  a  certain  distance  either  uniform  or  variable  ;  it  is  uniform, 
when  the  mean  velocity  in  all  the  crossHsections  is  constant,  and,  on 
on  the  contrary,  it  is  variable,  when  the  mean  velocity  and  also  the 
area  of  the  cross-sections  change.  We  will  now  treat  of  uni/arm 
fnofion. 

When  the  motion  of  water  is  uniform  for  a  distance  A  D  =  I, 
Pig.  807^  the  entire  £Edl  h  is  employed  in  overcoming  the  friction 

upon  the  bed,  and  the  water  flows  away 
with  the  same  velocity,  with  whic^h  it 
arrived,  le.,  a  height  due  to  a  velocity  is 
neither  absorbed  nor  set  free.  If  we  meas* 
ure  this  fidction  by  the  height  of  a  column 
of  water,  we  can  put  the  latter  equal  to 
the  ML    The  height  due  to  the  resistance  of  friction  increases 

with  the  quotient  ^,  with  I  and  with  the  square  of  the  mean  te- 

locity  €  (8  427) ;  hence  the  formula 

^  F     2g 

holds  good,  in  which  <*  is  an  empirical  number,  which  is  called  the 
coefficient  of  the  resistance  of  friction* 

By  inversion  we  have        

To  determine  the  Ml  from  the  length,  the  transverse  profile 
and  the  velocity,  or  inversely,  to  determine  the  velocity  &om  the 
fiall,  the  length  and  the  transverse  profile,  it  is  necessary  to  know 
the  coefficient  of  friction  ^  According  to  Eytelwein's  calculation 
of  the  91  experiments  of  du  Buat,  Brunings,  Funk  and  Woltmann, 
<  =^  0,007665,  and  therefore 

h  =  0,007665  •  ^  •  ^• 

If  we  put  g  =:  9,809  meters  or  32,2  teet,  we  obtain  fbr  the 
metrical  system 

A  =  0,0003866  ?^  .  c«  and  c  =  60,9  V  ^, 
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and  for  the  English  gystem  of  measare 

A  =  0,00011747  -^-  &  and  c  =  92^6  y  ^. 

For  conduit  pipes  -^  =  r- ji  =  -j- ;  hence  the  fommb  k 
pipes  ia 

A  =  0.030a6^.^ 

while  we  found  more  correctly  (§  428)  for  medinm  ^docitki  c 
the  same 

A  =  0,025  ~  .  ^. 

The  friction  upon  river  beds  is,  therefore,  aa  might  be  expert, 
greater  than  in  metal  conduit  pipes. 

Example — 1)  How  much  fidl  must  a  canal,  whose  lengtli  is  J  =  2o> 
feet,  whose  lower  width  is  5  =  8  feet,  whose  upper  width  is  hi  =  Tr-' 
and  whose  depth  is  a  =  8  feet,  have  in  order  to  cany  40  catic  fat  *' 
water  per  second  ?    Here 

f?  =  8  +  2  V2»  +  8'  =  10,211,  F  =  ^"^"^.^^^  =  15  and  «  =  ff  =  r 
bcnoe  the  required  fall  is 
*  =  0.00011747  .  ^^^JH  (,).  =  0.805422^- 10 jn^  ^  ^^Sfe: 

2)  What  quantity  of  water  will  be  deliyered  by  a  canal  5800  feeftkK 
when  the  fall  is  8  feet,  its  depth  5  feet,  its  lower  breadth  4  feet  nd  fi 
upper  breadth  12  feet  ?    Here 

p       4  +  3  VSn^T'       16,806       _  .^^,^ 
f  = 5-.-8 =-T5~  =  0,42015; 

hence  the  velocity  is 


e  =  92,26 


J^  8  .         92,26 


0.42016 .  5800       VO,  14005 .  5800       VSlpi 


and  the  quantity  delivered  is 

C  =  F<5  =  40  .  8,287  =  129,48  cubic  feet 

§476.  Coefficients  of  Friction.— The  coefficient  of  frictita^ 
for  which  we  assumed  in  the  foregoing  paragraph  the  mean  nl^^ 
0,0075659  is  not  constant  for  rivers,  creeks,  etc.,  but,  as  in  thecsc 
of  pipea,  increases  slightly,  when  the  velocity  diminishes,  vn 
decreases,  when  the  Telocity  increases.    We  must  therefore  put 

or  to  some  similar  formula. 


i 
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The  anthor  in  the  article  quoted  in  the  remark  of  §  471  found 
from  255  experiments,  most  of  which  were  made  by  himself,  for 
English  measures 

f  =  0,007409  (l  +  -5?^^, 
and  for  the  metrical  system  of  measures 

f  =  0,007409  (l  +022«853\ 

We  see  that  this  formula  gives  for  a  velocity  (?  =  8}  feet  the 
above-quoted  mean  value  ^  =  0,007565.  In  order  to  facilitate  cal- 
culation, the  following  tables  for  the  metrical  system  have  been 
prepared : 


Velocity  c  = 

0,1 
1175 

0,2 
0958 

0,3 

0,4 

0,5 
0828 

0,6 
0818 

0,7 

t 

0803 

0,8 
0705 

0,9 
0789 

meters. 

i  Coefficient  of  re- 
sistance C  =  0,0 

0885 

0840 

Velocity  c  = 

1 

0784 

1,2 
0777 

1,6 
0771 

1 

2 
0763 

8 
0755 

4 
0752 

6  meters. 

Coefficient  of  resistance 

c=o,o 

0750 

For  English  system  of  measures  we  can  employ  the  following 
table. 


Velocity  c  - 

0,3 

0.4 

0,5 

1035 

1 

0,0 
0378 

0,7 
0944 

0,8 
0918 

0,9 
0609 

1 
0683 

U 
0636 

S 

0813 

8 

0788 

6 
07B0 

7 
0761 

10 
07551 

16  feet. 

Coofflcientofre- 
Bistanco^  =  0,0 

1S16 

1007 

07504 

These  tables  arc  directly  applicable  to  all  cases,  where  the  velo- 
city c  is  given  and  the  fall  is  required,  and  when  formula  No.  1  of 
the  foregoing  paragraph  is  employed.  If  the  velocity  c  is  unknown, 
or  if  that  is  the  required  quantity,  the  tables  can  only  be  employed 
directly  when  we  have  an  approximate  value  of  c.  The  simplest 
v.ay  to  proceed  is  to  determine  c  approximatively  by  one  of  tha 
foimulas 


=  50,9  \^  meters  or  c  =  92,  26  y  ^  feet, 


pi '""  ^    pi 

then  find  C  by  means  of  the  table,  and  substitute  the  value  so  fomid 
in  the  formula  - 
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From  the  velocity  c  we  determine  the  quantity  of  water  §  =  /  f. 

K  the  quantity  of  water  and  the  fall  are  given,  as  is  often  u:; 

case  in  laying  out  canals,  and  it  is  required  to  determine  the  tnub- 

verse  profile,  we  must  substitute  ™  =  — =:;  (see  table,  §  474)  lad 

c  =  ™  in  the  formula 
F 

h  =  0,007565  ^  .  ^  and  put 

h  =  0,007565  ^ — ~Ty  from  which  we  obtain 

2gF^ 

F  =  (o,007565  ■^f')\  I.E.  in  meters 

F  =  0,0431  ("'f  ^*)',  and  in  English  feet 

^  =  0,0368  (^y. 
From  this  we  obtain  the  approximative  yalne 

if  we  take  the  corresponding  value  of  C  from  the  table,  we  can  a'' 
culate  more  accurately 


^=(^-T^)' 


from  which  we  deduce  more  correct  values  for 

(J  =  ~  and  jt?  =  m  Vt", 

as  well  as  for  a,  },  etc. 

Example — 1)  What  must  be  the  fall  of  a  casal  1500  feet  longt  ^^ 

lower  breadth  is  two  feet,  whose  upper  breadth  is  8  feet,  and  whoae  deptli 

is  4  feet,  when  it  is  required  to  convey  70  cubic  feet  of  water  per  seocod' 

Here  

jp  =  2  +  2V4^  +  8»  =  12,  J^=  5 . 4  =  20,  tf  =  fj  =  8,5; 
hence 

f  =  0,00784  and 

X       A  r^r,aA  ^500  .  12    8,6»       86,436       ^  ^^  ^_^ 
ft  =  0,00784-20---^  =  -^  =  1'^*^ 
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2)  What  quantity  of  water  is  carried  by  a  creek  40  feet  "wide,  whose 
neozi  depth  is  4J  feet,  and  whose  wetted  perimeter  is  40  feet,  when  it  falls 
LO  inches  in  750  feet  ?    Here  we  have  approximatiyely 

.  =  02,36  V^J^-ii  =  ^^=  6.1  feet; 

lience  ^^e  can  assume  C  =  0,00705. 

We  bave  now  more  correctly 

c*  Fl,  4,5.40.10  1 

37  ^  Tip  "  5700765  :46T750Tl'3  =  177595  =  ^'^^^^  ^°^ ^  =  ®'^^  ^^*- 

The  quantity  of  water  carried  is 

(2  =  J?'c  =  4,5 .  40 .  0,05  =  1089  cubic  feet 

3)  It  is  required  to  excavate  a  ditch  8650  feet  long,  which,  with  a  total 
fall  of  one  foot,  shall  carry  12  cubic  feet  of  water  per  second.  What  must 
be  the  dimensions  of  the  transverse  section  when  the  form  is  a  regular  hex- 
agon ?     Here  m  =  2,682  (see  table,  §  474) ;  hence  we  have  approximatively 

F  =  0,0268  (2,633 .  8650 .  144)!  =  7,66  square  feet,  and 

"  =  7!^  =  ^>^^'^- 
Here  we  must  take  C  =  0,0083,  and,  therefore, 

(8650    144\4l 
0,0083 .  2,082 .  — ~ — r=  7,95  square  feet 

From  this  we  obtain  the  depth 

a  =  0,700  s/F  =  2,14,  the  lower  width 

h  =  0,877  V/''=  2,47,  and  the  upper  width 
5i  =  2.  2,47  =4,94.       ^ 

Kemabe — 1)  According  to  Saint  Vcnant,  we  can  put  accurately. enough 

h  =  0,000401  f,-  .  c?}  =  0,000401  .  2  ^7 .  «r-iV  .t.  .^  meters ; 
r  Ji      ^  g 

hence  the  coefficient  of  resistance  is 

C  =  0,000401 .  2  //  .  tr-iV  =  0,007887  r-iV, 

E,G.  for  c  =  1  meter 

C  =  0,007887 
and  for  v  =  J  meter 

C  =  0,007887  'v'i  r=  0,007887  .  1,134  =  0,008945. 

(Compare  §  428,  Remark  8.) 

2)  A  table,  which  abridges  these  calculations,  is  given  in  the  Ingenieur, 
pages  460  and  461. 

§  477.  Variable  Motion. — The  theory  of  the  variable  motion 
of  water  in  channels  can  be  referred  to  the  theory  of  uniform  mo- 
lion,  when  we  consider  the  resistance  of  friction  upon  a  small  por- 
tion of  the  length  of  the  river  to  be  constant  and  put  the  corre- 
sponding head 
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[|<n. 


=  ^ 


Ip 


V 


F  '2g 

Wc  must  also  take  into  consideration  the  vis  viva  coirespondiiig  to 
(he  change  of  velocity. 

Let  A  B  C  Dy  Pig.  808,  be  a  short  portion  of  the  channel  of  a 
river,  whose  length  A  D  =  I,  and  whose  fall  D  H  =^h\  let  r,  U 
the  velocity  of  approach  and  v,  that  with  which  the  water  flows 

away.  If  we  apply  the  laws  of  efflux  to 
an  element  D  at  the  snr&ce  of  th: 
water,  we  have  for  its  velocity  r, 


Fio.  80a 


Vi 


=  A  + 


V. 


but  an  element  E,  which  is  atnattd 
below  the  water,  has  on  one  side,  it  a 
true,  a  greater  head  A  G  ^  E  Hy  but  it  is  pressed  back  bytk 
water  below  it  with  a  head  D  E;  hence  the  effective  fell,  vhiofc 
produces  motion,  is  only  D  11=  E  H  —  E  D,  and  consequentij 
the  following  formula  holds  good  for  any  element : 

t','  -  vJ . 


h  ?= 


^ff 


if  wo  add  the  resistance  of  friction,  we  obtain 

ill  which  ;;,  i^and  v  denote  the  mean  values  of  the  wetted  pcrim- 
.»ter,  the  transverse  section  and  the  velocity.  If  F^  denote  the  an..* 
of  the  upper  and  -P,  that  of  the  lower  transverse  section,  we  can  pur 

F  =  -5— — ?  and  Q  -  F^  v,  =  F^  V;,  whence 

"^ = h  HI)'  -  (f.)'] = (^  -  >7)  h  ^ 

from  which  we  obtain 


2)  e  = 


Bv  the  aid  of  formula  1)  we  can  calculate  from  the  quantity  of 
wator  c;irriccl,  the  length  and  transverse  sections  of  a  section  of  riw 
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or  canal  the  corresponding  fall  A,  and  by  the  aid  of  formula  2)  from 
the  fall,  length  and  cross-section  the  quantity  of  water  carried.  In 
order  to  obtain  greater  accuracy  we  should  calculate  these  for  sev- 
eral small  portions  of  the  channel  of  the  river  and  then  take  the 
arithmetical  mean  of  the  results.  If  the  total  fall  onlv  is  known, 
we  must  substitute  this  value  instead  of  li  in  the  last  formula  and 
instead  of 

in  which  F^  denotes  the  area  of  the  last  cross-sectioij,  and  instead  of 

^'F,-hF,  \f;  ^  F.'h 

the  sum  of  all  the  similar  values  for  the  different  portions  of  the 
chai\nel  of  the  river. 

£i^/aiFLE.— A  creek  £fllls  9,6  inches  in  800  feet,  the  mean  value  of  its 
^wetted  perimeter  is  40  feet,  the  area  of  its  upper  transverse  section  is  70 
square  feet,  and  that  of  its  lower  is  60  square  feet.  Required  the  discbaige 
of  this  brook.    Here 

8,025  Vo;8 


«  = 


i/±  «  _!  -,  0,007565 .  5?-^-li5  (±  +  -1^ 
»^  60»        70«        »  "**'"^-     13Q      V60»^70V 

•     '^'^'^^  '^'^'^®       -.  854J  cubic  feet. 


~  V(),0b00731  +  0~0()03805  ""  V0,0()64096 

2  0  709 

The  mean  velocity  is  ^^ — -^  =  -—-  =  5,45  feet;  hence  it  is  more  cor- 

Mq  +  J^i        130 

rect  to  put  C  =  0,00768  instead  of  0,007566, 

and  therefore  we  have  more  accurately 

:_.  '^:iIL  — =r_=r  =  853,5. 


V0,0b00T31  +  0,0003416 
If  the  same  stream  has  at  another  place  the  same  amount  of  water  in  it 
and  falls  11  inches  in  450  feet,  and  if  the  area  of  its  upper  transverse  section 
ia  50  and  that  df  its  lower  60  feet,  the  mean  length  of  its  wetted  perimeter 
being  36  feet,  we  have 

_  ^  _  8,025j/o;916T 

y  m  "  5P  +  ^'^^'^^  •  ~  110"    (CO^  "  50«)      . 

=  8  025  i/^- 9^^—-  -  -  -.v.-  =  805it  cubic  teet. 

■        y  -  0,0001222  +  0,0007549 

The  mean  of  the  values  is 

O  =  m^.^^1  =  330  cubic  feet 
*  2 
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§  478.  In  order  to  obtain  the  fonnula  for  the  depth  of  ike 
water,  let  us  put  the  upper  depth  =  a.  and  the  lower  =  ff„  the  slope 
of  the  bed  =  a,  and  consequently  the  fall  of  tbe  bed  =  I  sin,  a. 
The  fall  of  the  stream  is  then 

/i  =  flo  —  «i  +  /  sin,  a; 
henco  we  have  the  equation 

whence  we  deduce 

By  the  aid  of  this  formula  we  can  determine  the  distanoe  ( 
'  which  corresponds  to  a  given  change  a,  —  ax  in  depth.  If  the  in- 
verse problem  is  to  be  solved,  we  must  resort  to  the  meihod  of 
approximation,  le.,  we  must  calculate  first  the  lengths  U  &&d  U  cor- 
responding to  the  assumed  changes  a^  —  ax  and  Ot  —  ^  of  depfii, 
^  and  then  we  must  find  by  a  proportion  the  change  of  depth  oo^^ 
spending  to  the  given  length  I  (see  Ingenieur,  Arithmetic,  §  16. 
V,  page  76). 

The  formula  can  be  simplified,  when  the  width  h  of  the  stream 
is  constant    In  this  case  we  can  put 

/I  1    V    y  _  i^„>  -  ^,«    Q'  ^  {F,  -  Fx)  {F.  +  F,)    v: 

\Fx'       F:)2g^    Fx'F,*    '2ff  F^  '2g 

=  i?^^^-^iL±^  .  1^  approximatively  =  2  i^^JZ^.f 
Oj  z  g  a,        if 

and  in  like  manner 

p    (1  ,  i\Q'  _p(f;  +  f:)  r/ 

F,  +  F,  \^.'  "^  /•.'/  %g~  {F,+  F,) F,*'%g 
approximatively  =  -^  .  ^-^  from  which  we  obtain 


,  ('•--)('-vfe) 

I  — — —1  , 


a,b    2g 
and  consequently 

^      ^      ^ '  /a  •  ^;; ""  '^*^^-  * 
^      ""       1       ^     !!?!. 

a,    2  9 
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By  the  aid  of  this  formula  wo  can  obtain  directly,  for  a  given 
distance  Z,  the  corresponding  change  (a^  —  c,)  of  depth  of  the  stream. 

•  Example.— A  horizontal  ditch  800  feet  long  and  5  feet  wide  is  required 
to  convey  20  cubic  feet  of  water  per  second ;  the  depth  of  water  at  the 
entrance  is  2  feet,  what  will  be  its  depth  at  the  end  of  the  ditch  ?  Let  us 
<livide  the  entire  length  of  the  ditch  into  two  equal  sections  and  determine 
l>y  the  last  formula  the  fall  for  each  of  them. 

Here  rin.  a  =  0,  Z  =  -r-  =  400  and  5  =  6;  for  the  first  section,  r,  = 
=  2 ;  hence  C  =  0,00813  and  ao  =  2 ;  now  since  p  =  8  J,  it  follows  that 


2.  5 


(0,00812  .  ^^  .  ^] 
«.  ~«i  =    -2~"4 -1 .  400  =-\g-i-  =  0,183  feet 

I      ^  ~2  •  2^        / 

Now  for  the  second  section  a^  =  2  —  0,183  =  1,817  and  p  is  about 

20 
=  8,2,  «i  =  Qos^  ~  ^'^^^ »  ^^^  ^^^^  '^  ^^®  second  section  will  be 

(^/v^«.«      8.3      2,20in 
1,817*     2ff        I 
hcsnce  the  entire  fall  is 

=  0,183  +  0,240  =  0,423 
and  the  depth  of  v/ater  at  the  lower  end  is 

=  2  -  0,423  =  1,577  feet  =  18,92  inches. 

§  479.  Floods  and  Freshets. — When  the  water  level  in 
rivers  or  canals  changes,  it  is  accompanied  by  changes  in  the  ve- 
locity and  in  the  quantity  of  water  carried.  A  rise  of  the  water 
level  not  only  increases  the  cross-section,  but  also  causes  a  greater 
velocity  and,  therefore,  for  a  double  reason  a  greater  discharge ;  in 
like  manner  a  fall  of  the  water  level  causes  both  a  diminution  of 
velocity  and  of  cross-section,  and  consequently  a  two-fold  diminu- 
tion of  the  quantity  of  water.  If  the  original  depth  =  a  and  the 
present  one  =  «i  and  the  upper  width  of  the  canal  =  b,  we  can 
put  the  increase  of  the  cross-section  =  5  (^i  —  «) ;  hence  the 
cross-section,  when  the  water  level  has  risen  a  distance  flj  —  o,  is 

Fi  :=  F  +  b  (ai  —  a)  and  consequently 
Ft  b  (a,  -  a) 

and  we  can  put  approximatively 


^ 
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If  the  original  wetted  perimeter  =  /?,  the  present  one  =  />,  and 

the  angle  of  slope  of  the  banks  =  0,  we  have 

2  (<r,  —  a)     , 
p^  =  p  -\ ^-, — -^  whence 

^  =  1  + 2i«.^Z:|)  and 
p  p  Sin,  0 

^    p  p  817U  6r 

J P_  =  1  _  ?iJZJ^. 
Px  p  sin,  6' 

Kow  the  velocity  for  the  original  depth  of  water  is 

c  =  92^6  y  — V,  and  for  the  present  depth  it  is  Ci=  92,26  r  - '  ■  |  • 
hence 

c  -^^  F'^  p,^V  ^       2F     )V      psiH.e) 

^  ^  \2F      p  sin.  or 

and  the  relative  cJiange  of  velocity  is 

On  the  contrary,  the  ratio  of  the  quantity  of  water  carried  br 
the  river  is 

!=??=(•-  ^-"^J  b  -  (».  - «)  {^  -  fU 

=  1  +  (fli  —  a)  (irw ^--fll> 

^  ^  \2  F       p sin. Or 

and  the  relative  increase  in  tJis  quantity  of  water  is 

3)  e-e  ^  (,,  _ ,)  /  3^ — IX 

Q  ^  ^  \2  F       p Sin.  f^f 

We  can  put  less  accurately,  but  in  many  cases,  particularly  for 
wide  canals  with  little  slope,  sufficiently  so,  -P  =  a  6  and  d^- 

1 

lect  — = — 7^  in  which  case  we  have  more  simply 
p  sin.  6r  ^  '^ 

c  ^      a  Q  "      a 

According  to  these  formulas  tJie  relative  clmnge  in  tJie  vehxit^ 
is  half  as  great  and  that  in  the  quantity  of  water  5  as  great  o^^^^ 
relative  cJuinge  in  the  depth  of  the  water. 

The  foregoing  formulas  are  only  applicable,  when  tlie  motica 
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of  the  water  in  its  cJiannel  is  permanent,  in  which  case  the  depth 
of  the  water  is  constant,  but  they  do  not  hold  good  when  the  deptli  of 
the  water  is  variable.  The  mean  velocity  in  the  same  transverse  sec- 
tion is  greater,  when  the  water  is  rising,  and  smaller,  when  the 
water  is  /ailing  than  when  the  depth  of  the  water  is  constant ; 
hence  in  the  first  case  more  water  and  in  the  second  case  less  water 
passes  through  than  when  the  motion  is  permanent. 

SxAJCFiiE — 1)  If  the  depth  of  the  water  increases  ^5,  the  velocity  is  in- 
creased ^  and  the  quantity  of  water  ^  of  its  original  value. 

2)  If  the  depth  decreases  8  per  cent.,  the  velocity  is  diminisbed  4  per 
cent,  and  the  quantity  of  water  12  per  cent. 

8)  By  the  aid  of  the  more  accurate  formula 


/U  1      \ 


Q 

we  can  construct  a  water-level  scale  K  My  Fig.  809,  upon  which  we  can 

read  off  the  quantity  of  water  passing  in  a  canal  for  any  depth  KL,  when 

we  know  the  quantity  of  water  for  a  certain  mean 

Fig.  809.  depth.    If  &  =  9  feet,  J^  =  3,  a  =  3,  and  0  =  46", 

we  have 

„      (9  +  8)  8      ,^ 

F=^  \  ^  ■  =  18  square  foet, 

^  =  3  +  2.3.V2  =  11,485,  and 
ain.  d=z  V^  =  0,707 ;  hence 

"V^  =  (iirs  -  n^i^oTTof)  («>  -  ">  =  (»•'«»  -  '''^^  (»>  -  "^ 

=  0,627  (a  I  —  a). 

If  the  quantity  of  water  corresponding  to  tho  mean  water  level  is  y  = 
40  cubic  feet,  we  have 

Q^  =  40  +  40 . 0,627  («!  —  a)  =  40  +  25  {a^  —  a). 

If  ai  —  a  =  0,04  feet  =  5,76  lines,  Ci  =  41  cu.  ft.;  if  ©i  —  a  =  0,08 
feet  =  11,52  Imes,  Q^  =  42  cu.  ft. ;  if  «!  —  a  =  —  0,04  feet,  Q^  =  89  cu.  ft, 
etc.,  a  scale,  whose  divisions  are  X  if  =  L  N  =z  5,76  lines  apart,  would 
give  the  quantity  of  water  to  a  cubic  foot.  The  accuracy  of  course  di- 
minishes as  the  difference  of  the  depth  of  water  from  the  mean  depth  in- 
creases. 

Rehabe. — The  construction  of  mill-races,  canals  for  bringing  water,  as 
well  as  the  location  of  dams,  weirs,  etc.,  will  bo  treated  of  at  length  in  the 
second  volume. 

FiKAL  Reuabe. — ^The  author  has  discussed  tit  length  the  subject  of  the 
motion  of  water  in  canals  and  rivers  in  the  Allgemcine  Encyklopadie, 
Vol.  ITj  Article  "  Bewegung  des  Wassers  in  Canalen  und  Flussen,"  and  has 
given  there  a  list  of  the  treatises  upon  this  subject  up  to  1844.  Rittingcr's 
tabulated  synopsis  of  the  experiments  upon  the  motion  of  water  in  canals 
is  contained  in  the  "Zeitschrift  des  osterreichischen  IngenieurvereiUB," 
year  1855. 


GENEBAL  PEDfCIPLES  OP  MECHANICS. 


CHAPTER    VIII. 

nTDEOMETBT,  OR  THE  THEOET  OF  MEASURTSQ  WATEB. 

§  480.  Ganging. — The  discharge  of  a  rmming  etream  within 
a  certain  time  is  measured  either  by  gauged  vessels,  by  a  di- 
(sharging  apparatus,  or  by  hydrometers..  The  most  simple  metW 
is  that  by  means  of  gauged  vessels,  but  this  is  only  applio- 
ble  to  small  quantities  of  wafer.  The  vessel  ia  most  freqnenii; 
composed  of  boards,  and  is  therefore  porallclopipedical  in  form,  an^ 
to  increase  its  strength,  it  ia  generally  bound  with  iron  Iioops.  Tb- 
manner  of  calculating  tlie  exact  contents  of  this  Tcsscl  is  giren  ii 
the  Ingenienr,  page  208.  The  water  is  brought  to  the  vcaal  bri 
trongh  E  F,  Fig.  810,  at  the  end  of  which  is  placed  a  double  clici. 
by  means  of  Which  the  water  csi 
^^'  ®'*-  bo  made  to  flow  into  the  vtsiel  cr 

alongside  of  it.    In  order  to  deier- 
mine  accurately  the  depth  of  ti; 
^     body  of  water,  we  employ  a  sA 
K  L.     If,  before  we  b^n  ife 
measurement,  we  lower  thepoiiltf 
Znntil  it  touches  the  Enrfew<f 
the  water,  which,  perhaps,  ro; 
only  cover  the  bottom,  and  rt*l 
off  on  the  scale  the  depth  of  tbi 
water,  wo  obtain  the  depth  Z  Z^  of  the  water  to  be  mcamrpd  !r 
subtracting  the  former  reading  fram  that  given  by  the  scale,  %V^- 
the  pointer  Z,  after  the  completion  of  the  observation,  isbrongbtiaii' 
contact  with  the  top  of  the  water.    The  clack  mnst  of  course  be » 
arranged  before  the  expenraent  that  water  shall  discharge  aloD^-'' 
of  the  vrss::!.    If  we  are  satisfied  that  the  influx  into  (he  trou^ 
lias  become  constant,  wc  observe  the  time  upon  a  watch  held  in  it* 
hand  and  turn  the  clack  around  so  that  the  water  irilldiscbaTgcinw 
the  vessel ;  when  the  vessel  ia  full,  or  partially  so,  wc  observe  iigsc 
upon  the  watch  the  time  and  return  the  clack  to  its  original  po- 
tion.   From  the  mean  cross-section  T^and  the  dq>(h  ^Z,  =  J-f 
the  body  of  water,  wc  calculate  the  total  discharge  V  =  Fs, ^bitl^r 


481.] 


HYDBOMETRY,  ETC. 


977 


^hen  divided  by  the  duration  of  the  influx,  which  is  the  diiference 
of  the  two  times  obseiTed  upon  the  watch,  gives  the  discharge  per 
3Cond 

«  =  T- 

Remark. — If  we  wish  to  know  at  any  time  the  discharge  of  a  variable 
tream  of  water^  we  can  employ  the  apparatus  represented  in  Fig.  811, 

which  is  often  met  with  in  salt 
Fig.  811.  works.    Here  there  are  two  meas- 

uring veseels  A  and  B^  which  are 
alternately  filled  and  emptied.  The 
water,  which  is  brought  to  them 
by  the  pipe  F^  passes  through  a 
short  tube  C  O,  which  is  rigidly 
connected  with  the  lever  i>  £J  which 
turns  about  0.  If  one  of  the  ves- 
sels, as,  E.O.,  A,  is  filled,  the  water 
fiows  through  a  small  trough  S 
and  fills  the  little  bucket  My  which 
then  draws  the  lever  down  and  the 
ape  0  G  comes  into  such  a  position  as  to  carry  the  water  into  B,  The 
aires  0  and  P  are  opened  by  cords  passing  around  pulleys  and  attached 
0  the  lever.  The  opening  of  the  valves  is  assisted  by  iron  balls,  which 
[ive  the  last  impulse  to  the  lever  when  it  is  descending.  The  buckets  M 
nd  iT contain  small  orifices,  through  which  they  empty  themselves  after 
be  lever  has  tume^.  A  counter  attached  to  the  apparatus  gives  the  num- 
ber of  strokes,  wliich  can  be  read  off  at  any  time.  Other  apparatuses  of 
he  same  sort,  which  were  employed  by  Brown,  are  described  in  Drngler^s 
i^olyt.  Journal,  Vol.  115.  In  reference  to  a  new  apparatus  for  measuring 
vater  by  Noeggerath,  see  Polyt.  Centralblatt,  1856,  No.  5.  Compare  also 
he  works  of  Francis,  Lesbros,  etc.,  which  have  been  cited.  See  also  further 
>n,  §  506. 

§  481.  Regulators  of  EGBnz. — ^Very  often  small  and  medium 
iischarges  are  measured  by  causing  them  to  pass  through  a  kfiowrh 
mfice  under  a  known  head.  From  the  area  F  of  the  orifice  and 
the  head  b  we  determine,  by  the  aid  of  the  coefficient  of  efflux,  the 

iischarge  per  second  

Q  =  fj^F  V2gh, 

Poncelef  s  orifices  are  the  best  for  this  purpose ;  for  their  coeffi- 
sients  of  efflux  are  known  (§  410)  with  great  accuracy  for  diflerent 
deads,  but  they  are  only  applicable,  when  the  discharge  is  a  medium 
Due.  The  author  employs  in  his  measurements  of  water  four  such 
orifices,  one%,  one  10,  one  15  and  one  20  centimeters  high  and  all 

62 
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20  centimeters  wide.  These  orifices  are  cut  ont  of  Las  plau.-. 
which  are  placed  upon  wooden  frames  sach  as  ^  (^  Fig.  81i  ^, 
these  frames  can  be  fastened  to  any  wall  by  means  of  fonr  strong  L-. : 
BcrewB.  But  in  niimy  cases  we  must  employ  ni> 
larger  orifices  for  which  the  coeffidcnts  of  efflni  b- 
not  been  determined  so  certainly ;  and  yery  oftin  i 
can  only  employ  overfiUls  or  notehca,, which  are  c:  _ 
lees  aceuiato.  But  in  any  case  we  ehonld  cnia:  ■ 
to  produce  both  perfect  and  complete  eoDtrarri , 
Hence,  if  the  orifice  is  in  a  thick  wall,  we  should  bevel  it  off  [.■(•.: 
the  outside.  The  corrections  to  be  applied  for  partial  and  ini-t 
plete  contraction  have  been  sufficiently  explained  in  §§  41C,  iV.- 
In  order  to  measure  the  quantity  of  water  in  a  trough,  «e  £."■" 
put  the  mouth-piece  in  its  place  and  then  wait  until  the  \: 
becomes  permanent.  In  order  to  measure  the  head,  we  can  <^ 
pioy  either  the  fixed  scale  K  L  with  a  pointer.  Fig.  813,  or  i> 
movable  one  E  F,  Fig.  814.    If  we  wish  to  obaerre  the  efflux  din^c 


Fio.  818. 


Fia.814. 


at  the  sluice  gate,  it  is  advisable  to  attach  to  the  gnides  tffo  tra 
scales  li  Cand  D  E,  Fig.  815,  with  the  pointers/' and  (JbTms^ 
of  which  wc  are  able  to  read  off  with  mm  c -" 
tainty  the  height  of  the  orifice.  It  is  almj'  ^  ■ 
ter,  when  measuring  water,  to  employ  a  i  ■ 
sluice  gate  and  new  guides  which  arc  propi^v 
beveled  outwards. 

The  most  simple  way  of  measuring  iho  ri  ■ 
in  a  trough  is  to  phieo  a  hoard  C  F,  Fii.  '"■ 
beveled  at  the  lop,  across  it  aud  to  measnro  '- 
overfall  which  is  produced.  If  the  ditch  or  trough  is  Ion:  ^^■- 
uearly  horizontal,  considerable  time  will  elapse  before  the  6^'  ■'■ 
comea  penuanenf,  and  it  is,  therefore,  advisable  befoi€  bc^icniE: 


Fio.  815. 


wM. 
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Fzo.  816. 


l\o  measnrement  to  put  in  another  board,  which  will  prevent  for 
ome  time  tlie  efflux  of  the  water  and  thus  hasten  its  rise  to  the 
leight  necessary  for  a  permanent  flow. 

In  order  to  measure  the  discharge  of  a  creek,  we  can  construct 

a  dam  A  B,  Fig.  81G,  of  boards  and 
allow  the  water  to  flow  through  an 
opening  C  in  it,  or  we  can  employ  a 
simple  overfall  or  weir  (this  subject 
will  be  treated  more  at  length  in  the 
second  volume). 

Hehabs. — The  mosj  simple  method 
of  determining  the  head  Is  to  observe  the 
position  of  the  pointer,  first,  when  its  point  touches  the  surface  of  the 
Evater,  while  the  flow  is  permanent,  and  secondly,  when  it  touches  the  sur- 
face of  the  still  water  which  is  on  a  level  with  the  top  of  the  sill.  The 
iifference  of  the  two  observed  heights  is  the  head  of  water  or  the  height 
r>f  the  water  above  the  sill.  We  must  be  careful  in  observing  the  last 
tieight  of  the  pointer  to  pay  attention  to  the  action  of  the  capillary  attrac- 
tion, in  consequence  of  which  the  level  of  the  water  may  be  1,87  lines 
above  or  below  the  sill,  before  efflux  over  the  latter  will  begin  (see  §  880). 


§  482.  We  can  easily  measure  the  quantity  of  water  carried  by 
a  canal  or  trough  A  By  Figs.  817  and  818,  in  the  following  raan- 


FI&.817. 


-v-  ,->v;rrTrg-.,  ■  .  ,  .^  ..ii.-^'  ■J 


Fig.  818. 


-^>^  '*-■"■ 


.^1. 


>-■  VCW;.  'V  >.-'  \,.>»\>l>t.>'«,S  ;x^ 


ner :  a  board,  the  lower  edge  of  tvhich  has  le<^n  beveled^  is  inserted 
in  the  trough  in  such  a  manner  as  to  leave  an  opening  between  it 
and  the  bottom  of  the  latteT,  through  which  tlic  water  will  pass. 


rrt 


This  method  has  an  advantage  over  that  in  which  overfalls  arc 
employed,  viz. :  the  water,  which  is  dammed  back,  comes  to  rest 
Ijottcr,  and  we  can,  therefrre,  measure  the  head  more  accurately. 
When  it  is  possible  to  have  a  free  efflux,  as  in  Fig.  817,  we  should 
prefer  it,  since  greater  accuracy  can  be  obtained,  but  when  the 
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quantities  of  water  are  large^  it  is  not  possible  to  preTent  tbe  wat*: 
from  rising,  and  we  are  obliged  to  be  satisfied  with  an  ef  ii 
nnder  water,  such  as^  is  represented  in  Fig.  818.  K  ^e  trouzli 
ends  but  a  short  distance  from  the  orifice,  i.e.,  if  it  fonns  s  M^. 
the  water  flows  through  it  almost  freely  and  we  have  one  of  tbe  caed 
of  Lesbros'  experiments  (§  418).  If  a  denote  the  height  and  i  li: 
width  of  the  orifice,  h  the  head  measured  to  the  middle  of  the  ori- 
fice and  ju  the  coefficient  of  efflux,  taken  from  Table  11^  §41S}Tv' 
have  the  discharge 

Q  =  Ijtab  V%gh. 

If,  on  the  contrary,  the  trough  is  long,  or  if  the  water,  vhk'a  L« 
flowing  away,  is  so  obstructed  that  its  surface  becomes  horisoDtkl 
the  water  will  pass  all  portions  of  the  cross-section  of  the  ori^ 
with  the  same  velocity,  which  is  that  corresponding  to  a  head  ^ 
to  the  difference  of  level  of  the  water  A  above  and  the  watti  I 
below  the  orifice,  and  we  have  only  to  substitute  in  (he  kur 
formula  for  It  the  difference  of  level. 

If  the  water  flows  into  the  air,  or  if  the  surface  of  the  lo^r 
water,  as  in  Fig.  817,  does  not  rise  above  the  upper  edge  of  t> 
orifice,  we  must  substitute  for  an  orifice  with  beveled  or  witl 

rounded  edges 

II  =  0,965, 
and  consequently,  when  the  depth  of  the  stream  is  a  and  its  width  i. 

Q  =  0,965  a b  i^2gh, 
or  more  accurately,  when  fli  is  the  depth  of  the  approaching  wa*^ 
and  a  that  of  the  water  flowing  away  (see  §  398), 

Q  =  0,965  a  b  ST^J^ 

When  the  efflux  takes  place  under  water.  In  which  case  the  lo^^ 
surface  of  the  water  is  above  the  upper  edge  of  the  orifice  {see  Fir. 
818),  an  eddy  is  formed  behind  the  wall  of  the  orifice,  by  which » 
efflux  is  considerably  interfered  with.  According  to  severaleipin- 
ments  of  the  author,  for  an  orifice  with  a  sharp  edge  we  must  y^ 
as  a  mean  value,  \i  =  0,462, 

and,  on  the  contrary,  when  the  edge  is  rounded  offinthefhay^ 
quadranty  fi  =  0,717. 

Example.— In  order  to  find  the  discharge  of  a  trough  -4 ^ Fig. ^1^' 
Bbarp-edged  board  CD  was  placed  in  it  and  an  efflux  under  water  f« 
thus  produced ;  the  following  observations  were  then  made.  Vidth  c*- 
orifice  or  trough  6=8  feet,  height  of  orifice  or  distance  C  i?  of  the  edge  t- 
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of  the  board  above  the  bottom  of  the  troagh  a  =z  Q  inches,  length  of  the 
pointer  Z  above  the  orifice  h^  =  0,445  feet,' length  of  the  pointer  Z^  below 
the  orifice  A,  =  1,073.    Hence  the  difference  of  level  is 

ft  =  A,  -  A^  =  1,073  -  0,445  =  a,628  feet, 
and  the  required  discharge  is 

Q  =  0,462  .  8,025  . 8  .  0,5  Vk^  -  h^  =  5,50  y/O^S  =  4,40  cubic  feet. 

§  483.  If  the  coeflBcient  of  cfBiix  were  always  the  same  for  sim- 
ilar cross-sectioDS,  the  triangular  or  two-sided  notch  ABC,  Fig.  819, 
would  have  a  great  advantage  over  the  notch  with  a  horizontal  sill ; 

but  this  assumption,  as  we  have  seen  in  the 
case  of  circular  apertures,  is  not  correct  for 
small  orifices,  and  only  approxiAiatively  so  for 
large  ones.  Professor  Thomson,  of  Belfast, 
recommends  such  notches  as  useful  for  measur- 
ing water.  From  the  width  A  B  =  b  and  the 
height  C  D  =  h,  wo  obtain  tho  discharge 

«  =  A  ^  VaTA  (see  §  402), 
and  if  we  pnt,  with  Prof.  Thomson,  the  coefficient  of  efflux  fi  =  0,019, 

Q  =  0,33  ^  V2jh  =  0,132  i  h*  cubic  fecffc. 

Orifices,  so  shaped  that  the  discharge  through  them  shall  be 
proportional  to  their  height,  are  useful  in  meaeuring  water.  If  they 
are  provided  with  a  sluice-gate  the  height  of  the  opening  is  the 
measure  of  the  discharge.  Let  the  head  above  the  upper  edge  of 
such  an  orifice  A  B  C  D,  Fig.  820,  he  0  A  =  h,  the  length  of  this 

edge  he  A  B  =  b,  that  of  the  lower  edge, 
C  D  =  bi,  and  the  height  of  the  orifice, 
AD  =  a.    Horizontal  lines  at  the  distance 

-  from  each  other  will  divide  this  orifice 
n 

into  strips  of  equal  height,  and  the  dis- 
charge ™  through  each  of  them  should  be 

the  same.  For  the  upper  strip,  whose  width 
is  b  and  for  which  the  head  is  A,  we  have 

Q 


Fia.  830. 


=  !i^*^7I, 


n        n 


and,  on  the  contrary,  for  another  strip  at  a  distance  0  M  =  xhe^ 
low  the  surface  of  the  water,  whose  width  Jf  JV  =  y, 
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n        n 
equating  these  two  values  of  ~,  we  obtaiii 


y  Vx  =  b  Vh,  or 


b        ^    X 

The  curve  B  N  C,  which  bounds  the  orifice  on  the  aide,  bek:r 
to  one  of  the  system  of  curves  discussed  in  Article  9  of  the  br- 
duction  to  the  Calculus ;  its  asymptotes  are  the  horizonbl  \jr 
0  I"  and  the  vertical  one  0  X, 

From  Qy  h  and  a  we  obtain  . 

1)  the  tipper  width  of  the  orifice  b  =  — %=r.i 


=»v?-. 


2)  the  width  of  orifice  at  the  depth  a-,  y 

3)  the  lower  width  of  the  orifice  J^  =  J  y  v-- — . 

The  area  of  the  orifice  is 

F=2b(i^'h{h  +  a)  -A), 
and  consequently  the  mean  head  is 

^_  L(QX^( _? V  * 

'^-2(/lW-\|/7r(77T^-A/  '2- 

If  the  orifice  is  provided  with  a  sliding  gate,  when  it  is  raisec  i 
distance  D  M  =  ai,  it  gives  an  orifice  of  efflux  M  C,  the  discla: 

through  which  ia  Qi  —  —  Q. 

§  484.  Prony's  Method.— As  considerable  time  often  eUp^ 
before  the  flow  of  the  water,  which  has  been  dammed  back> 
comes  permanent,  the  following  method,  praposed  by  Pron-jM- 
often  be  employed  with  advantage.  We  begin  by  closing  i- 
orifice  completely  by  means  of  a  sluice-gate,  and  we  wait  unul  :- 
water  has  risen  to  a  certain  height,  or  as  high  as  circumstane 
will  permit;  we  then  open  the  gate  enough  to  allow  more  wattrt 
be  discharged  than  is  arriving,  and  we  measure  the  lieight  of  tlx 
water  at  equal  intervals  of  time,  which  should  be  as  small  asp* 
sible ;  finally,  we  close  the  orifice  again  perfectly  and  observe  tr 
time  ^1  in  which  the  water  rises  to  its  former  height  Now  dnnD: 
tlic  lapse  of  the  time  t  +  ii  the  same  quantity  of  water  has  <'^ 
course  arrived  and  been  discharged ;  hence  the  quantity  of  vati- 
.which  arrives  in  the  time  ^  +  ^,  is  equal  to  the  discharge  in  ^^' 
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time  L    If  the  heads,  while  the  level  of  the  water  waa  sinking,  were 
K9  ^19  ^iy  ^9}  ftnd  A4,  we  havo  the  mean  velocity 

V  =  -^^  (VT,  +  4yi;  +  2l^  +  4yT3+  iHu)  (see  §  453), 

and  if  the  area  of  the  opening  of  the  sluice  is  F,  the  discliarge  in 
the  time  t  is 

hence  the  quantity  of  water  arriving  in  a  second  is 

Example. — In  order  to  measure  the  quantity  of  water  in  a  brook,  which 
we  wish  to  employ  to  turn  a  water-wheel,  the  stream  was  dammed  up  by  a 
—  wall  of  boards,  as  is  represented  in  Fig.  816,  and  after  opening  the  rec- 
tangular orifice  in  it,  we  made  the  following  observations :  initial  head,  2 
feet;  after  30",  1,8  feet;  after  60",  1,55  feet;  after  90'',  1,3  feet;  after  120", 
1,15  feet;  after  150,",  1,05  feet;  and  after  180",  0,9  feet;  width  of  the  ori- 
fice =z  2  feet,  height  =  ^  foot,  time  required  for  the  water  to  rise  to  former 
level  110".    In  the  first  place  the  mean  velocity  is 

8  025      -  

c=;-^(V2  +4lVT^  + 2^/1^5  +4Vl,8  -|-  2  Vl^^  +  4.VTfiS  +  VOJO) 

=  0,4458  (1,414  +.  5,864  +  2,490  +  4,561  +  2,145  +  4,099  +  0,949) 

=  0,4458 .  21,022  =  9,872  feet 

But  jP*  =  2  .  ^  =  1  square  foot,  the  theoretical  dischar^^c  is,  therefore, 

==  9,372  cubic  feet.    If  we  assume  that  the  coefficient  of  elHux  =  0,61,  we 

obtain  the  required  quantity  of  ws'.ter 

0,61  .  180 
Q  =     '         ^^^  .  9,372  =  8,548  cubic  feet. 

§  485.  Water-inch. — ^Whcn  we  are  required  to  measure  small 
quantities  of  water,  we  often  allow  it  to  discharge  under  a  given 
head  through  circular  orifices  in  a  thin  plate,  which  are  one  inch 
in  diameter.  We  call  the  discharge  through  such  an  orifice,  under 
the  smallest  pressure,  i.e.  when  the  surface  of  the  water  is  one  line 
above  the  uppermost  part  of  the  orifice,  a  water-inch  (Fr.  pouce 
d*eau ;  Ger.  WasserzoU  or  BrunnenzoU).  The  French  assume  that 
a  water-inch  (old  Paris  measure)  corresponds  to  a  discharge  in  24 
hours  of  19,1953  cubic  metera,  or 

in  1  hour,  0,7998  cubic  meters,  and 
in  1  minute,  0,01333  cubic  meters ; 
but  the  older  data,  given  by  Mariotte,  Couplet,  and  Bossut,  difier 
considerably  from  the  above.    According  to  Hagen,  the  water-inch 
(for  Prussian  measure)  discharges  520  cubic  feet  in  24  hours,  or 
0,3611  cubic  feet  in  a  minute.    Prenyls  double  water  modulus  (or 
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"  nouveau  pouce  d'eau"),  which  correspontls  to  an  orifice  2  (ti  ;■ 
meters  in  diameter,  under  a  pressnre  of  5  cenrimetere,  and  win 
discharges  20  cubic  meters  in  24  hours,  has  not  been  adopts  j  :- 
eraUy.  , 

The  observations  can  bo  made  with  more  certainty  wtif:Q  t 
have  a  greater  head ;  it  is  simpler  to  make  this  licad  ci][ial  [) :!: 
diameter  1  inch  of  the  orifice.  According  to  Bomemann  and  si- 
ting, such  a  water-inch  passes  daily  G42,8  cnbic  ioLi  (Pm^siori  ; 
wat«r  (see  the  Ingenieur,  page  4C3). 

The  apparatus,  by  which  we  meamro  the  wnter  with  the  aii  :' 

the  water-inch,  is  represented  in  Fig.  821.    The  water  to  be  tns.- 

urod  is  diacharged  from  i: 

^°-  831-  pipe  A  into  a  boi  B.  fr  - 

nbich   it   passes   (bn's:. 

holes,  made  in  the  pir- 

tion  C  X>  below  the  tr  i 

of  the  watec,  into  th.'  \< : 

E;   fVom  it  (he  water  i- 

discharged  through  cin-, 

lar  orifices  F  one  inch  z 

diameter,  which   are  ir 

out  of  sheet  iron,  into :: 

reservoir  G.    To  preserve  the  level  of  the  water  1  line  abotc  .. 

top  of  the  oriiice  we  must  have  a  sufficient  number  of  boks,  a  {<  - 

tion  of  which  are  closed  by  stoppers.    We  employ  for  more  ai~ 

rate  deteiininations  in  addition  the  orifice  F,  which  allows  j.  J' 

a  water-inch  to  pass  through.     When  the  quantity  of  water  is  i-" 

great,  we  divide  it  into  several  portions  and  measure  in  (his'C 

but  one  portion,  as,  E.O.,  a  tenth.    This  division  is  easily  acem- 

plislied  by  conducting  the  water  into  a  reservoir  with  a  ceni: 

number  of  orifices  on  the  same  level  and  catching  the  water  dtli'- 

ered  from  one  of  the  orifices  only  in  the  above  appaistus. 

Rbkakk. — We  can  also  emplnj  cocks  and  other  regulating  sppirilo» 
for  meaauring  water,  when  we  know  the  coefficienta  of  rcastiDW  wn^ 
sponding  to  cverj  position.  If  A  is  the  head,  /"thecroBS-eectionofiliep?* 
and  fi  the  coefficient  of  efflux  for  the  cock,  when  fully  open,  we  ha«  ■■' 
discharge 

Q  =  fiF  -J^gb, 
or  inversely 


'  ^-Jifh 


'"^7  =  (f)''''*- 
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Kow,  if  we  put  the  coefScieot  of  resiatance  for  a  certain  position  of  the 
cock,  which  ma;  be  taken  fiom  one  of  the  tables  giTen  previoiuly,  =  ^ 
'^ve  liave  the  coirespondiog  discharge 


7\  /  '^"'^  _/'JVagA^      Q 


We  can  coDBtnict  from  the  above  formal^  a  cooTenient  table,  and  we 
have  only  to  glance  at  it  when  we  wish  to  know  the  discha^  correBpond- 
ing  to  a  certain  podtinn  of  the  eock.  If,  e.o.,  ;*  =  0,7  and  J",  =  4  square 
inches,  we  hare 

n    _  ^TjJjlI?  .  8.025  VX 


=  869,64  /^-j-A__  enbic  inches, 


Vl  +  0,4»  i 
or,  if  A  is  constant  and  =  1  foot, 
^      869,64 
~  ViT'0,49"(' 
Now  if  the  cook  is  turned  5°,  10°,  15°,  80°,  25°,  etc,  the  coeScieots  of 
resistance  are  0,067,  0,298,  0,768,  1,669,  B,096,  and  the  correspondiog  dis- 
charges are  266,  868,1,  280,8,  208,  170  cubic  inches. 

%  486.  In  order  to  regulate  the  efflns  throngh  an  orifiee  F, 
Fig.  822,  we  employ  either  a  cock  or  valve  A,  Fig.  822,  which  is 
Fia.  822.  Fio.  623. 


regulated  by  means  of  a  lever  and  a  float  K,  so  that  the  same  quan- 
tity  of  water  ia  discharged  through  B  as  through  F. 

The  discbarge  of  water  from  a  reservoir  B  D  E,  Fig,  S23, 
through  a  lower  orifice  or  tube  D  can  be  regulated  by  means  of  a 
wide  overfall  B,  since  a  moderate  change  in  the  quantity  of  water, 
discharged  throngh  A,  will  produce  but  a  slight  change  in  the 
height  of  the  water  above  the  sill  B\  hence  the  angmentation  of 
the  head  of  the  orifice  of  efQnx  will  be  inconsiderable. 

Let  /"denote  the  area  of  the  orifice  D,  A  the  height  of  the  Bill 
of  the  overfall  above  the  middle  of  the  orifice  and  k,  the  height  of 
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tlie  aurfiiGo  of  the  water  above  the  some  silL    We  have  the  dis- 
charge through  D 

Q  =  jiFV-ZgiJi  +  A,), 

when  the  coefficient  of  efflux  la  (t.    Substituting  the  head  h,  aboi; 
the  weir,  which  can  be  determined  from  the  discharge  ^i,  tht  widih 
5,  and  the  coefficient  of  efflux  ^i  by  means  of  the  equation 
Qy  =  %  Hi  b,  Vs  g  k,\  or  by  the  fornmla 

we  obtain  the  expreasion 

fram  which  it  ia  easy  to  see  that  Q  varies  lesa  with  Q„  the  greatt: 
the  \-alue  of  A  is  and  the  greater  the  width  b,  of  the  overfall  is. 

Tlie  width  b  of  the  overfall  can  be  easily  increaBed  by  gi'ingi' 
a  curved  form  lilte  BOB,  Fig,  824.    The  discharge  throng  rfe 
orifice  /y  is  then  slmcf; 
._5^-®t  constant,  althongh  (1 

Ai^BL^y^v^  quantity  of  water  Boe- 

ing in  may  be  verr  re- 
liable ;  for  the  teiglii  ■-'. 
the  water  above  theliu: 
curved    sill    is  al";: 
small  compared  with  th. 
height  of  this  all ak'- 
the  orifice  of  cffini. 
BBM.utK.— Such  an  npparatna  for  dividing  tlie  water  was  cmslrDii-- 
nf  s!ie?t  iron  for  the  WerrterffKien  at  Freiberg  by  Oba-haiitmeister  &tw'- 
krug.    It  discharges  thrwugb  n  rectangular  iirillee  D,  wliich  is  5  ftit  te" 
and  1  foot  liigb,  aimnst  invoriablj  40  cubic  feet  of  water  per  second.  cfc-> 
the  remaiaing  water  pusses  ever  the  overfall,  the  eill  of  which  lies ;  b' 
above  the  upper  edge  of  the  oriQce,  and  flows  on  in  the  ditch  to  ^feif " 
ia  wanted, 

§  487.  Hydrometric  Ooblet — We  can  employ  to  bmkw 
Email  quantities  of  ruiining  water  the  small  vessel,  represenWis 
Fig.  835,  ivhicb  I  have  allied  the  hydromelHc  goblet.  This  iastrv- 
mpiit  consists  of  a  tube  B,  12  inches  long  and  3  inches  in  iliamiW 
with  a  funnel-shr.ped  mouth-piece  A,  and  of  a  vessel  D,  5  iach^i 
high  and  C  inches  wide,  which  is  unit«d  to  .B  by  an  iatermc(ii»'< 
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Fig.  825. 


conical  piece  C,  This  vessel  has  an  orifice  L  L  m  the  side,  in 
wliich  we  can  insert  mouth-pieces  containing  different  sized  circu- 
lar orifices  in  a  thin  plate.  The  instrument  is  held  by  means  of 
the  handle  H  under  the  water  Sy  which  is  being  discharged,  E.O., 

ifrom  tlio  pipe  -ff,  and  the  water  thus  caught 
is  allowed  to  discharge  itself  through  the  ori- 
fices L  L.  In  order  to  tranquilize  the  water 
in  the  vessel  a  fine  sieve  or  wire  gauze  is 
placed  in  the  reservoir  D,  and  in  order  to  ob- 
serve the  head  of  the  water  a  glass  tube  0  P, 
which  is  placed  close  to  a  brass  scale  and  ends 
a  half  an  inch  from  the  bottom  of  the  vessel, 
is  added  to  it  From  the  observed  head,  the 
kno^vn  cross-section  of  the  orifice  and  the 
corresponding  coeflBcient  of  efflux,  we  can  cal- 
culate the  discharge  by  means  of  the  formula 

Q  =  fiF  V2jh. 

If  wo  prepare  a  small  table,  we  can  spare 
ourselves  this  calculation  and  the  only  opera- 
tion, which  we  are  required  to  perform,  is  a 
simple  interpolation  between  the  values  in  the 
table.    If  d  is  the  diameter  of  the  orifice, 


F  = 


n  cT 


,  and  therefore 


Q=-^^(r  V%Jli  =  ?'--  V¥Jj .  d'  VK. 


The  discharge  Q  is  double,  when  the  cross-section  or  d^  is  double, 
or  when  the  head  is  four  times  as  great.  If  we  so  arrange  the  in- 
strument that  the  maximum  head  shall  be  four  times  the  minimum ; 
if,  E.O.,  the  former  is  12  and  the  latter  3  inches,  and  if  we  employ  a 
scries  of  orifices  whose  diameters  form  the  geometrical  series 

d,  Vi  dy  2  dy  2V2d,4:  d,  etc. 
I.E.        ^      d,  1,414  dy  2  dy  2,828  J,  4  d,  etc., 

we  obtain  a  means  of  measuring  all  discharges  from  the  minimum 
given  by  the  smallest  orifice  -with  the  diameter  d  under  the  smallest 
bead,  to  the  maximum,  given  by  the  largest  orifice  with  the  diam- 
eter Vn  ^d  under  the  greatest  head  4  h. 
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If  we  assume  for 


L 

n. 

m. 

IV. 

V. 

VL         TE 

fl  = 

i 
=  0,1250 

tV2 
=  0,1768 

=  0,2500 

JV2  ' 
=  0,8585 

=  0,5000 

^  -/2    ,  1  inch 

=  0,7071;=  roco^i 

1 

0,690 

0,676 

0,660 

0,647 

0,685 

0,627        0,«2(» 

we  can  calculate  the  following  useful  table. 

Table  of  the  hourly  dieeiharge  in  cubic  feet /or  ihefdUowing  er\fieet> 


Head  h  in  inches. 

L 

n. 

III 

IV. 

V. 

VL 

Vli 

8 

0,86 

1,66 

8,25 

6,87 

12,51 

24,70 

48,85 

4 

0,98 

1,92 

8,75 

7,86 

14,44 

28,52     56.40 

5 

1,10 

2,14 

4,19 

8,28 

16,15 

31,89     6a06 

6 

1,20 

2,85 

4,60 

9,01 

17,60 

84,93     69.0$ 

7 

1,80 

2,54 

4,96 

9,78 

19,10 

87,78 

74,61 

8 

1,89 

2,72 

5,81 

10,41 

20,42 

40,88 

79," 

9 

1,47 

2,88 

6,68 

11,04 

21,66 

42,78     84,60 

10 

1,65 

8,03 

5,98 

11,65 

22,84 

45,09 

89,1S 

11 

1,68 

8,18 

6,22 

12,20 

28,95 

47,30 

9a53 

12 

1,70 

8,82 

6,50 

12,74 

25,01 

49,40 

97,69 

18 

1,77 

8,46 

6,77 

18,26 

26,04 

51,43 

■ 

101,»; 

The  manner  of  using  this  table  is  shown  by  the  following 
example. 

Example.-— -In  order  to  determine  the  quantity  of  water  farnisbed  by  a 
spring,  the  water  from  it  was  caught  in  a  bydrometric  goblet,  and  it  ns 
found  that  a  state  of  permanency  occurred  when  the  efflux  took  place 
through  the  orifice  V  (one  half  inch  in  diameter)  under  a  head  d  10,4 
inches.    According  to  the  table  for  A  =  10  inches 

Q  =  22,84  cubic  feet  per  hour,  • 

and  for  A  =  11  inches 

Q  =  28,96  cubic  feet, 
consequently  the  difference  for  one  inch  is  1,11  cubic  feet,  andfor0,4ioclia 
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0,4  . 1,11  =  0,444,    Hence  the  discharge  under  the  head  A  =  10,4  inches  is 
Q  =  32,84  +  0,444  =  28,284  cubic  feet 

g  46iB.  Floating  Bodies. — The  discharge  of  larsre  creeks, 
canals  and  rivers  can  oiJy  be  meafinred  by  meana  of  hydrometers, 
wliich  indicate  the  velocity.  The  aimplest  of  these  iuBtnimcnts  are 
floating  bodiea  (Pp.  flottenra ;  Ger.  Schwimmer).  We  can  use  any 
floating  body  for  thia  purpose,  but  it  is  safer  to  employ  bodies  of 
raedinm  size  and  of  but  little  less  speciHc  gravity  than  the  natcr 
itself  Bodiea  whose  volumes  arc  about  ^\  of  a  foot  are  quite  large 
enough.  Very  large  bodies  do  not  easily  assume  the  velocitj'  of  the 
water,  and  very  small  bodies,  particularly  when  they  project  much 
above  the  level  of  the  water,  are  ensily  disturbed  in  their  motion  by 
accidental  circDmstances,  such  aa  the  wind,  eta  A  simple  piece  of 
wood  is  often  employed,  but  it  is  better  to  cover  the  wood  with  a 
light-colored  paint;  hollow  floats,  such  as  glass  bottles,  ehcct- 
iron  balls,  etc.,  are  better ;  for  wo  can  fill  them  partially  with  water. 
Floating  balls  are,  however,  most  generally  employed.  They  are 
made  of  sheet  brass  and  are  firom  4  to  13  inches  in  diameter;  to 
prevent  their  being  lost  sight  of,  they  are  covered  with  a  coat  of 
light-colored  oil  paint.  Such  a  floating  hall  A,  Fig.  886,  gives  the 
velocity  at  the  surface  only,  and  often  only  that  in  the  axis  of  the 
stream.  By  nniting  two  balls  A  and  S,  we  can  find  also  the 
velocity  at  different  depths.  In  this  case  one  ball,  which  is  to  be 
submerged,  is  filled  with  water,  and  the  other  contains  enough  to 
prevent  more  than  a  small  portion  of  it  from  projecting  above  the 
level  of  the  water. 
FiQ^fl-  ^«'837-  The   two   balls   are 

S^^^^^^  united  by  a  string, 

chain.  We  first  de- 
termine by  a  single 
ball  the  superficial 
velocity  <■„,  and  we 
then  determine  the 
mean  velocity  c  of  the  two  connected  balls ;  now  if  wc  denote  the 
velocity  at  the  depth  of  the  second  ball  by  c„  we  can  put 

c  =  -°  1"  "',  and,  therefore,  inversely,  Ci  =  2  c  —  e,. 

If  we  unite  the  balls  Buccessively  by  longer  and  longer  pieces 
of  wire,  we  obtain  in  this  way  the  velocities  at  greater  and  greater 
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depths.    The  mean  Telocity  of  a  perpendicular  is  determined  U 
allowing  the  second  ball  to  swim  near  the  bottom  and  patting 

c,  4-  c. 


^=2^ 

it  is  more  accurate,  however,  to  take  the  mean  of  all  the  obserrc  J 
velocities  in  the  perpendicular  as  the  mean  velocity. 

To  obtain  the  mean  velocity  m  a  pei-pendicular,  a  floating  Ftaf 
A I  Bi,  represented  in  Fig.  828,  is  often  employed,  and  it  is  v^n 

convenient^  when  it  is  used  for  mea^ 
urements  in  canals  and  ditches,  to  iiai. 

'•  ■^Hfe^Lj^^r^^'*^!!, fer-^^^^  ^^  made  of  short  pieces  which  can  l<f 
'f5^  r^'^^t^E^_ -|ai^;^^  screwed  toffcther.  The  one  iiseJ  I- 
n^  -  i§-^=^=fc£^2}  t'^<2  author  is  composed  of  15holl7 
r^^^^j^^:^;;:  -^;1  pieces,  each  one  decimeter  long,  h 

fS^^D^Si^Jr^  order  to  make  it  float  nearly  perpeir 

£  1^  fei^S  tS^e^^  dicularly,  the  lower  part  is  filkd  vith 
i^^^^^-r^^^^s^^^^SEHU    enough  shot  to  prevent  more  than  tb; 

head  from  projecting  above  the  water. 
The  number  of  pieces  to  be  screwed  together  depends,  of  corns?, 
upon  the  depth  of  the  canal. 

We  observe,  when  using  the  floating  staff  and  the  connect^] 
balls,  that,  when  the  movement  of  water  in  channels  is  net  impeiJ. 
the  velocity  at  the  surface  is  greater  than  that  at  the  bottom;  for 
the  top  of  the  staff  and  the  uppermost  ball  are  always  in  advane\ 
It  is  only  when  the  channel  is  contracted,  as,  E.G.,  by  piers  uf 
bridges,  that  the  opposite  phenomenon  is  observed. 

Remahk.— Generally,  and  particularly  with  large  floating  bodies sacb 
as  ships,  etc ,  the  velocity  of  the  floating  body  is  somewhat  greater  tbjz 
that  of  the  water ;  this  is  owing  less  to  the  fact  that  the  body,  in  fitiatisp 
slides  down  an  inclined  plane  formed  by  the  surface  of  the  water,  than  t-i 
the  fact  that  it  does  not  participate,  or  at  least  only  partially  so,  in  the  b 
regular  internal  motion  of  the  water ;  this  variation  is,  however,  so  siigbt 
when  the  floating  bodies  arc  small,  as  to  bo  negligible. 

§  489.  Determination  cf  the  Velocity  and  of  the  Cress- 
section.— We  find  the  velocity  of  a  floating  ball  by  observing  ^ 
means  of  a  good  watch  with  a  second-hand  or  by  means  of  a  hal i- 
second  pendulum  (§  337)  the  time  t,  in  which  it  describes  thedi- 
tance  A  B  =  s,  Fig.  829,  which  has  been  previously  measarcd  cnl 
staked  off  on  the  shore.   The  required  velocity  of  the  sphere  is  thin 

c  =  y    In  order  that  the  time  i  shall  correspond  exactly  to  the 
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cListance  measured  on  the  shore,  it  is  necessary  to  put  two  rods  C 
£Lnd  Dy  by  means  of  a  suitable  instrument,  in  such  a  position  upon 

the  other  side  of  the  river  that  the 
lines  C  A  and  D  B  shall  be  perpen- 
dicular to  A  B.  Placing  ourselves 
behind  A,  we  note  the  instant  the 
float  K,  which  has  been  placed  in  the 
water  some  distance  above,  anives  at 
the  lino  A  C,  and  then  passing  be- 
hind B,  we  observe  upon  the  watch  the  instant  that  the  float  ar- 
rives at  the  line  B  D;  hj  subtracting  the  time  of  the  first  observa- 
tion from  that  of  the  second,  W3  obtain  the  time  f,  in  which  the 
space  s  is  described.  In  order  to  determine  the  discharge  Q  =  Fc, 
-w'e  must  know,  besides  the  mean  velocity  c,  the  area  i^  of  the  cross- 
section.  To  find  this  area,  it  is  necessary  to  know  the  v/idth  and 
the  mean  depth  of  the  water.  The  depth  is  measured  by  a  gradu- 
ated sounding-rod  A  B,  Fig.  830,  the  cross-section  of  which  is 
elongated  and  the  foot  of  which  is  formed  by  board ;  when  the 
depth  is  great,  we  can  make  use  of  a  sounding-cliain,  to  the  end  of 
which  an  iron  plate  is  attached,  which,  when  the  measurement  is 
being  made,  lies  upon  the  bottom.  The  width  and  the  abscissas  or 
distances  from  the  shore  corresponding  to  the  depths  pleasured  ar 

Fig.  830.  Fig.  831. 


I? 


^:r^ 


c 


easily  found  for  canals  and  small  creeks  E  F  G, 
Fig.  831,  by  stretching  a  measuring  chain  A  B  or 
kying  a  rod,  etc.,  across  the  stream.  When  the 
river  is  wide,  we  make  use  pf  a  plane-table  M, 
placed  at  a  proper  distance  A  0  from  the  cross- 
section  E  Fy  Fig.  8S2,  to  be  measured.  If  a  o 
upon  the  plane-table  is  the  reduced  distance  A  0 
♦  f  the  fixed  points  A  and  0  from  each  other,  and  if  we  have  placed 
r;  0  in  the  direction  A  0,  and  thus  made  the  direction  a  fof  the 
width,  which  had  been  drawn,  previously  to  putting  the  plane-table 
in  position,  parallel  to  the  line  A  F  to  he  measured  off,  each  line 
of  sight  towards  the  points  E,  F,  G,  etc.,  in  the  transverse  profile 
cuts  off  upon  the  table   the  corresponding  points  c,  f,  n,  and 
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Fig.  882. 


a  By  afi  a  g,  etc.,  are  the  distances  A  Ey  A  F^  A  Gf  etc,  upon  the 
reduced  scale.  When  using  the  sounding-rod  to  measure  tk 
depth,  it  is,  therefore,  not  necessary  to  measure  the  distance  of 

the  corresponding  points  from  the 
shore ;  for  the  engineer,  who  u  ai 
the  plane-table,  can  sight  at  the 
sounding-rod,  when  it  is  placed  in 
the  Une  E  F. 

Now  if  the  width  E  F,  Fig.  831, 
of  a  transrerse  profile  is  made  np 
of  the  portions  fti,  3{,  }h»  etc^  ^ 
if  the  mean  depths  of  these  por- 
tions are  ai,  Ot,  (hj  and  the  mean  yelocities  Ci,  Cf,  c^  etc.,  we  han 
the  area  of  the  cross-section 

F=  Oibi  +  a,  Js  +  fla  *j  +  . .  ^ 
the  dischaige 

Q  =  (i\b\  Ci  -^(kifCt  +  ih^iCi  +  m*^ 

and  finally  the  mean  Telocity 

Q        ^1  Ji  C|  4-  fl«  Jj  Cj  +  . .  • 

F  «!  fti  +  a,  ftj  +  . . . 

Example. — Upon  a  pretty  straight  and  constant  portion  of  a  rinrtii 
following  observations  were  made : 


1 

Feet 

5 
3 

1,9 

Feet 

Feet 

Feet     f«t 

At  the  centre  of  the  divisions  of  the  width 

the  depths  were 

the  mean  velocities  were 

12 

6 
2,8 

20 
11 

2,8 

15       7 

8      4 
2,4    2,1 

The  area  of  the  cross-section  is 

F=  5  .  8  +  12  .  6  +  20  .  11  +  16  .  8  +  7  .  4  =  455  square  feet, 
the  discharge  is 
e  =  15  . 1,9  +  72.  2,3  +  220.2,8  +  120.2,4  +  28.2,1  =  1156,9 cnlnc {eel 

and  the  mean  velocity  is 

1156,9      ^  ^ .  ^_^ 

§  490.  Woltmaim's  Bilill  or  Tachometer— The  best  iir- 
drometeris  WoUmann's  tachometer  or  WoZ^wia«n'«i/iffl(Fr.Moulinei 
de  Woltmann ;  Ger.  hydrometrisches  Flugelrad.  von  WoltmaM/. 
Fig.  833.    It  consists  of  a  horizontal  shaft  A  B  with  from  %  to*^ 
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surfaces  or  vanes  F,  inclined  to  tho  direction  of  tlie  axis;  when 
nunersed  in  wut«r  and  held  opposite  to  the  direction  of  motion,  it 


indicates  by  the  number  of  its  reTOlutions  the  velocity  of  Uic  run- 
ning wat«r.  To  enable  ua  to  count  the  number  of  revointiona  tlic 
shaft  has  cut  upon  it  a  curtain  number  of  threads  of  an  endless 
screw  C,  which  work  into  the  teeth  of  a  cog-wheel  D,  wliicli  indi- 
cates, by  means  of  a  pointer  and  fignres  engraved  upon  the  wheel, 
tlie  nnmber  of  revolutions  of  the  wheel  F.  As  we  oft^n  wish  to 
register  a  great  number  of  revolutions  the  shaft  of  tlic  cog-ivheeJ 
ifuries  a  pinion,  which  takes  into  another  cog-wheel  E,  upon  wliicli 
We  can  read  off,  aa  upon  ttie  hour-hand  of  a  watch,  mHUt]ilcB- 
(e.o,,  five  or  tenfold)  of  the  number  of  revolutiona  of  the  vanes. 
IC  for  example,  both  cog-wheels  have  50  teeth  and  the  pinion  hiia 
10,  the  second  wheel  will  turn  one  tooth,  while  the  first  moves  live, 
or  the  shaft  of  the  vane  wheel  makes  five  turns.  When  the  iwinter- 
<'f  tho  first  wheel  is  at  27  =  25  -h  2  and  that  of  the  second  at  3a,. 
the  corresponding  number  of  revolutions  of  tlie  vanc-wheel  is 
=  33  .  5  +  2  =  163. 
The  entire  instrument  with  a  slieet  iron  vane  is  screwed  to  a. 
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pole,  SO  that  it  may  easily  be  immersed  and  held  in  the  water,  h 
order  to  prevent  the  gearing  from  turning  except  during  the  dm- 
of  the  observation,  its  shafts  run  in  beaiings  placed  upon  a  k\ : 
G  0,  which  is  pressed  down  by  means  of  a  spring,  so  that  the  Us:: 
of  the  first  cog-wheel  do  not  take  into  the  endless  screw  oiwit 
when  the  string  G  B  is  drawn  upwards.  The  number  of  revoV. 
tions  in  a  given  time  is  not  exactly  proportional  to  the  velocitr  f 
the  water ;  hence  we  cannot  put  r?  =  a  .  w,  in  which  u  is  the  zm- 
ber  of  revolutions,  v  the  velocity  and  a  an  empirical  number,  h: 
we  must  put 

V  =  V,  +  a  «, 

or  more  accurately 
or  still  more  accurately 

in  which  v^  denotes  the  velocity  of  the  water,  when  it  ceases  & 
move  the  vanes,  and  a  and  j3  are  numbers  to  be  determined  h 
experiment  The  constants  v^y  a,  p  must  be  determined  foreaci 
particular  instrument.  By  their  aid  a  single  observation  giTcstk* 
velocity,  but  it  is  always  safer  to  make  at  least  .two  and  then  iakr 
their  mean  value  as  the  true  one. 

Example. — If  for  a  tachometer  v^  =  0,110  feet,  a  =  0,480  and  .i^f. 
then  0  =  0,11  +  0,48  u^  and  if  we  have  found  the  number  of  reroIotKar 
of  the  fan  to  bo  210  in  80  eeconde,  the  corresponding  velodty  of  ti- 
w&ter  is 

c  =  0,11  +  0,48 .  -^^-  =  0,11  +  1,30  =  1,87  feet 

Keicark  1. — The  constants  v„  a  and  /3  depend  principally  opoD  t^ 
iangle  of  impact,  i.e.,  upon  the  angle  formed  by  the  surface  of  the  n»> 
with  direction  of  the  motion  of  the  water  and  also  with  the  (tirectios  ^ 
the  ans  of  the  wheel.  If  we  wish  to  make,  when  the  velocities  aressu 
pretty  accurate  observations,  it' is  advisable  to  make  the  angle  of  impyt 
4arge,  i.k,,  about  70°.  It  is  also  desirable  to  have  vane-wheela  of  ^aSe^f^ 
*sizes  and  of  different  angles  of  impact,  so  that  when  the  depth  orTek)ri7 
of  the  water  is  greater  or  smaller  we  can  employ  one  or  the  other. 

Remark  2. — ^If  the  tachometer  had  no  resistance  to  overcome  in  ton- 
ing, the  vanes  ^i  /?,  Fig.  884,  would  describe  the  space  C  C^  =  ^^' 
tang,  0  D  C^  while  the  water  describes  C  D\  hence,  if  we  denote  bj: 
the  velocity  of  the  water  and  by  6  the  angle  of  impact  0  CB=  CDCy 
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wc  have  unde::  this  snpposltion  the  mean  velocity  of  rotation  of  the  vane- 

wheel 

t>i  =  <?  iang,  <J, 

from  which  it  is  easy  to  see  that, 
when  r  denotes  the  mean  radius  of 
the  vane- wheel,  the  number  of  revo- 
lutions is 

n^         t?  tang,  d 

j^  H  and  that,  consequently,  it  is  directly 

proportional  to  the  velocity  v  of  the 
water  and  to  the  tangent  of  the  angle 
of  impact  and  inversely  to  the  mean  radius  of  the  vane- wheel. 

Hemark  8.  —-In  order  to  determine  the  superficial  velocity  of  water  we 
also  employ  a  small  wheel  made  of  metal,  like  the  one  represented  in  Y\^, 
835,  and  we  allow  only  the  lower  part  to  be  immersed  in  the  water.  The 
number  of  revolutions  is  given  by  a  train  of  wheels,  exactly  as  in  the 
tachometer. 

§  491.  In  order  to  determine  the  constants  or  the  coefficients 
of  a  tachometer y  it  is  necessaiy  to  hold  the  instrument  in  running 
water,  the  velocity  of  which  is  known,  and  to  observe  the  numlxT 
of  revolutions.  Although  only  as  many  observations  as  there  are 
constants  are  required,  yet  it  is  safer  to  make  as  many  obser\a- 
tions  as  possible,  particularly  with  very  different  velocities,  and 
to  employ  the  method  of  the  least  squares  (see  Introduction  to  the 
Calculus,  Art.  36)  and  thus  do  away  with  the  accidental  errors 
of  observation.  The  velocity  of  the  water  may  be  determined  by  a 
floating  sphere,  or  we  may  catch  the  water  in  a  gauged  vessel  and 
divide  the  quantity  of  water  caught  by  the  cross-section.  If  the 
floating  sphere  is  employed,  the  air  must  be  still  and  the  water  must 
move  uniformly  and  in  a  straight  line.  The  vane-wheel  must  be 
immersed  at  several  points  along  the  path  described  by  the  floating 
sphere,  and  to  insure  i^erfect  accuracy,  the  diameter  of  the  sphere 
should  be  about  equal  to  that  of  the  vane- wheel. 

The  second  method  of  determination  by  catching  the  water,  in 
which  the  mill  is  immersed,  in  a  gauged  vessel  possesses  many 
advantages.  For  this  purpose,  and  for  adjusting  hydrometer.? 
generally,  it  is  very  desirable  to  have  at  one's  disposition  i\ 
hydraulic  observatory,  which  consists  of  a  gauged  vessel,  a  trough, 
and  a  discharging  vessel  or  reservoir.  "We  can  then  give  11 1' 
water  any  desired  velocity;  for  we  can  regulate  not  only  <hv 
entrance  of  the  water  into  the  trough,  but  also,  by  insv^rting  boards. 
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WO  can  regulate  at  will  the  velocity  in  it  In  making  the  obeerra. 
tion,  we  have  but  to  insert  the  tachometer  at  different  parts  of  the 
cross-section  of  the  trough,  to  measure  the  depth  of  this  section  h 
a  scale,  and  then  to  gauge  the  quantity  of  water,  which  has  pised 
through  in  a  given  time  (§  480).  The  area  of  the  cro^-section  L« 
obtained  by  multiplying  the  mean  depth  by  the  mean  width,  sod 
tlie  discharge  Q  is  calculated  from  the  mean  cross-sectioii  of  thr 
receiving  reservoir  and  the  depth  of  the  water,  which  has  flowed 
into  it,  by  means  of  the  formula 

^      t ' 

lioally,  from  Q  and  F  we  deduce  the  mean  Telocity  of  the  vatcr 

^       F       Ff 
The  corresponding  number  u  of  revolutions  of  the  Tane-wh«! 
is  the  mean  of  all  the  revolutions  observed  when  we  inserted  tbe 
instrument  in  different  parts  of  the  transverse  profile. 

If  by  experiment  we  have  determined  a  series  Vu  t'j,  r^jCttjCf 
mean  velocities  and  the  corresponding  numbers  of  revolutions,  ^r 
obtain,  by  substituting  them  in  the  formula 

V  =  v^  ■{-  a  Uy 
or  in  the  more  accurate  one 

as  many  equations  of  conditions  for  the  constants  «?^a,  i3,Mi? 
made  observations,  and  we  can  find  from  them  the  constants  tbeo- 
selves  either  by  employing  the  method  given  in  Art,  36  of  tiie  In- 
troduction to  the  Calculus,  or  by  dividing  these  equations  into  u 
many  groups  as  there  are  unknown  constants,  and  combiniDgtbes 
by  addition  into  as  many  equations  of  condition  as  are  necessary 
fi>r  the  determination  of  v,,  a  and  p. 

If  we  assume  the  passive  resistances  of  the  instmmeot  to  \< 
small  enough  to  be  neglected,  we  can  put  v  =  a  «  and  detemift 
a  by  moving  the  instrument  forward  in  still  water  and  obsemDf 
the  number  n  =  u  t  of  revolutions  made  in  describing  the  space 
s  :^  V  t;  then 

"~  u  ^  ut  ^  n 
Remarx — 1)  If  we  employ  the  simple  formula  with  two  constanfc»«« 
can  put,  according  to  the  method  of  least  squares, 


1 
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1  u 

a.  w^liich  a?  =  -  and  y  =  - ,  and  the  sign  S  denotes  the  sum  of  all  the 

'alu€»  of  the  same  kind  as  that  which  follows  it,  E.a. 

S  va?)  =  —  +  —  +  --  +  .. ., 

"l  *»  ^8 

«         V  1      tt.         1      t^a         1      «. 

s  (ar  J/)  ="•;:*  +  ■;-•--  +  —  .  r^  +  .. . 

SxAMPLR — Wc  have  observed  with  a  small  tachometer  that  for  Uie  rev 

ocities 

0,163,  0,205,  0,298,  0,366,  0,610  meters 

tlic  number  of  revolutions  per  second  were 

0,600,  0,835, 1,467, 1,805,  8,142, 
uid  we  wish  to  determine  the  constants  corresponding  to  this  instrument. 
By  the  aid  of  the  formula  given  in  the  Remark,  we  obtain,  since 

^(^>  =  oi63  +  o;k  +  ---  =  ^^''^^'' 

,  ,      0,600      0,885 
^  (y^  =  0,16-3  +  0^5  +  •  •  •  =  ^^'^^^^ 

^  (^'>  =  (o:i6-8)'+  (oiooT  +  -  =  «^'^«' 
S  (y')  =  105,283,  and 

,      ^         0,600  0,885  ^^^, 

^  (^  y>  =  (0,1637/  W^os)'  +  •  •  •  =  ^^'^^^' 

_  105,283 .  18.740  -  80,961 .  22,759  _  129,5  _  ^  ^^^ 
^"^  "■       82,846 .  105,233  -"  (80,961)»       '~  "2162  ""    »  •     ^ 

868,8       -  um.^^ 
•  a  =  -^l^  =  0,1708; 
2162         ' 

hence  the  formula  for  this  instrument  is 

V  =  0,060  +  0,1703  u, 

Substituting  u  =  0,6,  we  obtain 

©  =  0,060  +  0,102  =  0,162; 
u  =  0,885  gives 

V  =  0,060  +  0,142  =  0,202 
it  =  1,467, 

f>  =  0,060  +  0,249  =  0,309 
u  =  1,806, 

V  =  0,080  +  0,307  =  0,867 
and  finally,  u  =  8,142, 

u  =  0,060  +  0,635  =  0,695. 

The  calculated  values  therefore  agree  very  well  with  the  observed  ones. 

Remabk— 2)  We  can  also,  according  to  Lapointe,  insert  the  tachometer* 
in  h  cylindrical  pipe,  and  thus  obtain  the  velocity  of  the  water  flowing 
through  it.  The  counting  apparatus  can  bo  placed  outside  of  the  pipe 
and  connected  with  the  vane-wheel  by  means  of  a  shaft.  I^apointe  call9 
this  instrument  une  tube  jaugeur  (see  **  Comptes  rendues,"  T.  XXV,  1848: 
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also  Poljtecha.  Ccntralblott,  1647).    Fig.  836  gives  an  ideal  rrpnxsiU'^i 
of  tile  tachometer  in  a  pipe    The  Tsnt-ilur! :-. 
Fro.  886.  thy  case  also  puts  a  aliaft  D  E  is  roltiiM  l; 

means  of  nn  endless  screw ;  the  former  pisss  <  7 
of  the  pipe  B  B,  in  which  the  't-iua  Id  1- 
measured  flovrs.  throngti  a  stafficg-bo::  y  at. 
the  cose  0  H  of  the  counting  appantm.  ilx-  l*' 
rangemcnt  of  which  ma;  be  vei;  varied. 

Rbmabk— 3)  The  French  have  bat  bidi  !>- 
gnn  to  give  sufficicDt  attention  to  the  Iscbogxir  , 
A  complete  trcatis:^  upon  tliis  instrniBinu.  ^_ 
Bauiiigartcn,  ia  to  l*e  found  in  tbc"AEnalisiIi'  | 
ponta  ct  chausaJM,"  T.  XIT,  1847,  and  an  absn 
of  itinthe'ToljtcchnischesCentralblatt.  1848."  Baumgartea  rccooimti' 
n  screw-wheel  and  otlds  several  remarks,  which  agree  very  well  uifb  .t 
cx]icrin)cnt.i,  made  many  jears  ago.  A  new  tachometer,  witJuMti  trjr 
iind  ivith  a  long  screw,  is  described  by  Boiiean  in  his  '-TraibiikliiDL!!: 


?i  492.  Pitof  s  Tubs. — Tho  otbcr  bydrometerB  are  raorr  rr:- 

jjorfoct  than  the  tachometer;  for  they  are  cither  less  accnrai.-': 

more  difficult  to  use.    The  simplest  instramont  of  tins  tim' ' 

ritot'a  tube  (Fr.  la  tube  dc  Pitot ;  Gc^.  Pitot'sche  Rohrc).   1:  i  ^ 

^ists  of  a  bent  glass  tube  ABC,  Fig.  837,  which  is  held  in  v^ 

Trater  in  sticii  a  manner  that  the  lower  pi-i : 

horizontal  and  opposite  to  the  motion  of  i. 

■water.    By  the  impulse  of  the  water  a  mIfju- 

of  water  will  be  forced  into  the  tnbc  anJ  Ifi 

above  the  level  of  the  water,  and  this  rise  /'  i 

ie  proportional  to  the  impnlse  or  to  Ihe  ti't- 

city  of  the  water  -which  produces  it;  ihU  r> 

or  difference  of  level  can   tliereforc  rem  i' 

measure  the  velocity  of  the  water.  If  llwhi'^i 

D  E  above  the  exterior  enr&ce  of  tlic  w'-' 

=  A  and  the  velocity  of  the  water  —  i-,  wo  can  put 


n  which  ft  is  an  empiiioal  number,  or  inversc:ly 

J'  =  ft^ig  h,  or  more  simply 
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In  order  to  find  the  constant  i/*,  wc  liold  the  instrument  in  the 
water  ivhere  the  velocity  is  known  to  be  i\ ;  if  the  rise  is  =  A„  >vc 

hiive  the  constant  t/'  =  -7;^--,  which  can  be  employed  in  other  cases, 

where  the  velocity  is  to  be  determined  by  this  instrument. 

In  order  to  facilitate  the  reading  off  of  the  height  h,  the  instni- 
inent  is  composed  of  two  tubes  A  B  and  C  Z),  as  is  represented  in 
Fig.  838 ;  from  one  of  the  tubes  a  pipe  proceeds  in  the  direction  of 
the  stream,  and  from  the  other  two  pipes  F  and  F^  at  nght-angles 

to  that  direction,  but  by  means  of  the  came  cock 
both  tubes  can  be  closed  at  once.  If  wc  draw  the 
instrument  out  of  the  water,  w^c  can  easily  read  off 
the  difference  of  height  K  L  —  1i  of  the  columns 
of  water  upon  the  scale  placed  between  them.  In 
order  to  prevent  the  water  from  oscillating  in  the 
tubes,  it  is  necessary  to  make  their  mouths  narrow ; 
and  in  order  that  the  cock  maybe  shut  quickly  and 
certainly,  it  is  provided  with  a  crank  and  a  rod 
H  S,  w^hich  is  represented  in  the  figure  principally 
by  a  dotted  line  and  terminates  near  the  handle  cf 
the  insti-ument. 

Remark— 1)  Although  Pitot'stubc  is  not  go  accurate 
as  the  tachometer,  yet,  on  account  of  its  Pimplicity,  it 
can  be  highly  recommended.  The  author  has  discusf  ed 
this  instrument  at  length  in  the  *'  Polytcchnischcs  Ccti- 
tralblatt,  1847,"  and  gives  there  a  cericG  of  numbers,  de- 
termined by  experiment,  and  the  values  of  tlie  coefficient 
V*  deduced  from  them.  With  Cno  infltniracnts.  when  the 
ll?         velocities  v/erc  between  0,32  tfi  1,34  meters,  v.o  found 

l^j  y  =  8,545  \h  meters. 

2)  Duchemin  recommend:?  Pilot's  tube  r/ith  a  float. 
Since  the  latter  must  be  pretty  wide,  it  dams  the  water 
back  to  a  certain  extent,  so  that  it  cannot  be  employed  ibr  narrow  canals 
(see  Duchemin:  **Recherches  expdrim.  sur  les  lois  dc  la  resistance  dcs 
fluides").  Boileau  describes  in  his  work,  cited  in  §  412,  a  new  kind  of 
Htot's  tube,  which  is  provided  with  a  small  gauged  vessel ;  the  velocity 
13  mcasared  by  the  quantity  of  water  pressed  above  the  surface  <:f  the 
water. 


§  493.  Hydrometric  Pendulmn. — ^Tho  hydrometric  pmdu^ 
him  (Fr.  pendule  hydromStriquo ;  Ger.  Stromquadrant  or  hydro- 
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metrisclics  Pendel)  was  principally  employed  by  Ximenes,  Micbek»r.. 
Oerstner,  and  Eytelwein  to  measure  the  velocity  of  ruuuing  vaui. 

This  instrument   cousi^ts  cf  a  quadrj- 
Fia.  809.  ^    ^^  Pig    339^  divided  into  dt^t-g  ;::. 

parts  of  a  degree,  and  of  a  siring  a:tad.; 

to  its  centre  C,  at  tiic  other  end  of  vkC.. . 

fastened  a  metal  or  ivory  ball  K,  2  o:  ' 

inches  in  diameter.     The  vclocitv  of  iL 
^    .J      "water  is  given  by  the  angle  A  C  E  fnrm-; 
^5"^"^   -— -->-^       ^y  |.]^Q  stretched  string  with  tLc  vcrti-i 
^^£i^Q  ..  ^:,.z^^.Z.      when  the  plane  of  the  instrument  is  pk.i 

in  the  direction  of  the  stream,  aad  \i 
hall  is  immersed  in  the  water.    Since  the  angle  cannot  easily  c\a'-i 
40°^  this  instrument  often  has  the  form  of  a  right-angled  iim^ 
and  the  graduation  is  then  marked  upon  the  bas:.    In  ordm 
]ilace  the  zero  line  vertical,  we  can  cither  place  a  level  upon  u 
instrument  or  we  can  employ  the  ball  itself  by  allowing  it  U  la':: 
out  of  the  water  and  then  turning  the  instrument  .until  the  stnn: 
corresponds  with  the  zero  line.    For  velocities  less  than  4  lit  t^ 
c^an  employ  an  ivory  ball ;  for  greater  velocities,  however,  vc  mu.' 
us3  heavy  balls  of  metaL    On  account  of  the  vibrations  of  the  i-i 
not  only  in  the  direction  of  the  motion  of  the  water  bat  at  : 
that  at  right  angles  to  it,  it  is  always  difficult  to  read  off  the  jBgl. 
and  the  result  is  never  free  from  uncertainty;  this  instrnnuB: 
cannot  therefore  be  considered  to  be  a  perfect  one. 

The  dependence  of  the  angle  of  deviation,  for  a  ball  thati>'n«: 
deeply  immersed,  upon  the  velocity  of  the  water  can  be  determii.^ 
in  the  following  manner.  The  weight  G  of  the  ball  ani  iho  io- 
pulse  of  the  water  P  =  /i  F  v^y  which  increases  with  the  en*- 
section  F  o^  the  ball  and  the  square  of  the  velocity  r,  give  rise  i^ 
a  resultant  R,  which  is  counteracted  by  the  string  and  is  detir- 
mined  by  the  angle  of  deviation  6,  for  which  wc  have 


^       P       ilFv" 
tang.  6  =  ^  =  —q-, 


or  inversely 


,       O  tarn/.  6  /  0       j-. ^ 

v'  =  — '  vi—  and  v  =  4/  — ^  .   Vtang.  o, 
U.F  '   \3^F  ^ 

I.E.,  

V  =  ^  Vtang»  iJ, 

in  which  V  is  an  empirical  coefficient,  which  must  be  determi»w 
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in  the  maimer  stated  above  (§  491)  before  the  iustrumeut  can  Ix^ 
used. 

§  494.  Rheometer. — The  remaining  hydrometers,  such  ns 
Lorgna's  water-lever,  Ximenes'  watxjr-vane,  Michelotti's  hydraulic* 
balance,  Brunnings  tachometer  and  Poletti's  rheometer,  etc.,  i.:  i- 
difficult  to  use  and  partially  uncertain.  The  principle  of  all  <  i 
them  is  the  same;  they  consist  of  a  balance  and  of  a  surface, 
which  is  subjected  to  the  impact  of  the  water ;  the  former  server 
to  measure  the  impulse  F  of  the  water  against  the  former,  but 
since  the  impulse  is  =  f*  ^v',  we  have  inversely 


in  which  t/;  is  an  empirical  constant,  dependent  upon  the  magni* 
tude  of  the  surface  subjected  to  the  impulse  of  the  water. 

The  Rheometer,  which  has  been  lately  proposed  by  Poletti,  doc  s 
not  differ  essentially  from  Michelotti's  balance  and  consists  of  a 
lever  A  By  Fig.  840,  movable  about  a  fixed  axis  C,  and  of  a  second 

arm  CD,  upon  which  a  surface,  or,  according  lo 
Poletti,  a  simple  rod,  which  is  to  be  subjccto:] 
to  the  impact,  is  screwed.  In  order  to  balanc;- 
the  force  of  impact  of  the  water,  shcft  or.  weights 
are  put  into  the  sheet  iron  box,  which  is  sus- 
pended at  A  upon  the  lever,  and  to  balance 
the  empty  apparatus  in  still  water,  weights 
are  hung  at  J?,  the  extreme  end  of  the  arm 
C  B.  From  the  weights  added  at  G  and  the 
arms  of  the  lever  C  A  =  a  and  C  F  —  h^  we 
obtain  by  means  of  the  formula  P  h  ^  G  a  the 
impulse 

P  ==  ?  G^and  v  =  |/>-^-  =  |/^-/V  =  V'^^; 
h  ^    fi  F       ^    mb  F       ^ 

in  which  if)  denotes  an  empirical  constant 

A  hydrometer  constructed  upon  the  same  principle,  in  whicli 
the  impulse  of  the  water  is  balanced  by  the  force  *of  a  spring  (hy- 
drometre  dynamometrique)  is  described  by  Boiloau  in  his  treatise 
upon  the  measurement  of  water. 

Rem  AUK  1. — The  last-mentioned  hydrometers  are  discussed  at  length  in 

Eytelwein's  "  Handbuch  dcr  Mechanik,"  Vol.  II,  in  Brunning^s  "  Abhand- 
lung  liber  die  Qeschwindigkeit  des  fliessenden  Wassers,"  in  Venturoli's 
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■■  ISIeincnti  di  Mcccanica  c  d'lJraulica,"  Vol.  IL  CoDoernii^  Pnlntl. 
itlicometer,  see  Dingler's  Polytechn.  Journal,  Vol.  XX,  182(1,  SteTcnia' 
iiyilriiincfer  is  Woltmann'a  tachometer,  ecc  Dingler's  Jonmal,  Vri.  LXV 
IS  13.  The  water-metera  and  gas-metere  constructed  like  reaction  whui- 
v.i!l  lie  treated  in  the  following  chapter. 

Ht:iiARK  2. — A  work  to  be  particularly  recommended  fi.T  pnWic; 
liur|)oscs  13  the  "  Hjdrometrio  oder  practische  Anleitnog  eqid  Wish 
tii('39L'n  Ton  Bomemann,  Freiberg,  1840."  Boilcau'a  work  hss  nlnwlj  Urj 
nieutioncd  Bcrcml  timea  (see  §  412,  etc.). 


CHAPTER    IX. 

OF  THE  IMPULSE  AND  RESISTANCE  OF  FLUIDa 

g  495.  R«action  of  Water. — The  total  pressure  of  HicsuUr- 

tiT  in  a  vessel  ia,  according  («  §  363,  reduced  to  a  vortical  fores  niW.'- 

to  Ihc  weight  of  the  massof  wat«r;  but  if  the  vessel  A  /"jFig.  Wl. 

has  an  opening  F,  througii  flhi  : 

Bio.e41.  the  water  issneB,  iliia  forts  md;- 

gocs  a  cliango  not  only  bcranji  i 

portion  of  the  wall  of  thcAosi'  ^ 

absent,  but  also  becanse  the  walir, 

which  issues  from  the  oriEe.  !:!■■ 

every  other  body,  which  cliaii;:- 

its  conditinns  of  motion,  rcwi-'' 

virtue  of  its  inertia.    The  t-lii.-j;.- 

in  the  motion  of  n  iiody  m^y (\ n.;;: 

cither  of  a  ciiango  of  relorily.  '■' 

of  a  change  of  direction,  and,  tli.ri- 

forc,  the  reaction  (Ft.  r&iction ;  Ger.  Reaction)  of  the  issuing  trair 

may  be  due  not  only  to  an  aeceloration  bnt  also  to  a  cotistan: 

ohunge  in  the  direction  of  the  walfr,  which  is  approaching  il*' 

orifice. 

We  can  make  onrsolvca  acquainted  with  the  complete  rcarliin 
of  the  water  in  a  dischai^ing  vessel  in  the  following  manner. 

Tjct  c  be  the  velocity  of  the  water,  which  is  isaiiing  from  '''■ 
orifieo  F,  d,  the  relative  velocity  of  the  water  at  the  enrfiiK  i 
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Cf  the  area  of  this  surface  and  It  the  head  of  water  A  D  ^\»  the  oK- 
ficc     Then  we  have  * 


2(f  2/ 

aj2cl  the  discharge 

Q=z  Fc  =  Gci. 
If  we  imagine  the  vase  A  Fy  Fig.  841,  to  move  forward  in  a 
7:.orizonial  direction  with  a  velocity  r,  we  must  put  foi*  the  absoldtd 
velocity  f  J  of  the  water  entering  the  vessel 

r.'  =  c^    +  v', 

aiidiftlic  angle  of  inclination  of  the  axis  of  the  stream  to  tho 

Horizon  is  E  F  c  ■=  a,  wc  have  for  the  absolute  velocity  w  of  thte 

eflluont  stream 

?!?'  =  c'  +  v'  —  2  t?  V  cos,  a. 

><  ow  the  actual  energy  of  the  water  before  efflux  is 

and  that  after  efflux  it  is 

T         ^'   /^  /^*  +  ^'''  —  2  t?  r  COS.  a\  ^ 

^'  =  2ij  ^y  =  ( 27 )  ^''' 

Iriicc  the  energy  withdrawn  from  the  water  and  transmitted  to 
Mio  vessels  is 

T  r  T  (^\'  ^  C""  +  %  CV  COS,  O.    ,     A  r\ 


or,  since -    —  /(, 

2^       %(j    • 


^        cx'f  COS,  a  ^ 

L=^    -J-   Qy. 

The  horizontal  component  of  the  reaction  of  the  water  is 

^r.  L  C    cos,     <J       jn, 

H  ~  -  = Qy, 

Since  Q  =  F  c,  wc  have  also 

c*  & 

11=.  ~  -  F  y  cos,  a  =  2  .  K—  Fy  cos.  a  =  2  h  Fy  cos.  o, 
0  2//       ' 

and  therefore,  when  the  direction  of  the  stream  is  horizontal,  as  in 

Fig.  842, 

//=  2  7iFy. 

Tlierefore,  the  reaction  of  a  horizontal  stream  is  equal  to  the 
rrcif/ht  of  a  column  of  water,  whosccross-scctionts  that  of  the  stream 
nul  whose  height  is  double  tJuit  (2  ?i)  due  to  the  velocity. 
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Bkmark,— Jlr.  PetcT  Ewart,  an  Englishmiin,  lias  recrn'-ij  tt-^c  i:iyrr- 

menu  to  prove  thu  correctness  of  tliis  law  [see  "  lleifloira  of  tbc  MiiEdwaii 

Philnsopbical  Society,"  Vol.  II,  or  the  "  Ingenieur,  Zsits^hrifl  ilr  (Ll=  r- 

eammte  Ingenieurwesea,"  Vul.  1).    He  buie 

Fw.  843.  ^^^  ^^^j  ff  g  p  „j,„„  „  [„.j  _^3,j,  ,^^, , 

Fig.  842,  and  measurud  ilic  txa^.  u.i  U  i  If.l 
leTer  A  D  B,  upon  wbicli  tiio  vtisl  sctiJi; 
means  of  a  liorizontal  rod  .1  O,  vbich  pn-^ 
against  the  vessel  exactly  opposite  to  Ibc  i>> 
fice  F.  Forcfflax  throagb  on  orifice ioitLJi 
plate,  he  found 

If  we  pnt  the  cross-eection 
J",  =  0,M  F 
and  the  effective  velocity  of  discli!)^ 
o,  =  0,96  B 
(see  S  40S),  ve  obtain  bj  tbe  theoretical  .formula 

'■=  ^  ■  iV '"  =  "•  °'""  •"■"- fj '■'•  =  '•"' i"j  "'■ 

or  about  the  Botne  that  was  given  b;  experiment.  Witb  un  ori&c*  dupiJ 
like  the  contracted  Btream,  he  found  P  =  1,73  -^  F  y,  and  the  coeffidta 
of  efflux  or  velocity  =  0,94.  Since  in  this  case  F,  =  F  and  »,  =  v:*  t. 
we  have  theoretically 

P  =  %.OM*^Fr  =  t.n  .~Fy, 
which  agrees  rery  well  with  the  resnlt  of  the  experiment. 

§  49&  If  we  imagine  the  dischai^og  vessel  A  F,  Fig.  843.  w 
be  moved  Tertically  upwards  with  a  velocity  r,  wo  have  for  lh.> 
absolute  velocity  of  the  water  wtica 
*"■  ^**-         ,         enters  it 

e,  =  V-  c„ 
and,  on  the  contrary,  for  that  of  ibe 
water  isening  from  it  (the  sae  dc 
tations  being  employed  w  in  tbc 
foregoing  paragraph) 
w»  =  c*  +  «*  +  8  c  r  cflJ.  (90°  T  t 
=  c'  +  v'  —  Scrsi».a- 
Hence  the  total  energy  of  1*' 
Tolnmc  of  water  Q  per  second  is 

and,  on  the  contrary,  that  of  the  water  dischai^^  is  j 

/-,  -=  (c"  +  V*  —  3  c  *■  sh.  a)  Q:2g 
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(consequently  the  mechanical  effect  imparted  by  the  water  to  the 
vessel  is 


L 


=  X,  -  Z,  =  ( 


2  t»  Ci  4-  Ci'  —  &  -V  ^  c  V  sin.  a 


or,8inceA  =  ^-|^ 


25- 


-  +  k 


)Qr, 


J.       (c  sin,  a  —  Cx)  V  ^ 
L  =  ^ — — <)y, 

and  the  corresponding  vertical  force  is 

^       L        (c  sin.  a  —  c,\  ^       '    /  .  F\  c    ^ 

=  {si7i.  a  -  -^j  y  Fy  =  \^sin.  a  -  ^J  .27iF y. 

If  the  orifice  of  efflux  is  small,  compared  to  the  surface  0,  wo 

F 

have  --  =  0,  and,  therefore,  tho  vertical  component  of  tlto  reaction   ' 

V  =  2  Ji  Fy  sin.  a. 
.       According  to  tfto.  foregoing  paragraph  the  horizontal  compo- 

iit^nt  of  this  force  was 

II  z=z  2  h  Fy  cos.  a; 
lie  nc;3  the  total  reaction  of  the  water  is 

R  =  VV'~T~IF  =  2h  Fy, 
und  its  direction  is  exactly  opposite  to  that  of  the  motion  of  the 
t^flhicnt  water. 

J[  F=  0, 1.E.,  if  tlie  water  flows  through  a  pipe  of  uniform 

F 
width,  Wo  have  - ,  =  1,  and  therefore 

Cr 

V  =  (sin.  a  -  1)  .2  7iFy  =  -  {1  -  sin.  a)  .  2  hFy; 

in  this  case  V  docs  not  act  upwards  but  downwards,  and  the  total 
reoiJtion  is 

E  =  V^V  +  II'  =  i^osTa^'TJT^'slnTay  .2k  Fy 

Fia.  814.  =:  \^2jr^sin.  a)  .2hFy 

For  a  t=  —  OO"",  i.e.,  when  the  pipe  forms  i\ 
semicircle,  R  =  ^h  Fy 

If  a  ~  +  90°,  we  have  the  case  represented  in 
Fig.  844,  wherq  //  =  0  and 

^^(£-^  ^y=:(l- J).2AJ^y, 
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F 
consequently,  for  — -  =  0,  wc  have 

V  =:  R=z  %hFy. 

The  total  weight  of  the  water  in  the  vessel  will  be  dimini^*] 
that  much,  when  the  water  is  allowed  to  flow  out 

§  497.  Impulse  and  Resistance  cf  Water. — Water  cr  tii:. 
other  fluid,  when  ic  impinges  upon  a  solid  body,  imparts  a  forci  '-r 
impulse  to  it,  and  thus  produces-  a  change  in  its  state  of  motive. 
The  resistance  (Fr.  resistance ;  Ger.  Widerstand),  which  xrai.': 
makes  to  the  motion  of  a  body,  is  not  essentially  different  frcini  im- 
pulse. The  examination  of  these  two  forces  constitutes  the  thlr- 
chief  division  of  hydraulics.  We  distinguish  from  each  other  fe. 
tke  impact  of  an  isolated  stream  (Fr.  choc  d'unc  veinc  do  flukl' . 
Ger.  Stoss  isolirter  Wasserstrahlen) ;  secondly,  the  impaei  ff  i 
bounded  stream  (Fr.  choc  d'un  fluide  defini;  Ger.  Stos3  im  U> 
grenzten  Wasser  oder  Gerinne) ;  and  thirdly,  the  impact  of  an  null  u 
tied  stream  (F.  choc  d'un  fluide  indefini ;  Ger.  Stoss  im  unhcgrm.' 
ten  Wasser).  Impact  of  the  first  sort  takes  place  when  aemtr: 
discharged  from  a  vessel  encounters  a  body,  as,  E.G ,  the  bucket '  f 
an  overahot  water-wheel ;  impact  of  the  second  sort  occurs,  wl  i". 
the  water  in  a  canal  or  trough  strikes  against  a  body  which  «..» • 
tirely  fills  the  cross-section  of  the  latter,  as,  E.G.,  the  float  of  21. 
under-shot  water-wheel.  Finally,  impact  of  the  third  kind  oanrv 
when  running  water  strikes  upon  a  body  immersed  in  it  and  tl 
cross-section  of  the  latter  is  but  a  small  pai*t  of  that  of  the  stnmr- 
as,  E.O.,  the  float  of  a  wheel  in  an  open  current. 

We  distinguish  also  impact  against  bodies  at  rest  and  bodies  u 

motion^  against  curved  and  phk* 
surfaces ;  the  latter  may  be  eltlhr 
direct  or  oblique. 

We  will  now  consider  a  mor 
general  case,  viz.  the  vmfk^  ^^'^^ 
isolated  stream  against  a  $urU' 
of  revolution y  moving  in  the  din  • 
tion  of  the  motion  of  the  stream. 
which  coincides  with  the  direction 
of  the  axis  of  the  surface. 

§  498.  Impact  of  an  Isolated 
Stream.— Let  B  A  B,  Fig.  Sit).  K 


Fig.  845. 
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surface  of  revolution^  A  P  its  axis,  and  F  A  ti,  stream  of  water 

moving  in  the  direction  of  the  axis  of  the  latter  and  impinging 

against  it;  let  us  put  the  velocity  of  the  water  =  r,  that  of  tlie 

surface  =  v,  and  the  angle  B  TF,  whiph  the  tangent  IJ  Tio  the 

end  B  of  the  generatrix  or  each  fibre  B  D  of  the  stream  of  water, 

Tvhich  leaves  the  surface,  makes  with  the  direction  B  E  oi  the  axis, 

=  a,  and  let  us  assume  that  the  water  does  not  lose  any  vis  viva  in 

consequence  of  the  friction  while  passing  over  the  curved  surface. 

The  water  impinges  upon  the  surface  with  the  velocity  c  —  v  and 

then  passes  over  the  surfece  with  that  velocity  and  leaves  it  in  a 

tangential  direction  T  By  T  By  etc,  with  the  same  velocity.    From 

the  tangential  velocity  B  D  -=■  c  --  v  and  from  the  velocity  B  E 

=  p  in  the  direction  of  the  axis,  we  obtain  the  absolute  velocitv 

B  O  =  Cy  of  the  water,  after  it  has  impinged  upon  the  surface,  by 

tiic  well-known  formula 

Ci  =  V{c  —  v)'  +  2  (c  —  v)  V  COS.  a  +  v\ 
Xow  a  discharge  Q  can  produce  by  its  vis  viva  a  mechanical 

effect  ^—  .  Qjy  when  it  loses  its  entire  velocity  c ;  hence  the  energy 

remaining  in  the  water  is  =  ~  -  .  §  y,  that  transmitted  to  the  sur- 
face is 

_  [^'  ~  (g  —  vY  —  2{c—v)v  Qos.  a  —  v']  ^ 
2  c  v  —  2  y '  —  2  (c*  •—  f)  t;  cos,  a  ^ 

= ^ Qr,  I.Z. 

P  r  =  (1  -  co«.  c)  <i^-^  g  y, 

if 

and  the/orc«  or  impulse  in  the  direction  of  the  axis  is 

C  "-'  V 

P  =  (1  —  cos»  a) Q  y. 

If  the  surface  moves  with  a  velocity  v,  which  is  in  the  opposite 
direction  to  that  of  the  water,  we  will  have 

P  =  (1  -  COS.  a)  ^— -'-  Q  r, 

and  if  the  surface  does  not  move  or  if  t;  =  0,  the  impulse  or  hydrau- 
lic pressure  in  the  direction  of  the  axis  is 

P  =  (1  —  C05.  a)  -  .  C  y. 

V 
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From  this  it  follows  that  the  wipttlse  of  otic  and  (he  samtnim 
of  water,  when  the  other  circumstances  are  t)tc  same,  u  pnportiauai 
to  the  relative  velocity  c^voftke  water. 

IT  the  area  of  the  cross-section  of  the  stream  is  F,  the  yoiain; 
of  the  impinging  water  is  F  [c  zp  v) ;  hence 

P  =  {1  -  COS.  a)  if^J^Vr; 
or  for  r  =  0, 

P  =  n  -  co8.a)~Fy. 

If  the  cross-section  of  the  stream  remains  the  tame,  iht  impiiit 
against  a  surface  at  rest  increases  with  the  square  of  the  rehniiffii 
llie  water. 

g  499.  Impact  against  Plane  Surfaces. — The  impuk  if 
the  same  stream  of  water  depends  principally  upon  the  angle  aU 
which  the  water  moves  off  from  the  axis  after  the  impact;  h  i.- 
null  when  this  angle  =  0,  and,  on  the  contrarv,  a  masinmm  aal 

wliL'it  this  anglu'is  180°  or  when  its  cosine  =  —  l.iawhicbcjue,*.-!.' 
I-V846.  F,G.847.  represented    in   Fig.  &«,  it. 

water  qmts  the  surface  m  a  ui- 
rcction  opposite  to  that  in  nbiil 
it  stmck  it.  In  general  the iiit 
pact  is  greater  agaiDsi  roiwrf* 
than  against  cont-CT  surfmy- 
for  in  tlie  former  case  ths  atgie 
is  obtuse  and  its  cosine  ncgatii.' 

and  1  —   COS.  a  becomes  1  +  cos.  a. 

Usually  the  surface  is,  as  is  represented  in  Fig.  847,  plane  anJ 

tlierefore  a  =  00°  or  cos.  a  =  0  and  the  impnlso 

Whoa  the  surface  is  at  rest,  we  liovo 

P=''  Qy  =  ."-fy-Z^^^Fy  =  2Fhr. 

g  <j  2g 

TJie  normal  Impulse  of  water  against  a  plane  svrfticc  isty«sil' 
{ho  weight  of  a  culvmn  of  water,  the  cross-section  oftchtise  tax  i* 
riji'al  to  the  crons-section  of  the  stream,  and  whose  height  it  Iti" 

Ihat  flue  to  the  rdocily  (s  A  =  2 .  ~  ). 
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The  results  of  the  experiments  made  upon  this  subject  by 
]Michelotn,  Vince,  Langsdorf,  Bossut,  Morosi  and  Bidone  were 
al)oat  the  same,  when  the  cross-section  of  the  impinged  surface  was 

at  least  6  times  that  of  the  stream 
and  when  this  surface  was  at  a 
distance  not  less  than  twice  the 
thickness  of  the  stream  from  the 
orifice.  The  apparatus  employed 
consisted  of  a  lever  like  Poletti's 
Eheometer  (§  494),  upon  one  end 
of  which  the  stream  impinged, 
the  impulse  was  balanced  at  the 
other  end  by  weights.  The  ap- 
paratus employed  by  Bidone  is 
represented  in  Fig.  848.  B  Cia  the  surface  subjected  to  the  action 
of  the  stream,  G  the  scale-pan  for  receiving  the  weights,  D  the  axis 
of  rotation,  and  JTand  L  are  counter  weights. 

Rbmakk.— The  most  extensive  experiments  upon  the  impulse  of  water- 
were  made  by  Bidone  (see  '*  Memoire  de  la  Reale  Accademia  delle  Scienze 
cli  Torino,"  T.  XL,  1838).  They  were  made  with  a  velocity  of  at  least  21 
feet  and  with  brass  plates  of  from  2  to  9  inches  in  diameter.  Bidone  gen- 
erally found  the  normal  impulse  against  a  plane  surface  somewhat  greater 
than  2  Fhy;  but  this  increase  is  to  be  ascribed  to  the  increase  of  the  arm 
of  the  lever,  in  consequence  of  the  falling  back  of  the  water.  See  Dachemin : 
Recherches  expdrimentales  sur  lea  lois  de  la  resistance  des  fluides  (translated 
into  German  by  Schnuse).  When  the  impinged  surface  was  very  near  the- 
orifice,  Bidone  found  P  to  be  only  1,5  Fhy,  When  the  impinged  surface 
was  of  the  same  size  as  the  stream,  in  which  case  the  angle  of  deriation  a 
is  acute,  according  to  du  Buat  and  Langsdorf,  P  is  only  =  Fhy,  Bidone 
and  others  have  found  that  the  impulse  during  the  first  instant  was  nearly 
twice  the  permanent  impulse.  Comparative  experiments  upon  the  impulse- 
and  reaction  of  water  have  been  made  by  the  author  with  a  reaction  wheel. 
See  his  "  Experimentalhydraulik"  and  the  "  Civilingenieur,"  Vol.  I,  1854. 

By  more  recent  experiments  upon  the  impact  of  isolated  streams  of  air 
and  water  (see  Civilingenieur,V«l.  VII,  No.  5,  and  Vol.  VIII,  No.  1),  the 
author  found  the  effective  impulse  of  an  isolated  stream  of  air  or  water 
against  a  normal  plane  to  be  92  to  96  per  cent,  of  the  theoretical  force  P  = 

-—,  that,  on  the  contrary,  the  impulse  of  such  a  stream  against  a  hollow 

surface  of  rotation  by  which  the  direction  of  the  stream  is  made  to  deviate^ 
an  angle  6  =  134°,  is  but  83  to  88  per  cent,  of  the  theoretical  force  P  = 

(7  (1  -  »«.  (J)  ^  '' 
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§  500.  Maximum  Work  done  by  the  Impulse.— The  uk* 
chanical  effect 

P  t;  =  (1  -  COS.  a)  (l^lAl  Q  y 

depends  principally  upon  the  Telocity  v  of  the  impinged  EurSie. : 
E.a.  it  is  null  not  only  for  v  =  Cy  but  also  for  v  =  0 ;  hence  it  f«  1- 
lows  that  there  must  be  a  velocity,  for  which  the  work  done  by  u. 
impulse  is  a  maximum.  It  is  evident  that  this  is  the  case  wbei 
{c  —  v)  V  is  a  maximum.  If  we  consider  ^  to  be  half  the  periphtn 
of  a  rectangle  and  z;  to  be  its  base,  we  have  its  height  =  e  —  r  stiC 
its  arca  ^  {c  —  v)  v;  now  the  square  is  that  rectangle,  which  hi- 
the  greatest  area  for  a  given  periphery ;  hence  (c  —  t?)  r  is  a  nm:- 

mum,  when  {c  —  v)  =  r,  le.,  v  =-,  and  we  obtain  the  maximnn 

mechanical  effect  of  the  impulse,  when  the  surface  moves  in  tb 
direction  of  the  stream  with  half  the  velocity  of  the  latter:  tl 
work  done  is  then 

Pv  =  {l-'C08.a).i.^-.Qy  =  {l  —  cos.  a)  .  i  Qhy, 

Now  if  a  =  180",  LE.,  if  the  motion  of  the  wat^r  is  reversed  l*: 
the  impact^  wo  have  the  work  done 

but  if  a  =  90°,  I.E.,  if  the  stream  strikes  against  a  phme  sniikct. 
the  work  done  is  blit  i  ^  A  y,  in  this  case  the  water  transmits  i" 
the  surface  but  one-half  of  its  actual  energy,  or  but  one-half  of  tlh 
mechanical  effect  corresponding  to  its  vis  viva. 

Example— 1)  If  a  streani  of  water,  the  area  of  whose  croeB-eection  i»4$ 
square  inches,  delivers  5  cubic  feet  per  second  and  strikes  nonDaUjaTuxi 
a  plane  surface,  which  moves  away  with  a  velocity  of  12  feet,  the  impulse  i? 

P  =  ^. :?)  Q  y  =  (ll^  _  I2J  .  0,031 .  5  .  (J2,5  =  6  .  0,031 .  315,5 

=  58,125  pounds, 
and  the  mechanical  effect  transmitted  to  the  surface  is 

P«  =  68,125  .  12  =  697,5  foot-pounds. 
The  maximum  effect  is  obtained,  when 

e       ,    5  .  144       ^  ^   ^ 
^  =  2  =  *"  40"  =  ^^*^** 
and  it  is 

Z  =  J  .  -^  -  .  e  7  =  i  .  18'  .  0,0155  .  5  .  02J  =  81  .  0,155  .  62,5  =  784.(?^"' 
A  g 

foot-pounds ; 

the  corresponding  impulse  or  hydraulic  pressure  is 

„       784,6875       ^„^^ 

P  =  — ^ =  87,19  pounds. 
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2)  If  a  stream  F  A^  Fig.  849,  the  area  of  whose  cross-section  is  64  square 
inclies,  impinges  with  a  velocity  of  40  feet  upon  an  immovable  cone, 

whose  angle  of  convergence  B  A  B  =  100°,  the 
hydraulic  pressure  in  the  direction  of  the  stream  is 


Fio.  849. 


P=(l-<»«.a)-  Qy 

9 


64 


=  (1  -  C09,  50°)  .  40  .  0,031  .  -  V^ 

144 

10000 


40  .  62,5 
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Fig.  850. 


>""i> 


=  (1  -  0,64279)  .  1,24  . 

=  0,  35721  .  1377,8  =  492,16  pounds. 

§  501.  Impact  of  a  Bounded  and  of  an  Unlimited 
S'tream. — If  we  surround  the  periphery  of  a  plane  surface  B  B, 
Fig.  850,  with  borders  BD,B  D  (Fr.  rebords ;  Ger.  Leisten),  which 

project  beyond  the  surface  struck  by  the  water,  the 
water  will  be  deviated  from  its  course  at  an  obtuse 
angle  as  in  the  case  of  concave  surfaces,  and  the 
impulse  is  greater  than  when  the  surface  is  plane. 
The  action  of  this  impact  depends  principally  upon 
the  height  of  the  border  and  upon  the  ratio  of  the 
caross-section  of  the  stream  to  that  of  the  enclosed 
surface.    In  an  experiment,  where  the  stream  was 
one  inch  tliick  and  the  cylindrical  border  3  inches  in  diameter  and 
34^  lines  high,  the  water  flowed  from  the  surface  in  nearly  the  oppo- 
site direction  and  the  impulse  was 

3,93 /-J'y; 

in  all  other  eases  this  force  was  smaller.    It  is  impossible  ever  to 

attain  the  theoretical  maximum  value  ^  k—  F  y  in  consequence 

if 

of  the  friction  of  the  water  upon  the  surface  and  upon  the  border. 
In  the  case  of  the  impact  of  the  bounded  stream  FAB,  Fig. 

851,  there  is  also  a  border;  it  is,  however,  only  partial  and  includes 

but  a  portion  of  the  periphery;  it 
limits,  moreover,  both  the  stream  and 
the  impinged  surface.  The  imping- 
ing stream  is  turned  in  the  direction 
of  the  portion  of  the  periphery,  which 
has  no  border,  and  is  therefore  de- 
viated 90°  from  its  original  direction ; 

hence  the  formula,  which  we  found  for  the  isolated  stream. 


Fig.  851. 
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_  (g  —  v)  ^     __  /g  —  y 


Qy 


=r-t-') 


^^r. 


holds  good  here.  If  the  surface  B  Bj  Fig.  847,  against  which  th> 
stream  strikes,  moves  away  with  a  velocity  v  in  a  direction,  which 
forms  an  angle  6  with  the  original  direction  of  the  stream,  the  ve- 
locity of  this  surface  in  the  direction  of  the  impact  is 

Vi=^  V  COS.  <T; 
hence  the  impulse  is 

and  the  work  done  by  it  per  second  is 

r  r>  (<?  —  V  C08.  6)  V  cos,  ^  ^ 

The  principal  application  of  this  formula  is  to  the  impact  of  so 
unlimited  streamy  in  which  case 

Q  =  F{c  —  V  COS.  <J),  and  therefore 


■ — > 


502.  Oblique  Impact. — ^There  ore  several  cases  of  obfiqii? 
impact,  viz. :  where  the  water  after  impact  flows  away  in  one,  in 
two  or  in  more  directions.  If,  as  in  the  case  of  the  impact  of  a 
bounded  stream,  the  surfece  A  B,  Kg.  852,  has  a  border  npon 
three  sides  so  that  the  water  can  flow  away  in  one  direction  onlj, 
we  have  the  hydraulic  pressure  of  the  water  against  the  sorfioe  ia 
the  direction  of  the  stream 

P  =  (1  -  COS.  a)  i^—J!l  Q  y. 


Fio.  853. 


Fi€r.853L 


But  if  the  impinged  plane  B  C,  Fig.  853,  has  a  border  npon 
two  opposite  sides  only,  the  stream  divides  itself  4n to  two  uneqwi 
parts,  the  angle  of  deviation  a  of  the  larger  part  §,  is  less  than 
that  180''  —  a  of  the  smaller  part  Qt  and  the  total  impulse  m  the 
direction  of  the  stream  is 

P  =  (1  -  COS.  a)  .-^^-^  e,  r  +  (1  +  «w.  a)  .^-^^Q,y 


1 
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=  ^-^)  [(1  -  COS.  a)  G.  +  (1  +  COS.  a)  Q,]  y. 

But  the  conditions  of  equilibrium  of  the  two  portions  of  the 
BTtream  require  that  the  pressures 

^^^  (1  -  ^a)  C,rand^^^  (1  +  cos.a)  Q,y 
if  if 

ehall  be  equal  to  each  other ;  hence 

(1  —  co8.a)  C,  =  (1  +  cos. a)  Q^ 
or,  since  Q  =^  Qi  ■\'  Qa  ^Q  can  put 

(1  —  €08.a)  §,  =  (!+  cos,a) (Q  —  g,),  ul 

^        /1  +  C08.a\^                   /I  —  COS.  a\  ^ 
Qi  =  \ 2 /  Gand  ft  =  y ^ j  Q, 

so  that  the  total  impulse  in  the  direction  of  the  stream  is 

g        ^  ^         2         ' 

=  ^^ (1  -  COS-'  a)  Q  y,  le. 

i'  = 8in.  aOy, 

9 
Dividing  the  work  done  by  the  impulse  in  a  second* 

L  =  P  V  = V sinJ  a.Qy 

9 

by  the  velocity  A  Vi  =  Vi  =  v  sin.  a,  with  which  the  surface  recedes 
in  a  normal  direction,  we  obtain  the  normal  impulse 
,^      {c—  v)v  sin*  a  (c  —  v)    . 

g  V  sm,  a         ^  '  g  ^  ' 

which  consists  of  the  parallel  impulse 

F=  NsiTL  a  =  ^^ '-  sin,*  a .  0  ')'• 

%  g 

and  of  a  lateral  impulse 

tS  =  If  COS,  a  =  -i ^  sin,  a  cos,  a.Qy  =  -^ —  sin,  2  a  Qy. 

g  2g 

The  normal  impvise  is  proportional  to  the  sine,  the  parcHlel  im- 
pulse to  the  square  of  the  sine  of  angle  of  incidence,  and  the  lateral 
impulse  to  tJie  sine  of  double  this  angle. 

If,  finally,  the  oblique  surface,  which  is  struck,  has  no  border, 
the  water  can  flow  away  in  all  directions  and  the  impulse  is  still 
i^reater;  for  a  is  the  smallest  angle  which  the  fibres  of  water  can 
make  with  the  axis ;  hence  every  fibre  which  does  not  move  in  the 
normal  plane  exerts  a  greater  pressure  than  those  which  do.  If  we 
assume  that  the  angles  of  deviation  of  one  portion  Q^,  which  corre- 
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spondB  to  tiis  sectors  A  0  B  mi  D  0  E,  Fig.  854,  anCOF  =  c 
andCOG  =  180"  -  a,  that  those  of  the  other  portion  Csi^liieh  (■■■ 
responds  to  the  Eectfiis  AVE 
FiQ  834  and  /?  0  A  are  C  0  K=  (  0  B 

=  00°,  and  that  the  tvo  {■■:- 
tions  produce  eqnal  panll'.l  ii- 
pulses,  we  can  pat 

P  =  ^~^  Q,rtiti.'a 


and  that  the  total  parallel  impulse  is 
\    £7   /  1  +  Bin. 


+  —  C,r, 

and,  since  Q,  sin.'  a  =  Q^a 
Q  =  Qt  +  Q^  it  followb  IS 
?,(l  +  «Vfl)  =  ft 


1  +  Sin.* 

Although  this  assumption  is  only  approximatively  corwt.  f 
tli3  results  of  the  latest  experiments  by  Bidone  agree  Terri,! 
with  it. 

Remark.— Prof.  Brock,  in  bis  Mechanics,  p^go  614,  flnde  for  oLilr. 
impact  against  a  circular  sarface 


JV  =  tanff.  a  I.  cotff. 


")  Q },  and 


g  503.  Impact  of  Water  in  Water.— If  a  certaiu  qnan: 
Q  of  ■  water  discharges  with  a  velocity  A  c  =  c  into  a  TesscI  /' 
which  is  moving  with  a  velocity  A  v  =  r,  a  pert  v. 
r  -  Ql' 


.  855, 


Fia.  833. 


of  its  actual  energy  I.  - 
y  will  be  expended  in  produce.' 


and  maintainiDg  the  ed<ly  A  t 
which  is  due  to  the  loss  of  refofJ'; 
Ci.  Ifwedenotehy  o  thesnglef-'' 
made  by  the  direction  of  (he  w^ 
with  tliat  of  the  motion  of  the  t^^ 
sel,  we  have 
c*  +  r'  —  2  c  r  COS.  a. 
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and,  therefore,  tho  mechanical  effect  lost  in  consequence  of  the 
eddy  ,.   __  Q  {c*  -^  v^  —  2cv cos.  a) 

As  the  volume  Q  of  water  participates  in  the  motion  of  the  vessel, 
its  velocity  v  is  the  same  as  that  of  the  latter,  and  the  energy, 

wliich  it  still  possesses,  is  Li  =  -^- — '■  y;  hence  the  energy  which  is 

transmitted  to  the  vessel  and  expended  in  moving  it  forward,  is 
L  "=-  L^  —  Li  —  Li 

=  I Tg )  ^y = — n—  «>' 

_  {ccos.a—v)v  ^ 
— ■  %J  y, 

and  the  force  with  which  the  vessel  is  urged  forward  in  the  direc- 
tion of  its  motion  by  the  water  which  flows  into  it  is 


^=f-=(-^-)«'- 


Now  the  discharge  per  second,  which  impinges  against  the 
vessel,  ia  Q  =  FCy  ^denoting  the  cross-section  of  the  stream  at 
its  entrance ;  hence  we  have 

p  _  (cco8.a''V)c  ^ 

0 
and  for  the  case  when  the  vessel  is  at  rest,  or  when  t;  =  0, 


&  cos.  a  ^        ^    c* 


P  =  Fy  =  2  77—  Fy  cos.  a  =  2  Fh  y  cos.  o, 


c* 


in  which  h  denotes  the  height  ^—  due  to  the  velocity. 

The  mechanical  effect  is  a  maximum  for  v  =  A  c  cos.  a  and  it  is 

C^  COS  ^  fl 

^•"^  -   "27/"    ^^'  =  2  Qhyc08.'a. 
If  the  direction  of  the  stream  is  the  same  as  that  of  the  motion 
of  the  vessel,  a  =  0,  and  we  have 

y        (c  —  v)r  ^         , 
L  =  ^ Q  y  and 

9 
L„=iQhy. 
In  this  case  but  half  the  total  energy  ^  A  y  of  the  water  is  utilized 
(compare  §  500). 

§  504.  Experiments  with  Reaction  Wheels. — The  best 
method  of  proving  the  above  theory  of  the  impact  and  reaction  of 
water  is  to  make  use  of  a  reaction  wheel  A  A  B,  Pig.  856,  with  ft 
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rerticol  asia  of  rotation  C  D  (see  the  author's  "  ExpeFimeaal-Hi- 
draulik,"  g  48,  etc.).  The  water  which  turns  the  machine  eiiit> 
into  the  receiTer  A  A  of  the  wheel  nearly  tangentially  thn>D|h  ti.i 


lateral  canals  E,  E,  and  is  diBcharged  through  two  latere?  oit&'' 
F,  Fin  tlio  cnda  of  the  revolving  tubes  R,  R.  In  order  to  wamfc 
the  efflux  of  water  constant  and  the  rotating  force  inTariaWf,  k 
pipe  which  conveys  tlie  water  to  the  reservoir  ff  is  provided  wiili  i 
cock  H;  from  tlie  reservoir  the  water  is  conveyed  by  the  pipe  ^^ 
to  tho  chamber  E  E,  into  which  the  canals  E,  .Bopen.  ffbikit 
machine  is  in  operation,  tho  cock  H  must  be  turned  in  Rici  J 
manner  that  the  surface  of  the  water  in  tho  reservoir  G  ^bsi 
always  touch  the  end  of  tho  pointer  Z. 

When  wo  wish  to  determine  the  reaction  of  the  effluent  wiffi 
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a  thin  string  S,  to  one  end  of  which  a  weight  is  attached^  is  passed 
over  a  pulley  and  then  wrapped  round  the  central  tube  B.  The 
quantity  of  water  discharged  is  measured  in  the  I'eservoir,  from 
which  the  water  flows  into  the  pipe  with  the  cock  H,  by  observing 
the  area  A  of  the  surface  of  the  water  and  the  distance  a  which  it 
sinks  during  the  experiment  If  the  duration  of  the  observation  is 
=  t^  we  have  the  discharge  per  second 

and  if  the  fall,  le.  the  vertical  distance  between  the  surface  of  the 
water  in  the  reservoir  G  and  the  orifice  of  discharge  of  the  wheel 
=  A,  the  total  energy  of  the  water  discharged  per  second  is 

J.       ^ ,  Aahy 

L=  Qhy  =  — j-^. 

Now  if  the  machine  has  raised  the  weight  G  a  distance  s  in  the 
time  t,  the  work  really  done  by  the  wheel  in  a  second  is 

r  Gs 

and  we  can  now  compare  these  two  values,  the  second  of  which  is 
always  the  smaller. 

§  505.  Theory  of  the  Reaction  Wheel.— The  total  fall  h 
in  such  a  wheel  consists  of  the  fall  A,  from  the  surface  of  the  water 
to  the  point  E,  where  the  water  enters  the  wheel,  and  of  the  fall 
Aa  from  the  latter  point  to  the  orifice,  by  which  the  water  leaves  the 

wheel.  From  7i,  we  calculate,  by  means  of  the  formula  c,  =  1^2  ^  A„ 
the  velocity  with  which  the  water  enters  the  wheel,  and  from  /^2, 
according  to  §  304,  by  means  of  the  formula 

c  =  V2f/k,  +  v'  -  V,' 
the  velocity  with  which  it  quits  it,  when  the  velocities  of  rotation 
t'l  and  V  of  the  wheel  at  the  jwints  of  entrance  and  exit  are  known. 
Since  the  direction  of  this  reaction  of  the  water,  which  acts  as  the 
rotating  force,  is  opposite  to  that  of  the  velocity  of  discharge,  the 
absolute  velocity  of  the  water  upon  leaving  the  wheel  is 

w  =  c  —  V, 
and  its  square 
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hence  the  energy  of  the  effluent  water  is 

^  =  Cr.2-  =  er(^-^^r— -27) 

The  water,  which  enters  the  wheel  with  the  relatiTe  lek^r 
2Ci  =  Ci  —  i'l,  loses  (according  to  §  436)  by  the  impact  the  eu.:,. 

and  consequently  of  the  total  energy 
only  the  portion 

L=Qy(k-h,'-'h)  +  Qy[^^ — ^'^'^    a  )^^^\}         • 
is  transmitted  to  the  wheel. 

In  order  to  obtain  the  greatest  amount  of  work  from  the  wL 
wc  must  have  w  =  0  oiv  =  c  and  Wi  =  0  or r,  =  Ci,and tkrJ: 

—L  =  A,  or  r,  =  v¥ghfy  as  well  as 

^.  a  

^-^  =  hx  or  t;,  =  4^2  ^  A,. 

In  this  case,  therefore,  A,  =  A^  =  ^  7t  and  the  corresponuh: 
maximum  effect  of  the  machine  is 

I.E.,  equal  to  the  total  energy  of  the  water. 

If  7*1  denotes  the  distance  of  the  point  of  entrance  and  r  tbatff 
the  orifice. of  exit  of  the  wheel  from  the  axis,  we  hare 

—  =  — ,  whence  Vx  =  —-  r, 
V         r  r 

and,  in  general,  the  rate  of  work  of  the  wheel 

so  that  the  rotating  force,  measured  at  the  distance  r,  is 

V  g     \  r      / 

If  the  arm  of  the  suspended  weight  or  load  is  a,  which  in  the  ap- 
paratus represented  is  very  nearly  the  radius  of  the  central  tnV*  /■■ 
wc  have  G  a  ^  F  r,  and,  therefore,  the  weight  to  be  attached  flU'J 
to  be  raised  during  the  rotation  of  the  wheel  is 

a  g  a 

or  for  c  =  V  and  Ci  =  i\, 
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(JT  = Ci  Ti  = Vi  fi. 

ga  ga 

If  F  denote  the  area  of  the  orifices  of  efflux  and  Fx  that  of  those 
of  infloxy  we  have 

Q  =.  F  c  ^  Fi  c^,  and  therefore 


Q 


^         V2g  h,  +  v"  -  2V'  2  (jr  A,  +  v'  -  r," 

For  V  =  c  and  Vi  =  Ci,  in  which  case  hi  z=  h%  =  ^  h,  we  have 
Q  =  Fvy  and  therefore 

on  the  contrary,  for  v  =  0,  $  =  -P  1^2  ^  Aj,  and  therefore 

(jr      \         r      / 
If  we  allow  the  water  to  enter  the  wheel  slowly,  we  can  put 
ri  =  0  and  A,  =  0  and  the  force  of  the  reaction  in  the  last  case 
becomes 

g  ^0 

as  wo  found  above. 

Since  in  these  calculations  we  neglected  the  passive  resistances, 
the  experiments  with  the  machine  represented  do  not  give  the 
values  for  the  force  found  above,  but  values  which  are  a  few  per 
cent  less.  However,  the  results  of  experiments  carefully  made 
with  such  a  wheel  agree  very  well  with  the  theory  just  demonstrated. 

When  we  wish  to  make  use  of  this  machine  to  test  the  theory 
of  the  impact  ofwater^  we  begin  by  removing  the  chamber  F  F  so 
as  to  allow  the  water  to  enter  near  the  centre  without  any  velocity 
of  rotation,  and  we  then  fasten  opposite  to  the  orifices  in  the  re- 
volving tabes  the  plates  0,  0,  small  vessels,  etc.,  which  are  sub- 
jected to  the  impact  of  the  water  discharged.  The  rotating  force 
is  then  equal  to  the  difference  between  the  reaction  within  the 
wheel  and  the  impulse  without  it.  We  find,  in  accordance  with 
the  theory,  that  the  wheel  stands  still,  when  the  stream  issuing 
from  it  impinges  upon  a  plane  plate  at  right  angles  to  the  direction 
of  the  water,  or  when  it  flows  into  a  vessel  filled  with  water.  If  the 
stream  strikes  obliquely  against  plane-plates  or  against  convex  sur- 
faces, the  wheel  moves  in  the  direction  of  the  reaction,  and  if  it  is 
received  by  a  concave  surface,  the  wheel  turns  in  the  direction  in 
which  the  water  issues  from  the  orifice. 


1030  GENERAL  FBINCIPLES  OF  MECHANIC&  [^9H 

g  E06.   Water-metors.  —  More  recently  vxUer-mda^  (Fr. 

compteurs  hydrauliquca ;   Ger.  Waasermeflser)   hare  bttn  rnnci 

used  for  measiirmg  running  water.    They  are  pat  in  motH>ii  i . 

the  reaction  of  the  water  discharged,  and  consist  eesentiaUT  of : 

I'eaction  wheel  or  turbine.    An  ideal  representation  of  the  cne^ 

section  of  each  a  wheel  is  given  in  Fig.  S57.     The  vater  lo  '.• 

measured  fiows  through  a  tube  A  into  tiie  centre  of  the  wheel  L  b, 

and  paeaes  throogfa  i  a- 

FI8.857.  nalB  OB,  C5...tolh 

I  n  exterior    drcnmlerEiie;. 

^  where   it  is  diacha:g>j 

into  the  caae  D  £,  fee 

vhich    it   is    ommA 

away  bys  tube  £i:  Ui 

Bhaft    IT  of  thia  vbi-.l 

carries  a  pointer  Z,  tj 

rather  a  trun  of  Tboi- 

work,  which  indicate  tb^ 

nnmber   of  reTolnti'<tj 

of  the  wheel,  and  br  i: 

the  Tolome  of  the  «tr. 

which  flows  through  it  in  any  given  time ;  for  this  Tolnme  is  p- 

portional  to  the  number  of  reTolntionB.    If  A  denotes  flie  hdfhi  > '. 

a  column  of  water  which  laeaenree  the  loss  of  pressure  of  (he  «;.■ 

in  passing  through  the  wheel,  Q  the  dischai^  per  second,  (tbeT- 

locity  of  efflux,  and  v  the  Telocity  of  the  wheel  in  the  oppoa;^ 

direction,  we  have  c*  —  v*  =  2  ^  A,  and  the  rate  of  work  of  tk 

wheel 

i  =  i^^^i,  Qyfsee  g  505). 

If  R  is  the  resistance  of  the  wheel,  in  consequence  of  Uk  bt- 
tion  on  the  bearings,  etc,  we  can  put  L  =  B  v,  and  Inm  it  '^    I 
obtain  the  formula  . 

or,  if  F  denotes  the  sum  of  the  areas  of  all  the  orifices  of  efflni,  e^ 
that  Q  =  Fc  or  c  =  -^,ve  can  put 

B  ^  (^  —  V  )^-^,  fixim  which  we  obt«n 

"-F-Q^-  ! 
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If  R  were  null,  or  at  leaat  Tery  small,  we  could  put  v  =  ~,  or 
issame  the  velocity  v  of  rotation  to  be  proportional  to  tlie  disclmrge 
Qf  which  indeed  it  should  be.  Ift  on  the  contrary,  .ffi  =  ^  r,  or  if 
:lxG  resietance  of  the  wheel  increase  with  v,  we  will  have 

■     "  +  w  =  >-'" 

"  =  Fhlm  '''"''^■""'  =  ?  ('  -  f  r> 

If,  then,  the  resistance  E  of  the  wheel  is  not  very  small,  the 
velocity  of  rotation  of  the  wheel  is  less  than  when  R  is  null  or 
negligible,  and  the  instrument  indicates  too  small  a  discharge. 

If  we  put  V  =  0,v/e  obtain  for  a  discharge  Q,  the  eorrespond- 
iiig  velocity  of  efflux 

_  ffR 
■  "  «.  / 
and  we  can  then  put,  approximatively  at  least, 
V  =  c  —  c^  and 

Q  =  F  {V  +  c,)  =  :!^^f^  +  <i,  =  fiu  +  Q„ 
r  denoting  the  radius  of  the  wheel,  u  tbe  number  of  its  rotations 
aiid  ft  a  coefficient  to  be  determined  by  experiment- 
Within  the  last  few  years  Siemens^s  water-meter  has  come  into 
very  general  use;  its  principal  parts  are  represented  in  cross- 
section  in  Fig.  858.     The  water  which  enters  trom.  A   passes 
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through  the  pipe  B  B  into  the  wheel  V  C  and  ia  carried  liy  iL 
revolving  tnba  D  D  into  the  case  E  E-,  Crom  which  it  iscllml1l^■! 
hy  the  pipe  P.  The  shaft  W  of  the  wheel  passes  npwards  thr.i: 
a  stuffing-box  and  sets  a  train  of  wheel-work  In  motion  bv  mi.aL 
of  an  endless  screw  fastened  to  its  end.  The  wings  k,  t  op<;i; . 
ivheel  assist  in  regulating  its  motion  of  rotation  by  the  rc-ii!i. 
ivhich  they  experience  in  moring  in  the  water. 

The  reaction  wheel  can  be  constructed  in  such  a  nuDikr  ;, 

;vcry  time  it  makes  a  revolution  it  will  allow  a  certain  gvanlHj'-' 

water  to  pass  through.    To  accomplish  this  object,  the  wbeel  H.\ ', 

Fig.  859,  is  partially  immersed  mua;: 

^°-  ***■  BO  thit,  when  turning,  the  sjiiiaJ  i-i 

are  alternately  filled  with  air  tnil  tj' 

Here  also  tlie  water  is  cooJarttJ  i; 

pipe  into  the  centre  of  tbo  wb^iL  i.: 

from  tlience  by  spiral  pipes  into  ' 

free  space  of  the  case  E  F,  frum  ^'-\i 

it  flows  away  through  the  pip?  /■   P 

surface  of  the  water  in  tho  inleriiT  ■ . 

the  wheel  is  at  a  distance  h  a]iuT>  ti. 

of  the  water  in  the  caae ;  heno',  it  i 

wheel  turns  in  the  direction  imlii-- 

by  the  arrow,  as  soon  as  tiie  orilic 

arrives  at  tho  level  of  the  iralcriQ '' 

interior,  the  water  begins  to  dischai^,  and  in  bo  doing  rearti  ^" 

a  certain  force  P,  by  which  the  rotation  of  the  nheel  U  mat- 

tained.     If  Fis  the  volume  of  the  water  contained  in  on^'cf  il 

spiral  pipes,  and  n  the  number  of  these  canals,  the  discliair;-' 

second,  when  tho  number  of  rotations  per  minute  of  tho  volumt  ■ ; 

the  water  is  w,  is  Q  =  — ^^. 

RintAiiK. — An  account  of  Bietnena'  watei^metcr  is  given  in  llrc"^ 
schrift  des  Vcreincs  deatschci  Ingenieure,"  Vol.  1. 1857,  in  which  Jop^o.- 
w.iter- meter  (in  which  the  water  ia  gauged)  is  alio  described  SeeH^'-- 
pnper :  "  Siemens  and  Adamson'a  Patent  Water  Meter."  A  Tviy  pccu:ii": 
eonatmcted  water-meter  nf  the  natnre  of  s  reaction  wheel  i»  flfscnl*-' ' 
the  "G^nie  industriellc,"  Tome  XXI,  No.  126,  1861,  nntier  th«  rs:^- 
'■  Corapteur  hydranliqne  pour  la  mesure  d'lSconlement  dcs  liqGi'lf^  V 
Guyct."  Two  water-meters  are  described  in  the  English  work  ■■  Ht  l^J* 
■  lia,"  by  W.  Matthews.  A  eompUur  hydratiUgae  used  at  the  railnnd  ^'^ " 
at  Chartres  is  described  in  the  "  Bulletin  de  la  Socii?te  d'eacouragra"' 
51  year  (1853)    Uhler'a  apparatus  for  ineaanring  flnidK  is  Ireited  of -i 
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*ing1eT's  Jonrnal,  Vol.  IGl.  A  descriptioQ  of  an  apparatus  for  lueasuring 
ic  quantity  of  spirit  made  in  clistiHeriea  la  conlainert  in  tlie  "  Mittheilan- 
un  des  Gewerbeveruinea  for  Hannover,"  now  series,  1861. 

FoT  a  aeBcription  of  several  kinds  of  water-meters,  see  "  The  Transac' 
ions  of  the  Institution  of  Mechanical  Engineere,"  1656  CTr,). 

§  507.  <3as-meterB.~The  so-called  wet  gas-meters  (Fr.  conip- 
eurs  d  gaz ;  Ger.  Gasmesser  or  Gasuliren)  are,  like  certain  water- 
neters,  small  wheela  with  spiral  canals,  which  are  more  than  one- 
lulf  immersed  in  water  and  are  put  in  motion  by  the  reaction  of 
hv'  gas  passing  through  them ;  each  spiral  canal  transfers  a  ccrtair. 
."olume  of  gaa  from  the  inside  to  the  outside.  The  essential  pai-ts 
>f  such  a  gas-meter  are  shown  in  the  two  sections  of  Fig.  8C0. 
The  gas,  which  arrives, 
Fia.  800.  enters  by  a  bent  pipe  A 

*"  ^'  "  into  the  interior  of  the 

measuring  wheel  B  Ji, 
in  which  it   dei)rcsse8 
the  surfoQcof  the  water 
1  *~     a   certain    distance   li, 

which    dciienda    upon 
the  tension  of  the  gns 
passing  through  the  in- 
'  strument     From    this 

central  chamber  it  enters  snccessively  tlio  spii-al  canals,  fills  them 
almost  entirely  and,  finally,  passes  out  through  the  orifices  at  the 
circumference  into  the  case  G  0,  from  which  it  is  condncted  by  e 
pipe  H  to  the  point,  where  it  is  to  be  used.  As  we  wish  every 
spiral  canal  of  the  measuring  wheel  to  caiTy  over  a  certain  definite 
'jiiantity  of  gas  at  each  revolution,  wo  must  so  aiTange  the  appa- 
ratus that  at  least  one  of  the  orifices  of  a  canal  shall  always  bo 
under  water;  for  in  that  case,  when  the  gaa  is  filling  the  canal, 
tiioro  is  no  efflux,  and  during  the  efflux  no  gas  can  enter  it.  The 
volume  of  gas  V,  passed  by  one  spiral  canal,  is  consequently  a  defi- 
nite one,  and  wo  can,  therefore,  put  the  discharge  per  minute 

^  GO    ' 

when  the  wheel  makes  n  revolutions  per  minute.  If  we  denote  the 
height  of  the  barometer  in  the  gas  leaving  the  macliinc  by  b,  (liat 
in  the  gas  entering  it  is  S  -)-  k,  and,  therefore,  according  to  Ma- 
riotte's  law,  the  quantity  of  air  in  one  spiral  canal,  measured  at  the 
l»resaare  of  the  gas  after  it  has  left  the  measuring  wheel,  is 
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'b  +A> 


'.  =  f-T-)  ^. 


consequently  the  quantity  of  gas,  which  passes  from  the  wheel  i:. 
the  exterior  case  when  the  outlet  of  one  of  the  spiral  canals  m.^ 
from  the  water,  is 

When  this  quantity  streams  into  the  cafie  the  mechanical  efa: 
set  free  is  j       rr     7  /^  +  A\ 

h 
(see  §  388),  and  since  v  is  small,  wc  can  put 


'in-'-)"(^*-^=p 


lience,  if  the  heaviness  of  the  substance,  with  which  the  manometef 
is  filled,  is  y,  we  have  p  =  (b  +  h)y  =  b'y,  and  therefore  J  =  Fi ; 
One  portion  of  this  mechanical  effect  is  expended  in  tumb;: 
the  wheel,  and^the  rest  in  producing  an  eddy.  The  first  portico 
is  determined  by  the  expression 

_{c-v)v    h 

in  which  h  denotes  the  mean  height  of  the  manometer,  c  the  mea£ 
velocity  of  efflux,  v  the  velocity  of  the  wheel  at  its  circumferece^ 
and  yi  the  heaviness  of  the  gas  discharged.  If  JZ  is  the  resistasce 
of  the  wheel,  reduced  to  its  circumference,  and  r  its  radios,  v% 
have  the  required  mechanical  effect 

Ai  =  R.  — — ,  and  therefore  wc  can  put 

(c  —  v)v    h  ^  2nr  ^         .        .  60 r 

^ —  .  Y  VYi  = Ji,  or  smce  2  t  r  = , 

g  b      ^  n  u 

g     •  "i     ^*  ~  ¥¥  ' 
hence  it  follows  that  the  velocity  of  rotation,  corresponding  to  the 
distance  h  between  the  two  surfaces  of  water,  is 

gb      60  i2 
fiVy^     nu 
and  that  the  number  of  revolutions  of  the  meter  jwr  minute  is 


30    /  mgbRV 

nr    \        nu  Vh  y/ 


Approximatively  we  have  c  =  y  ^  g  — -y  when  y  denotes  thf 
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Aviness  of  the  substance  vith  which  the  manometer  is  filled, 
lie  Tolome  of  gas  passing  per  minute  is 

^         60      ' 
id  it  ie  proportional  to  the  number  of  revolutioriB  a. 

§  508.  Newer  Q-as-metera — Inetead  of  placing  the  spiral 
inala  of  a  gas-meter  in  a  plane  perpendicular  to  the  axis,  we  can 
ind  them  round  it  like  the  thread  of  a  screw.  The  action  of 
ich  a  gas-meter  is  shown  by  the  two  sections  I  and  II,  Fig.  861,  in 
hich  D  D  represents  the  sor&ce  of  the  water  at  the  front  and  E  E 
Era.  661. 


hat  at  the  back  of  the  meastiring  wheel,  which  is  a  horizontal 
Imm.  The  orifice  A  of  the  spiral  canal  A  0  B  opens  into  the 
chamber,  which  is  in  front  of  the  drum,  and  receives  the  gas,  which 
a  arriving ;  the  orifice  B,  on  the  contrary,  delircrs  the  gaa  into 
:he  chamber  at  the  back  of  the  drum,  from  which  it  ie  carried  off 
sy  a  pipe.  In  Fig.  861, 1,  the  different  positions  of  a  spiral  canal, 
iiewed  from  in  troai  of  the  wheel,  are  represented.  Fig.  861,  II, 
m  the  contrary,  represents  the  various  positions  of  the  canal  aa 
seen  from  the  rear  of  the  wheel.  ■  In  consequence  of  the  rotation 
of  the  wheel,  in  the  direction  indicated  by  the  arrow,  around  the 
horizontal  axis  0,  the  inlet  orifice  A  in  (1, 1)  is  just  emerging  from 
the  water  in  front,  while  the  outlet  B  is  jnst  entering  the  water  in 
the  rear,  in  (I,  2)  and  (I,  3)  the  arcs  A  0,  A  0  of  gas  have  entered 
through  the  orifice  A,  and  in  (I,  4)  ^e  orifice  has  re-entered  the 
water,  so  that  after  a  certain  quantity  Fhas  been  received  into  the 
panal,  the  entry  of  the  gas  is  cut  off.    Shortly  afterwards  the  orifice- 
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B  riBes,  aa  ia  represented  iu  (11, 1),  from  the  water  in  the  re»rtt 
the  drum  and  the  discharge  of  the  gas,  which  had  previonsly  Ixr^ 
taken  in,  begins,  and  it  is  in  full  operation  in  the  positiooE  (II,  t : 
and  (II,  3).  When  a  new  rcTolution  b^ns,  B  re-enters  tV 
water  in  the  rear  of  tho  drnm,  as  is  represented  in  (11, 4),  and  tbt 
gas  again  begins  ia  fill  the  canal  Daring  half  a  rerolntioti  of  Ux 
spiral  canal  A  0  f,  an  arc  of  gas  ^  0  (1, 4),  which  is  at  the  gretoj 
tension  ft  4-  A,  enters  the  former  and  dnring  the  second  half  cf 
the  same  it  is  transferred  to  the  Bpace  beyond  the  wheel,  where  th. 
pressure  is  less.  In  passing  from  the  greater  preaaure  to  the  lea. 
the  mechanical  effect  A  =  FA  y  is  set  free;  a  portion  of  this  i* 
expended  in  moving  the  wheel,  as  was  shown  in  the  foregDiof; 
\mragraph.  The  general  arrangement  and  action  of  snch  a  ga?- 
meter  can  be  better  understood  from  the  ideal  represratadon  z 
Fig.  862.  The  gas  is  first  introduced  b;  means  of  a  bent  tube  A 
into  a  chamber  B  B,  which  communicates  in  the  middle  aroiuij 
the  axis  of  rotation  C  with  the  water  in  the  case  B  F  Q,  but  np^ 
the  exterior  circumference,  where  the  spiral  tubes  enter  it,  it  a  air- 
tight. The  drawing  shows  the  spiral  camd  ^  f  to  be  receiving 
gas  from  B  B  and  the  cantd  L  M,  which  a  short  time  before  Iwi 
received  a  certain  volume  of  gas,  to  be  discharging  it  at  M  into  iIk 
upper  space  in  the  case  E  P  0,  from  which  it  is  carried  away  in 
the  pipe  F.  By  this  arrangement  of  the  meter  the  gaa  in  the  firr. 
■chamber  is  cut  off  entirely  by  the  water  from  that  in  the  ntr 
chamber,  and,  therefore,  the  packing,  which  causes  great  kffi  fff 
force,  is  rendered  unnecessary.  The  other  end  D  of  the  axis  i'l' 
of  the  wheel  has  a  couple  of  turns  of  a  screw  cut  upon  i^  by  meani 
of  which  the  train  of  wheels  of  the  counting  apparatus  is  eei  in 
motion. 

Fio.  803.  Fio.  868. 
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Croflsley'a  gas-meters,  which  have  come  into  very  general  uec, 
are  constructed  according  to  the  principles  explained  above ;  but 
tbeir  spiral  canals  are  not  tube-shaped,  but  real  chambers  or  cells 
^vith  spiiul  partitions  and  with  triangalar  inlet  and  outlet  orifices, 
which  are  made  by  bending  out  the  end  surfaces.  Fig.  863  is  a 
perspectire  view  of  such  a  wheel  with  the  cover  removed ;  it  con- 
sists of  4  pieces  of  sheet  iron  like  that  represented  in  Fig.  864. 
^i  I,  A.J  Aa  Ai  are  the  inlet  orifices,  B^,  5,  ■  ■ .  the  outlet  orifices 
and  Cu  C„  C,  ...  the  partitions  of  the  measuring  wheel  which 
tuma  around  the  asis  D  D,  Fig.  865  is  an  elevation  of  the  gas- 
moter  with  the  exterior  drum  or  case ;  we  obeerve  at  K  the  bent 
tabe,  which  conducts  the  gas  into  the  chamber,  and  at  Z  the  pipe, 
which  carries  off  the  gas 
from  the  upper  space  A  A 
of  the  case  of  the  meter. 
The  gas  does  not  flow  di- 
rectly into  K,  but  the  pipe 
j?  carries  it  first  into  a  cham- 
ber F,  from  which  it  passes 
through  the  conical  valve  i 
into  the  chamljcr  G,  where 
it  enters  the  upper  part  of 
the  vertical  pipe  H,  through 
which  it  is  conducted  into 
the  bent  tube  K.  The  sur- 
face of  the  water  in  the 
chamber  O  reaches  esactly 
to  the  top  of  the  pipe  H, 
through  which  the  super- 
fluous water  overflows  into 
a  reservoir  L.  In  order,  on 
the  other  hand,  to  prevent 
the  water  from  sinking  too 
low,  a  float  is  placed  in  the 
chamber,  which,  when  it 
sinks,  carries  the  valve  i  with 
it  and  closes  the  opening, 
when  the  float  has  sunk  a 
certain  distance.  The  dis- 
charge of  gas  then  ceases  en- 
tirely, and  we  are  thus  noti- 
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fied  that  it  is  ueijeasary  to  fill  tho  meter  irith  irat«r  throngb  u 
orifice  M,  that  opens  into  a  chamber  N,  which  comma iiicau<,  i; 
the  bottom  only,  with  the  water  space. 

Fig.  866  ia  transTerse  elevation  of  the  iront  of  EQch  i  Dvlet,  ii 
which  are  to  be  Been  not  only  the  chamber  N  with  the  orifts  X 
but  also  tho  clockwork  of  the  counting  apparatos,  which  ia  m  ii 
motion  by  an  endless  screw  upon  tho  axle  of  the  dnim  uid  »  tc- 
tioal  shaft  with  a  cog-wheel  upon  it 

An  important  resistance  to  the  motion  of  Croaley'sgaE-metet'j 
tliat  occasioned  by  the  entry  and  exit  of  the  water  Umragh  ib 
narrow  triangular  orifices.  We  can  calculate  from  UieansJcf 
an  inlet  or  outlet  orifice  and  from  the  diachai^  per  second,  i)iA 
can  be  put  equal  to  the  Tolame  Q  of  the  gaa,  Uie  reloci^  of  «i£ 
Fio.86a. 


and  entrance  \\  =  ^,  and  consequently  the  correspondii^lta'' 
nicclumical  effect  per  second 

ItKM AKK.— Particulara  upon  the  subject  of  gas-met^ra  can  be  fo"*^  * 
Schilling's  "  Ilandbnch  der  SteinkahlengaBbelenchtnug,"  »nd  BmW" 
nrticlc  "  die  Einriclitnng  der  Oasuhren  "  in  the  "  Mittheani>g«  il»  ^ 
wcrberereins  flir  daa  K. Hannover,"  year  1859.  Anew  gas-meter bjEifr 
•en  is  described  in  the  "  Journal  der  Oasbeleucbtung,"  1881. 
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§  509.  Action  of  Unlimited  Fluids.— If  a  body  has  a  mo- 
tion of  translation  in  an  unlimiied  fluid,  or  if  a  body  is  placed  in  a 
moving  fluid,  it  is  subjected  to  a  pressure,  which  is  dependent  upon 
the  form  and  size  of  the  body  as  well  as  upon  the  density  of  the 
fluid  and  the  velocity  of  one  or  other  of  the  masses ;  in  the  former 
case  it  is  called  the  resistance  and  in  the  latter  the  impulse  of  the 
fluid.  This  hydraulic  pressure  is  principally  due  to  the  ineiiia  of 
the  water,  whose  condition  of  motion  is  changed  when  it  comes 
into  contact  with  a  rigid  body,  and  also  to  the  force  of  cohesion  of 
the  molecules  of  water,  which  are  partially  separated  irom  and 
moved  upon  each  other. 

If  a  body  A  C,  Pig.  867,  is  moved  in  still  water,  it  pushes  a 
certain  quantity  of  water,  the  pressure  of  which  is  increased,  before 
it.  As  the  body  progresses  the  quantity  of  water  on  one  side  is 
increased,  while  upon  the  other  it  is  constantly  flowing  away,  and 
the  particles  lying  immediately  contiguous  to  the  surface  A  B 


Fia.  867. 


Fig.  868. 


3 


assume  a  motion  in  the  direction  of  this  sur&ce.  If  a  stream  of 
water  encounters  an  obstacle  AC,  Fig.  868,  which  is  at  rest,  the 
pressure  of  the  water  in  front  of  it  is  increased,  the  molecules  of 
water  are  diverted  from  their  original  direction  and  move  along 
the  front  surface  A  B,  When  the  particles  of  water  have  reached 
the  edges  of  the  front  surface,  they  turn  and  follow  the  sides  of 
the  body,  until  they  arrive  at  the  back  surface,  where  they  do  not 
immediately  reunite,  but  assume  first  an  eddying  motion.  We  see 
that  the  general  relations  of  the  motion  of  the  molecules,  which 
surround  the  body,  are  the  same  for  the  impulse  of  water  as  for  the 
resistance  to  a  body  moving  in  the  water ;  but  there  is  a  difference 
in  the  eddies,  when  the  body  is  short ;  for  in  the  latter  case  the 
eddies  occupy  less  space  than  in  the  former.  The  velocity  of  the 
molecules  ot  water  increases  gradually  from  the  centre  of  the  front 
surface  to  the  edges,  where  a  contraction  generally  takes  place  and 
where  the  velocity  is  a  maximum,  it  decreases  as  the  water  passes 
along  the  sides  and  becomes  a  minimum  when  the  water  arrives 
at  the  back  surface  and  begins  its  eddying  motion. 


1030  GENERAL  PRINCIPLES  OF  MECHANIGSL  g^^ 

§  510.  Theory  of  Impnlse  and  ReBistanceb— The  nomi' 
pressure  of  still  or  moying  water  upon  a  body  moved  or  immEr?:. 
in  it  is  Ycry  difEbrent  at  different  points  of  the  body.  Thii  pi^ 
sure  is  a  maximum  at  the  centre  of  the  front  sar£BK)e  and  a  nuL:- 
mum  in  the  centre  of  the  rear  surface  and  at  the  beginning  cf  a- 
sides ;  for  at  the  first  point  the  water  flows  towards  the  body,  at: 
at  the  latter  points  it  flows  away  from  it  If  the  body  is,  as  f r 
will  suppose  in  what  follows,  symmetrical  in  reference  to  tb 
direction  of  motion,  the  pressures  at  right  angles  to  this  direcbj:! 
balance  each  other,  and  we  must,  therefore,  consider  onlj  t: 
pressures  in  the  direction  of  the  motion.  Bat  since  the  presu?^ 
upon  the  rear  surface  acts  in  an  opposite  direction  to  thoge  npi 
the  front  surface,  it  follows  iJiat  tlie  resulting  inyndse  or  retislei'' 
of  the  water  is  equal  to  tlis  difference  between  the  pressures  upoutit 
front  and  bach  surfaces,  ' 

Although  we  cannot  determine  a  priori  the  intensitj  of  d i' 
pressure,  yet,  as  the  circumstances  are  very  similar  to  those  of ;' 
impact  of  an  isolated^  stream,  we  can  at  least  assunie  that  (bepi- 
oral  law  of  the  impact  of  an  unUmited  stream  does  not  differ  T>r 
much  from  that  of  an  isolated  streauL  If  -Fis  the  area  of  snr£- 
which  an  unbounded  stream,  whose  heariness  is  y  and  whoae  Te-  - 
city  is  Vy  encounters,  we  can  put  the  corresponding  impoke  orlij- 
draulic  pressure    .  t>      v  v*   „ 

in  which  f  denotes  an  empirical  number  dependent  npontiieriss'^ 
of  the  sur&ce.  This  formula  can  be  appUed  not  only  to  the  fror^ 
but  also  to  the  rear  surface.  But  in  the  latter  case,  where  ti} 
water  tends  to  separate  itself  from  the  body,  the  expression  becooft? 
negative.  N"ow  if  j^  A  y  is  the  hydrostatic  pressure  (§  690)  agiinr 
the  front  and  against  the  back  surfiu^es  of  a  body,  the  total  prosscT' 
against  the  front  surface  is 

and  that  against  the  back  surface  is 

P,  =  Fhy--;,.^Fy: 

hence  the  resulting  impulse  or  resistance  of  the  water  is 

P  =  P,-P,=  {;,  +  ^,).^Fy  =  i.^Fr, 

when  we  put  ^1  +  ^4  =  <*. 

This  general  formula  for  the  impulse  and  resistance  of  an  9^ 
limited  stream  is  also  applicable  to  the  impulse  of  taind  sxii  to  tbr 
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resistance  of4he  air.  Here,  however,  besides  the  diflferei*  >  of  the 
aerodynamic  pressures  upon  the  front  and  rear  surfaces,  a  difference 
in  the  aerostatic  pressure  also  exists,  which  is  due  to  the  fact  that 
the  air  at  the  front  surface  has  a  greater  heaviness  (y),  in  consc- 
tjuence  of  its  greater  tension,  than  that  at  the  rear  surface.  For 
xliis  reason,  at  least  when  the  velocities  are  great,  as  in  the  case  of 
musket  and  cannon  balls,  the  coefficient  of  resistance  of  the  air  is 
greater  than  that  of  water. 

Remark. — ^A  peculiar  phenomenon  attends  the  impulse  and  leaistanec 
of  an  unlimited  medium  (water  or  air),  viz.,  a  certain  quantity  of  water  or 
air  attaches  itself  to  the  body,  the  iuflucnce  of  which  is  shown  by  the  vari- 
able motion  of  the  body,  which,  e.g.,  is  very  evident  in  the  osdilations  of 
a  pendulum,  The  quantity  of  air  or  water  which  attaches  itself  to  a  sphere 
is  0,6  the  volume  of  the  sphere.  For  a  prismatic  body,  moving  in  the  di- 
rection of  its  axis,  the  ratio  of  these  volumes  is 

=  0,18  +  0,705  -J-, 

in  which  I  denotes  the  length  and  F  the  cross-section  of  the  body.  This 
ratio,  which  was  first  determined  by  du  Buat,  had  been  fully  confirmed  by 
the  later  experiments  of  Bessel,  Sabine  and  Bailly. 

§  511.  Impulse  ani  Resistanco  a3;ainst  Snr&ces. — The 

coefficient  f  of  resistance)  or  the  number  by  which  the  height  x— 

due  to  the  velocity  must  be  multiplied,  in  order  to  obtain  the  height 
of  the  column  of  water  which  measures  the  hydraulic  pressure,  is 
very  different  for  bodies  of  different  form;  it  is  determined  approx- 
imatively  only  for  plates,  which  are  placed  at  right  angles  to  the 
streauL  According  to  du  Buat's  experiments  and  those  of  Thi- 
bault,  we  can  put  for  the  impulse  of  water  and  air  against  a  plane 
surface  at  rest  f  =  1,86,  while,  on  the  contrary,  we  can  assume  with 
less  certainty  for  the  resistance  of  the  air  and  water  to  a  plane  sur- 
face in  motion  f  =  1,25.  In  both  cases  about  two-thirds  of  the 
action  is  upon  the  front  and  about  one-third  upon  the  rear  surface. 
The  values,  found  for  the  resistance  offered  by  the  air  to  a  body  re- 
volving in  a  circle  by  Borda,  Hutton,  and  Thibault,  vary  much 
from  each  otlier.  The  latter  found  with  a  rotating  plane  surface, 
the  area  of  which  was  0,1  square  meter,  the  resistanco 
P  =  0,108  F  v%  whence 

C  =  0,108  .  ^'^  =  0,108  .  ■^^  =  1,70. 
7  1,25 

This  coefficient  is,  according  to  these  experiments,  almost  con- 
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stant,  when  the  angle  a  formed  by  the  BUT!ace  with  the  direcdon 
of  the  motion  is  not  less  than  45^.  When  the  angle  is  kss  tkn 
45^9  the  coefficient  diminishes  with  this  angle  of  impact,  and  L: 
a  =  10°,  f  is  only  =  0,53.  According  to  the  researches  of  Diflk«, 
etc.,  we  have  for  the  resistance  of  rotating  plane  Buifacee,  whuoc 
areas  are  0,2  .  0«2  =  0,04  square  meters, 

f  =  (0,1002  +  0,0434  V-*) .  ^  =  1,573  +  0,681  ir\ 

in  which  v  must  be  given  in  meter& 

For  a  plane  surface,  whose  area  was  one  square  meter,  Didiaa 
found,  when  the  motion  was  vertical,  the  coefficient  of  resistance 

<  =  (0,084  +  0,036  tr») .  ^  =  1,318  -h  0,5C5  tr\ 

while  Thibault,  on  the  contrary,  found  for  such  surCftoes,  wha 
their  area  was  0,1  to  0,2  square  meters, 

f  =  (0,1188  +  0,036  tr*) .  ?^  =  1,865  +  0,565  t*"* 

The  foregoing  formulas  hold  good  only  when  the  motion  of  the 
surface  is  uniform ;  if  the  motion  is  variable^  they  require  an  ad- 
dition. If  the  velocity  of  a  body  which  is  moving  in  a  reastinf 
medium  changes,  the  quantity  of  the  fluid  moved  by  the  body  or 
carried  along  with  it  varies ;  the  resistance  is,  therefore,  depenutnt 
upon  the  acceleration  j5?.  According  to  the  oxix?rimonts  of  Didion. 
etc,  with  a  surface  whose  area  was  1  square  meter,  and  with  oik 
whose  area  was  \  square  meter,  which  were  moved  in  a  vertical  line. 
the  resistance  was 

P  =  (0,084  v'  +  0,036  +  0,164  j9)  F;  hence 

C  =  [0,084  4-  (0,036  +•  0,164  jE>)tr'] .  ^ 

=  1,318  +  (0,565  4-  2,574)ir*. 
We  must  also  remember  that  for  variable  motion  the  mean 
square  of  the  velocity  is  different  from  the  square  of  the  mean 
velocity. 

The  impulse  and  resistance  of  an  unlimited  medium  is  inemsci 
when  the  surfaces  are  hollowed  out  or  provided  with  borders;  bn; 
we  have  as  yet  no  general  data  concerning  the  subject 

For  a  parachute,  whose  cross-section  was  1,2  square  meters  and 
whose  mean  diameter  was  1,27  meters  and  whose  depth  Fas  O.4S0 
meter,  Didion,  eta,  found  for  an  accelerated  motion,  during  vliich 
the  hollow  surface  was  in  front, 

P  =  (0,163  v'  +  0,070  +  0,142  p)  F,  whence 
<  =  2,559  +  (1,099  +  2,229  p)  ir\ 
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§  512.  Impulse  and  Resistance  against  Bodies. — ^The  im- 
pulse and  resistance  of  water  isigainst  pris7fiatical  bodies,  whose  axis 
coincides  with  the  direction  of  motion,  decrease  when  the  lengths 
of  the  bodies  increase.  According  to  the  experiments  of  du  Buat 
and  Duchemin,  the  impulse  upon  the  front  sui*face  is  constant,  and 
the  action  upon  the  rear  surface  alone  is  yariable.  The  coefficient 
Ci    =  1,186  corresponds  to  the  former;   but  when  the  relative 

lengths  are  ^     __  o         i         9         q 

^-0,        1,        2,        3, 

the  total  action  is 

<  =  1,86 ;  1,47 ;  1,35 ;  1,33. 

If  the  ratio  between  the  length  and  the  mean  width  V^  be- 
comes greater,  the  coefficient  C  again  increases  in  consequence  of 
the  friction  of  the  water  upon  the  sides  of  the  body.  The  reverse 
is  true  of  the  resis.tanc6  of  the  water.  In  this  case,  according  to 
du  Buat,  the  constant  action  against  the  front  8ur£a,ce  is  (i  =  1,  and 
the  total  action  for 

-^  =  0,        1,        2,    .3,is 

f  =  1,25;  1,28;  1,31;  1,33; 
so  that  for  a  prism  three  times  as  long  as  wide  the  impulse  of  the 
water  is  the  same  as  the  resistance. 

The  experiments  of  Newton,  Borda^  Hutton,  Vince,  Dfisaguil- 
liers  and  others  with  round  and  angular  bodies  leave  much  uncer- 
tain and  undetermined.  It  appears  that  for  moderate  velocities  the 
coefficient  of  resistance  of  spheres  can  be  put  =  0,5  to  0,6.  But 
when  the  velocities  are  greater  and  the  motion  takes  place  in  the 
air,  we  can  put,  according  to  Eobins  and  Hutton,  for  the  velocities 
r  =  1,  6,  25,  100,  200,  300,  400,  500,  600  meters, 
<  =  0,59 ;  0,63 ;  0,67 ;  0,71 ;  0,77 ;  0,88 ;  0,99 ;  1,04 ;  1,01. 

Duchemin  and  Piobert  have  given  particular  formulas  for  the 
increase  of  this  coefficient  of  resistance.  According  to  Piobert  the 
resistance  to  a  musket  ball  in  the  air  is 

P  =  0,029  (1  +  0,0023  v)  Fv"  kilograms,  whence 

C  =  0,451  (1  +  0,0023  v). 
For  the  impulse  of  water  against  a  ball,  E}'telwein  found 

f  =  0,7886, 
wliile,  on  the  contrary,  according  to  the  experiments  of  Piobert, 
etc,  made  with  cannon  balls  0,10  to  0,22  meters  in  diameter,  the 
resistance  to  the  balls  in  water  is 

P  =  23,8  Fv^  kilograms ;  hence  we  can  put 

f  =  0,467. 
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The  coefficients  of  resistance  for  bodies  pariidlly  immenal  ap. 
different  from  those  for  bodies  entirely  surrounded  by  water.  F^-f 
a  floating  prismatic  hody  five  to  six  times  as  long  as  Tridc  and  my^- 
ing  in  the  direction  of  the  axis,  C  should  be  put  equal  to  1,10.  I:' 
the  body  is  sharpened  in  front  by  two  vertical  planes  like  A  B  C 
Fig.  869,  s  increases  with  the  angle  A  C  A  =  0^  and  we  have 


for)3  = 

180° 
1,10 

156° 
1,06 

133° 
0,93 

108° 
0,84 

84° 
0,59 

60° 

Z^^  i  12' 

1 

^  = 

,        1 

0,48  0,45  1  0,44 

If,  on  the  contrary,  the  rear  i)ortion  A  C  By  Fig-  870,  is  shaip- 
ened,  and  if  the  angle  B  O  B  =  P,yro  have 

Fio.  869.  Fig.  870. 


for  13  = 

180° 

138° 

96° 

48° 

W 

f  = 

1,10 

1,03 

0,98 

0,95 

OM 

When  both  front  and  rear  portions  of  the  floating  bodym 
shari^ened,  ^  becomes  still  smaller.  For  river  steamboats,  i  =  0,12 
to  0,20  and  for  large  ocean  steamers,  f  =  0,05  to  0,10. 

Remark. — This  subject  is  treated  at  length  by  Poncelet  in  his  ^Intrp- 
duction"  cited  above,  and  by  Ducheniin  and  Thibault  in  their  "  Rtcbcitbc? 
experimentales,  etc."    The  subject  of  the  resistance  to  floating  bodies,  psr- 
ticularly  ships,  and  also  that  of  the  impnlse  of  the  wind  against  wbct' 
will  be  treated  in  the  second  and  third  volumes. 

Example. — If,  according  to  Borda,  we  pat  the  resistance  and  mp^^ 
at  right  angles  to  the  axis  of  a  cylinder  ^  that  against  a  parallelopipedos. 
which  has  the  same  dimensions  as  it,  we  have  the  coefficient  of  resbtaoce 

C  =  J  .  1,38  =  0,64 
and  the  impulse  against  the  same 

=  J  .  1,47  =r  0,735. 
If  we  apply  these  values  to  the  human  body,  the  area  of  the  cro6r 
section  of  which  is  7  square  feet,  we  find  the  resistance  and  impnke  cftk 
air  against  it 

P  =  0,G4  .  0,0155  .  7  .  0,086  c«  =  0,00697  e* 


and 


P  =  0,735  .  0,0155  .  7  .  0,086  «»  =  0,00686  v\ 
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For  a  velocity  of  5  feet,  the  resistance  of  the  air  hy  therefore,  only 
0,0O597  •  25  =  0,1492  pounds,  and  the  corresponding  work  done  per 
second  is  =  5  .  0,1492  =  0,746  foot-pounds ;  for  a  Telocity  of  10  feet,  tlie 
resistance  is  4  times  and  the  expenditure  of  mechanical  effect  8  times  as 
^reat,  and  for  a  velocity  of  15  feet  the  resistance  is  9  times  and  the  work  done 
27  times  greater.  If  a  man  moves  with  the  velocity  5  feet  agfunst  a  wind, 
wbose  velocity  is  50  feet,  he  has  to  overcome  a  resistance  0,00086  .  55*  = 
2X),75  pounds,  which  corresponds  to  a  velocity  of  50  +  5  =  55  feet,  and 
to  perform  an  amount  of  work  equal  to  20,75  .  5  =  108,75  foot-pounds. 

§  513.  Motion  in  Resisting  Media. — ^The  laws  of  the  mo- 
tion of,  a  lody  in  a  resisting  medium  are  not  very  simple ;  for  the 
force  in  this  case  is  variable,  increasing  with  the  square  of  the 
velocity.    From  the  force  P,  which  is  drawing  the  body  onwards, 

and  from  the  resistance  P,  =  f .  -—  jPy,  oflfered  by  the  medium, 
we  obtain  the  motive  force 

P,  =  P~P,  =  P-^.i^Py, 

o 

but  since  the  mafls  of  the  body  is  Jf  =  — ,  its  acceleration  is 

or  if  we  denote  ^ — ^^  by  -  t,  or  put  V  -zttt-  =  w,  we  have 

%  g  P    ^  wV      ^      ^    fPy 

The  maximum  velocity  which  the  body  can  assume  is 

If  the  motive  force  P  is  constant,  the  motion  approaches  grad- 
ually a  uniform  one;  for  the  acceleration  becomes  smaller  and 
smaller  as  v  increases. 

Now  the  velocity  v  increases,  when  the  acceleration  is  j?,  in  an 
element  of  time  t  a  quantity  k  =  pr,  hence  we  can  put 

G  K 


r  =  p 


b  -  m 
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In  order  to  find  the  time,  corresponding  to  a  given  Tariation  of 
velocity,  let  us  divide  the  difiEerence  v,  —  t\  between  the  initial  and 
the  final  velocities  in  n  parts  and  put  such  a  part 

Vn  -  Vo 

n 
and  then  calculate  from  it  the  velocities 

Vi  =  v,  4-  «,  V,  =  Vo  +  2  «,  r,  =  V,  +  3  «,  etc, 

substituting  these  values  in  Simpson's  formula^  we  obtain  the 
required  time,  when  we  assume  four  divisions, 

G 


1)^=  p 


2 


\wl  \wf  \wJ 

The  space  described  in  an  element  r  of  time  (§  19)  is 

a  =  v  T,  or  since  we  can  put  ^  =  -^ 

a  =  — ,  or 
P 

V  K  G 

a  = 


By  employing  Simpson's  rule  we  find  the  space  described,  whik 
the  velocity  changes  from  v^  to  v„  to  be 

The  calculation  is  of  course  more  accurate  when  we  make  6, 8, 
or  more  divisions.  This  formula  allows  us  to  take  into  acoonnt 
the  variability  of  the  coefficient  of  resistance,  which  is  necessary  for 
high  velocities.  For  the  free  fall  of  a  body  in  air  or  water  P  =  C, 
the  apparent  weight  of  the  body,  and  for  motion  in  a  horizontal 
plane  P  =  0,  or  more  correctly,  equal  to  the  friction  /  G.  Sim 
this  is  a  resistance,  it  must  be  introduced  as  a  negative  quantity  in 
the  calculation;  hence  we  must  put 
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Po  =  -  (P  +  Pi)  and 

Since  in  this  case  there  can  be  no  question  of  an  increase,  but 
only  of  a  decrease  of  velocity,  we  must  substitute  »,  —  v,  in  the 
above  formulas  instead  of  v.  —  v^, 

"When  a  body  is  impelled  by  a  force,  such  as  its  own  weight,  the 
motion  approaches  more  and  more  to  a  uniform  one,  and  after  a 
certain  time  it  may  be  considered  as  such,  although  it  never  will  be 


really  so.    The  acceleration  p  becomes  =  0,  when  f  -—  JPy  =  P„ 
or  when 

A  body  falling  freely  in  air  approaches  more  and  more  to  this 
result  without  ever  attaining  it. 

Example. — Piobert,  Morin  and  Didion  found  for  a  parachute  whose 
depth  was  0,81  times  the  diameter  of  the  opening,  the  coefficient  of  resist- 
ance C  =  1)^  •  1)87  =  2)^6.  From  what  height  can  a  man  weighing  150 
pounds  descend  with  such  a  parachute  weighing  10  pounds  and  with  a 
cross-section  of  60  feet,  without  assuming  a  greater  velocity  than  that  he 
attains  when  he  jumps  down  10  feet  ?  The  latter  velocity  is  t>  =  8,025  V 10 
=  26,877  feet,  the  force  P  =  G'  =:  150  +  10  =  160  lbs.,  the  surface  J^  =  60 
feet,  the  heaviness  /  =  0,0807  pounds  and  the  coefficient  of  resistance 
C  =  2,66,  hence 

1        2,66.60.0,0807       1,88.8.0,0807       ^^^^^^ 

-w  = — 6i;4ri6o~"  =  — 64;i74 —  =  ^^^^^^ 

and  -V  =  0,00ia5  .  25,877«  =  0,805. 

If  we  assume  six  divisions,  we  obtam 
1  —  — ,    =    0,977639 ;    0,91055 ;  0,79875 ;  0,64222 ;  0,44097 ;  0,195, 

and ^  =  0 ;  4,826 ;  9,290 ;  15,886 ;  26,343 ;  47,958,  and  180,188 ; 

hence,  according  to  Simpson's  rule,  we  have  the  mean  value 

=  (1.0+4.  4,826  +  2  .  9,290  +  4  .  15,888  +  2  .  26,848 

474  084 
+  4  .  47,958  +  1 .  130,138)  :  (3  . 6)  =  — ,^ —  =  26,338; 

and  the  required  space,  through  which  he  can  fall,  is 
g  ^  ^^  -  ^  times  the  mean  of — ^  =  ^^^^7o—  •  ^0,838  =  20,76  ft 
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The  corresponding  duration  of  the  fall,  since  the  mean  tbIik  cf 


IS 


1- 


M' 


s=  (1 .  0  +  4  .^1,028  +  2 . 1,008  +  4 : 1,258 
+  2  .  1,557  +*4  .  2,268  +  1 .  5,128)  :  18  =  1,68ft,  is 
25,377 


t  =  -- 


82,2 


.  1,589  =  1,25  seconds. 


Remabk. — If  the  coefficient  of  resistance  is  constant,  weobtnn  by  tk 
aid  of  the  Calculus  for  the  case  of  a  body  falling  freely 

*"-'V    46M    /~2g  ~-*\      iei^i     }  (^Fy 


and 


in  which 


a^.c§, 


and  e  denotes  the  base  of  the  Naperian  system  of  logarithms  and  I  the  Ktr 
perian  logarithm. 


§  514.  Projectiles. — ^We  have  already  studied  the  mtdm  (^ 

projectiles  iu  yacuo  and  found  in  §  39  the  path  or  trajeetoir  to  \>: 

Pio.  871.  *  parabola.    Wo  can  now  inresti^te  thii 

motion  in  a  resisting  medium,  e.g^  the 
motion  of  a  body  projected  in  the  air. 

The  path  of  a  body  projected  througi 
air  is  certainly  not  a  parabola^  as  is  the  oASt 
when  it  is  projected  in  vacuo,  bat  an  uh- 
symmetrical  curve  ;  the  portion  of  the  tra- 
jectory, where  the  body  is  rising,  is  not  s? 
steep  as  that  where  it  is  fidling,  as  can  U 
seen  from  what  follows.  During  the  instant  t  the  body,  tcfnd'  i^ 
rising  with  a  velocity  v  in  the  direction  A  T,  Fig.  871,  d€scri:%:t, 
in  coiiseqiience  of  its  inertia,  the  space 

A  0  =  s  =  V  Ty 
and,  in  consequence  of  gravity,  the  vertical  space 

and  the  first  space  is  diminished  by  the  resistance  ^  —  Fyo! 
the  air  an  amount,  which  can  be  determined  by  the  expression 
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V 


0Q  = 


^^^^ 


V     T 


G  2        ^2G       2 

If  we  put  f  ^-~  =  fly  we  have  more  simply 

0Q  =  IM 


V     T 


2 


The  fourth  corner  R  of  the  parallelogram  0  P  QR,  constructed 
with  0  F  and  0  Q,  gives  the  position  which  the  body  occupies  at 
the  end  of  the  time  r,  while  P  is  the  place  which  the  body  would 
have  occupied  at  that  moment,  if  the  air  offered  no  resistance. 
The  path  A  Roi  the  projectile  passes,  therefore,  below  the  para- 
bola, which  the  body  would  have  described  in  vacuo. 

In  like  manner  we  have  for  a  body  descending  with  the  initial 
velocity  v  in  the  direction  A  T,  Kg.  872,  the  spaces  described  si- 
multaneously in  the  time  r 

A  0  =  V  Ty 

0  P  =  ^  y ,  and 

and  from  the  above  we  obtain  again  the  position  R  occupied  by  the 
body  at  the  end  of  this  time,  and  the  position  P  which  it  would 
have  occupied,  if  its  motion  had  taken  place  in  vacuo.  The  path  A  R 
described  in  this  case  passes  also  below  the  parabolic  path  A  P, 
which  the  body  would  have  followed,  if  the  air  opposed  no  resistance. 
If  the  angle  of  inclination,  at  which  a  body  rises  with  the  initial 


Fig.  873. 


Fig.  873. 


velocity  v  from  A,iB  TA  X'^  a,  Fig.  873,  the  initial  co-ordinates 
or  velocities  in  the  direction  of  the  axes  are 
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u  =  V  COS,  a  and 
w^  V  sin,  a, 

and  we  have  for  the  position  R  of  the  moTing  body,  after  an  instant 
T,  the  abscissa 

A  M  =  X  =  A  Q  COS.  a  =  Iv  T — )  cos.  a 

=  11  —  ^-"o— )  ^  '^  ^*'  ^ 
and  the  ordinate 

1     —  g~)    ^    '^    ^^  *   "■  *  f' 

The  velocity  in  tUe  direction  of  the  abscissa  is 

B  til  =  Ui=  V  cos.  a  —  fiv*  T  COS.  a  =  (1  —  ^  v  t)  t?  cw.  o, 
and  that  in  the  direction  of  the  ordinate  is 

E  tCi  =Wi  =  vsin.  a  —  fiv^  rsin.  a  —  gr  =(1  ^fivr)  vgin.a-g-. 
From  the  two  velocities  we  obtain  the  angle  of  inclinatja 
TiR  Xi  =  ttj  of  the  path  at  R  by  means  of  the  formnia 

tanff.a,  =  ^  =  tang.a-- ^ , 

^  Ux  "^  (1 — iivr)vcos.a 

and  the  velocity  in  the  direction  of  the  curve  is 


Rvi=Vi=z  Vu^Tw^=  V{l-fJLVTyv^'-2{l'-fivr)vgTsin.a'^g'r. 

By  repeated  application  of  this  formnia,  we  can  find  the  cours 
of  the  whole  trajectory  of  the  projectile.  If,  E.G.,  we  snbstitnte  in 
the  above  formulas  for  x  and  y,  instead  of  a  and  v  the  values  fore 
and  Vi  obtained  from  the  last  equation,  we  obtain  the  co-ordmats; 
:r,  and  t/i  of  a  new  point  referred  to  R,  etc. 

Example. — ^A  massive  cast-iron  cannon-ball,  whose  diameter  is  2  r  =^ 
inches,  is  projected  at  an  angle  of  elevation  a  =  25°  with  a  velodtj  r  = 
1000  feet ;  required  the  position  of  the  same  after  -^,  -^,  -^j  of  a  Beamd.  etc. 

Since  the  weight  of  a  cubic  foot  of  air  is  0,080728  pounds  and  that  of  i 
cubic  foot  of  cast  iron  is  444  pounds,  we  have 

and,  therefore,  for  v  =  1000  feet,  for  which  C  =  0,9  (see  §  612),  we  hare 

fl  =  0,0003682. 
If  we  take  r  =  0,1  seconds,  we  obtain 
a?  =  (1  -  0,0008682  .  1000 .  0,05)  100  eon,  25°  =  0,98159 .  90,68  =  88,96  fat. 

y  =  0,98159 .  100  sin.  25°  -  83,2 .  -'|^  =0,98159 .  42,26  -  0,16=41,S8fet 
nnd 
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iang.a,^  tang.  25°  ^  ^^  _  ^^^- ^^    ^^^3  =  0,46631  -  ojoeSls'rToP 

=  0,46681  -  0,00369  =  0,46262 ; 

hence  the  angle  of  eleyation  is 

a  =  24**  50', 

and  the  Telocity  in  the  curve  is 

v^  =  V(0,96318  .  1000)»  -  2 .  0,96818 .  1000 .  82,2  . 0,04226  +  (8,22)« 

=  V927716  -  2621  +  10  =  7925165  =  961,82  feet. 
If  we  again  take  r  =  0,1  second,  we  have,  since  for  c  =  962  feet,  C  = 
0,88,  and  consequently  fi  =  0,88  .  0,000409094  =  0,00086, 
a?j  =  (1  —  0,00086. 961,8 .  0,05) .  96,18  cos.  24**  50' 

=  0,9827 .  96,18  \  0,9075  =  85,77  feet, 
y^  =  0,9827 .  96,18  wti.  24**  50'  -  0,161  =  89,58  feet, 

and 

8  22 

tang,  a,  =  tang.  24°  50' -  o;9e587  .  961,8  c^  24°  50' 

=  0,46277  -  0,00382  =  0,45895, 
whence 

c  =  24*  89'  and 

17  =  V(0,96537 .  961,8)"  -  2 . 0,96537 .  961,8 .  32,2 . 0,04200  +  (8,22)« 

=  V862099  —  2511  +  10  =  V859598  =  927,14  feet. 
Assuming  once  more  t  =  0,1  and  «  =  927  feet,  we  have  C  =  0,87 

II  =  0,87 . 0,000409094  =  0,0003559, 
and  therefore 

Xg  =  (1-0,0008559 .  927 ,  14 . 0,05) .  92,71  cos.  24°  89'  =0,9835 .  92,71 . 0,9089 

=  82,87  feet  and 

y,  =  0,9835 .  92,71  rin.  24°  89'  -  0,156  =  37,87  feet 

The  position  of  the  projectile  in  reference  to  the  point  of  beginning  is 
determined  after  0,8  seconds  by  the  co-ordinates 
a?  +  a?i  +  a?,  =  88,96  +  85,77  +  82,87  =  257,60  feet  and 
y  +  yi  +  yt  =  "^^fi^  +  ^9,58  +  07,87  =  118,72  feet. 

If  the  air  offered  no  resistance  and  gravity  did  not  act,  we  would  have- 
a?  +  iPi  +a?g  =cteo9.a  =  1000  .  0,3 . cos. 25°  =  300 . 0,9063  =  271,89 feet  and 
y  +  y  I  +  y  8  =  <? «  w». «  =  BOO .  wn.  25°  =  300 . 0,4226  =  126,78  feet. 
If  we  neglect  the  resistance  of  the  air  only,  we  have 
ar  +  a!j  +  afjj  =  271,89  feet  and 

y  +  y t  +  ^5  =  126,78  -  ^  =  193,78  -  88,3  .  -^  =  186,78  - 1,449 

=  18S,83  feet 
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THE  THEORY  OF  OSCILLATION. 


(§  1.)  Theory  of  Oscillation.— A  body  has  an  o««7Wwy  '^ 
vibratory  motion  (Fr.  mouyement  oscillatoire;  Ger.  schwingeLi- 
Bewegung)  or  is  in  oscillation  or  vibration- {Ft.  oscillatioii;  G*: 
Schwingung),  when  it  describes  repeatedly  the  same  path  backwaii- 
and  forwards  in  equal  times.    We  meet  with  many  examples  ■  * 
oscillatory  motion  in  nature  besides  that  of  the  pendulum  1y 
most  general  cause  of  such  a  motion  is  a  force  which  attncti  .' 
impels  the  oscillating  body  towards  a  certain  point    Thus,!.*'- 
gravity  sets  the  pendulum  in  oscillation.    If  a  body,  preTion^Jr:; 
rest,  can  yield  without  impediment  to  the  action  of  the  foroe,vbr 
impels  it  towards  a  certain  pointy  the  oscillation  takes  place  k  '• 
straight  line ;  otherwise  it  will  oscillate  in  a  curye,  as  a  pendulix 
does,  where  the  action  of  gravity  is  continually  interfered  Tit 
the  •body  being  united  to  a  fixed  point    In  like  manner,  if  tk 
direction  of  the  initial  velocity  of  the  body  is  different  frDO  ^  j 
of  the  motive  force,  the  oscillations  will  also  take  place  in  cunj 
lines. 

The  simplest  and  most  common  case  is  that  where  iU  fora  - 
proportional  to  the  distance  of  tJie  body  from  a  certain  point  C  h- 

Cy  Pig.  874,  be  the  seat  of  the  forw^i^ 
the  position  of  the  body  when  the/or^ 
is  =  0;  let  ^  be  the  point  vhere  ti: 
motion  begins,  and  let  Jfbe  the  tsw^' 
position  of  the  body.  If  we  denow  UJ- 
distance  0  Mhjx,  and  by  /*  a  constjr*. 
determined  by  experiment,  we  have  tK 
acceleration  of  the  body  at  M 


Pio.  874. 
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a<xid  since  x  decreases  an  amount  d Xy  when  the  space  A  Mis  in- 
creased by  the  same  quantity,  we  have  for  the  velocity  v  of  the 
tK>dy  (see  §  20,  III) 

-^  v*  =  "-Jp  dx  =  —  II I xd  X  ^  —  ^~-  +  Con. 

But  at  Ay  V  .=  0  and  a;  is  a  definite  quantity  C  A  =  a ;  we  have, 
therefore, 

0  =  —  ^ — h  Con.y  and 

i;*  =  ^  (a*  —  a?'), 
or  th^  velocity  itself 

When  the  body  arrives  at  C,  2;  =  0  and  v  is  a  maximum,  and 
its  value  is  then 

t;  =  c  =  V  p,a^  =  a  Vfi. 

Upon  the  other  side  of  C,  v  gradually  decreases,  and  at  the  dis- 
tance X  =  0  B  =  —  a  from  C  it  becomes  again  =  0 ;  the  body 
then  returns  with  an  increasing  velocity  to  C.  This  return  takes 
place  in  accordance  with  exactly  the  same  law  as  the  fii"st  motion ; 
B,t  CyV  =  —  c,  and  at  -4,  w  =  0.  Thus  the  motion  repeats  itself  in 
the  space  A  B  =  2  a,  which  for  this  reason  is  called  the  amplitude 
of  the  oscillations  (Fr.  amplitude  des  oscillations ;  Ger.  die  doppelte 
Schwingungsweite). 

(§  2.)  The  time  in  which  the  oscillating  body  describes  a  certain 
space  A  if  =  a:,.  Fig.  875,  can  be  determined  in  the  following 
manner.  If  in  the  element  dt  oi  the  time  the  element  of  the  path 
M N ^  dxi^  —  dx\a  described,  we  have  (§  20, 1) 

dx^  =  V d  tyi.^  dx  =  —  Vfi  (a*  —  x')  d  ty 
and,  therefore,  inversely 

di=-^  ^^   — 

Vfi(a'-af) 

Now  if  we  describe  upon* -4  B,  with  a  radius  C  A  =  C  B  ==  a, 

a  circle  A  D  B,  Va^  —  a^  will  be  represented  by  the  ordinate  M  0 
=  y,  and,  therefore,  we  will  have 

Vfi.  y 
If  we  put  the  wcc  D  0,  corresponding  to  the  abscissa  0  M  =:  (t, 
equal  to  s,  and  its  diflferential  0  Q  =  —  d  s,we  have,  in  conse- 
quence of  the  similarity  of  the  triangles  0  Q  R  and  0  C  Myin 
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which  0  B=^  —  dx,  0Q=  —  dsy  3f  0  =  y,  and  0  0=0^  the  pro- 
portion 

dx      V      J  j.i_      i. 
Fio.  875.  J~s^  a'  ^^  tberefoie, 

—  =  — ;  hence  it  follows  tiut 
y         a 

,    ,  dt  = — — 9  and 

^    Vfi.a  Vfi.  a 

Bat  at  the  point  A,  where  the  motion  begins,  ^  =  Oaudiis 
equal  to  the  quadrant  D  A  =  ^  n  a;  consequently 

0  =  -  i^  +  Con., 

and  the  time  required  by  the  body  to  come  from  ^  to  Jf  is 

,  _  j  ff  g s^^  __  J^  /n  __  8\ 

The  period  of  half  an  osciHuHon,  i.e.  the  time  required  by  tie 
body  to  pass  from  the  point  A  to  the  position  of  rest  C,  for  wbicb 

«  =  0,  is  .  _       TT 

and  the  period  of  a  complete  oscillation,  or  the  time  required  to 
describe  the  whole  distance  ^  £  =  2  a,  is 

After  the  time  .  _  2jr 

the  body  has  made  a  double  oscillation  and  returned  to  the  point  i. 
The  time  required  by  the  body  to  describe  the  space  2AB  = 
4:  a  is  the  same,  no  matter  from  what  point  M  we  begin  to  count; 
for  the  time  in  which  the  body  goes  from  Mto  B  and  back  is 

_^  arc  OB 

Vfi  .  a 
and  that  in  which  it  goes  from  if  to  .4  and  back  is 

_  -.  arc  OA 
—  4» — -= — ; 

Vfi.a 
consequently  the  time  required  to  describe  the  space  2  Jf5  + 
2  MA  is 
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=  a  arc  (Q^  +  Q^)  _  2.7rg  _  2 jtt 

We  see  that  the  period  of  aa  oecillation  does  not  depend  upon 
the  amplitude.  If  we  start  from  the  point  C>  we  can  put  the  time, 
which  corresponds  to  the  distance  C  M  z=i  x, 

s 


OTy  8ince«  =  a^n. 


X 


t  =  --r=  9inr^  ^  and  inversely 
X  =-a  sin.  (t  Vfi),  and 


v-Vji  ^a'-a'lsin.  {t  V/*)]"=  V^.a  ^1  -  [sin.  {t  Vii)^ 
=z  Vji .a COS.  {t  Vy), 

Rbhabk. — ^The  foregoing  theory  of  oecillation  is  applicable  to  the  cir- 

ctQar  pendolam  0  My  Fig.  876,  if  the  arcs  in  which  it  OBcillat^s  are  small. 

At  A  the  acceleration  of  the  point,  which  is  oscil- 

lating  in  the  arc  A  M  B^  is 

.     ^  ^^      DA 
p=^gnn,A  0D=  -^-j- ,  g. 

or,  since  for  small  displacements  we  can  put  D  A 

^MA, 

DA 

p^jTa'^' 

If  we  denote  C  Ahy  r  and  MAhjx,we  obtain 

and  by  comparing  it  with  the  formula  p  =  ftx^vre  find 

^       r 
Hence  the  period  of  an  oscillation  is 

^  =  :;^  =  '^  y  y  (compare  $  831). 

(§  3.)  Longitadinal  Vibrationa— The  most  common  cause 
of  oscillatory  motion,  which  is  then  called  vibration^  is  the  elasti- 
city  of  bodies.  The  most  simple  case  is  that  presented  by  a  rod, 
string  or  wire  0  (7,  Pig.  877,  stretched  by  a  weight  G.  If  we  moTC 
this  weight  from  its  position  of  rest  (7  a  certain  distance  C  A  =  a 
in  the  direction  of  the  axis  of  the  string  and  abandon  it  to  itself 
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Fig.  877. 


then,  in  consequence  of  the  elasticity  of  the  string,  etc^  it  will  be 
raised  to  (7,  where  it  arrives  with  a  velocity  c  and  above  vhich  i: 
ascends,  by  virtue  of  its  yis  viva^  to  a  point  B,  from 
which  it  fills  again,  etc.    TThen  at  rest,  tlie  wei^t  G 

is  balanced  by  the  elasticity  y  F  E  (see  §  20i)  of  the 

rod,  and  consequently  the  motive  force  is 

P  =  j  FE  ~  (?  =  0,  or  ^  FE  =  G. 

But  if  the  weight  &  is  at  a  lower  point  N,  vhos? 
distance  from  (7  is  C  I^=  x,  the  motive  force  becoma 

P  =  ^l:^P£;^  O^^jFE-h  ^-FE^Q 


FE 
I 


X, 


'\Ay'    and  if  it  is  at  a  higher  point  Qy  this  force  is 
F,=  G^~^FE=G'-jFE  +  jFE  =  ^r, 

If  we  neglect  the  mass  of  the  rod,  the  acceleration,  with  ^liu 
the  weight  G  returns  towards  C,  is 

F  F  F 

p  =  -p-  ff  ="  --yr-f  9  2:,  and  consequently  we  haTc 

_  FEg 
^  ""  ~G~i  ' 

when  we  put  p  =z  fix  and  denote  the  length  of  the  rod  byUts 
cross-section  by  F  and  its  modulus  of  elasticity  by  E,  As  th> 
formula  corresponds  to  the  case  treated  in  the  foregoing  paragraph 
tlie  period  of  a  simple  vibration  is 

|/^  ^  FEg        sfg  ^  FE' 

If  instead  of  ^  we  substitute  the  weight  of  the  rod  ffj  =  -^^^ 
and  instead  of  E  the  modulus  of  elasticity  L  =  — ,  expressed  i 
units  of  length,  we  obtain 


in 


G 
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If,  on  the  contrary,  we  observe  the  period  t  of  the  simple  yibra- 
1:ions,  we  can  calculate  the  modnlus  of  elasticity  by  putting 

_        7t'      Gl       _       tt'P    G 

These  formulas  also  hold  good,  when  the  vibrations  of  the  rod 
are  produced  by  simply  attaching  the  weight  (at  B) ;  in  this  case 
tlie  semi-amplitude  on  each  side  of  (7  is 

\rhile  in  the  other  case  we  assumed  «  <  A. 

A  complete  vibration  is  a  double  oscillation. — [Tb.] 

Example.— If  an  iron  wire  20  feet  long  and  0,1  inch  thick  is  put  in 
longitudinal  vibration  by  a  weight  (r  =  100  pounds  and  if  the  period  of 
a  complete  vibration  is  \  of  second,  we  have  t  =  -fg^  and  consequently  the 
xnodulus  of  elasticity 

H  =  0,031  .  7r» .  18« .  -^^-^  =  0,081  .  800000  .  18^ .  :r 

=  24800  .  824  .  IT  =  25000000  pounds. 

(§4.)  The  foregoing  formula  is  also  applicable  to  the  case, 
where  the  weight  acts  by  compre&non  upon  a  stiff  prismatical  rod. 
It  also  holds  good,  when  the  weight  applied  at  the  end  of  the  rod 
has  an  initial  velocity  v.  According  to  the  principle  of  mechanical 
effect,  when  the  height  of  fall  of  G  is  A,  we  have 

Oh  +  G  J-—  z=  J  FU.  ^  =  -^-y  .  h\  aud,  therefore, 


FE  ^  ^  \FEl  ^  FE'  %g 
After  the  weight  G  has  described  this  space,  it  has  lost  all  its 
velocity,  and  in  consequence  of  the  elasticity  it  rises  again  to  A, 
where  it  arrives  with  the  velocity  v.    In  consequence  of  its  vis 


v" 


viva  G  ^— ,  it  compresses  the  rod  and  rises  to  a  height  hi  before 

returning  and  beginning  a  new  vibration.    For  this  second  dis- 
tance we  have 

tf              F  E 
G  ^?— =G^Ai+-„-T-  ^1*,  and,  therefore, 
%  g  2  1 

"'           FE  ^^  \FE)^  FE    %(j 
By  adding  Ti  and  hi  we  obtain  the  total  amplitude  of  th« 
vibration  ,  
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hence  the  simple  displaoement  ia 


« = /G^i-)' 


^Gl     V' 


FE'%g 


F  E 
Since  in  this  case  also  p  =  -^y  g  x  =:  fi  x^  we  have  as  abov- 

for  the  period  of  an  oscillation  or  simple  vibration 

li  the  initial  Telocity  v  of  the  weight  Oi  is  caosed  by  a  /oOiw 
«^A;  <?  (Fig.  878),  ve  have  the  case  treated  in  g  34a   If  dh 
weight  O  strikes  with  the  velocity  c,  and  if  we  enjiposr 
the  impact  to  be  inelastic,  we  have  the  initial  Telocitjc^ 

<?  +  <?!  _      Gc 

"-&  +  &,' 

hence  iho  maximam  displacement  is 


Gj 


«  =  l^ 


{&  +  <?,) 


-')' 


+ 


2G^i 


FJS     /'(<?  +  0,)F£'  2g' 
and  the  period  of  a  simple  yibration  is 

'-^/^^        FE      ■ 


B 


The  elements  of  the  rod  also  participate  in  the  libn:- 

tions  o{  G  or  G  -h  G^,  but  their  amplitude  decreases  a 

the  position  of  the  clement  approaches  the  point  of  snspensioD. 

For  an  element  C,,  Fig.  877,  situated  at  a  distance  0  Ci=x  fim 

the  point  of  suspension,  the  amplitude  is 

z 

while  the  period  of  its  yibration  is  the  same  as  that  of  G;  for  it 
does  not  depend  upon  y  or  a.  Hence  the  yibrations  of  all  the  ele- 
ments of  the  rod  are  isochronous^  but  their  amplitudes  decieaso 
gradually  from  G  towards  0. 

§  5.  Transverse  Vibrations.— The  elasticiiy  of  fiexun  and 
of  torsion  cause  yibrations  of  the  same  nature  as  those  jo^t  treatd 
If  a  rod  or  spring  0  C  (Fig.  879)  is  fixed  at  one  end  0  and  deflected 
at  the  other  (7  by  a  weight  G,  we  have,  according  to  §217,tb^ 
deflection 

^^  =  "  =  3^5 


§«.] 
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tersely  the  force,  with  which  the  rod  is  bent,  is 


Fia.  879. 


P  = 


SWBa 


Now  if  this  force  is  re- 
placed by  a  weight  G,  at- 
tached at  C,  and  if  a  is  in- 
creased or  diminished  a  dis- 
tance 0  A  =  0  B  =  Xy  yfe 
haye  the  force,  with  which 
tlie  rod  will  be  driven  back  to  its  position  of  rest  by  its  elasticity 
SWE{a  +  x)  3WB{a-hx)      SWB        SWF 

j-  =  — F — ;-^= — f r"^=-T~ 

hence  the  acceleration  is,  when  we  consider  the  mass  of  G  alone, 

P  SWJS  ^   . 

P^  -qS  —     ffp  '  9  ^y  andjSinoe  J?  =  /t*  a:, 

3  WE 


x: 


f*  = 


GP 


The  relation  between  p  and  x  allows  ns  to  employ  the  formulas 
of  (§  2),  consequently  the  period  of  an  oscillation  or  simple  vibra- 
tion is  /  —    '"'    ^    ^   a/  ^  ^ 

K  the  rod  R  0,  Eig.  880,  is  supported  at  both  ends  and  loaded 
in  the  middle  C  with  a  weight  (7,- we  have,  according  to  §  217, 

Fig.  880. 

H  B  .    O 


a  = 


48  WE' 
and,  therefore,  the  duration 
of  a  simple  vibration 


t 


=  4=v^ 


GP 


If  we  take  the  weight  Gi  of  the  rod  into  consideration,  we  must 
substitute  in  the  first  case,  Fig.  879,  instead  of  G,  G  -{-  ^  (?„  and 
in  the  second  case.  Fig.  880,  instead  of  G,  G  +  ^  G^. 

From  the  observed  duration  of  an  oscillation  or  simple  vibra- 
tion we  can  calculate  the  modulus  of  elasticity,  in  the  first  case  by 
the  formula  ^      /  ^  W^  +  1  ^i\  7. 

or,  if  «  =  T  denotes  the  number  of  simple  vibrations  per  second. 


^ = <-  »)•  m^)  - 
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Example. — ^A  pine  rod  1  centimeter  square  is  supported  at  two  pants 
100  centimeters  apart,  and  its  centre  is  deflected  a  distance  a  =  3,3  oeid 
meters  by  a  weight  O  =  1,37  kilograms.  According  to  this  experimsn 
the  modulus  of  elasticity  of  pine  is 

PP        1,37 .  1000000      ,  ^„^„,  ,  ,, 

^ = is^a  =  -i8:^.-3;2-  =  '"''^"^  ^^^s'^ 

while  in  the  table  on  page  370  we  find  E  =  110000. 

The  rod  was  then  firmly  fixed  at  one  end,  was  loaded  at  the  other  viih 
a  weight  G  =  0,81,  and  put  in  vibration.  It  was  found  that  the  Dumber 
of  simple  vibrations  in  35  seconds  was  100.  The  weight  of  the  rod  ve 
6^1  =  0,044  kilograms ;  hence  G  +  i  O^  =  0,821  kilpgnuns  and 


-  (f  )'■  (^^)  -  (^"^' "'"" 


,35/'  981.  A 


1281000 
=  80,57 .  — S3^ —  =  105360  kilograms, 
Vol 

or  about  the  same  value  of  J^  as  was  found  by  the  experiment  upon  flexnt 


§  6.  Vibrations  Due  to  Torsion.— The  formula  ^  =  -73  ca: 

also  be  applied  to  the  torsion  balance  or  torsion  rod  (Fr.  balance  de 
torsion ;  Ger.  Torsionspendel),  le.  to  a  thread  or  rod  D  ft  Fir. 
881,  oscillating  about  its  axis,  in  consequence  of  its  torsion.   Gen- 

erally  the  rod  is  provided  with  a  Joadtt! 
^^^'  ^^'  arm  C  Ci,  by  means  of  which  the  ongi- 

nal  torsion  of  the  thread  is  prodnceJ. 
by  bringing  this  arm  from  its  positkc 
of  rest  C  C,  into  the  position  A  J> 
The  torsion  drives  the  arm  back  u 
C  CI,  and  the  latter,  by  virtue  of  ite  in- 
ertia, moves  further  on  until  it  comes 
into  the  position  B  i?„  from  which  It 
_. ^5i  returns  to  G  C,  and  A  -4„  etc  ^^ 

^^'^-'^'^jA:.--""^'^>k  ^^^^*l  previously  (§  262)  the  mommi 

C  Q j'>^'-.>.:  ■  "^Sg  ^J  of  toreion  of  a  prismatic  body  to  be 

Y;< :^:r^k^  aWc 

B  -Aj  Pa  =  -j-; 

we  know,  therefore,  from  this  formula,  that  it  is  inversely  propor- 
tional to  the  length  0  2>  =  /  of  the  rod  and  directly  proportional 

to  the  angle  of  torsion  MD  0  =  a;  now  if  —  i"  is  the  moment  of 

inertia  of  the  arm  C  Z>  C,,  — 5  —  is  the  mass  Jf  reduced  to  theenot 

a  g 

G  and  Gx  of  the  arm^  and  the  acceleration  of  this  point  is 


§73 


THE  THEORY  OF  OSCILLATION. 


1051 


_  P  _  aWc  Tc^Q^  _  aaWCg 
-P^if  "■    la   '^  a'g  '^  '  G  k' I    ' 

If  we  denote  the  arc  0  M  =^  a  a,  corresponding  to  the  length 
of  tlie  arm  D  A  =^  D  C  =  a  and  to  the  variable  angle  of  displace- 
meiit  C  D  M  =  a,  by  «,  we  obtain  the  expression 

p  =  -^-T5ya;,anawe  can  again  putjt?  =  ji*a;,or 

'*""   GkW 
The  period  of  an  oscillation  or  simple  vibration  is,  therefore, 

VfM       Vff^    WO ' 
no  matter  whether  the  amplitude  A  GB  =  -4i  Ci  5i  is  large  or  small. 
Inversely,  we  have 

If  (7=-^ffiW, 
gf  ' 

and,  therefore,  the  moment  of  torsion 

Heuabs. — The  above  formulas  for  the  vibrations  produced  by  the 
elasticity  of  rigid  bodies  are  not  correct  unless  the  displacement  during 
the  vibration  is  within  the  limit  of  elasticity.  Great  care  should  be 
taken  to  avoid  as  much  as  possible  vibrations  in  the  various  parts  of 
machines;  for  the  energy  expended  upon  them  is  lost  to  the  machine. 
For  this  reason  the  parts  should  be  united  to  each  other  with  precision, 
and  what  is  known  as  lof^  motion  is  to  be  avoided,  as  it  gives  rise  to  con- 
cussions and  vibrations. 

§  7.  Density  cf  the  Earth.— The 
theory  of  the  torsion-rod  can  be  directly 
applied  to  the  determination  of  the  mean 
heaviness  or  specific  gravity  e  of  the  earth. 
If  we  cause  a  heavy  sphere  K  to  approach 
the  weight  ff,  which  is  fastened  upon  the 
end  of  the  arm  A  D  A^,  Fig.  882,  the 
latter  will  be  attracted  towards  the  former 
a  certain  distance  A  M  =  x'y  the  attrac- 
tion 72  of  JT  balances  the  force  of  torsion 
P,  when  G  occupies  the  position  M\  one 
of  the  above  forces  can,  therefore,  be  de- 
termined from  the  other.  Now  if  we  re- 
move the  heavy  sphere  K  and  allow  the 
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torsion-rod  to  vibrate,  we  can  obserre  the  period  of  the  Tibntionr. 
and  from  it  we  can  calculate  the  force  of  torsion.    Aqcoidiog  ta 
the  foregoing  paragraph^  the  period  of  a  simple  vibration  is 
.  __    TT       ^p  _     force  of  torsion     _  ^  »* 

""  1^        X        ^  "~  mass  of  torsion-rod  ""  (?  it*  ^' 

when  O  V  denotes  the  moment  of  inertia  and  a  the  length  of  thf' 
arm  of  the  torsion-rod ;  inversely,  the  twisting  or  attractive  foitx  i? 
p  ^  gJfc'jP  ^  \i.OVx  ^  ^    OVx  ^  jT^    gyg 
ga*  ga*      ^ gf     a*       "~^^'     «    ' 

and  the  moment  of  torsion  corresponding  to  the  angle  ol  torsion  a  i! 


7r« 


Pa=  —-.aOV. 

Now  if  the  forces^  with  which  the  bodies  aitrcui  each  other,  tbit 

directly  as  their  masses  and  inversely  as  the  squares  of  their  duiaiua 

(see  §  302,  Example  3),  we  can  compare  the  attraction  P,  exeite-J 

upon  the  body  by  -ff",  with  the  weight  Q  of  the  small  body  vhich  is 

placed  upon  the  torsion  rod;  for  the  weight  is  the  measure  of 

attractive  force  of  the  earth ;  thus  we  obtain 

P  ^Kzs" 

Q  "  E:r^ 

in  which  s  denotes  the  distance  M  K  oi  the  centres  of  the  two 

masses  G  and  ^&om  each  other,  r  the  radins  of  the  earth  and  E 

its  weight    If  we  solve  the  above  equation,  we  obtain  the  latter 

weight  „  _  KQr' 

Fs*  ' 
and  if  we  substitute  j&  =  |  tt  r' .  c  y,  we  have  the  mean  heaviDesB 

of  the  earth 

-       _   3Jg   _  8KQr^    _     dKQ    _  SITQ     gf^^ 
yi-^y-4^^. -4^p^>^«-  4,nPrs*  "  4  7r r ^'^'O*'^' 

or  if  we  introduce  the  length  of  the  second  pendulum  /  =  -4  (s* 

§323),  _,,._  3ir;f   ^\ 

^'-^^-  4:7Trxs''Gi^' 
hence  the  mean  specific  gravity  of  the  earth  is 

_   3  Kit*       Qa* 
4:TT  r  X  s*'  Ok^y 
If  we  put  approximatively  0  Jc*  =  Q  a**,  we  obtain  more  simply 

*  IT  r  xs  y 
Cavendish  found  in  the  first  place  with  the  torsion  rodj  or 
Coulomb's  torsion  balance,  as  it  is  called,  e  =  5,48 ;  or,  accoiding  to 
Hntton's  revision,  e  =  5,42. 
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Beich  found  afterwards^  vnth  the  aid  of  the  mirror  apparatus  of 
Grauss  and  Poggendorff,  e  =  6,43.  Bailj,  on  the  contrary,  found 
by  experiments  upon  a  larger  scale,  e  =  5,675. 

When  Eeich  repeated  his  experiments  he  found  €=5,583.  (See 
**  NeueVersuche  mit  Drehwage,  Leipzig,  1852/')  The  mean 
density  of  the  earth  is,  therefore,  according  to  these  experiments, 
about  equal  to  that  of  specular  iron. 

Hexabk. — The  following  works  may  be  consulted  in  reference  to  the 
manner  in  which  the  density  of  the  earth  was  determined :  **  Qehler's 
pbysikal.  Worterbucb,"  Bd.  HI ;  the  treatise  of  Reich  "  Versuche  uber  die 
mittlere  Dichtigkeit  der  Erde,  Freiberg,  1888 ;"  and  that  by  Baily,  "  Ex- 
periments with  the  Torsion  Rod  for  Determining  of  the  Mean  Density  of 
the  Earth,  London,  1848.'' 

§  8.  Magnetic  Needle. — The  torsion-balance  may  also  be 
employed  to  find  the  directing  force  or  the  moment  of  rotation  of  a 
magTist  or  of  a  magnetic  needle  (Fr.  aiguile  aimant^e;  Ger.  Magnet- 
nadel).  If  we  replace  the  transverse  arm  of  the  balance  by  a 
magnetic  needle  or  by  a  bar  magnet  M  D  i/i.  Fig.  883,  it  will  as- 
sume a  position  in  which  the  directing  force  is 
balanced  by  the  twisting  force.  If  the  non-mag- 
netic arm,  when  at  rest  in  A  Ai,  forms  an  angle 
A  D  N  =  a  with  the  magnetic  meridian  JV"  8, 
and  if  the  bar  magnet  Jf  if]  assumes  such  a  posi- 
tion -that  its  axis  forms  an  angle  M  D  N  =  6 
with  the  meridian  N'Sy  we  have  7?,  =  J2  sin.  6,  in 
which  formula  Ri  denotes  the  component  of  the 
directing  force  R,  which  is  parallel  to  N  S.  This 
component  tends  to  turn  the  needle,  and  is  bal- 
anced by  the  force  of  torsion.  The  latter  force 
P,  on  the  contrary,  is  proportional  to  the  angle  of  torsion  MD  A  = 
a  —  d,  and  we  can,  therefore,  put 

P  =  P,  (a-cJ); 
hence  we  have  R  sin,  d  =  P  (a  —  d),  and  consequently 

" '  (^0  "• = c^i  "■■ 

when  the  variation  or  angle  of  deviation  6  is  small. 

Now  according  to  tlie  foregoing  paragraph  the  force  of  torsion 
is  expressed  by  the  formula 

p_Tjl    Gk'x  _  n^    G  ¥  g  (g  -  c5)  _  ^    Gh^(a-  d) 
"  gt^'     a"      "  gf^  a^  "  gt""'  a  ' 

and  we  can  calculate  from  the  period  ^  of  an  osciUation,  etc.,  of  the 
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non-magnetic  torsion-rod  the  directive  force  of  the  magnetic  Det& 
by  the  formula 

7?  -  i^  —  ^\  p_^_«-^     ^     ff^* 

The  moment  of  this  force^  when  we  aesnme  that  it  is  appM  a; 
a  distance  D  M  =  a  from  the  axis  of  rotation  and  when  the  Taxa- 
tion ia  MD  J^  =:  6,  13  El  a  =  li  a  situ  <J,  approximatiTeK  iV 
small  yariationSy 


TT* 


=  J?  a  J  =  (a  -  d)  .  -—  .  ff  i*. 

This  moment  (i2  a  sin,  6)  is  a  maximum  and  =  R  ak 
sin.  d  =  1^  I.E.,  when  the  magnetic  needle  is  at  right  angles  to  tit- 
magnetic  meridian,  and,  on  the  contrary,  a  minimum  and  =  < 
when  d  =  0,  i.R,  when  the  axis  of  the  magnet  needle  coincides  wii- 
the  magnetic  meridian. 

§  9.  Magnetism. — Since  the  directive  force  of  the  m^a 
needle  causes  no  pressure  upon  the  axis,  I.E.,  the  needle  has  r.. 
tendency  to  move  forward,  but  only  a  tendency  to  torn,  when  it* 
axis  does  not  coincide  with  the  magnetic  meridian,  it  follows  tk: 

the  entire  action  of  the  earth  upon  the  magnet  must  consist  of: 

7?  7? 

couple  -^,  —  ^,  the  maximum  moment  of  which  is  Ecu  Ni^ 

7?         Ji 
since  every  couple  -^,  — ^  can  be  replaced  by  an  infinite  Dum^r 

of  other  couples  (  "oTj  ""  V  )m  V>  ""  ^  \  ^^y  ^^^^  momcL:: 
R  a,  Ri  ffi,  Ri  Ofy  etc.,  are  equal  to  each  other,  it  follows  that  nei- 
ther R  nor  a,  i.e.,  neither  the  directive  force  nor  the  point  of  appi^- 
cation,  but  only  the  moment  JK  a  is  determined.  This  imfi^K 
moment  depends,  in  addition,  upon  two  factors,  ih  and  5,  ft  «^ 
spending  to  the  magnetism,  of  the  earth  and  S  to  that  of  the  barer 
needle ;  hence  we  can  put 

R  z=  11^  S and  Ra  =  fii  So, 
The  measure  jw,  of  the  magnetism  of  the  earth  for  a  need;, 
vibrating  horizontally  (the  case  under  consideration)  is  only  tb 
horizontal  component  of  the  intensity  fi  of  the  entire  magnedts 
of  the  earth ;  for  the  vertical  component  m  is  counteracted  bj  :c^ 
support  of  the  needle.  If  i  is  the  angle  of  dip  or  indinaium  or  t;.: 
angle  formed  by  the  magnetic  axis  of  the  earth  with  the  horiwa 
we  have  the  horizontal  component 

fii  ^  fi  COS.  I ; 
on  the  contrary,  the  vertical  one 

fi,  =  /M  sin.  ty 
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and,  finally,  the  twisting  moment  of  a  magnetic  needle  ia 

a  a  ain.  6  =  [m  cos,  i .  S  a  sin.  d, 
tlie  maximum  yalue  of  wluch  is 

li  a  =  fi  Sa  COS.U 

§  10.  OscillationB  of  a  Magnetic  Needle.— We  can  calcu- 
late the  moment  of  rotation  of  a  magnetic  needle  from  the  period 
of  its  oscillations.    K  we  move  the  suspended  needle  M  D  if,,  Fig. 
884^  from  its  position  of  rest,  where  the  force  of  torsion  and  the 
Fig.  884  directive  force  of  the  magnet  are  in  equUibh- 

A    Q  nm,  so  that  its  new  position  shall  make  a  small 

..N  angle  M  D  O  =:  (p  with  its  former  one,  either 
the  magnetic  directing  force  li  is  increased  by 
R  (j)  and  the  force  of  torsion  -P,  is  diminished 
ty  -Pi  <l>9  or  the  reverse  takes  place ;  in  either 
case  their  resultant 

{R  +  P,)  0 
or  its  moment 

(i?  +  Pi)  <^  a  =  (iJ  +  P,)  X 
drives  the  needle  back  to  its  position  of  rest 
If  Q  k^  is  the  moment  of  inertia  of  the  needle,  the  acceleration^ 
corresponding  to  this  force,  is 

{R  +  P,)ax 

if  ire  pnt  it  =  ft  a^  we  obtain 

'R  +  p; 


(R  +  PA 


and  the  period  of  an  oscillation  is 


Gk' 


{R  +  F,)a(/ 


GV 


V^  ^  {R^P,)ol 

P  6 

or,  if  V  denotes  the  ratio  ^  = 5  of  the  force  of  torsion  to  the 

'  R       a  ^  o 

magnetic  force, 


^~     J^g^     {l    +    v)Rd 

If  we  have  fonnd  t  by  observation,  we  can  find  by  inversion  the 
moment  of  rotation  of  the  needle,  which  is 
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K  the  force  of  torsion  is  smalls  le.,  if  the  position  of  repose 
nearly  coincides  with  that  of  the  magnetic  meridian,  ¥e  can 
neglect  v  and  put 


=  -I^l/pand 


^9 


7r« 


9^ 
We  can  also  substitute  for  72  a  its  value,  which  has  been  gives 

above,  and  express  the  moment  of  rotation  by  the  formula 

11  S  a  COS.  I  =  —zi.  O  k\ 

For  a  dipping  needle,  which  oscillates  in  the  plane  of  die  mag- 
netic meridian,  we  liave,  on  the  contrary. 


7r» 


fiSa  =  —^.Gk\ 

and  for  a  needle,  whose  axis  lies  in  the  magnetic  meridian  aad 
which,  therefore,  tends  to  place  itself  in  a  vertical  position  we  hsTt 


TT* 


u  S  a  sin.  t  z=  -—.  G  Jc\ 

9^ 


it' 


In  the  formula  ii  8 a  cos.  i,  =-—,G  k\iiSacos.i  is  apiodmi 

of  four  factors ;  however,  since  the  inclination  i  can  be  detemined 
by  observing  a  magnetic  needle,  and  since  8  a  cannot  be  deoojo- 
posed  into  two  definite  factors,  we  have  to  only  resolve  the  product 
fi  iSa  into  the  fectors  ft  and  8  cu  How  this  can  be  done  bjafc- 
serving  the  declination  of  the  needle  will  be  shown  in  the  sequel 

§  11.  Law  of  Magnetic  Attraction.— The  forces,  with  which 
the  opposite  poles  of  two  magnets  attract  and  the  similar  pok 
repel  each  other,  are  inversely  proportional  to  the  squares  of  ihfir 
distances  from  each  other.  We  can  convince  ourselves  Terjesslj 
of  this  fact  by  observing  a  small  magnetic  needle,  which  has  been 
set  in  oscillation  near  a  large  bar  magnet  The  bar  wBgnetb 
placed  in  a  horizontal  position  and  in  the  plane  of  the  magnetic 
meridian,  its  north  pole  being  directed  to  the  north  and  ihe  south 
pole  towards  the  south ;  we  then  place  a  small  variation  compass 
in  the  prolongation  of  the  axis  of  the  bar  magnet.  If  the  distmcp 
s  of  the  pivot  of  the  needle  from  one  pole  of  the  bar  magnet  is 
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much  less  than  its  distance  from  the  other  pole,  we  can  disregard 
the  action  of  the  latter  upon  the  needle  and  we  can  assume  that, 
in  consequence  of  the  action  of  the  nearer  pole,  the  coefScient  it  of 
the  magnetic  force  of  the  earth  is  increased  a  certain  amount  k^  or 
K^  If  the  period  of  the  oscillations  of  the  needle  is  =  t,  when  the 
bar  magnet  is  removed,  and,  on  the  contrary,  if  it  is  =  <„  when 
the  nearer  pole  of  the  har  magnet  is  at  a  distance  Si  from  the  pivot 
of  the  needle^  and  =  t^y  when  the  latter  distance  is  =  ^9,  we  have 

whence  we  obtain  by  division 

=  -7-,  and =  —^ ; 

h  ti  III  ti 

resolving  the  last  two  equations,  we  obtain 

«i  =  (    y,  '  j  f*i  and  ir,  =  (— p-^)  f*i>  and,  finally, 

or,  if  we  substitute  instead  of  /,  ti  and  t^  the  number  of  oscillations 

60"  60"      ,  60" 

n  =  -J-,  »i  =  -J-  and  m,  =  -y-, 

«,:«,  =  Tt,*  —  n' :  fit  —  w'. 

If  the  action  of  the  bar  magnet  upon  the  magnetig  needle  ia- 

inversely  proportional  to  the  square  of  the  distance,  we  must  have 

also 

«,:«,  =  Si  :  8i\  and  therefore 

n*  —  w*  _  89* 

fli  —  w*  ""  «,"* 

which  is  confirmed  by  the  observations. 

§  12.  The  actions  of  a  bar  magnet  If  8  upon  a  Liagnetic  needle* 
n  8  tare  simplest,  when  the  bar  magnet  is  placed  at  right-angles  to 
the  magnetic  meridian  in  such  a  manner  that  the  pivot  of  the- 
compads  n «,  Fig.  886,  lies  either  in  the  prolongation  o{  H  Sot  in  the 
line  which  is  perpendicular  to  IfS,  Fig.  886,  and  passes  through 
its  middle  C.  If  for  the  present  we  put  the  force,  with  which  a 
pole  of  NS  acts  upon  a  pole  of  n  s,  when  their  distance  apart  is 
unity,  =  jf,  we  have  in  the  first  case,  Fig.  885,  when  a  denotes  the 
length  N  8  and  e  the  distance  C  d  between  the  centres  C  and  d 
of  the  two  bodies  N  8  and  n  8,  the  force,  with  which  the  north 
pole  n  is  attracted  by  8, 

67 
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BU 


Prr 


Sn* 


,  approximatiTelj  = 


K 


(e  ^  \ay 


and  the  force,  with  which  n  is  repelled  by  ^  is 

Fxo.  885.  Fig.  886. 

P. 


P  = 


hence  the  resultant  of  F  and  Pi  is 
2  a  air 


(6  +  iar(^-^«r 

or,  if  ^  a  is  small  compared  to  e, 

_  2aeJr  _  2gjr 

In  like  manner  we  find  the  resnlfcant  of  the  attraction  ml 
repulsion  of  the  south  pole  8 

%aK 

9 


Q=- 


6 


hence  the  moment  of  the  couple,  formed  by  these  forces,  is 

«  I  -  — ^i— , 

when  I  denotes  the  distance  between  the  two  poles  of  the  nejdJe. 
For  the  second  case  (Fig.  886),  on  the  contrary,  the  attnctia 
and  repnlsion  at «  are 

Pi  =  -r^=^  =  -=•,  and  those  at »  an 
K   _    K  , 


P  = 

hence  the  resnltants  are 


8n*      Nn* 
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^       ^    CN    J,        aP        aK      .  ^       aK 

N  s  Nn 


Ns 


Ns 


Now  if  -^  a. and  ^  Z  are  considerably  smaller  than  By  we  can  sub- 
stitute for  iV*  =  is  «  and  N  n  =  SnihQ  mean  yalue  Nd  =  S^Tl 


and  for  the  latter  the  approximate  value  Cd  =z  e;  thus  we  obtain 


e 


S      9 


and^  therefore^  the  moment  of  the  couple,  formed  by  Q  and  Qi, 


s      ' 


e 

LE.,  it  is  one-half  as  great  as  in  the  foregoing  case,  a  result  which 
is  perfectly  corroborated  by  observation. 

But  the  force  K  is  itself  a  product  of  the  intensity  ic  of  the 

magnetism  of  w  ^  and  the  intensity  8  of  N  S,  i.e.,  K  =.  k  S)  hence 
we  have  in  the  first  case 

Q  =  — -^ — ,  and  m  the  second  case  Q  = 


e 


e 


Pi«.  887. 


§  13.  Determination  of  the  Magnetism  of  the  Earth. — 

If  in  both  the  above-mentioned  cases  the  magnetic  needle  w  «  is 
abandoned  to  the  action  of  the  larger  magnet,  the  former  will 

assume  a  new  position  n  «,  Fig. 
887,  in  which  the  force  Qy  with 
which  the  bar  magnet  acts  upon 
the  needle,  is  balanced  by  the 
force  Ry  due  to  the  magnetism  of 
the  eai'th.  If  6  is  the  variation 
Ndn^Sds  of  the  needle  from 
the  magnetic  meridian,  we  have 
for  the  components  of  Q  and  R, 
which  balance  each  other. 


hence 


Q^  =  Q  COS.  6  and  R^  =  R  sin.  d ; 
Q  COS.  6  =  R  sin.  6  and 

tang.  ^  =  ^> 


or,  if  we  put,  according  to  the  last  paragraph,  either 

^      2  k  8  a      ^      ft  8a 

and,  according  to  §  9  of  the  Appendix,  R  =  /ij  k,  we  obtain  either 
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.      2ic8a      2Sa       .        .       Sa 

By  inyersion  we  obtain  the  ratio  of  the  magnetic  moment  of  tbe 
bar  to  the  inteAsity  of  tlie  magnetism  of  the  earth;  for  in  tiie  &s 
case  we  have 

—  =  1  5»  tang.  6,  and  in  the  second  case,  —  =  e*  ioMg.  6, 

By  observing  the  period  of  the  oscillations  of  the  bar  magnet, 
we  obtain  (according  to  §  10)  the  product 

by  combining  the  two  equations,  we  deduce  the  magneiic  motmi 
of  the  bar,  which  is 

either  Sa  =  r^  V^GIf^  tang,  6 

fr       

or  Sa  =  Ylr^  VGk'e^  tang,  d, 

and  the  measure  of  the  horizontal  component  of  the  magnetism  of 
the  earth,  which  is  either 

n     a/%  Q1^  eotanq,  d  re     ./oT^^oiaM^ 

the  first  formula  being  applicable  to  the  case  repre^nted  in  Fig. 
885,  and  the  second  to  the  case  represented  in  Fig.  886.  If  ve 
divide  by  the  cosine  of  the  angle  of  dip  or  inclination  (<),  we  obtun 
the  total  intensity  of  the  magnetism  of  the  earth 

COS.  i 

In  order  to  obtain  a  clear  idea  of  the  coefficient  or  measure  /i  of 
the  magnetism  of  the  earth,  we  must  put  in  the  formulas 

Ba  =  pt  8a  and  Q  I  =  — -= — ,  a  ==  Z  =  e  =  I, 

e^ 

and  also  ic  =  8=1;  thus  we  obtain  Ra  ^^i  and  ^  /  =  1;  heDC? 

1)  the  measure  //  of  the  intensity  of  the  magnetism  of  the  earil 
is  that  moment,  with  which  a  magnetic  needle,  whose  magnetie  mo- 
ment is  =  unity,  will  be  turned  by  the  magnetism  of  the  earth ;  and 

2)  the  magnetic  moment  of  a  magnetic  needle  is  =  umty  vien 
that  needle  communicates  to  another  similar  and  equally  powerful 
magnetic  needle,  placed  in  the  position  represented  in  Fig.  88Sst 
the  unit  of  distance  from  it,  a  moment  =  unity  (I  millimeter-miQi' 
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gram).    According  to  Weber,  if  the  acceleration  of  gravity  were 

1  millimeter,  we  would  have 

in  Gottingen  fi  =  1,774  millimeter-milligrams, 
in  Munich     f*  =  1,905        "  "  • 

in  Milan        fi  =  2,018        ^  « 

but,  since  the  acceleration  of  gravity  in  Central  'Europe  is  9810 

millimeters,  the  true  values  are  V'OSIO  =  99  times  less. 

Bemabk. — We  would  recommend  to  those  who  wish  to  make  a  more 
extended  study  of  magnetism,  besides  Miiller-Pouillet's  ^'Lehrbuch  der 
Physik  ;^'  Lamont's  "  Handbuch  des  Erdmagnetlsmus^'  (Berlin,  1849),  and 
Oauss  and  Weber's  ^  R^sultate  aus  den  Beobachtnngen  des  magnetischen 
Vereins/'  Gottingen  and  Leipzig,  1687  to  1848;  also  the  **  Experimental- 
pbysik''  of  Quintus  Julius,  and  Moussous  "  Ph jslk  auf  Gnmdlage  der 
Erfahxung,"  etc. 

§  14.  Wavea — In  discussing  the  hngitudinal  and  transverse 
vibrations  of  prismatical  bodies,  we  have  heretofore  (§  3,  4  and  5} 
^neglected  the  mass  of  these  bodies  and  considered  only  that  of  the 
weight,  which  produced  the  strain  in  the  bodies.  Hereafter,  on  the 
contrary,  we  will  not  consider  any  such  weight,  but  suppose  that 
the  body  is  put  in  vibration  by  a  sudden  blow  or  by  a  force,  which 
acts  for  an  instant  only ;  we  must,  therefore,  take  into  account  the 
inertia  of  the  vibrating  body  alone.  As  the  most  simple  case  is 
that  ofltered  by  hngitvdirud  vibrations,  we  will,  therefore,  treat  tliat 
first 

From  what  precedes,  we  know  that  all  the  parts  of  a  prismatical 


rod  B  if*.  Fig.  888^  are  put  in  vibration,  when  this  body  is  extended 
or  compressed  by  a  for^e  P,  acting  in  the  direction  of  its  axis.   K^ot 
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only  the  element  M  at  the  end,  but  also  eveiy  other  eleiqEB: 
Mx,  Mfy  Jfs ....  of  the  rod  vibrates  back  and  forth  in  a  certais 
space  B  D^  Bx  Di,  J?,  A  •  •  ^  which  is  called  the  amplitude  of  tit 
vibration  ;  we  'can  also  assume,  when  the  rod  is  very  bng,  that  tliii 
space  is  the  same  for  all  the  elements.     Although  the  time  in 
which  an  element  makes  a  yibration  is  the  same  for  all  parts  (tf  tin 
rod,  we  cannot,  therefore,  assume  that  all  these  elements  if,  JVhi^ 
etc.,  are  simultaneomly  in  the  same  phase  of  motion^  e.g^  tibattlk;? 
are  all  at  the  same  time  in  the  middle  of  a  vibration,  but  we  Ehoiui 
rather  suppose  that  time  will  be  required  to  communicate  the  ido- 
tion  proceeding  from  Jf  to  the  succeeding  eiementa,  and  that  thr 
farther  an  element  is  situated  from  the  origin  P  of  the  motios,  tk 
later  it  will  enter  upon  the  same  phase  of  motion.    It  is,  there&re. 
possible  that  at  the  instant,  when  the  element  M  has  madeacaiD- 
plete  vibration  B  D  forward  and  back,  the  element  Mi  has  imi 
but  one-half  of  its  forward  movement  and  has  arrived  at  T^  m. 
that  the  element  M^  is  just  beginning  a  vibration.    The  latt^  viH 
therefore  vibrate  isochronously  with  M,    The  velocity  with  viiti 
the  same  phase  of  motion  advances  in  the  body  is  called  the  tdmU 
of  propagation  (Fr.  vitesse  de  propagation;  Ger.  Fortpflaii2iui|!5- 
geschwindigkeit)  of  the  vibrations  of  the  body.    The  aggregates 
all  those  elements  between  M  and  M^  which  are  in  the  diffi?ieDt 
phases  of  a  complete  vibration  or  which  are  incladed  between  tv? 
elements  M  and  i/^  which  are  in  the  same  phase,  are  called  a  wort 
(Fr.  ondulation ;  Ger.  Welle)  of  the  vibrating  body,  and  the  dis- 
tance M  M4  is  called  the  length  of  the  wave.    A  wave  consists  ofi 
back  part  B  D^  which  contains  the  returning  elements,  such  ss 
J/i,  if, ... .  and  of  the  wave  front  A  ^4»  which  comprehends  tbe 
advancing  elements  i/3,  Jfj . . . ;  B  D^  is  also  called  the  rarrtW 
and  Di  B^  the  condensed  portion,  since  all  the  elements  in  BDfi^ 
extended  and  those  in  A  B^  are  compressed. 

§  15.  The  phases  of  the  motion  and  of  the  velocity  in  airaTectn 
be  very  well  represented  by  serpentine  lines,  such  as  FCiG,CiB, 
and  B  M,  D^  iV,  B^,  Fig.  889, 1  and  IL  At  the  moment  when  Jf 
begins  a  new  vibration  at  By  its  displacement  is  a  maiimnm  aoJ 
its  velocity  is  =  0 ;  at  the  same  time  Mx  is  in  the  position  of  re£t 
and  consequently  its  displacement  is  =  0  and  its  velocity  is  a  mAi- 
imum;  both  of  these  facts  are  shown  by  the  above  curves;  for  the 
first  curve  (that  of  the  displacement)  (I)  passes  at  ^  at  a  dista2Ki> 
equal  to  the  amplitude  B  F  =  B  C  above  the  axis  B  A  ^^  ^^^ 
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tlii^  axis  at  Cu  while,  on  the  contrary,  the  second  curve  (that  of  the 
velocity)  (11)  cuts  the  axis  at  B  and  at  Ci  passes  at  a  distance 
Cx  Jdxf  equal  to  the  maximum  velocity,  above  the  axis.    At  the 
same  moment  the  element  M^  is  upon  tlie  other  side  of  the  position 
of  rest  C^  and  at  the  maximum  distance  from  it,  and  its  velocity, 
like  that  of  itfi  is  =  0;  this  is  also  shown  by  the  -two  curves;  for 
one  passes  at  A  at  a  distance  equal  to  the  amplitude  Z>,  O^  below 
the  axis,  and  the  other  cuts  it  at  that  point,  so  that  the  ordinate 
.Tvhich  corresponds  to  the  velocity  is  =  0.    In  like  manner  the 
phases  of  the  motions  and  of  the  velocities  of  the  elements  Jft,  J/4, 
etc.,  are  represented  by  these  curves.    Since,  e-O.,  the  first  curve 
cuts  the  axis  at  C^  and  the  second  passes  below  that  point  at  a  dis- 
tance equal  to  the  maximum  value  (7,  iV^,  we  know  that  the  ele- 
ment Jfs  at  this  moment  passes  through  the  position  of  rest  with 
the  maximum  velocity  in  the  positive  direction.    If  we  wish  to 
know  the  phase  of  the  motion  of  any  other  element  Jf^,  situated 
between  Jf,  Jf„  J/4,  etc.,  at  the  moment  when  the  element  Jf,  be- 
gins a  new  vibration,  we  have  only  to  let  &J1  from  it  a  perpendicu- 
lar upon  the  corresponding  curve.    The  portion  R  8  of  this  per- 
I)endicular  lying  between  the  curve  and  the  axis  corresponds  to  the 
displacement  of  this  element,  and  the  portion  T  Z7,  between  the 
second  curve  and  its  axis,  gives  its  velocity.    Since  both  ordinates 
are  directed  downwards,  we  know  that  both  the  displacement  and 
the  velocity  are  positive,  i.e.  their  direction  is  that  of  the  velocity 
of  propagation. 

If  the  element  M  were  at  D,  i.e.  about  to  begin  its  return  mo- 
tion, the  displacements  of  the  other  elements  of  the  wave  would  be 
represented  by  the  dotted  line  J  C,  Kt  C,  L^,  and  their  velocities 

F16. 889. 
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by  the  ordinates  of  the  dotted  curve  D  0,  B^  Q^  D^  The  period 
of  a  double  oscillation  or  that  of  a  complete  yibration,  le.  the  dme 
ty  in  which  the  space B  D  ^  D  BS&  described,  is  equal  to  the  time 
in  which  a  yibration  is  propagated  through  the  length  Jf  ¥4  =  I 
of  a  wave ;  if,  therefore,  c  is  the  velocity  of  propagation,  we  have 
the  total  length  of  the  wave 

BB4  =  l  =  c.2t  =  2ct. 
The  length  of  the  back  part  of  the  wave  is 

BDt=^h  =  B  Bt  +  B,I),  =  ct  -^  X, 

« 

and  that  of  the  wave  front  is 

D^B^=zl,  =  D^D^-  B^D^  =  ct  -  A, 

in  which  A  denotes  the  amplitude  of  a  vibration. 

Reicabk. — ^The  phenomena  accompanying  the  interference  of  waves  cu 
be  shown  by  the  aid  of  the  curves  of  vibration.  Let  us  consider  tiro  srv 
tems  of  equal  waves,  which  are  advancing  in  opposite  directions,  and  let 
ABODE  and  F  G  HIK^  Pig.  890,  be  the  curves,  who33  orJiniifej  r?p- 

FiG.  800. 


IV 


t-"^^^ — "" 

mc;; 

^^ 

• 

^^p^ 

>«. 

< 

^ 

=^ 

resent  the  displacements.  The  displacements  of  an  element,  whidi  be- 
longs to  two  waves,  produce  a  mean  displacement,  which  is  detcnnmed  m 
exactly  the  same  manner  as  the  resultant  of  two  motions  (sec  §  2S),  that  i^ 
by  adding  algebraically  the  two  component  displacements.  Hence  at  tiie 
two  points  if  and  i\r,  where  the  two  curves  meet  each  other,  the  ordinttes 
are  doubled,  and,  on  the  contrary,  at  the  pomts  0  and  Q^  where  the  curre 
pass  at  equal  distances  from,  but  on  opposite  sides  of  the  axis  A  E,  the  or- 
dinates cancel  each  other,  and  the  resultant  of  the  two  wave  curves  is  t 
third  curve  F  BB  0  E8D  Q  K^  whose  ordinates  give  the  diFplacements 
of  all  the  elements  in  the  axis  A  E,  While  the  two  systems  of  waves  J  BC 
and  F  G  Haie  moving  towards  each  other,  the  position  of  the  wave-cone 
FBB  0^  etc.,  of  course  changes ;  but  it  is  easy  to  understand  that  the 
points  of  no  motion  0  and  Q  do  not  change ;  for  the  ordinates  of  tiioe 
points  of  the  two  component  curves  are  always  equal  and  opposite.  These 
points  are  called  the  nodes, 

(§  16.)  Velocity  of  Propagation.— The  velociiy  ofpropaga^ 
Hon  of  waves  can  be  determined  in  the  following  manner.  Let  ne 
imagine  the  vibrating  body  B  0,  Fig.  891,  to  be  composed  of  an 
infinite  number  of  elements,  the  cross-section  of  each  being  A  sod 
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its  length  3  0=^  C D  ^  dxy  and  let  ns  assume  that  the  phase  of 
tbe  motion  of  an  element  B  C  =  A  dx  is  propagated  completely 

to  the  following  0  D  =  A  d  x 
Fig-  891.  in  the  elementary  time  d  t,  or 

n      c     jy  7.1  w  k  N«o      ^^^  ^^^  phases  of  the  motion 


are  propagated  in  the  direc- 
tion of  the  axis  of  the  body 

dx 
with  the  velocity  c  =  -tt*    iJet  us  assume  that  the  elements  B  C 

and  C  D  oscillate  from  C  to  JV'  in  the  time  i,  and  thus  come  into 
the  position  MN=  dxi  and  N 0  =  d  x^,  and  let  us  denote  the 
corresponding  displacement  C  Nhyy.  If  the  surface  of  separation 
of  the  two  elements,  which  before  d  t  seconds  was  at  JV"„  comes 
after  d  t  seconds  to  JV„  the  corresponding  spaces  described  by  these 
elements  are 

JV  JVi  =  rf  y,  and  N  N^^^  dyt, 
and  their  velocities  are 

hence  the  retardation  is 


P  = 


dt  dt 


i 


0  

Since  dt  seconds  before  the  moment,  when  the  elements  B  C 
and  G  D  occupied  the  positions  MN  and  N  0,  JV,  was  in  the  same 
phase  as  0  now  is,  we  have  O ^i'=  D  0;  and  since  d  t  seconds 
later  Nt  is  in  the  same  phase  as  My  it  follows  also  that  C  N^^  BM, 
From  these  two  equations  we  obtain 
N,0  =  DO-DN,  =  DO-{CN,-  CD)  =  CZ>and 
MN,=^  CJV,-  CM=  CN,-(BM^BC)=zBC',  hence 
NN^  =^dy,=:N,0-NO^CD''NO  =  dx-  dx^  and 
NN,  =  dy^  =  MN^  -  MNz=z  B  C-MN^  dx  -  dx,. 
The  element  d  y  oi  the    space  is  equal  to  the  compression 
dx  ^  d XiOf  the  element  N  0,  and  the  clement  d  yt  of  the  space 
is  equal  to  the  compression  d  x  —  d  Xi  of  the  element  Jf  iV,    If 
we  denote  by  £  the  modulus  of  elasticity  of  the  vibrating  rod,  the 
strains  of  the  elements  if  iV  and  N  0  produced  by  this  compression 

are  S,  =  (^^:Z^)  A  E  =  p-\  A  i;  and. 

\     dx      /  dx 

8^^(djLZ^)AE  =  P^.AE. 
\     dx     /  dx 


• 

4 
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If  we  subtract  the  former  fronf  the  latter,  we  obtain  the  rett- 
ing force 

If  y  is  the  heaviness  of  the  elements  B  C^  C  Dy  etc,  of  the  roi  or 

A  dx  ,y  the  weigh  t,*and *~  the  mass  of  such  an  element  its 

acceleration  at  JV,  is 

-^       M       \       dx      /  'Adx.y         y   *       rfaf*     ■ 

equating  the  two  values  of  jt?,  we  obtain 

dt*  y  dx* 

dx*      gE        ,      gE 
^^  =  —y  or  c*  =  ^—\ 
dt*         y  y 

hence  the  velocity  of  propagation  of  the  waves  (velocity  of  sound)  i3 

in  wliich  formula  L  denotes  the  modulus  of  elasticity  expreseei  b 
units  of  length. 

Example. — ^If  we  assume  the  modulus  of  elasticity  of  spmce  vood  to  be 
E  =  1870000  pounds  and  the  weight  of  a  cubic  foot  of  it  to  be  =  » 
pounds,  we  obtain  the  velocity  of  prox>agation  in  it 


=/ 


144 .  1870000 


.g=:  V 48  .  187000  .  g  =  17000 fed, 


80 
I.E.  about  15  times  as  great  as  in  air. 

Reicabk. — This  formula  for  the  velocity  of  propagation  is  applksli' 
not  only  to  a  stretched  string,  but  also  to  water  and  to  the  air.  ]if^ 
note  the  pr^ure  of  the  air  upon  the  unit  of  surface,  we  have,  acoordii^ 
to  Mariotte^s  law,  the  tensions  corresponding  to  the  ratios  of  compimD^ 

iVl  and  ^/», 
oflj  dz 

8   ^P^^_       Pdx        ^^^   ^j>(?g^      pdx 
*        dXj^      dx  —dy^  *        dx^       dx  —  df^* 

and,  therefore,  the  motive  force  upon  an  element,  whose  croe&«ection  hA,'^ 

jy^Afff       q\-     {dy^--dy^)Apdx 
"^^  '^'^    ^^  "  {dx-dy^){dX'-dy;)' 

d  %i 
now  since  j^  is  a  small  fraction,  we  can  put  (d  x  -^  d  y^)  (d x  —  d ft)^ 

dx'  and 

p_  (dy^  -dy^)Ap 

dx 


S  17.]  THE  THEORY  OF  OSCHJiATION.  1067 

This  expression  agrees  exactly  -with  the  former  one  when  we  sabstitute 
2>  instead  of  E\  hence  the  wHodty  of  9ound  in  air  is 


=v^. 


7 

When  the  tJisory  of  heat  is  discussed  in  the  second  yolnme,  it  will  be 
sliown  that  a  coefficient  must  be  added  to  this  formula  in-  consequence  of 
t;lie  change  of  temperature,  which  necessarily  accompanies  the  change  of 
<3ensity  of  the  air.  Since  the  heaviness  of  the  air  is  proportional  to  the 
pressure  p,  they  both  disappear  from  the  formula  and  the  temperature 
alone  remains.    We  generally  assume  for  air 

e  =  888  VI  +  0,00867 .  r  =  1092,5  Vl  +  0,00867  .  t  feet. 
Example. — ^If  (according  to  the  Remark  of  $  851),  when  a  column  of 
'water  is  compressed  by  a  force  of  14,7  pounds,  its  volume  is  diminished 
0,000050  of  its  original  volume,  its  modulus  of  elasticity  is 

14  7 

E  =  — r-^ — r  =  204000  pounds, 
0,000050      ^'^^^  A#wu«w«i, 

and  the  velocity  of  soulid  in  water  is 

^/oon   204000.144       ^A„«   1693440       ,„^^  ^   ^ 
c  ==  |/ 82,2 . —^p-g-^  =>/ 82,2 . -^^j^  =  4678  fee^ 

or  about  4,8  times  that  in  air. 

(§  17.)  Period  of  a  Vibration.— We  cau  now  find  the  period 
of  a  vibration  by  obtaining  the  equation,  which  expresses  the  de- 
pendence of  the  amplitude  of  the  vibration  upon  the  time  and 
upon  the  abscissa  x,  which  determines  the  position  of  the  vibrating 
element  when  it  is  at  rest.  Now  y  is  certainly  a  function  of  ^  as 
well  as  of  a; ;  we  can,  therefore,  put  y  =  ^  (0  and  y  =  i>  (x). 

By  differentiating  the  first  equation,  we  obtain  the  variable  ve- 
locity of  vibration  dy       ^  ,j. 

and  in  like  manner,  by  a  second  differentiation,  the  corresponding 
acceleration  dv       ^   .^. 

^  =  57  =  *•  ^^>' 

in  which  0i  (t)  and  09  (t)  denote  other  functions  of  t  (compare  §  19). 
The  second  function  gives  the  ratio 

u = *■  <-). 

which  detenninea  the  strain ;  fh>m  it  we  obtain  the  latter 

hence  the  motive  force  of  the  element  of  the  mass  dM^Adx-iB 

9 
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ax  ax 

and  the  corresponding  acceleration  ia 

as      gE  ,  ,  . 

in  which  V^i  {x)  and  V's  (^)  denote  other  fonctions  of  «. 
If  we  eqaate  the  two  values  of  ^7^  we  obtain 

<h  (0  =  ^  .  V't  {x),  or,  Bince^  =  c*. 

The  integral  of  this  differential  equation  Is 

y  =:  ^  {t)  z^  i>  {x)  z=  F{ct  +  x)  +  f  {c  t  -  x\ 
in  which  F  and/  are  undetermined  ftinctions  of  the  quantities  con- 
tained in  the  parentheses ;  for 

0,  it)  =  ^^1^  =^cF,{ct  +  x)+cf,(ci^  x\ 

0,  (0  =  i^^^  =  c'F,{ct  +  x)-\'  ef,  {ct--x) 
=  e?'  [/;  {ct  +  x)  +ft{ct  -  x)l  and 

V^i(^)  =  ^J^  --FAci-hx)  -/,  (c^  -  a:)  and 

rp,{x)  =  ^-^  =  F,{ct  +  X)  +/.  {ct-  X), 

and,  therefore,  we  have  really 
0,  (0  =  c*  •  -08  (a;). 
Although  the  function 

y  =  F{ct  +  a;)  +/(cf- a:) 
is  an  indeterminate  one,  yet,  when  we  have  more  definite  data  in 
regard  to  the  yibrating  body,  it  can  be  employed  to  determine  the 
period  of  the  yibrations.    A  few  examples  of  how  this  may  be  dooe 
will  now  be  given. 

Remark. — If  we  eliminate  d  t  from  the  fonnulas  dp  =  vdt  and  i  '  = 
cdt^y^e  obtain  the  expression  ^  =  -,  or  since  -r^  expresses  the  conden- 

sation  a  of  the  vibrating  element  of  the  body,  we  have  <r  =  - ;  the  woxlV 

c 

taneous  condensation  at  every  point  of  the  vibrating  rod  is  propordaoii  to 

the  velocity  of  vibration  of  that  point 
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(§  18.)  Detexmixiation  of  the  Modulus  of  Elasticity.— Let 

us  assume  that  the  vibrating  body^  whose  length  is  I,  is  fixed  at 
both  ends.  In  this  case  we  have  not  only  for  a?  =  0,  but  also  for 
a:  =  Z,  y  =  0;  hence 

F{ct)  +f{ct)  =  0  and  F{ct  +  I)  +f{ct-  I)  =  0. 

From  the  first  equation  we  obtain  f  =  -~  F,  which,  when  sub- 
stituted in  the  second  equation,  gives 

f{ct  +  I)  -f{ct-  I)  =0,I.E./((?^  +7)  =f{ct-  0> 

or,  if  we  put  c  t  —  I  =  c  ti, 
f{ct,  +  2l)=f{ctr). 
The  function,  therefore,  assumes  the  same  value  when  c  tx  is  in- 

2 1 
creased  by  2  Z  or  when  the  time  is  increased  by  ^i  =  — ;  hence  the 

c 

period  of  a  complete  vibration  or  double  oscillaiion  is 

tx=z^=.2lV^^ 


c  ^  9  E' 

If,  in  the  second  place,  we  assume  the  body  to  be  free  at  both 
e^dSy  we  have  for  a;  =  0  and  x  =  I,  S  =  0  and  -0,  (a;)  =  0 ;  hence 

F,  (ct)  -/,  {ct)  =  OmdFi{ct  +  l)''f{ct-l)  =  0. 
We  have,  therefore, 
/.  =  ^,and/,  (ct  +  l)  =f  {ci-l),  orf  {ct,'h2l)  =f{cty), 
and  consequently  the  period  of  a  complete  vibration  is 

If  the  body  is  free  at  one  end  andfiaed  at  the  other,  we  have  for 
a?  =  0,  y  =  0,  and  for  a:  =  Z,  5  =  0;  hence 

F{ct)  -hfict)  =  OmiFx{ct  +  I)  -/,  {ct-lj^  0, 

from  which  it  follows  that  /  =  —  -Pand/,  =  —  jP„  and  therefore 

f  {ct -{-!)+ f{ct-l)  =  0,  or/,  (c^,  +  2  0  =  -/i  (ct,). 

We  see  from  the  latter  formula  that  the  body,  after  the  time  ti  = 

21  .  .     ' 

— ,  will  assume  the  opposite  state  of  motion,  and  that  it  will  con- 
c  • 

sequently  make  a  complete  vibration  in  double  that  time,  2  /,  = 

— .    The  period  of  the  complete  vibration  is,  therefore, 
•  c 

or  donble  that  in  the  first  tvo  caseSi 
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By  means  of  these  formulas  we  can  calculate  from  the  paiod  i 
of  a  complete  yibration  or  from  the  number  n  of  yibrations,  vhidi 
a  prismatical  body  makes  in  a  given  time,  the  modulus  of^oitiai^ 

E  =  [-A  •  \  and  the  velocity  of  propagation  or  the  yelodty  ik 

sound  in  ii^c  =  ?p 

ExAMFLB. — ^An  iron  wire,  which  was  60  feet  long  and  was  fixed  it  both 
ends,  was  put  in  longitudinal  vibration  by  means  of  friction  in  the  diin> 
tion  of  its  axis.  The  number  of  complete  vibrations  was  1637  In  a  seoood: 
what  was  the  modulus  of  elasticity  of  the  wire  and  what  was  the  Telocity 
of  propagation  in  it  ?  According  to  one  of  the  above  formulas,  we  Itare 
for  the  modulus  of  elasticity,  expressed  in  units  of  length, 

^  =  At)=^('^^)  =42;2Tl2-  =  »»^^<^-^^ 

and  if  a  cubic  inch  of  this  iron  weighs  0,28  pound,  the  modulns  of  elsati- 
city,  expressed  in  pounds,  is 

E  =  99870000 . 0,28  =  27960000  pounds  (compaie  the  table,  $  212;. 

The  velocity  of  propagation,  or  the  velocity  of  sound  in  it,  is 

e  ==  VfL  =  V.82,2 .  99870000  .  ^  =  V  16,1 .  16645000  ==  16376f£«t 
or,  assuming  the  velocity  of  sound  in  the  air  to  be  «  =  1093  £set,  we  baie 

16870       .^ 
"^  =  •1092  =^^- 
If  the  vibrating  wire  is  very  long,  the  period  of  a  vibration  depeads 
upon  the  length  of  the  wave  or  upon  the  distance  I  between  two  node^ 

21 
and  it  is  always  t^  =  — .    This  time  determines  the  pitch  of  ike  nek  pro- 

c 

dnced  by  the  vibrating  wire ;  the  greater  or  smaller  ^^  is,  the  lower  or 

higher  the  note  is.    The  intensity  of  the  sound,  on  the  contrary,  incnMef 

with  the  amplitude  of  the  vibration.    For  spherical  waves,  in  which  wand 

propagates  itself  in  air  and  water,  e  and  t  remain  unchanged,  and  it  is  only 

the  amplitude  of  the  vibration,  or  the  intensity  of  the  sound,  wlucb 

diminishes. 


(§  19.)  Transverse  Vibrations  of  a  String.— The  transrtrfe 
vibrations  of  a  stritig  or  elastic  rod  can  be  treated  in  the  Bsm 
manner  as  the  longitudinal  ones.  As  the  simplest  case  is  that  ofi 
stretched  string  (Fr.  corde ;  Ger.  Saite),  we  will  discuss  that  first 
Let  A  D  By  Pig.  892,  be  any  position  of  the  vibrating  Btrin^.  A 
and  B  the  two  fixed  points,  ^  =  -4  ^  the  length  of  the  string,  G  it* 
weight  and  8  the  tension,  which  is  to  be  regarded  as  constart 
Now  \S  A  N=x  and  iVO  =  i/  be  the  co-ordinates  of  toy  point  Oof 
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the  strings  and  if  we  resolve  the  tension  8  at  it  into  two  components 
JC  and  Fy  one  parallel  to  A  By  and  the  other  perpendicular  to  it^ 

Fig.  892. 


we  can  regard  the  latter  as  the  Hiotiye  force  a  one  end  0  of  the 
element  0  Q.  K  the  arc  -4  0  =  «  is  increased  by  the  element 
O  Q  =s  d  8y  and  if  the  corresponding  increase  of  the  ordinate  y  is 
Q  T  =z  dffy  P,  Sydy  and  (2  «  are  the  homologous  sides  of  two  sim- 
ilar triangles  OPS  and  Q  T  Oy  and  we  can  put 

P_,Q_T^dydy 

8  "  OQ  "ds'^"^^"  ds'^' 


But  another  force  Pi  = 


— — -  .  8  =  -r-  8y  which  is  one  of  the 
Q  It  d  8 


components  of  the  opposite  tension^  acts  in  the  opposite  direction 
upon  the  same  element  0  Q ;  hence  the  motiye  force,  which  moves 
the  element  0  Q  back  to  the  axis  A  By  is 


p_p, /i^,)« 


The  mass  Jf  of  this  element  is  proportional  to  its  length 

O  Q  =  d  8'y  now  if  we  suppose  the  amplitude  y  of  the  oscillation 

to  be  small^  we  can  assume  that  the  mass  is  proportional  to  the 

d  X    Q 
element  0  T  =  Q  U  =  dxof  the  abscissa,  or  that  Jf  =  -7-  .  — . 

.  I      9 

If  we  make  this  assumption,  we  have  the  acceleration  with  which 
the  element  approaches  its  position  of  rest  A  B 

^"      Jf      ""    d8.dx   •    e  ' 
or,  if  we  put  d  8  =^  dxy 

dy  -  dy,    g  81 


P  = 


d^ 


dy ,.. 


Now  y  is  some  function*of  Xy  e.g.  rf)  {x) ;  hence  -~-  is  another 

Cv  X 

n^    LI       I   f  \      j^dy  —  dyi        ddy       dlipiix)]  .        .,  .  , 
function  rjji  (x)  and        n^        =     ^   f    =       \i  \       ^  *  *^^^^ 

function  V's  {x)  of  this  quantity,  and 


dx 
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p  =:rp,  (x)  .  ^. 

Since  y  is  also  a  function  of  the  time  t,  le.  y  =  ^  (Q,  the  Te- 
locity with  which  the  element  0  Q  returns  to  its  position  of  rest  is 

V  =  -j-y  =  01  (t)f  and  the  corresponding  acceleration  is 


If  we  equate  these  two  values  of/?,  we  obtain,  as  in  §  17  of  the 
Appendix,  the  differential  equation 

and  we  can  put  here,  as  we  did  there, 

y  =  0  (^)  =  V;  (ar)  =  jP  (c  ^  +  ic)  +  /  ({?  /  —  a:)  and 

V  =c[Fi{ct  -h  x)  +  /i  (c /  —  ar)]. 
Since  here  also  for  a;  =  0  and  x  =  1^  y  and  v  =  0,  we  ix^ 
again/  =  -  -Fand  f{et-{'l)=f{ct-l)y  or/  (c  /,  +  2  /)  = 
/  (£:^,) ;  hence  the  period  of  a  complete  vibration  or  double  oedt 
lation  is  

/,  =  —  =  2  Z  r-5>  or»  if  we  put  (?  =  ^  /  r. 


f 


,  =  2Z|/ 


^  y 


The  period  of  vibration  of  a  string  is  therefore  directly  popor- 
tional  to  the  length  I  and  to  the  square  root  of  the  weight  of  ike  umi 
of  length,  and  it  is  inversely  proportional  to  the  square  root  of  On 

tension  S  of  the  string. 

Example.— Since  half  the  period  of  the  vibration  conesponds  to  tW 
of  the  next  octave,  a  string  will  give,  according  to  this  formula,  the  octifB 
of  the  fundamental  tone,  when  it  is  shortened  one-half  or  supported  in  tiv 
middle,  or  when  it  is  stretched  four  times  as  much,  or  when  it  is  rqrfaeed 
by  another  whose  unit  of  length  weighs  one-fourth  as  much  as  that  of  H^ 
first  one. 

(§20.)  Transverse  Vibrations  of  a  Rod. — ^The  period  of  vi- 
bration of  an  elastic  rod  or  spring 
A  B  (Fr.  lame ;  Ger.  Stab),  Fig- 
893,  which  is  fixed  at  one  end 
can  %  determined  in  the  follow- 
ing somewhat  circuitous  man- 
ner. According  to  §  226^  if  r 
denotes  the  radius  of  curmture 
of  the  rod  at  a  certain  point  Oi 


Fio.  893. 
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determined  by  the  6o-ordinates  CJf=:Xi  and  NO^yu  the  moment 
of  flexnie  of  the  arc  -4  0  =  Si  is 

r 
If  we  put  the  force,  with  which  an  element  ft  which  corre- 
sponds to  the  co-ordinates  C  R  =  x  and  R  Q  =z  y,  approaches  the 
axis  or  position  of  rest  OB,  =  P  dxj  orits  moment 

=  N R .  P  dx  =  {xi  --  x)  P  dXfWQ  obtain 
=    /     {xi---  x)  P  dx. 

But/*'*  (oTi  —  a;)  P  rf  a;  =  J"'  P  a?,  dx  —J^^Pxdx 

^x,  J^^ Pdx-  f' Pxdx, 
or,  if  we  put  /     P  dx=^  Pi,  and  therefore 

n  Pxdx-    r^ Pdx.x^  P,Xx-  n Pidx, 

/     {xi  —  x)  Pdx  =   /     Pidx;  hence  we  have  also 

— —  =   /      Pidx. 

ds* 

Now  we  know  that  r  =  —  ,  ,  ,.. r  (see  Art  33  of  the  In- 

dx*d{tang.a)  ^ 

troduction  to  the  Calculus),  or,  since  we  can  put,  when  the  deflec- 
tion is  small,  d 8  =  dx, 

d  X 

r  =  —  -j-ji r;  hence 

d  {tang,  a)  ^ 

by  differentiating  which,  we  obtain 

^WE.d(^^^^)  =  P,dx. 

If  we  put  y  =  V  (x),  tang,  a  =  ^  =  Vi  («),     ^  °^'  °'' 
=  ■0,  (a;)  and  d  1-    ,  f'     1  =  V'»  («).  we  obtain  the  equation 

by  differentiating  which  again,  we  find 

dP,  =  -  WEd^t{x),i.^Pdx=  —  WEdi>t  (x),  or 

Pz=-WE^^^=-WE^,ix). 

Or  X 

68 
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In  order  that  the  spring  shall  yibrate  BymmetricftUy,  we  cm  As- 
sume that  P  is  proportional  to  y,  or  that  P  =  —  Ky]  hence  t 
have 

WEip^  (x)  =  Ky,  or  i>^  {x)  =  jp^.  y  =  i*y, 

when  we  denote  -pn^  by  A*. 

This  differential  equation  V'4  (a?)  =  ife*y  corresponds  to  the  e^ci- 
tion y  ^xp  (x)  =  A  cos.  (kx)  +  B  sin.  {k  x)  +  C^'  +  Dr'-: 
for  by  successiye  differentiations  we  obtain 
rl>,  (x)  =  i  [-  ^  sin.  (kx)  +  B  cos.  {k  x)  +  Ce*'  -Dr"]. 
xj;,  (x)  =zk^[-A  COS.  {k  x)-B  sin.  (k  x)  -h  C^'  +Dr'\ 
i/»,  (x)  =  k^[A  sin.  (k  x)  --  B  cos.{kx)  -\-  Ce^'  -D r*']»ai^: 
^,  (x)  =  i*  [^  COS.  {kx)  +  Bsin.  (kx)  +  C^'  +  Dtr"']. 
so  that  we  have  really 

i>4.  {x)  —  k'y. 

(§  21.)  The  period  of  vibration  t  of  the  elastic  rod  is  fonni  « 

above,  by  substituting  je?  =  ^,  (/)  = .    But  the  foroe  •cm 

upon  an  element  is 

=z  P  dx=  —  Kydx—  —  WEk*  ydxj 
and,  when  the  cross-section  is  F  and  the  heaviness  is  %  the  inass  i* 

y 

=Fd  x-^i  hence 

*t (0  =  - ^  jTy     'y  =  -f^'y, 

when  we  denote  the  expression  ^ — ^?^ by  fi*. 

This  differential  equation  corresponcls  to  the  simple  formnl* 
y  ^  (f>  (t)  z=z  sin.  {fit  +  t), 
in  which  t  expresses  any  arbitrary  time  of  beginning;  for  brAA 
ferentiation  we  obtain 

V  =  ^^  =  (l>i{t)  =^  fi.cos.  (fit  +  r)9Jid 

d  V 
P  =  j-T  =  <Pi{t)  =  —  fi^  *  sin.  {fit  -h  r),  LK, 

^a  (0  =  -  f**  y- 

If  in  the  equation  y  =  sin.  (/*  ^  +  t)  we  take  t  =  0,  ve  obcts 
y  =  «tn.  (/I  t) ;  hence  for  /*  <  =  0,  n,  2  tt,  etc.,  y  =  0,  and  cobs^ 
quently 
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ti  =  —  is  the  period  of  a  simple  vibration  and 

2n       27T     /    Fy 
t  =  —  =  —  y  "rarV  ^^  ^^®  period  of  a  complete  vibration. 

I  if 

In  order  to  calculate  the  period  of  a  vibration,  we  must  know 
not  oply  the  quantity  k,  but  also  the  ratio  -^ 

If  the  rod  is  cylindrical  and  its  radius  =  r,  we  have 

-J  =  7^"-;  =  4-  (see  §  231), 
and  if  it  is  a  parallelopipedon,  whose  width  is  i  and  whose  height 

We  have,  therefore,  for  the  first  rod 


and  for  the  second 

t 


"^  R^'  ^  g  E^ 


The  quantify  h  is  found  in  the  following  manner  from  the 
equation 

y  —  A  COS.  (kx)  ■\-  B  sin.  {k  x)  +  Cc**  +  i>e-**. 

If  we  substitute  in  this  formula  the  corresponding  values  a;  =  i 
and  y  =  0,  we  obtain 

1)  0  =  ^  COS.  {k  I)  '\-B8in.  {k  Z)  +  Ce*'  +  2>  «-*'. 
If  we  perform  the  same  operation  in  the  equation 

tang,  a  =  -j^-  =  i/»,  {x),  wo  obtain 

2)  0  =  -  -4  sin.  {k  I)  +  J5co5.  (*  7)  +  Cc'-'  4-  i>  <r*'. 
Since  the  moment  of  flexure  at  the  end  A  of  the  rod  =  0  and 

consequently  the  radius  of  curvature  r  =  co ,  or  t/jo  (a:)  =0  and 

^3  (a:)  =  0,  it  follows  that 

0=  —Acos.O  -  B sin. 0  +Ce'  -h  D c-\ i.e.,  -  .d  +  C'  +  J9  =  0 

and 

0  =  ^  wn.0  -  J?cos.O  +06'  -  Z><r%LE.,  -  i?  +C-  2>  =  0, 

whence  3)  A  =^  C  +  D  and 

4)  J?  =  (7  -  i>. 
If  we  eliminate  A  and  J?  from  these  four  equations,  we  have 
{C  +  D) cos.  (kFj-hiO-D) sin.  {kl)  +  G^'  +  />«-*'  =  0,  and 
'-'{G-^I))sin.{JcX)  +  (C-D)co8.{kl)  +Cc*' -  i>«-*' =0; 
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from  which  we  obtain  by  addition 

Ccos.(kI)  -D8in.{kl)-\'  (7^^'=0, 

and  by  subtraction 

D  COS.  {k  I)  +  Csin.  {k  /)+/>«-*'  =  0,  or 
C[co8.  (kl)  4-  ^G  ^Dsin.  {hi)  and 
D  [cos.  \h  I)  +  e-*T  =  -Csin.  {k  I) ;    • 

hence  we  have  by  division 

COS.  (k  I)  +  e^^  _        sin,  {k  I)  , 

sin.  [kT)        ""  COS.  (k  I)  +  ^*'*- 
2  +  C05.  (i  I)  (V'  +  «-*')  =  0,  or 

COS.  {kl)=  --  ^i  ^^-kr 

Tlie  smallest  of  the  diflFerent  values,  which  correspond  to  tie 
different  tones  that  the  rod  can  give  out  and  which  depend  apjn 
the  number  of  nodes,  is  k  I  =  1,8751 ;  the  greater  are,  on  the 
contrary,  nearly      T.7_37r    5  n   7  ir 

^  ^  ~  "2"'  "2~'  "2"'  ^^ 

If  we  are  required  to  find  from  the  observed  period  /of  tlie 
complete  vibration  the  modulus  of  elasticity  E,  we  have  genenllf 
to  consider  but  the  smallest  value ;  we  must,  th<3refore,  put 

hence  for  a  cylindrical  rod 

and  for  a  parallelopipedical  one 

^  ~  3  (7  U  >fc»  tl  ""  3^  \3,516  A//  ~  **^^'^  •  ^  A'f 
Remabk  1. — ^If  we  compare  with  each  other  the  formulas 

t  =  --1  i/^  and  «,  =  2  l^  i/^ 

for  the  transverse  and  longitudinal  vibrations  of  one  and  the  same  rod,  we 

obtain  the  proportion 

l^     8,516  P  ^   , 

tit.——  :  -s —  ^11 1.E.,  <:<-=  —  :  0,5596  ly 

Wertlieim  found  by  experiment  that  this  proportion  was  conwt  (^ 
cast  steel  and  brass. 

Remark  2.— The  transverse  vibrations  of  an  elastic  rod  are  dascv^ 
by  Seebeck  in  a  "  Ahhandlung  der  Leipziger  Geselhchqft  der  Wusen$AsfUp,^ 
Leipzig,  1849,  and  also  in  the  "  Programme  der  tecbnischen  Bildongatf' 
stalt  in  Dresden,"  for  the  year  1846.  Wertheim's  experiments  upon  the 
e1a3ticity  of  the  metals  and  of  wood  by  means  of  transverse  and  loogitu- 
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dinal  vibrations  are  discussed  at  length  in  "  Poggendorff's  Annalen,*' 
£rgunznngsband  II,  1845. 

Remark  3. — ^The  period  of  vibration  or  rather  the  nomber  of  vibrations 
of  a  rod  in  a  given  time  cannot  generally  be  determined  directly  on 
account  of  their  rapidity ;  we  must,  therefore,  employ  various  artifices  to 
do  it.    We  can  determine  it  either,  as  Chladni,  Savart,  etc.,  did,  by  the 
pitch  of  the  note  produced  by  the  vibration,  or  we  can  employ  the  method 
£rst  proposed  by  Duhamel,  which  consists  in  causing  the  rod  to  describe 
by  means  of  a  small  point  a  wave-line  upon  a  revolving  glass  plate,  which 
is  covered  with  lamp  black.    A  ehronometrie  appareUus,  to  which  a  flying 
pinion^  such  as  used  in  the  striking  works  of  town  clocks,  is  attached,  is 
employed  to  produce  a  regular  motion  of  rotation.    An  account  of  this 
apparatus  is  to  be  found  in  Morin^s  "  Description  des  appareils  dynamo- 
metriques,  etc.,  Paris,  1888,''  as  well  as  in  his  "  Notions  fondamen tales  de 
mdcanique.*^    Wertheim  determined  the  number  of  vibrations  in  a  given 
time  by  allowing  another  body,  such  as  a  tuning-fork,  whose  number  of 
vibrations  was  known,  to  vibrate  at  the  same  time  with  the  rod  to  be  ex- 
amined.   If  we  cause  both  bodies  to  trace  wave-lines  upon  the  lamp-black 
and  then  count  the  number  of  waves  corresponding  to  the  same  central 
angle,  the  ratio  of  these  numbers  will  give  the  ratio  of  the  numbers  of 
vibrations.    The  longitudinal  vibrations  ore  generally  accompanied  by 
small  transverse  ones;  the  rod  describes,  therefore,  a  corrugated  wave- 
line.    By  counting  the  small  waves  contained  in  one  largo  wave  of  the 
main  wave-line,  we  can  easily  compare  the  number  of  lon^tudinal  vibra- 
tions with  the  number  of  transverse  ones. 

§  22.  Resistance  to  Vibration. — The  forces,  which  cause  the 
vibratioDS  of  a  body,  are  very  often  accompanied  by  passive  resist- 
ancesy  whose  influence  must  bo  examined  more  particularly.  If 
.  such  a  resistance  is  constayit,  as,  E.O.,  the  friction  of  a  pendulum 
vpon  its  axis  or  that  of  a  magnetic  needle  upon  its  pivot,  it  has  no 
influence  upon  the  period  of  the  oscillations,  but  their  amplitude 
is  diminished  at  every  stroke.  For  the  case  in  §  1  (Appendix),  in 
which  the  motive  force  is  proportional  to  the  distance  x  from  the 
position  of  rest  or  centre  C  of  the  motion  A  B,  Fig.  894,  we  can  put 

p  =  fix  =  fi(a  —  a;,), 

in  which  Xi  denotes  the  space  A  M  de- 
scribed. If  we  take  into  consideration 
the  diminution  h  of  this  space,  in  con- 
soquence  of  the  friction,  we  have,  when 
the  body  is  describing  the  first  half 
A  C  of  its  path, 
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and  when  it  is  describing  the  second  half  C  B 

the  influence  of  the  friction  h  consists^  therefore,  in  this  alo&j. 
that  for  one-half  of  the  path  a  must  be  replaced  by  a  —  i  and  i.r 
the  other  by  a  +  i,  and  that  the  whole  space  described  in  ow 
oscillation  must  be  changed  from  2ato2a—  2)1;,  LKtbe  ampL- 
tude  of  the  oscillation  will  be  diminished  a  certain  quantity  2  \  a: 
each  oscillation.  Finally,  since  the  amplitude  does  not  enter  intf 
the  formula  *  ^    y 

h  can  have  no  influence  upon  the  period  of  the  osciUationa 

The  case  is  different  with  the  resistance  of  the  air.    The  latter. 

when  the  velocities,  as  in  the  case  of  the  pendulum,  are  small  k 

more  nearly  proportional  to  the  simple  velocity  than  to  its  square. 

as  was  shown  by  Bessel's  researches  upon  the  length  of  the  smpl^ 

pendulum  ( AbhandL  der  Akademie  der  Wissensch.  zu  Berlin,  1826t. 

.Tliis  is  explained  by  the  fact  that  this  resistance  is  increased  priit- 

cipally  by  the  condensation  and  rarefaction  of  the  air  in  front  auu 

behind  the  vibrating  body,  which  increase  with  the  velocitjryf 

the  body  (see  §  610  and  Appendix,  §  17,  Remark).    In  accordance 

with  this  assumption,  we  can  put  the  acceleration  of  the  ribnukf 

l)ody 

p  =  —  (fix  +  vv)  OTp  +  vv  +  flX  =  0, 

when  we  assume  the  body  to  be  moving  from  the  point  of  lepos^ 
and  measure  the  space  from  that  x>oint. 
If  we  put 

X  =f{(),  V  =  -^-^  =/,  (/)  and;,  =  j|  =/.('). 

we  can  write  also/s  (0  +  ^'/i  (0  +  /*/(0  =  ^?  'which  correspomi!' 
to  the  integral  equation 

x  =  [h  COS.  {xj}  t  Vfi)  +  hxSiru{^  t  tV)]  ^"  =  > 
in  which  b  and  J,  denote  constants  to  be  determined  and  v"  = 


■/ 


1  —  ^.    Now  for  ^  =  0,  a?  =  0,  whence  J  =  0;  hence  we  hare 

more  simply 

x^bi  sin.  (ip  t  ¥u)  e"  r. 

Since  this  value  becomes  =  0,  when  %l)tVfi  =  tt,  the  period  <rf 
an  oscillation  or  simple  vibration  is 
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TT       •  TT  1  1 

t  =  -r-^n  =  ,  I.E. 


^  ^        4  '^  4  /i 

times  as  great  as  if  the  resistance  of  the  air  were  not  present. 

Rehabk. — ^It  is  easy  to  explain  why  bodies  which  are  set  in  yibration 
make  smaller  and  smaller  oscillations  and  finally  come  to  rest  This  effect 
i3  due  to  two  causes,  the  resistance  of  the  air  and  the  imperfect  elasticity 
of  the  vibrating  body ;  in  consequence  of  the  latter  fact,  the  contraction 
and  expansion  of  the  body,  particularly  within  a  short  space  of  time,  is  not 
proportional  to  the  forces  acting  upon  it. 

§  23.  OBCillation  of  Water. — The  simplest  case  of  the  wavQ 
motion  of  water  is  that  presented  by  its  oscillations  in  two  communi- 
cating tubes  A  B  C  Dy  Fig.  895.    Let  ns  assume  that  both  have 

the  same  cross-section,  and  let  us  imagine 
^       Fig.  895.  ^      ^^  surface  of  the  water  in  one  leg  to  he 

raised  a  certain  distance  H  A  =  x  above  the 
position  it  occupies  when  at  rest,  and  that  iu 
the  other  leg  to  be  depressed  an  equal  dis- 
_  tance  R  D  ^  x.    We  have  here  the  motive 

vl  jm      force 

^^i^^^  and  if  I  denotes  the  entire  length  A  B  C  h 

Aly 
=  HB  C 12  of  the  water,  the  mass  moved  is  -W  = ;  hence  the 

9 
acceleration  with  which  the  surfS^e  of  the  water  rises  or  falls  is 

_P       2Axy    _2gx 

Since  this  formula  corresponds  exactly  to  the  law  of  oscillation 
p  =  fix,  discussed  in  §  1  and  §  2  of  the  Appendix,  we  haye  for  the 
period  of  an  oscillation 

*  =  — =  =  Tr  y  -— . 
Since  the  period  of  the  oscillations  of  the  simple  pendulum,  whose 
length  is  2>  ^ 

the  oscillations  of  the  water  in  the  communicating  tubes  are  iso- 
clironous  with  those  of  this  pendulum.  . 

If  both  legs  of  the  tuhe  A  B  C  D,  Fig.  896,  are  inclined,  lk  if 
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the  axis  of  one  of  the  tubes  formfl  an  angle  a  and  that  of  tbe  other 
an  angle  (i  with  the  horizon,  the  space  A  S  =  D  R  =  x,  wEi 
the  surface  of  the  water  describes  upwards  in  one  and  downirsrdi 
in  the  other  leg,  corresponds  to  the  difference  of  IctcI 

z  =  x  sin,  a  i-  X  sin.  (i  =  x  {sin,  a  +  sin.  /3)  • 

hence  the  force  is 

F10.8W.  F  =  Ayx  (sin.a  +  sin^fi), 

the  acceleration  is 

_  (/{sin. a  -h  s%n.P).x 
P  -  j~         , 

and  the  period  of  the  osdBations  is 


=  7ry- 


ff{sin.a  -H  sifLfi)' 

If,  finally,  the  tubes  are  of  different  widths,  the  defcenninationof 
the  period  of  the  oscillations  becomes  much  more  complicated,  Ltt 
A  be  the  cross-section  and  I  the  length  of  the  middle  tube,  fl„  Ji 
and  li  the  angle  of  inclination,  the  cross-section  and  the  length  d 
one  lateral  tube,  and  a^  A^  and  U  the  angle  of  inclination,  the  cro^s* 
section  and  the  length  of  the  other;  finally,  let  us  suppose  that  ij^ 
surface  of  the  water  in  the  axis  of  one  tube  has  risen  a  distance  / 
and  that  the  surface  of  the  water  in  the  axis  of  the  other  bad  sasi 
a  distance  Xf,    We  have  then 

Ai  Xi  =  Ai  Xi,  whence  x^  =  -p  a?, 

Ai 

and  the  motive  force,  reduced  to  J„ 

P  =  Ai  {xi  sin.  ai+Xt  sin, a^y  =^  -j-  (-4,  sin.  a,  -f  J,  sin.  a,) /,- 

The  mass  of  the  water  in  the  middle  tube  is  constant  and  eqiai 

A  I  y 
to -y  and,  since  the  ratio  of  its  velocity  to  that  of  the  force  is 

-~,  the  mass  reduced  to  the  point  of  application  is 


=  &■) 


The  mass  of  the  irater  in  the  first  leg  is 

=  ^'  ^^'  ''"  ^'^  ^,  aad  that  in  the  sscmi 
9 

_  At  (It  -  x,)y 
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or  redaoed  to  the  point  of  application  of  the  force 

_  /AA'  A,  (k  -  X,)  y 
-  \aJ  ~g  • 

Finally  the  mass  mored  by  P  is 

-^'g  It  +  -JT  ^  ~ir) 

-^'g\A^A[^A,^A,~  IT) 


M 


_A,*yrl         I        I,       /I         1  \  ,  ^1 


A, 

1 

A, 


and  the  acceleration  is 


P 


(sin.  ax   ,   8in.a\ 
-J--  +  -J--)  9  X. 


If  the  cross-sections  of  the  two  tubes  were  the  same,  wc  would 
have  Ai  =  A^  and  therefore 

_  {sin.  Oi  +  gin.  at)gx,  _  {sin.  0|  ■}■  sin,  a,)  g  x,- 

~        A7t 


P  = 


/^  +  k+^ 


r)^' 


+  /,  +  z. 


and  the  period  of  the  oscillations 


g  A  (sin,  a,  +  8in.  a,) 


Rehabk. — In  consequence  of  the  friction  and  of  the  resistance  due  to 
the  bend  in  the  tube,  these  formulas  must,  of  course,  be  modified  (com- 
pare Appendix,  §  25). 

§  24.  Elliptical  Oscillations. — Ka  body,  which  is  driven  with 

an  acceleration  p  =  fiz  =  fi  .0  M  towards  a  fixed  point  C,  Fig.  897, 

possesses  an  initial  velocity  c,  whose 
direction  differs  from  that  of  the 
force,  the  oscillations  no  longer  take 
place  in  a  straight  line,  but  in  an 
ellipse,  as  we  will  now  proceed  to 
prove.  Let  the  direction  of  the  mo- 
tion at  the  point  of  beginning  A  be 
at  right  angles  to  the  distance  C  A 
=  a  and  let  the  corresponding  ve- 
locity be  =  c.  If  we  pass  the  co-ordi- 
nate axes  through  (7,  one  upon  and  the  other  at  right  angles  to 
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C  A,  and  denote  the  co-ordinates  C  K  and  ^  Jf  by  a:  and  f,  ve 
have  for  the  components  q  and  r  o{  p  =  fiz,  which  are  panilel  to 

the  axes,  since  ^  =  -  and  -  =  -• 

p       z         p       z 

q  =  fix  and  r  ^  fiy. 

If  w  and  r  are  the  components  of  the  velocity  to  of  the  body  JT, 
which  are  parallel  to  the  axis,  we  have,  according  to  §  1  of  th« 

Appendix,  

u  =  V/r(a'  —  7f) ; 
and  at  the  same  time 

d^  ^v*  =^zj  rdy^^"^  /i  /  ydy  =  \i  y%  whence  r  =  V<f  —  fif. 

« 

Since  for  y  =  5,  v  =  0,  it  follows  that 
0  =  c'  —  /i  y ;  hence  c  ^i  Vy,  and  v  =  4^  (^*  —  jf*). 

But  now  w  =  -TT  ai^d  v  ==  3-^,  and  therefore 

dt  dt 

u       dx       .  /a'  —  a:'  ^a:  dy 

V       c?y       "^  V-f        Va'-x^        Vb^-f 


Q       ^(D 


hence  (according  to  Art.  26,  V,  of  the  Introdnction  to  the  Calcolofi) 


8%nr^  -  =  Hnr^  -  +  Con, 
a  a 


or,  since  for  a:  =  a,  y  =  0, 


sinr^  -  =  8inr^ ,-  +  Con,,  or 
a  0 

mm 

sin,"^  1  =  sin,"^  0  +  Con.,  le.,  -^  =  Cbn.  and 


2 


«tn.""*  -  =  stTL"^  Y  +  7r>  or 
a  0       2 

a  &        2 


When  the  diflPerence  of  two  arcs  is  -^,  the  sine  of  one  is  equal 
to  the  cosine  of  the  other,  i.£.. 
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Since  this  is  the  eqitatuyn  of  an  eUipse,  it  follows  that  a  point, 
'which  is  impelled  or  attracted  towards  C  with  an  acceleration  jn  z, 
"Will  describe  an  ellipse,  whose  semi-axes  are  £7  -4  =  a  and  G  B  =^h. 

We  have  also 

d  /  =  —  =     , .^r^nrtz ;  hence  the  time  is 

t  =  Y  -sinr^  |,  or  inversely, 

y  =  }  8tn,  {t  Vfi)  and  a;  =  a  cos.  {t  Vfl). 

The  time,  in  which  the  body  will  describe  a  quadrant  of  the  ellipse, 
is  found  by  putting  y  =  b,  and  it  is 

The  time,  in  which  the  body  describes  half  the  ellipse,  is 

2/,=    '' 


and  the  period  of  a  complete  revolution  or  of  a  complete  vibration  is 

or  exactly  the  same  as  it  would  be,  if  the  motion  were  a  rectilinear 
reciprocating  one.    It  follows  also  that 

u  =  Vfi  (a»  -  »•)  =  ^fM  (a*  -  a*  [cos.  (t  V\i)Y)  ==fJ^a  sin.  {t  V^) 
and 

V  ^  Vfi  (y  -  y')  -fib  COS.  {t  V^) ; 
hence  the  velocity  of  revolution  is 

w  =  Vu"  +  V*  =  II  ^{a  sin.  t  Vji)'  ^{bcos.t  V^)\ 
Finally,  we  can  put 

X  =  — - —  cos.  {t  ^)  +  — s —  <^^«  (^  ^f*)  *^d 

now  since  the  first  members 

~~2~"  ^^'  ^^  ^^^  ^^  "~2 —  **^*  ^^  ^^ 
correspond  to  a  uniform  motion  in  a  circle,  whose  radius  is  — 5 — , 
and  since  the  two  other  members  correspond  to  an  opposite  uni- 
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form  motion  in  a  circle,  ichoso  radios  is  — 5 — ,  we  can  also  a^nia- 

that  the  elliptical  motion  of  tbc  point  is  composed  of  two  circnUr 
ones,  i.K,  that  the  point  describes  nnifonnly  a  circle,  wboae  radiiu 

18  ^H-"j  while  the  centre  of  the  latter  moves  nniformlj  in  a  cinV. 

whose  radius  is    ■      ■■ 

If  &  =  0,  the  oscillation  takes  place  in  a  straight  line,  out  r< 
con  imagine  it  to  be  composed  of  two  equal  opposite  circulu 
motions. 

g  25.  "Waves  of  Wftter. — Accordi;ig  to  the  accurate  obecr- 
yations  of  the  Weber  brothers,  an  example  of  eUipticat  otdHaiiiKi 
is  presented  by  the  motion  of  waves  of  water  (Fr.  ottdes ;  G«r. 
WasserweUea).  Kot  only  every  particle  on  the  enr&ce,  bnt  als 
every  patticle  below  it  describes  in  the  wave  motion  an  eUipfc. 
On  account  of  the  resistance  on  the  bottom  the  ellipses  below  the  eoi- 
face  of  the  water  are  smaller  than  those  at  it^  and  in  general  they  ^ 
crease  with  the  distance  f^om  that  surfiice.  The  diSerexit  etonenii 
in  the  surfiice  of  the  watei^  as  well  as  those  in  any  other  jdne 
parallel  to  it,  are  at  the  same  moment  in  diSerent  phases  of  su- 
tiou;  while  an  element  J,  Fig.  898,  is  beginning  its  patii||t(0> 
Fia.898. 


an  element  S  is  already  at  (1),  a  second  C  ia  at  (2),  a  third  D 
at  (3),  a  fourth  E  at  (4) ;  at  this  moment  the  voiical  section 
of  the  suriace  of  the  water  is  a  eydoidai  or  irocAoidal  curvf 
ABCDEFQHJ.  Before  the  wave  motion  began,  the  ek- 
ments  were  at  the  centres  K,  L . . .  N  ot  their  trajectories  ani'- 
formed  the  horizontal  surface  K  NoS  the  water ;  during  the  wavL- 
motion,  on  the  contrary,  part  of  the  clcmenta  are  above  and  pan 
are  below  this  line,  and  all  liavo,  of  course,  a  tendency  to  return  i" 


S  as.]  THE  THEORY  OP  08CILLATI0K.  1085 

their  positions  of  rest  K,  L  . . .  N.  The  oscillatioDB  ate.  however, 
elliptical  so  long  only  as  the  waves  remain  nncbanged;  if  they  de- 
crease gradually  in  magnitade,  the  path  of  each  element  tiecomes 
narrower  and  narrower  and  no  longer  forms  an  ellipse,  bnt  a  spiral 
lino.  On  the  other  hand,  when  the  waves  are  forming  or  increas- 
ing in  size,  the  elliptical  trajectory  is  formed  gradually  from  a 
Bpiral  line. 

After  one  instant  A  has  moved  in  its  trajectory  to  (1\  B  to  (2), 
C  to  (3),  etc.,  and  the  wave-form  has  been  moved  forward  in  consc- 
(luence  through  the  horizontal  distance  K L  between  two  elements; 
after  a  second  instant  A  is  at  (3),  B  is  at  (3),  6^  is  at  (4),  and  the 
wave-form  has  again  advanced  the  distance  K  L  =  L  M;  thus,  a3 
tlic  elements  of  the  wat«r  revolve,  the  wave-form  advances  more 
and  more,  and  when  an  element  has  made  a  complete  revolution, 
the  wave  has  advanced  its  own  length  K  N.  When  an  element  has 
made  half  a  revolution,  as  is  shown  in  Fig.  899,  the  place  of  the 


wave-crett  is  occupied  by  a  trough  or  sinus,  and  that  of  the  latter 
by  a  crest  This  advance  of  the  wave-form  does  not,  of  course, 
consist  in  any  particular  motion  of  the  water,  but  in  the  forward 
motion  of  the  same  phase,  e.q.,  in  the  forward  motion  of  the  crest 
/  (Fig.  898)  of  the  wave  to  0,  P,  etc  If  the  period  of  n  revolu- 
tion ^  of  on  element  of  the  water  and  the  length  A  J=a  ota  wave 
arc  known,  we  can  calculate  the  velocit'j  of  propagation  by  means  of 

ihe  formula  fi  =  -. 

The  heiglit  of  a  wave,  or  the  sum  of  the  height  of  the  crest  and 
Llic  depth  of  the  trougli  is  equal  to  tlie  vertical  axis  2  6  of  tha 
ellipse,  in  which  the  dements  of  the  water  revolve ;  the  length  0  G 
of  the  trough  exceeds  the  half  length  of  the  wave  by  the  length  3  a 
of  tho  horizontal  axis  of  the  ellipse,  and  the  length  of  the  crest  is,  of 
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course,  that  much  shorter  than  half  the  ware  length.  Hence  tlie 
cross-section  of  the  trough  of  a  wave  is  larger  than  that  of  the  ware- 
crest  ;  now  since  this  is  impossible  in  consequence  of  the  inTanaiHl- 
ity  of  the  volume  of  the  water,  the  centre  of  the  elliptical  trajectorr 
must  be  somewhat  above  the  surface  of  the  water  when  it  is  at  KSt. 

§  26.  "Webers'  Ezperunents. — ^According  to  Webers*  experi- 
ments, the  path  described  by  a  particle  of  the  water  at  the  snrfa^ 
of  a  wave  is  a  slightly  compressed  ellipse ;  according  to  Emy,  en 
the  contrary,  the  particles  of  water  in  sea-waves  describe  upri^h: 
ellipses.  Both  axes  of  the  elliptical  path  decrease  us  the  depth 
below  the  surface  increases,  and  according  to  Weber  the  horizontal 
axis  decreases  more  rapidly  than  the  vertical  one.  The  wave  ap> 
pears  not  to  be  propagated  in  a  vertical  direction ;  elements  veni- 
cally  below  each  other  are,  according  to  the  observatioiLS  of  tk 
Weber  brothers,  in  the  same  phase  at  the  same  time ;  on  the  col- 
trary,  those  situated  in  a  horizontal  line  form  a  complete  series  cf 
the  different  phases  of  the  motion.  From  the  experiments  chod 
above,  it  appears  that  the  period  of  revolution  of  an  element^  or  the 
time  in  which  a  wave  is  propagated  its  own  length,  depends  pin- 
cipally  upon  the  ratio  of  the  two  axes  of  the  path.  The  greaKr 
the  ratio  of  the  horizontfd  axes  2  a  to  the  vertical  one  2  A,  ib' 
greater  is  the  period  of  revolution.  The  particles,  which  lie  deeper, 
describe  their  paths  more  quickly  than  those  at  the  snr&ce;  from 
this  we  must  conclude  that  the  wave  length  diminishes  toward* 
the  bottouL 

The  velocity  of  propagation  c  =  t  of  a  wave  dex)ends,  since  the 

time  of  revolution  t  increases  with  the  ratio  ?>  not  only  upon  die 

length  Sy  but  also  upon  the  height  b.  If  a  wave  is  propagated  be- 
tween two  parallel  walls,  E.a.  in  a  canal,  its  width  remains  con- 
stant, its  height  fi  diminishes  and  its  length  increases  in  such  a 
manner  that  the  only  change  in  the  velocity  of  propagation  is  that 
resulting  from  the  friction  of  the  water  upon  the  walls.  If.  on  the 
contrary,  a  wave  can  propagate  itself  freely  in  aU  directions,  and  if 
it  forms  a  wall  which  recedes  into  itself,  its  length  and  width  are 
both  increased  at  the  expense  of  its  height^  and  the  wave  becomes 
gradually  flatter  and  flatter  until  in  a  short  time  the  eye  is  no  longer 
able  to  distinguish  it.  If  such  a  wave  is  not  originally  circular  it 
will  gradually  approach  the  circular  form  as  it  advances.  Accord- 
ing to  Webers'  experiments,  the  height  diminishes  in  arithmetical 
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progression  when  the  wave  advances  in  geometrical  progression. 
The  velocity  of  propagation  of  such  a  wave  diminishes  gradnallj, 
the  farther  the  wave  is  propagated.  If,  on  the  contrary,  a  wave  is 
propagated  from  without  inwards  and  is  conti-acted  more  and  more 
in  consequence,  its  height,  length  and  velocity  gradually  increase. 
There  is,  therefore,  a  great  difference  between  the  waves  of  water 
and  those  of  sound.  In  the  latter  the  velocity  of  propagation  de- 
pends upon  the  elasticity  and  density  of  the  medium  alone ;  in  the 
former,  on  the  contrary,  it  is  a  function  of  the  length  and  height. 
If  the  undulations  of  the  water  are  produced  by  a  force  which  acts 
almost  instantaneously,  E.G.,  by  the  immersion  and  quick  with- 
drawal of  a  solid  body,  the  particles  of  the  water  describe  elliptical 
paths  which  gradually  decrease,  or  rather  spiral  lines,  which  draw 
themselves  together  more  and  more,  and  the  periods  of  revolution 
become  smaller  and  smaller.  The  origin  of  a  whole  series  of  waves, 
which  become  smaller  and  smaller,  is  to  be  attributed  to  these  rela- 
tions of  motion.  As  the  waves  are  propagated  farther  and  farther, 
those  which  follow  are  increased  in  size  by  those  which  have  pre- 
ceded them,  and  those  most  in  advance  in  a  short  time  become  so 
flat  as  to  be  invisible.  This  running  together  of  the  waves  gives 
rise  to  systems  of  small  waves,  which  present  themselves  like  teeth 
upon  the  front  surface  of  the  main  wave.  These  small  waves  or 
teeth  advance,  according  to  Poisson  and  Cauchy,  with  uniformly 
accelerated  motion. 

§  27.  Hagen's  Experiments.— According  to  the  latest  in- 
vestigations of  Geh,  Oberbaurath  Hagen  (see  the  "Seeufer-und 
Hafenbau  von  G.  Hagen,  Berlin,  1863,'*  1  Vol.,  which  forms  the 
third  part  of  that  author's  "  Wasserbaukunst ;''  also  his  treatise 
upon  waves  in  water  of  uniform  depth ;  Berlin,  1862),  the  particles 
of  water  of  waves  in  deep  water  describe  with  constant  angular 
velocity  circles,  whose  diameters  decrease  as  the  depth  increases,  and 
at  the  bottom  they  are  infinitely  small.  A  filament  of  water,  which 
when  at  rest  is  vertical,  will  oscillate,  in  consequence  of  the  wave 
motion,  backwards  and  forwards  about  this  vertical  line,  its  base 
remaining  fixed  very  much  as  a  stalk  of  wheat  is  moved  by  the 
wind.  The  line  of  the  wave  or  the  curve  which  unites  the  points, 
which  are  in  the  same  phase  of  revolution  and  which,  when  the 
water  is  at  rest,  is  a  straight  line,  is  therefore  a  prolate  cycloid, 
that  becomes  more  and  more  prolate  as  the  depth  increases ;  at 
the  bottom  it  is  nearly  a  straight  line  and  at  the  surface  it  ap- 
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proaches  the  common  cycloid.  From  the  radius  r  of  the  common 
cycloid,  whose  value  for  high  sea-waves  rises  to  50  feet,  we  obtain 
the  length  of  the  wave  /  =  2  ir  r,  its  velocity  of  propagation 

the  period  of  a  wave 

and  the  angular  velocity  with  vhich  the  molecules  of  water  describe 
their  elliptical  paths,  u>  =  -. 

T 

The  centre  of  the  circle,  in  which  a  particle  which  is  situated 
lower  down  revolves,  is  determined  from  the  radius  z  of  this  circle 
and  from  its  distance  y  from  the  centre  of  the  first  circle,  whose 
radius  is  r,  by  means  of  the  formula 


='Ki> 


By  inversion  we  obtain  z  =^  r  e  ' ,  in  which  e  =  2,71828  de- 
notes the  base  of  the  Napcrian  system  of  logarithms.  We  can 
easily  understand  from  this  that  the  circles  of  oscillation  decrease 
very  rapidly  with  the  depth ;  for  r  =  10  feet,  at  the  depth  y  =  50 
feet,  «  =  10  .  e-^'*  =  3,50  feet,  and  at  the  depth  y  =  200  feet, 
2;  -  10  .  c-^'»  =  0,15  feet. 

When  the  waves  are  of  small  constant  depth,  as  Mr.  Scott 
Eussel  had  already  remarked,  the  horizontal  motions  of  the  parti- 
cles of  water,  which  lie  above  one  another,  are  equally  great;  the 
filament  of  water,  which  was  originally  vertical,  remains  so  during 
the  wave  motion,  but  its  length  and  thickness  vary.  The  different 
particles  describe  closed  curves  of  equal  horizontal  diameters  and 
of  variable  vertical  ones,  which  decreases  gradually  with  the  depth ; 
they  ore,  however,  ellipses  only  when  we  suppose  that  the  height 
of  the  wave  is  infinitely  small  compared  to  the  depth  of  the  water. 

When  the  depth  of  the  water  is  finite  and  the  height  of  the 
waves  is  great,  the  laws  of  the  motion  of  the  waves  are  very  com- 
plicated. 

§  28.  Interference  of  Waves  of  Water. — If  two  water- 
waves  cross  each  other,  the  same  general  phenomena  occur  as  in 
the  case  of  waves  of  air  and  other  fluids ;  after  they  cross  each  other, 
each  wave  continues  its  motion  as  if  they  had  not  met ;  but  accord- 
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ing  to  Weber's  observationB,  it  is  accompanied  b;  a  small  loss  of  time, 
so  that  a  waye  requires  a  little  more  time  to  pass  from  one  point  to 
another  when  it  passes  through  another  wave  than  when  it  is  prop- 
agated freely.  If  two  crests  come  together,  a  crest  twice  as  high  as 
the  first  is  produced,  and  in  like  manner  when  (too  troughs  meet,  n 
third,  twice  as  deep,  is  formed.  According  to  Weber's  experiments, 
the  ratio  of  the  height  of  the  simple  wave  to  that  of  the  compound 
one  is  1  :  1,79.  When  two  waves  interfere,  or  when  a  wave-crest 
coincides  with  a  trotigh  of  a  wave,  the  two  connterbalaDce  each 
other,  and  the  point  where  this  occurs  remains  at  the  same  level  as 
ttie  sar&ce  of  the  still  water.  The  paths  of  the  single  particles, 
-when  two  waves  meet^  become  straight  lines,  which  are  vertical  at 
the  crest,  but  at  a  distance  from  it  Oieir  positions  are  such  that 
they  are  inclined  towards  the  crest. 

If  a  wave  of  water  impinges  against  a  solid  wail,  it  will  be  rc> 
fleeted  by  it  as  if  it  came  from  a  point  as  far  behind  the  wall  as 
that  &om  which  the  wave  started  is  in  front  of  it,  and  the  reflected 
wave  will  pass  through  the  one  which  is  arriving  exactly  in  the 
same  manner  as  any  two  wave^  which  cross  each  other,  do. 

In  Fig.  900,  ^  n  to  T,  the  phenomena,  which  are  presented 


when  a  wave  A  B  CD  E  is  reflected  by  a  rigid  wall  Jlf^  iV,  are  re- 
preaentecL    In  I  the  crest  CD  Sotavam  is  arriving  at  the  wall 
69 
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MNajii.  the  reflection  begins  in  the  form  of  a  ware  C,  /},  E,;  in 

II  the  top  of  the  crest  D  of  the  wave  has  airiTed  at  the  mil  and 
has  combined  with  the  half />,  £,  of  the  reflected  crest  of  the  vsTe^ 
half  a  crest  C  0  of  almoBt  doable  the  height  is  thoa  produced    la 

III  the  trough  A  B  Cot  the  vave  baa  just  reached  the  wall,  vliik 
the  reflected  crest  C,  Z>,  Ex  is  passing  over  it ;  an  interference  it 
thus  produced  which  causes  the  wave  to  disappear  entirelj.  In  IV 
the  bottom  B  of  the  trough  of  the  approaching  wave  coincidee  with 
the  bottom  B,  of  the  trough  of  the  reflected  wave  ;  a  tioii^  A  S 
of  double  the  depth  is  thus  formed.  Finally,  in  V  the  apptoaidiiiig 
ware  ABCDEia  reflected  completely  by  the  wall  M  JV asd  thai 
changed  into  the  wave  At  Bi  C,  A  -^-u  which  moTes  in  the  oi^ 
site  direction. 

Fia.Ml. 


When  the  wares  are  reflected  by  a  wbQ,  the  poUis  of  the  mole- 
cules undergo  the  same  changes  as  when  two  vsTes  croM  each 
other;  here  also,  in  the  neighborhood  of  the  wall,  the  horizontal 
component  of  this  motion  is  more  and  more  balanced,  and,  on  the 
contrary,  the  vertical  one  is  increased  more  and  more,  so  that  near 
the  wall  the  path  becomes  a  vertical  line,  and  farther  fixiin  it  ui 
inclined  one. '  If  the  wave  strikes  obliquely  against  the  waD,  it  will 
be  reflected,  hkc  cvciy  elastic  body,  at  the  same  angle  at  which  it 
.  struck.    If  a  ware  strikes  but  partially  against  an  obstacle,  Ute 
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phenomena  of  inflexion  are  produced,  new  wares  being  formed  at 
tlie  extreme  ends  of  the  obstacle. 

finally,  stationary  waves  of  water,  like  those  of  a  string  or  any 
other  solid  body,  are  fonned  when  two  wares  of  the  same  Icngtb, 
which  originate  at  two  points  situated  at  a  distance  apart  equal  to 
1,  3,  5,  7 . . .  times  the  fourth  part  of  the  length  of  a  ware,  cross 
each  other.  \AiABCDEFQH,¥\g.  902, 1  and  II,  be  one,  and 
A ,  Bi  C,  A  E,  J",  e,  M,  the  other  ware.  At  the  points  K,  L,  M,  N, 
where  the  two  systems  of  wares  are  at  the  same  distance  from,  but 
oa  opposite  sides  of  the  middle  line,  the  motions  counteract  each 
other  and  fixed  points  of  interference  are  produced;  on  the  con- 
trary, abore  and  below  the  points  0,  P,  Q,  R,  where  the  two  ware- 
lines  cat  each  other  and  the  paths  are  therefore  doubled,  the  tops 
of  the  cresta  aod  the  bottoms  of  the  troughs  are  alternately  formed. 

Via.  908. 


Bekase.— The  most  complete  trefttise  upon  He  motion  of  wares  is  the 
following :  *'  Wellenlehre  anf  Experimente  gegruadet,  etc.,"  by  the  brotbeni 
G.  H.  Weber  end  W.  Weber,  Leipzig,  1835.  A  good  abstract  of  it  is  con- 
tained in  the  "  Lehrbnch  der  Mechaniscben  Natnriehre,"  by  Aaguat.  Mai- 
ler's "Lehibncb  der  Physik  und  Meteorologie,"  Vol.  I,  can  also  be  con- 
sulted. The  treatises  of  Laplace,  Lagrange,  Flangergoes,  Qeretner  and 
Poisaon  are  reriewed  and  criticised  in  Weber's  work.  Conchy's  "  Wellen- 
Theorie"  and  Bidone's  "Tetmche"  are  diBcnssed  at  length  in  "Gehlcr's 
PhysikaiiHches  Worterbuch,"  Art,  "  Wellen."  Emy'a  wave  theory  bus  been 
translated  by  Wiesenfeld  and  published  under  the  title  "  TTebcr  die  Be- 
wegung  der  Wollun  und  ubcr  den  Bau  am  Mecre  und  im  Meero,"  Vienna, 
183B.  Hflgen's  work  has  already  been  cited,  I  37.  The  theory  of  water- 
irarea  bae  been  treated  by  Airy  in  an  aitjde  upon  "  Tides  and  Wares,"  in 
the  Encyolopidia  Hetiopolitana. 


TRANSLATOR'S    APPENDIX. 


O INOE  tiie  last  Qerman  edition  of  tiie  present  rolnme  was  iszsed 
the  author  has  published  in  the  ^(^'t^Kn^tfni^r^BeTadsrti^* 
upon  subjects,  which  have  been  treated  in  the  foregoing  pagss. 
As  they  contain,  much  valuable  information  and  give  the  resohs 
of  a  yery  great  number  of  yery  careful  ezperimentSy  a  farief  abste:: 
of  the  matter  contained  in  some  of  them  will  be  giyen  here,  llor 
which  will  first  be  noticed  are  three  articles  upon  the  eflba  of 
water^  yiz. : 

(1)  the  different  methods  of  experimenting  upon  the  eflSnx  of 
water  under  a  constant  head  (Die  yerschiedenen  Hethoden  is 
Yersuche  uber  den  Ausfluss  des  Wassers  unter  constantem  Dnzdb 

X  Band,  1  Heft) ; 

(2)  experiments  upon  the  efBux  of  water  under  a  yery  smiL 
head  (Yersuche  uber  den  Ausfluss  des  Wassers  unter  aehr  kMam 
Drucke.    X  Band,  3  und  4  Heft) ; 

(3)  the  relations  of  compound  efflux,  considered  theoreticalh 
.and  illustrated  by  experiment  (Die  zusammengesetzten  Ausftns- 
yerhSltnisse  theoretisch  entwickelt  und  durch  Yersudie  eriautert 

XI  Band,  2  und  3  Heft). 

Article  "So.  1  begins  with  a  description  of  the  yarious  method^ 
;adopted  by  different  experimenters  to  maintain  a  constant  h^  in 
the  main  or  discharging  reservoir.  Smeaton  returned  the  wster. 
which  was  discharged,  to  the  reservoir  by  a  hand-pump  and  thsr 
'maintained  the  water  level  constant  in  the  former.  Christian  eat 
ployed  a  large  weighted  cask,  which  was  suspended  by  a  rope ;  s: 
the  water  was  discharged  from  the  reservoir,  the  cask  was  alloW 
to  sink  so  as  to  displace  exactly  the  same  quantity  of  water  as  hsd 
flowed  out  of  the  reservoir.  In  Prony's  experiments  the  escapisg 
water  was  canght  in  a  vessel,  which  was  connected  with  two  pani- 
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lelopipedical  cafles  (made  of  sheet-metal).    The  latter  floated  upon 
tbe  i^ater  in  the  main  reseryoir,  and  the  apparatus  was  so  arranged 
that  the  increase  in  weight  of  the  vessel  caused  the  floats  to  dis- 
place exactly  the  same  quantity  of  water  as  had  been  discharged. 
The  impulse  of  the  escaping  water  will  interfere  with  the  worldng 
of  this  apparatus^  unless  proper  precautions  are  taken.    Hachette 
(see  his  '^Traite  616mentaire  des  Machines^')  passed  a  hollow  tube 
through  the  bottom  of  the  reservoir ;  by  sliding  the  tube  up  or 
down  the  level  of  the  water  in  the  reservoir  could  be  changed.    If 
the  volume  of  the  water,  which  entered  the  reservoir,  exceeded  tbt 
discbarge,  the  excess  escaped  over  the  top  of  the  tube.    A  slight 
variation  of  level,  of  course,  took  place.    The  author  tried  several 
different  methods  of  obtaining  the  same  result.    The  first,  which 
to  a  certain  extent  resembles  Smeaton's,  was  to  feed  the  discharg- 
ing reservoir  from  the  main  reservoir  by  means  of  a  pipe,  in  which 
an  ordinary  cock  was  placed.    An  assistant  is  stationed  at  the  cock, 
l>j  turning  which  he  maintains  the  surface  of  the  water  in  the 
discharging  reservoir  at  a  constant  level,  which  is  marked  by  a 
fixed  pointer  in  the  reservoir.    The  second  method  he  employed 
was  Christian's.    He  used  a  hollow  float  made  of  sheet-metal ;  its 
weight  could  be  regulated  by  filling  it  partially  with  sand.    By 
allowing  the  float  to  sink  as  the  water  was  discharged,  the  surface 
of  the  water  was  maintained  at  a  constant  level,  which  was  indi- 
cated by  a  pointer.    The  volume  of  the  float  gives  the  discharge. 
This  method  is  not  so  accurate  as  that  last  described  (by  means  of  a 
cock),  and  it  is  not  so  simple  as  it  appears  at  first  sight;  for  the 
size  of  the  float  must  vary  with  that  of  the  orifice.    The  floating 
syphon  gives  more  accurate  results  than  Prenyls  apparatus,  de- 
scribed above.    It  consists  essentially  of  a  T-shaped  syphon  with  * 
two  lateral  pipes,  by  which  the  water  enters,  and  of  a  larger  central 
pipe,  by  which  it  leaves  the  apparatus.    Each  of  the  lateral  pipes 
passes  through  a  water-tight  cylinder  of  sheet-metal,  which  is  open 
on  top  and  floats  upon  the  water.    These  two  floating  cylinders 
support  the  syphon ;  by  filling  them  partially  with  water  we  csui 
immerse  the  inlet  orifices  of  the  syphon  as  deep  as  we  please,  and 
the  outlet  orifice  can  be  brought  to  any  desired  distance  below  the 
level  of  the  surface  of  the  water  in  the  reservoir.    As  the  sur&ce 
of  the  water  in  the  reservoir  sinks,  the  whole  apparatus  descends 
with  it,  and  the  head  or  distance  of  the  outlet  orifice  below  the 
level  of  the  water  remains  constant 

The  author  has  also  applied  the  principle  of  Mariotte's  flask  to 
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maintainiDg  a  constant  head,  or  constant  Telocity  of  efflmc.   Tbf 
discharging  reservoir  is  a  cylindrical  vessel,  which  is  provided  vrtL 
two  orilices  or  openings,  but  which  is  in  all  other  respects  air-tiffbi 
One  of  these  openings  is  in  the  top  and  the  other  is  upon  the  sid: 
near  the  bottom.    A  tube  or  pipe,  which  is  open  at  both  ends,  fo 
in  the  orifice  in  the  top  by  means  of  an  air-tight  ground  jomi,  in 
which  it  can  slide  np  and  down.    The  orifice  in  the  side  was  » 
arranged  that  month-pieces  of  various  kinds  and  sizes  ooold  bt 
inserted  in  it*   The  vessel  is  first  filled  with  water  through  ibr 
upper  orifice  and  the  pipe  is  then  inserted  and  pushed  down  a  cer- 
tain distance,  depending  upon  the  head  we  wish  to  have ;  the  on- 
fice  of  efflux  is  then  opened  and  the  water  in  the  tube  sinla  nntj 
air  begins  to  pass  under  the  bottom  of  the  tube  and  rise  to  the  lof 
of  the  vesseL    The  head  is  now  constant  and  is  measoi^  bvtfe 

m 

difierence  of  level  between  the  orifice  of  efflux  and  the  bottom  of 
the  tube.    In  order  to  prevent  the  air,  which  enters  through  tie 
tube,  from  causing  too  much  disturbance,  the  bottom  of  llie  tak 
is  surrounded  by  a  cylinder  of  wire'^auxe.    A  glass  tab^  wfaidt  i? 
open  on  top,  enters  the  vessel  at  the  bottom  and  is  turned  re- 
tical  upwards,  serves  to  measure  the  pressure.    The  same  pniiripip 
can  be  applied  in  another  form.    An  air-tight  vessel,  whidi  i' 
filled  with  water,  has  a  pipe  inserted  in  the  side  near  the  botton: 
this  pipe  passes  below  the  level  of  the  water  in  the  dischtf]giiff 
vesseL    Another  pipe,  which  is  smaller  and  is  made  principaDj  c^ 
India-rubber,  enters  the  air-tight  vessel  near  the  top,  and  the  odier 
end  of  it  is  placed  so  as  just  to  touch  the  surface  of  the  water  in  the 
discharging  reservoir.    If  the  level  of  the  water  in  the  latter  szals, 
air  enters  the  tube  and  water  is  discharged  fix>m  the  air-tight  ves- 
*sel,  in  consequence  of  which  the  surfi&oe  of  the  water  in  thedis* 
charging  reservoir  rises  and  seals  the  mouth  of  India-rubber  tobe 
and  the  flow  of  water  into  the  main  reservoir  ceases.    The  obje^ 
tion  to  this  method  is  the  unsteadiness  of  the  surface  of  the  water, 
which  renders  it  difficult  to  measure  the  head  vrith  accuracy,   h 
order  to  render  it  more  steady  Oeh.  Oberbauraih  Hagen  had  tvo 
small  holes  made  in  the  side  of  the  large  tube  just  above  the  ontfet 
and  in  addition  employed  an  intermediate  vessel. 

A  series  of  experiments,  made  with  the  aid  of  the  difi^rent  sp- 
paratus  just  described,  gave  the  following  results.  The  water  n 
discharged  through  an  orifice  in  a  thin  plate  1  centimeter  in 
diameter. 
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Nature  of  the  head. 


Description  of  the  ai^xuatua. 


Gradually  decreasing. 


2 
8 

4 
6 


Constant 


u 


u 


u 


Author's  ordinary  ap- 
paratus for  experi- 
ments upon  efflux . , 

Level  maintained  by 
a  cock 

Level  maintained  by 
a  floating  body .  .  . 

Level  maintained  by 
Mariotte's  flask .  .  . 

Level  maintained  by 
apparatus  last  de- 
scribed  


Head  in  meters. 


{^.: 


0,1700 
0,0500 


h  =  0,100 


u 


u 


Average  of  the  above  five  experimenta 


Value  of  ^. 


0,6647 
0,6776 
0,6576 
0,6518 

0,6654 
0,6684 


By  the  aid  of  one  of  the  above-described  apparatus,  experiments 
upon  efflux  with  constant  influx  can  be  made.  The  formula  to  be 
employed  (see  page  923)  is 

The  discharging  reservoir  which  was  used  in  these  experiments 
was  the  apparatus  represented  upon  page  927 ;  by  means  of  Mari- 
ott>e's  flask,  the  discharge  per  second  into  the  former  was  main- 
tained constant  during  each  experiment.  In  these  experiments 
the  surface  of  the  water  in  the  discharging  reservoir  either  rose  or 
fell.  By  preliminary  experiments,  the  coefficients  of  efflux  for  the 
orifices  in  both  vessels  were  determined. 

In  the  first  experiment  the  surface  of  the  water  in  the  discharge 
ing  reservoir  rose.  The  observed  duration  of  efflux  was  t  =  170,25 
seconds ;  that  calculated  by  the  above  formula  from  the  data  given 
by  the  experiment  was  t  =  170,5  seconds. 

In  the  second  experiment  the  surface  of  the  water  sank ;  the 
observed  time  was  t  =  213,2  seconds,  the  calculated  was  213,9 
seconds. 

Another  case,  which  often  occurs  in  practice,  is  that  represented 
in  Fig.  776,  page  908,  when  the  reservoir  A  C  iB  very  large  com- 
pared to  G  L.    The  water  passes  from  the  large  reservoir  A  C 
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through  a  pipe,  into  the  reservoir  O  L^  from  which  it  is  disduogcd 
through  the  orifice  F  into  the  air.  By  prolonging  the  diadurg^ 
pipe  of  Mariotte's  flask  so  that  it  will  reach  below  the  garface  of 
the  water  in  the  discharging  reservoir  (Fig.  792),  the  leyel.of  whicfe 
surface  is  yariable  during  the  experiment,  we  obtain  an  elarapk 
of  this  case.  The  formula  for  the  duration  of  efflux,  wbidi  must 
be  employed,  is 


in  which  G  denotes  the  cross-section  of  the  main  diflchaiging  res- 
ervoir, F  the  area  of  the  orifice  in  the  main  reservoir,  fi  its  coefE- 
cient  of  efflux,  Fi  the  cross-section  of  the  outlet  orifice  of  l[ariotte*» 
flask,  Hi  its  coefficient  of  efflux,  hi  the  height  of  the  Borfaoe  of  thr 
water  in  the  main  reservoir  above  the  orifice  in  it,  h  the  height  of 
the  constant  water  level  in  Mariotte's  flask  above  the  variable  oi^ 
in  the  main  reservoir,  x  what  h  becomes  in  the  time  /,  y  what  i 
becomes  in  the  time  ti,  and  h^  ^  h  •{-  hi  =  x  ■{-  y;  k  ia  the  vahie 
of  X,  when  the  flow  becomes  permanent,  lb. 

T.  ^        fa  ^,)'  K 
""^(fiFr  +  QiiFif 
and 

ij  =  h^  —  k» 

In  the  first  experiment  the  surfiaoe  of  the  water  in  the  msio 
reservoir  sank;  the  observed  value  of  /  was  116,33  seconda  uad  tht 
calculated  value  was  116,67  seconds.  In  the  second  experiment 
the  level  of  the  water  rose ;  the  observed  time  was  t  =  157,5  secoiida. 
and  the  calculated  value  of  t  was  158,18  seconds. 

No.  (2.)  Ei^eriments  upon  the  E£Eliiz  of  'Water  imda 
a  very  small  head. — ^From  previous  experiments  by  the  author 
and  others,  we  know  that  for  an  orifice  in  a  thin  plate  one  centi- 
meter in  diameter, 

1,  when  the  head  is  103,578  meters,  fi  =  0,600 

2,  «  «      -   13,574     **       ^  =  0,632 

3,  «  «  0,909     «        tt  =  0,641 

4,  «  «  0,101     «       f*  =  0,665i 
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and  that  for  a  brass  tube  1  centimeter  in  diameter  and  2  meters 
long,  the  coefficient  of  resistance 

1,  when  the  velocity  is  v  =  20,99,  is  f  =  0,01690 

2,  "  «  V  =  12,32,  is  f  =  0,01784 
-      3,           "           *'  v=:   8,64,  is  f  =  0,01869 

4,  "  «  v=   2,02,  is  f  =  0,02725 

5,  «  «  t;=   0,67,  is  f  =  0,03646 ; 

but  we  haye  no  experiments  which  show  how  the  coefficient  of 
efSux  increases,  when  the  head  is  very  small  (b.g.  1  to  2  centime^ 
ters).  It  is  also  important  to  know  how  ^  increases,  when  the 
Telocity  of  the  water  is  very  small  (ko.  0,1  meter).  In  the  above- 
mentioned  article  the  author  gives  a  detailed  description  of  a  very 
extended  series  of  experiments,  undertaken  for  the  purpose  of  dis- 
covering the  above  relations.  The  discharging  reservoir  was  a 
wooden  trough  2,25  meters  long,  0,45  meters  wide,  and  0,190  me- 
ters deep.  It  waa  necessary  to  make  the  reservoir  as  long  and  wide 
as  possible ;  for  the  sur&ce  of  the  water  could,  of  course,  sink  but 
a  very  short  distance  during  the  experiment.  The  author  then 
gives  a  description  of  the  various  methods  and  apparatus  employed 
to  determine  with  accuracy  the  cross-section  of  the  orifices  and  the 
head  of  water.  This  portion  of  the  article,  although  of  the  greatest 
interest,  would  be  out  of  place  here. 

The  table  on  page  1098  gives  the  results  of  the  experiments 
with  orifices  in  a  thin  plate  and  with  other  mouth-pieces. 

The  temperatureof  the  water  was  between  15°  and  18°  Centigrade. 

From  the  8  experiments  with  orifices  in  a  thin  plate  (No  1  to 
No.  5),  whose  diameters  varied  from  0,405  to  2,529  centimeters,  we 
see  that  the  contraction  diminishes,  when  the  head  is  small,  as  it 
does  when  the  head  is  large,  not  only  with  the  head,  but  also  with 
the  diameter  of  the  orifice. 

From  the  data  given  in  the  table  on  page  1098  and  at  the  be- 
ginning of  the  article,  the  following  table  has  been  arranged. 


Head  A 

0,020 

0,101 

0,909 

18,574 

108,678 

Coefficient  of  efflux  fi 

0,711 

0,665 

0,641 

0,632 

0,600 

The  experiments  under  Nos.  6  and  7  show  that  in  this  case  also 
the  coefficient  of  contraction  for  an  orifice  in  a  thin  conically  con- 
vergent wall  is  greater  than  that  for  an  orifice  of  the  same  size  in  a 
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tliin  plate^  and  that  it  is  less  for  an  orifice  in  a  conically  divergent 
^wall  than  for  the  latter.  In  experiment  No.  18  a  free  contracted 
Btream  could  not  be  obtained.  The  effinx  took  place  with  a  filled 
tube  and  the  stream  pulsated  quite  yiolently. 

It  was  also  observed  that  the  discharge  whs  not  increased  as 
much  by  rounding  off  the  inlet  orifices  of  the  ajutages,  when  the 
Iiead  was  small  as  when  it  was  great. 

The  table  on  page  1100  contains  the  results  of  experiments  with 
long  tubes  made  of  glass,  brass  and  zinc.  Preliminary  experiments 
were  made  to  determine  the  coefficients  of  resistance  of  the  inlet 
and  outlet  mouth-pieces  combined.  By  subtracting  the  coefficients 
thus  found  from  those  obtained  for  the  long  tube  and  inlet  and 
outlet  mouth-pieces  together,  the  author  deduced  the  coefficient' of 
resistance  for  the  tube  alone. 

These  experiments  showed  the  coefficient  of  resistance  ^  of  the 
water  to  be  very  great,  when  the  velocity  is  smalL    This  coeffi- 
cient ^  is  nearly  the  same  for  glass  and  brass  tube& 
To  the  table 

for  V  =  20,99,    f  =  0,01690 

*«    =  12,32,    ?  =  0,01784 

•«    =    8,64,    f  =  0,01869 

«    =    2,02,    i  =  0,02725 

«    =    0,485,  f  =  0,03453, 
we  can  now  add 

for  V  =  0,2028,  f  =  0,0587 

**    =  0,0890,  f  =  0,1420. 

The  third  portion  of  the  article  is  devoted  to  an  account  of  a 
series  of  experiments  upon  the  flow  of  water  through  bends  and 
elbows  under  a  very  small  head.  The  coefficient  of  resistance  for 
the  inlet  and  outlet  portion  was  first  determined  as  in  the  experi- 
ments, the  results  of  which  are  given  in  the  last  table.  The  table 
on  page  1101  contains  the  coefficients  of  resistance  for  the  flow  of 
water  through  elbows  and  bends  under  small  heads. 

We  see  from  the  last  table  that  the  coefficients  of  resistance  of 
elbows  are  much  greater  than  those  for  bends  of  the  same  diameter, 
when  both  cause  the  direction  of  the  motion  of  the  water  to  change 
90°  and  when  the  radius  of  curvature  of  the  axis  of  the  bend  is 
equal  to  the  diameter  of  the  tube. 

The  third  article  (No.  3),  which  is  cited  above,  is  very  long, 
covering  68  columns  of  the  Civilingenieur.  As  it  would  be  impos- 
ible  to  condense  the  matter  contained  in  it  in  the  limited  space 
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which  is  at  onr  disposal,  we  will  content  onrselyes  with  an  ennmeN 
ation  of  the  subjects  treated.    They  are — 

(1.)  The  simultaneous  discharge  of  water  through  two  orifioes, 
when  the  head  diminishes. 

(2.)  The  yariable  discharge  of  water  firom  one  yessel  into  a  eee- 
ondy  in  which  the  orifice  is  submerged,  while  a  constant  quantity 
of  water  is  continually  discharged  into  the  first  vessel 

(3.)  The  yariable  eflux  of  water  through  a  notch,  either  with  or 
without  influx. 

(4.)  Efflux  of  water  from  a  prismatical  vessel,  with  tree  influx 
into  the  latter  from  another  prismatical  vessel 

(5.)  Efflux  of  water  from  a  prismatical  vessel,  with  influx  under 
water  from  another  prismatical  reservoir. 

These  cases  are  treated  at  length ;  the  formulas  are  first  deduced 
and  then  tested  by  very  careful  experiments.  Any  one  interested 
in  the  subject  of  hydraulics  will  find  this  article  worthy  of  his 
most  attentive  perusal 

We  would  also  call  attention  to  the  following  articles  by  the 
author  upon  subjects  connected  with  hydraulics. 

"Hydrometric  experiments  upon  the  application  of  the  fonnulas 
of  Daniel  Bernouilli  (page  804)  and  Charles  Borda  (page  884),  as 
well  as  upon  the  use  of  a  new  water-meter;  also  upon  the  firictioii 
of  water  in  conical  pipes  and  upon  the  play  of  jets  d'eau**  ("Hydro- 
metrische  Versuche  iiber  die  Anwendung  der  Pormeln  von  Baniel 
Bernouilli  und  Charles  Borda,  so  wie  uber  den  Gebraneh  eiues 
neuen  Wassermessers  (einer  Wassenihr);  femer  uber  die  Beibung 
des  Wassers  in  conischen  Eohren  und  uber  das  Spiel  von  springen- 
den  Wasserstrahlen,''  Civilingenieur,  Band  XIII,  1  Eeft).  "  Com- 
parative hydrometric  measurements  by  means  of  a  tachometer,  a 
large  rectangular  orifice  of  efflux  and  a  large  overfall  extending 
across  the  whole  wal  V  ("  Vergleichende  hydrometrische  Messungen 
mittels  eines  hydrometrischen  Hugelrades,  einer  grosseren  reo- 
tangularen  Ausflussmundung  und  eines  grosseren  uber  die  ganze 
Wand  weggehenden  Uberfalls,*'  Civilingenieur,  Band  XIII,  5  and  6 
Heft). 

The  latter  article  contains  an  account  of  Schwamkmg's  lexifer- 
divider,  mentioned  upon  page  986. 

I.  "  The  quicksilver  differential  piezometer  and  its  application 
to  the  determination  of  the  difference  of  the  pressure  of  tiie  water 
in  a  set  of  conduit  pipes.*' 
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n.  "The  water  piezometer  with  a  micrometer,  as  well  as  its 
application  to  the  determination  of  the  pressure  of  gas  in  pipes, 
eta'' 

III.  "A  supplement  to  the  article  cited  above  upon  the  differ- 
ent methods  of  experimenting  upon  efflux  under  a  constant  head.'' 
(**  L  Das  Quecksilber-Differentialpiezometer,  etc.  XL  Das  Wasser- 
piezometer  mit  Mikrometer,  etc,  JIL  Eine  Erganzung  der  Ab- 
handlung  uber  die  yerschiedenen  Methoden  der  Ausflussrersuche 
unter  constantem  Drucke."    Civilingenieur,  Band  XV,  2  Heft.) 

The  translator  would  also  call  attention  to  two  articles  by  the 
author  upon  "experimental  mechanics,"  which  form  a  part  of  a  yet 
unpublished  work  upon  that  subject  The  titles  of  the  articles  are : 
(1.)  "  Experiments  to  accompany  lectures  upon  the  elasticity 
and  strength  of  solid  bodies  "  ("  Versuche  bei  Vortragen  fiber  Elas- 
ticitat  \md  Festigkeit  fester  Korper,"  Civilingenieur,  Band  IX, 
5  Heft),  and 

(2)  "Experiments  to  accompany  lectures  upon  Mechanics" 
(**  Versuche  bei  Vortragen  uber  Mechanik,"  Civilingenieur,  Band 
XIV,  6  Heft). 

The  first  article  contams  a  description  of  the  apparatus  used 
by  the  author  in  experimenting  before  the  students  at  Freiberg 
upon  flexure  and  torsion.  By  means  of  this  apparatus,  which  is 
very  simple  and  easily  constructed,  the  professor  can  show  to  the  class 
almost  all  the  phenomena  of  flexure  and  torsion.  He  can  also  de- 
termine "the  moduli  of  rupture  and  of  elasticity  not  only  by  observ- 
ing the  deflection  and  angle  of  torsion,  but  also  by  allowing  the 
body  to  be  experimented  upon  to  vibrate  and  counting  the  number 
of  vibrations.  The  modulus  of  resilience  and  that  of  fragility  can 
also  be  determined.  No.  (2)  contains  an  account  of  some  modifi- 
cations of  the  above  apparatus,  by  means  of  which  experiments 
upon  the  theory  of  couples  (including  their  composition  and  de- 
composition) can  be  made.  This  is  followed  by  the  description  of 
a  simple  reversable  pendulum,  by  means  of  which  the  value  of  g 
can  be  determined  in  the  lecture-room  with  little  difficulty.  The 
author  then  takes  up  the  subject  of  the  elasticity  of  rigid  bodies. 
He  discusses  four  cases  of  double  flexure :  first,  that  of  a  prismati- 
cal  rod  of  a  rectangular  cross-section,  bent  by  a  force,  whose  direc- 
tion forms  an  angle  6  (which  is  not  90°)  with  one  of  the  sides  of 
the  cross-section ;  secondly,  that  when  the  cross-section  of  the  rod 
is  a  right-angled  triangle  and  the  direction  of  the  force  is  perpen- 
dicular to  the  base  of  the  triangle ;  thirdly,  that  when  the  rod  is 
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acted  npon  by  two/orccs,  whose  lines  of  action  do  not  lie  in  tte 
same  plane ;  and  fourthly,  that  when  the  beam  is  bent  in  Uie  diape 
of  an  elbow  and  loaded  at  the  extreme  end  with  a  weight  (the 
crank  is  an  example  of  this  case).  The  article  closes  with  tn  l^ 
count  of  some  experiments  with  compound  girders. 

Those  engaged  in  teaching  will  find  the  last  two  articles  foil  of 
valuable  information ;  but  a  translation  of  them  would  oocnpr  too 
much  space  here. 

In  conclusion,  we  would  mention  an  article  upon  ^fhe  flennB 
of  a  homogeneous  prismatical  measuring  rod,  supported  in  tvo 
points,  as  well  as  the  shortening  of  its  length,  produced  by  it,  dis- 
cussed in  as  elementary  a  manner  as  possible  "  ("  die  Biegnng  einei 
in  zwei  Pnnkten  unterst^tzten  homogenen  prismatischen  HesB- 
stabes,  sowie  die  durch  dieselbe  henrorgebrachte  YerkurzungEeineg 
Langenmaasses,  auf  moglichst  ein&che  Weise  ermittelt  Ton  JvHi^ 
Weisbach,''  Ciyilingenieur,  Band  XII,  4  Heft). 
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Aberration  of  the  stars,  152. 
Abscissns,  84. 
Acceleration,  108,  118, 124. 

along  the  abscissas,  146. 
"        ''    ordinates,  146. 
normal,  148,  607. 
of  grravitv,  118, 159. 
Adhesion,  force  of,  169,  762. 

plates,  762. 
Aerodynamics,  aerostatics,  165. 
Aggreffation,  state  of,  162. 
A&  balloon,  798. 

efflux  of,  982,  984,  089. 
heaviness  of,  795. 
layers  of,  787. 
manometer,  796. 
pressure  of  the,  777. 
pumo,  790. 
Amplituae  of  an  oscillation,  649, 1048. 
Angular  acceleration,  576. 

velocity,  576. 
Antifriction  pivots,  849. 
Aperture  of  efflux,  800. 
Apparatus  for  hydiaidic  experiments, 

Application,  point  of,  168, 192. 

Arc,  length  of  an,  85. 

Archimraes,  principle  of,  757. 

Areometers,  hydrometers,  758. 

Arithmetical  mean,  97. 

Arm  of  the  lever,  195. 

Ascension,  vertiod,  116. 

Asymptote,  49,  51, 52. 

Atmosphere,  pressure    of  the  atmo- 
sphere, 777,  787. 

Attraction,  the  law  of  magnetic,  1056. 

Atwood's  machine,  599. 

Axes,  free,  624 
"     principal,  624 

Axis,  neutral,  410. 

of  a  couple,  205. 


*i 


Axis  of  revolution  or  rotation,  205, 

248,  578,  629. 
Axis,  pressure  upon  the,  250. 
Axles,  friction  on,  811, 816. 


B. 


Balance^  hydrostatic,  756. 

torsion,  1050. 
Ballistic  pendulum,  608. 
Barometer,  776. 

"         measurement   of  heights 
with  the,  78a 
Beam,  418, 422,  427,  480. 

"     sul>jected  to  a  tensile  force,  559. 
Bed  of  a  river,  955. 
Bending,  flexure,  409. 

"        rupture  by,  452. 
Bends,  curved  pipes,  896. 
Bent  lever,  256. 
Binomial  ftmction,  57. 

"       series,  57. 
Bodies,  material,  154. 

of  uniform  strength,  887,  ^, 

504,589. 
ri^d,  flexible,  elastic,  280. 
Boilers,  thickness  of,  788. 
Bottom  of  the  channel,  955. 
"      pressure  on  the,  721. 
Brachystochronism,  659. 
Brittle,  872. 

Buoyant  effort,  upward    thrust,  742, 
797. 


0. 


CapilUrity,  762. 

Capillary  tubes,  772. 

Cataract,  876. 

Catenary,  298 ;  common  catexiaz7>299l 

Central  impact,  667,  669. 

Centre  of  gravity,  213. 
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Centre  of  mass,  218,  574 
"  oscillation,  661. 
parallel  forces,  205. 
peicossion,  637,  692. 
pressure  of  water,  725. 
Centres,  349. 
Centrifogal  force,  608. 

"    of  water,  719,  720. 
"    work  done  by,  610. 
Centripetal  force,  608. 
Chain  bridge,  292. 

"      friction,  358,  861. 
Cinematics,  154. 
Circle,  34. 
**     centre  of  gravity  of  an  arc  of 

a,  216. 
"     oscidatory,  87, 142, 415. 
Circular  functions,  70. 
Cistern  barometer,  776. 

"      manometer,  779. 
Clack  valves,  900,  905. 
Cloistered  arch,  243. 
Cocks,  900,  903. 
Cohesion,  371,  762. 

"        force  of,  163. 
Collar  bearings,  347. 
Columns,  proof  load  of,  532. 
Combined    elasticity   and    strength, 

373,  547. 
Communicating  pipes,  728,  761. 
Components,  129,  174, 177, 1071. 
Component  velocities,  129.     . 
Composed  forces,  174. 

•*         motions,  126. 
Composition  and  decomposition  of  ve- 
locities and  accelerations,  131, 132. 
Composition   and    decomposition  of 

forces,  174, 177, 179, 195,  207. 
Composition    and    decomposition    of 

couples,  202. 
Compound  discharging  vessels,  907. 

"         pendulum,  661. 
Compressed  air,  work  done  by,  783, 

936. 
Compression  and  extension,  874. 

"  elastic  and   permanent, 

876. 
strength  of,  872,  373. 
Concavity,  39,  65. 
Conduit  pipes,  874. 
Conical  pivots,  347. 

"      tubes  or  pipes,  872. 
"      valves,  905. 
Connecting  rod,  537,  573. 
Constant  factors,  41,  61. 
force,  166. 
members,  41.  61 . 
quantities,  38,  41. 
Contracted  vein  or  stream  of  water, 
821,  823. 
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Contraction,  coefficient  of  oootractirr 

822,944. 
Contraction,  complete  and  incom^  I " 

or  partial,  837. 
Contraction,  perfect  and  isnvetfeci,  ^'x 

868,887. 
Contraction,  scale  o^  836. 
Convexity,  39,  55. 
Coordinates,  34. 

"  oblique,  79. 

Cosine  and  cotangent,  funcdoas  ol  71 
Couple,  200.  412. 

axis  of  a,  205. 
Crank,  121. 
CroBS«ection,  876, 676, 801,  955 

"  weak,  dangerous.  4S5. 

"  sudden  variation  oC  t^ 

Curvature,  radius  of,  87,  142,  4ia 
Curve,  elastic,  414,  417. 
Curved  surfaces,  40. 
Curves,  convex,  concave.  39,  44,  54 

"       quadrature  of,  78. 

"       rectification  of,  85. 
Curvilinear  motion,  141, 145,  \^ 
Cycloid,  cvcloidalpendnlum,  655,  €.% 
Cylinder,  hollow,  448. 


D. 


Dam,  732. 

Daniel  Bemouilli,  804. 

Decompoffltion    and    compositicn    a' 

couples,  202. 
Decomposition    and    compoeitioii   c: 

forces,  174, 177, 179, 195,  207. 
Decomposition    and    compositicn  ** 

velocities  and  socelerations,  181. 1S3 
Density  of  bodies  (specific  gravitjl  lt*l 
Dependent  variable,  38. 
Deviation,  angle  of.  895. 
DiflFerential,  88. 

"  ratio  or  quotient  S9. 

Directive  force  of  the  magnetic  Ewtilr 

1058. 
Discharge,  800,  938. 
Di8charjire.pipe  of  a  dam,  858.  923. 
Displacement,  angle  of  displacemtr- 

530,  649. 
Divin<?-beD,  783. 
Ductility,  872. 
Dynamics,  155,  165. 


:e. 


Earth,  majrnetism  of  the,  1054. 10c% 
Efflux,  coefficient  of,  for  water,  824 

"   "    air,  944 
from  moving  veasela.  817. 
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Cfflttx  of  air   from  vessels,  032,  934. 
939  941. 
"      of  diftWent  fluids^  805,  930. 
of  moving  water,  843. 
of  water  under  water,  806. 
of  water  from  vessels,  800. 
mider   variable    pressure,  910, 

952. 
velocity  of,  800. 
'*     with  filled  tube.  863. 
Elastic  carve,  4l4,  417,  523. 
•*     extension,  375,  404..' 
**     fluids,  712. 
Elasticity,  l'>a  371,  1045. 

limit  of,  371,  376. 
modulus  of,  378,  407, 1049. 
Elbows,  894. 
Elevation,  an^lc  of,  186. 
Ellipse.  50,  284. 
Eliii)Soid,  594. 
Elliptical  oscillation,  1081. 
Emi)tying  of  a  vessel,  910. 
Energy,  168. 

"        of  discharging  water,  801. 
Envelope,  139. 
Equality  of  forces,  156. 
Equilibrium,  155. 

kinds  of,  249,  260,  264. 
indifferent,  250.  266. 
Evolute,  88, 

Ex[/an9ive  force  of  steam,  85, 
Expansion  by  heat,  793. 

**         coefficient  of,  793 
of  the  air,  781. 
Exponential  function,  63. 
Extension,  elastic  and  permanent,  375, 
394.    . 
"       exx)eriments  upon,  393. 

F. 

Fall  of  a  stream,  955. 

•'    of  bodies,  35,  113,  639,  659. 
Pilling  and  emptying  locks,  924. 
Final  velocity,  103. 
Flexure,  409. 

strength  of,  373,  450. 
moment  of,  412,  414,  432,  430. 
Flotation,  axis  of,  plane  of,  746. 
Floating,  depth  of  floatation,  747,  749, 
756. 
bodies,  floating  spheres,  980. 
staff,  990. 
Fluids,  162,  712. 
Force,  direction  of  a,  163. 
Force,  living,  171, 173. 
Forces,  measure  of,  158. 
"      moment  of,  195.  414 
"      normal,  143,  607. 
tensile,  374. 
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Forces,  154, 155, 163,  205. 

•'      equality  of,  156. 
Fragility,  modulus  of,  8^3,  453. 
Free  axes,  G24. 
Freshet  or  flood,  C73. 
Friction,  resistance  of  friction,  809. 

angle  of,  314 

balance,  317. 

coefl3cient  of,  313, 

coefficient  of,  of  air  in  pipes 
949. 

coefficient  of,  of  water  in  pipes, 
864. 

coefficient  of,  of  water  in  riv- 
ers,  965. 

cone  of,  314. 

height  of  resistance"  of,  804. 

kinds  of,  310. 

laws  of.  311. 

of  axles,  311,  816. 

rolling,  e53. 

upon  inclined  plane,  323. 

wheels,  386. 

work  done  by,  313,  335. 
Fulcrum,  250. 
Function  (a*"),  44, 
Functions,  33. 
Fimicular  machine,  2S0. 
ixjlygon,  280. 


G. 


Gases,  aeriform  bodies,  776. 

(ias-meters,  1023. 

Gauging,  976. 

Gay-Lussac's  law,  793. 

Geostatics,  geodynamics,  geomechar.- 

ics,  IG5. 
Girder,  418,  422,  427,  430,  464 

*'      hollow  and  webbed,  437,  4';  7. 
Goblet,  hydrometric,  986. 
Gram,  kilogram,  157. 
(Jraphic  re])reeentation,  34,  122. 
(Gravity,  113, 154, 163. 
centre  of,  213. 

"        determination  of  the  centre  of 
214 

*•        plane  of,  line  cf  gravity,  213. 

•'    .     specific,  161. 
Gudgeons,  311. 
(iuldinuB,  properties  of,  241. 
Gyration,  radius  of,  581,  608. 


H. 

Hard,  373. 
Hardness,  676. 

Head  of  water,  height  of  water,  722 
801, 809. 
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Heat,  force  of,  168. 
Heat,  work  done  by,  086. 
Heavinesfly  180. 

mean,  of  the  eartli,  1061. 

of  air,  705. 

"  steam,  705. 

"  water  160 
Height  dae  to  the  velocitj,  115,  800. 

*<       of  rise,  height  of  fall,  116,  878. 
Horizontal  and  vertical  preasure,  782, 

736,  743. 
Hydraulic  obeerratory,  005. 
Hydraulics,  165. 

Hydrometers,  Hydrometry,  076,  080. 
Hydrometric  goblet, '086. 

"  pendulum,  000. 

Hydrostatic  balance,  757. 
Hydrostatics,  hydrodynamics,  165. 
Hyperbola,  51, 80. 
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Impact,  different  kinds  of,  667, 668. 
"       direct,  667. 
"       duration  of,  668. 
''      elastic,  668. 
'<       friction  of,  685. 
"       imperfectly  elastic,  680. 
"       line  of  impact,  667 
oblique,  668,  683. 
strength  of,  703,  705. 
Impulse,  1003, 1006. 

"        of  air  or  wind,  1080. 

"  water,  1006, 1011, 1030. 
Incidence,  angle  of,  6d4. 
Inclination,  anfle  of,  814,  680. 
Inch,  water,  oS. 
Inclined  plane,  373,  374  680. 
Inertia,  157. 

force  of,  157, 168, 574. 
moment  of,  576. 
Inflexion,  1001. 

point  of,  55, 434 
Integral,  integral  calculus,  60. 

"        formulas,  78. 
Integration  by  parts,  76. 
Intensity  of  a  force,  164 

"  the    earth's    magnetism, 

1060. 
Interference  of  waves,  1064, 1080. 
Interpolation,  08. 
•  Isochronism,  640, 658, 650. 


J. 


Jets  of  water,  876. 

Journals,  trunnions,  gudgeons,  axles, 
805,311,845. 


Elater's  pendulum,  665. 

Kilogram,  157. 

Knee  lever,  857. 

Knife  edges  and  points,  8S9L 

Knots,  3»1. 


Law  of  Gay-LusBBC.  708. 

"    '•  Mariotte,  87,  78D. 
Laws  of  nature,  35. 
Length  of  a  wave»  1064 10891 
Lesbros'  experiments,  846l 
Lever,  arm  of^  105. 
«      bent,  357. 
"      kinds  of,  355, 356, 34& 
Limit  of  elasticity,  871,  876. 
Line  of  current,  mid-channel,  956. 

**     "  gravity,  318. 

«     «  Impact.  667. 

"     "  rest,  74a 

"     "  support,  743. 
Load,  proof;  870. 

"     eccentric,  480. 
Locks,  034. 
Logarithm,  64 
Longitudinal  vibration,  1045. 
Loss  of  mechanical  efled  in  imftti 

674  883. 


BiacLaurin's  series,  57. 
Magnetic  force,  168, 1056. 

needle,  1053. 
Magnetism,  1054  1050. 

"  of  the  earth,  1051 

Malleability,  873. 
Manometer,  776,  778. 
Mariotie's  law,  87,  760. 
Mass,  158. 

"     moment  of,  577. 
Material  pendulum,  661. 

point,  165. 
Matter,  lo6. 
Maximnm  and  minimum,  58. 

83i 
teiiflioo,5^' 

Mean,  arithmetical,  07. 

"      harmonic,  675. 
Mechanical  efibct,  168, 187, 300. 

"      loss  of,  durinffis 

pact,  674  8»^  . 
"      of  compicsaed  iff 

788,0801 
"     offiictiaii,m835 
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Meclianical  effect  of  heat,  986. 

♦'  "     of  inertia,  171, 577. 

-    "  "     of  the   oentrifogal 

force,  612. 
Mercuij,  efflux  of,  060. 
Metacentre,  751. 
Metal  springs,  506. 
Method  of  least  squares,  05. 
"  interpolation,  08. 
Mid-channel,  line  of  current,  056. 
Modulus  of  elasticity,  878, 407, 1040. 
"  logarithms,  65. 
"  proof  stiength,  380,  457, 

530. 
"  resilienoe     and    fragility, 

883,458. 
"  rapture,    or    of   ultimate 
strength,  880,  452. 
Molecular  action,  762. 
Molecules,  molecular  forces,  168, 762. 
Moment,  magnetic,  1054. 1060. 
ofacouple,  200,  201. 
"  inertia,  577. 
*'  parallel  forces,  207. 
statical,  105. 
Momentum  of  a  body,  670. 
Motion,  absolute  and  relative,  105, 140. 
'*       accelerated,  retarded,  106. 
cunrilinear,  141, 145, 180. 
in  remsting  media,  1035. 
kinds  ot  573. 
of  air  in  pipes,  050. 
"  water  in  channels,  055,  060. 
"  water  in  pipes,  860. 
"       "  translation,  573. 
phases  of,  1062. 
rectilinear    and    curvilinear, 

105. 
simple  and  composed,  126. 
uniiorm  and  variable,  106. 


H. 


Naperian  logarithms,  64,  80. 
Natural  philosophy,  154. 
Nature,  laws  of,  85. 
Nell's  parabola,  86. 
Neutral  axis,  surface,  410. 
Nicholson's  hydrometer,  750. 
Normal,  87. 

acceleration,  143,  607. 

force,  180,  607. 
Notches,  overfalls,  weirs,  811, 014 
Numbers,  natural  series  of,  50. 


<( 


44 


«< 


** 


« 


« 


it 


« 


0. 

Obelisk,  efflux  from  an,  010. 
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Obelisk,  centre  of  gravity  o(  284. 
Oblique  coordinates,  70. 
Observatory,  hydraulic,  005. 
Oil,  efflux  of,  080. 
Ordinates,  84. 

*"         acceleration  along  the,  146. 
"         velocity  along  the,  145. 
Orifices  in  a  thin  pkte,  821,  080,  044. 
"      inlet  and  outlet,  875,  880. 
"      of  efflux,  800. 
"      rectanffular,  812,  828, 842, 846. 
Oscillation,  640, 1042. 

amplitude  of  an,  640, 1043. 

centre  of,  661. 

period  of  an,  649, 1048, 1067. 

of  a  pendulum,  649. 

of  the   magnetic  needle, 

1055. 
of  water,  1070. 
Overfalls,  notches,  weirs,  811, 838, 844, 
840,  014. 


P. 


Parabola,  8,  87, 183,  201,  802. 
Parabolic  motion,  184, 141. 
Paraboloid,  501,  720. 
Parallel  forces,  100. 
"       plates,  770. 
Parallelogram  of  accelerations,  182. 

"  forces,  177. 
"  motions,  127. 
"  "  velocities,  128. 

Parallelopipedon  of  velocities,  182. 
Pendulum,  ballistic,  608. 
*'         bob  of  a,  501. 
"         compound,  640,  661. 
"         hydrometric,  000. 

Eater's,  665. 
<'         oscillation  of  a,  640. 
'*         reversable,  665. 
<*         rocking,  665. 
"         simple,  mathematical,  648, 
661. 
Perfect  fluids,  712. 
Percusffion,  centre  of,  687,  602. 

point  of,  602. 
Period,  periodic  motion,  106, 121. 
Permanency,  state  of,  of  running  wfr 

ter,  057. 
Permanent  extension  or  set,  875,  804. 
Phoronomics,  105, 154. 

formulas  of,  110. 
Piezometer,  770, 881. 
Pile  driving,  608. 
Pipes,  lonpr,  863. 

**     thickness  of,  788. 
Piston  rod,  538.  578. 
Pitot's  tube,  008. 
Pivots,  friction  of,  845. 
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P:ttno,  inclined,  273,  828. 
of  revolution,  246. 
Pneumaiics,  165. 
Point  of  application,  163, 192. 
•'  iuuexion,  54. 
"      "  suspension,  249,  C04. 
Polyhedron,  centre  ofgravity  of,  281. 
Poncelet's  orifice  of  efflux,  828. 
theorem,  841. 

Position,  105,  150. 

'*        relative,  relative  motion,  150. 

Pound,  157. 

Powers,  natural  scries  of,  64. 
Pressure,    hydraulic,     hydrodynamic, 
808. 
hydrostatic,  713,  723,  724. 
in  water,  724. 

of  the  atmosphere,  777, 787. 
on  the  bottom,  721, 
vertical,  horizontal,  732. 
Principal  axes,  624. 
Principle  of  ei^ual  pressure,  718. 
Profile,  longitudinal  and   transverse, 
955. 
"        transverse,  of  running  wator, 
053. 
Projectile,  path  of  a,  1038. 
Piojectiles,  height  attained  by,  range 
of,  136. 
motion  of,  in  the  air,  186. 
motion  of,  in  vacuo,  1038. 
Prony*R  roethod  of  measuring  water, 

082. 
Proof  load,  proof  strength,  879,  451. 

"     moment  of,  451,  472. 
Proof  strength,  modiilus  of,  880,  457, 

520. 
Propap^ation,  velocity  of,  1062, 1065. 
Properties  of  Guldinus,  241. 
Proeaphv  and  svnaphy,  763. 
Pull,  traction,  156,  874. 
Pulley,  fixed  and  movable,  308,  804, 

.S68,  601.  • 
Puppet  valve,  905. 


a 


Quadrature  of  curves,  78.     • 
Ouantities,  constant  and  variable,  33. 
Quicksilver,  efflux  of,  930. 
Quotient  f ,  93. 

differential  of  a»  43. 


R. 

Puidius  of  curvature.  87, 142,  413. 

"       "  gyration,  581,  609. 
Ram,  698. 
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Reaction,  164 

of  efSuent  ^ater,  IOCS. 
wheel,  1015. 
Rectification  oi  curves,  85. 
Keducaou  of  a  lorce,  255. 
•*  mosses,  o7a 
*•  the    mcmtnt  cf  fcv  • 
4C2. 
**  "  the   mcmeiit  cf  irint 

580. 
Reflection,  angle  cf,  6?4. 
Regulatiuf?  api  arattip,  SCO. 
Repn-8entation,  pmi  l^ic.  14, 1*2 
Resilience,  mc<lulcs  cf,  CJS.  4" 3 
Resistance,  coetBcient  <f,  t^6,  *^4 
height  of,  ^56. 
of  water,  1(28. 
to    buckiirg  cr  liiaVu 

flCTCPP,  •-t:5. 
to  ccmj  rcfdcD.  C'6.  ^5l■ 
Resistancses,  155,  li9. 

•*  p.aseivo,  1077. 

Rest,  absolute,  relative,  1(5. 
Resultant,  174,  177,  194. 
Revolution,  axis  cf,  i(5,  i4S,  i''.  '^* 
plane  cf  24S. 
"  colids  end  emfrcff • !. '.* 

241,  242,  E93.  CCO 
Rheometer,  ICO  I. 

Rigidity  of  cordage  and  otaii*.  :*!.:• 
of  hemp  end  wire  u]tf.  -i 
366. 
River,  bed  of  a,  CCS. 
Rockinj?,  rcckinc:  fcncnirm^C^" 
Rod,  vibration  rf  a,  Wi2. 
Rolling  down  m  inclined  f Itn.  •  •■ 
"       friction,  £58. 
of  l)cdics,  CC5. 
Rotary  motion,  210,  211. 
Rotation,  axis  cf,  2C5,  248, 573.  <:^ 
plane  cf.  249- 
time  cf.  ceo. 
Running  water,  955. 
Rupture  by  brcakinpr  acrcFs.  -tS. 
mcxiulus  of,  rSl,  4u2. 
plane  of,  crcts^eciicD  f  f  ^» ' 


S. 


Scale  of  velocities  of  a  ftrem  T-v 
Set,  permanent  extensicn,  375,  i^-^ 
Shearing  force,  412.  51 0. 

strength  of,  £73, 406. 
Shoots,  efflux  through,  ?48.  f'^O 
Short  pipes,  conical,  861,  801. 

*\     conical  converger.!,  f 
**      corical  divergent.  H- 
•'      cvlindrical.  m.  «^^^. 
"      efflux  throuTh,  So2,  •"•>^ 
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Short  pipes,  inclined,  857. 
*'     interior,  855. 
Sim pson *8  rule,  81 . 
Sin 9,  curve  of,  71. 

'•      function  of  tlie,  70. 
Sliding,  810,  639. 

"       down  an  inclined  plane  when 
friction  is  conslaered,  6 13. 
Slope  of  a  stream,  955. 
Soft,  372. 

S  Dund.  velocit/  of,  1080. 
Sounding  rod,' sounding  cliain,  991. 
S  :>eciac  gravity,  181,  755. 
Sphare.  227, 238, 588, 605, 646,  747, 918. 
Spheroid,  237,  588. 
Springs,  spring  dynamometer,  503. 

fores  of,  163. 
Statics,  155,  165. 
Stability,  250.  204,  200. 

"         of  floating  bodies,  750. 
Sieim,  expansive  force  of,  35. 

"      heaviness  of,  795. 
Ste3l  springs,  596. 

"    tempered  and  annealed,  402. 
SteToometer,  788. 
Straight  lino,  49. 
Strength,  872. 

of    buckling    or    breaking   Ultimate  alroagth,  ncdu!r.r.  c  t    :>  0. 

across,  535.  i     452. 

ultimate,  379.  360.  ,  Unguents,  olO. 

String,  vibrations  of  a  stretched,  1070. '  Uniform  motion.  103. 


Torsion  balance.  1050. 

elasticity  of,  878.  523. 

moment  of,  624. 

pendulum,  vibrations  dii  •  ta 

torsion,  1050. 
stryngth  of,  378,  53S. 
Traction,  pull,  156,  374. 
Tractrix,  350. 

Translation,  motion  of,  57S. 
Transverse  vibrations,  1048.  1070. 

profile  of  running  water. 
955.  959. 
Trigonetrical  functions,  70. 

lines,  72. 
Twisting  couple;  504. 
Tubes,  conical,  convergent.  SOI. 

divergent.  832. 
short,  efflux  tlirough,  85'2,  S54 
conical,  801,  891. 
cylindrical.  858.  883. 
inclined.  557. 
mterior.  85*5. 
long  or  pipes,  8')3. 
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Subnormal,  87. 
Subtangent,  40,  60.  292. 
Surface,  neutral,  410. 

of  water,  719. 
Surfiices,  curved,  40. 
Symmetrical  bodies,  215. 
Symmetry,  axis  of,  plane  of,  215. 
Syphon  manometer,  778. 


T. 


Tachometer,  Woltmann's,  993. 
Tangent,  tangential  angle,  89,  47,  146. 
"        function  of,  curve  of,  71. 
pUne,  40. 
Tangential  acceleration,  144. 
force,  189. 
•'  velocity,  146. 

Tantochronism,  65'9. 
Tonnxjratiire,  793. 
T.'nsion,  281,  775,  776,  793. 

•*        horizontal  and  vertical,  287. 
Theorem,  Poncelet's,  341. 
Thickness  of  boilers  and  pipes,  738. 
Throttle-valve,  901,  903. 
Top,  610. 
Torsion,  372,  523: 

rngle  of,  534. 


Uniformly  accelomted,  unifcriulv   rtv 
tardud  motion.  H)7.  lUS. 
113. 
"  varied  motion.  107. 

Unit  of  weight.  157. 

'•     **  woil[,  109. 
Upward  thrust,  buorant  cflbrt.  742, 
797. 


V. 


Valve-gate.  900.  908. 
Valves,  776.  779.  904. 
clack,  COO.  905. 
puppet.  905. 
throttle.  901.  903. 
Variable,  variable  quantity,  38. 
de^Kmdent,  83. 
independent,  83. 
motion,  100,  117. 

of    rnnnin>j:    \Tater. 
909 
Velocity,  107. 

along  the  abscissas.  1 40. 
along  the  ordinates.  140. 
coefficient  of  824.  944. 
final.  108 

height  due  to  the.  115  809. 
initial,  108. 
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Velocity,  meaD ,  131, 124, 056. 

of  propagation.  1063, 1085. 

of  ronning  water,  056. 

of  sound,  1066. 

sudden  Tariation  of,  886. 

virtual,  187,  209,  212,  275. 
Vibration  of  a  stretched  strilu^  1070. 

of  an  elastic  rod,  1072. 
Virtual  velocity,  185. 209,  212, 275. 
Vis  viva,  principle  of,  171, 174. 
Volume,  156. 
Volumeter,  789. 


w. 


Water,  apparatus  for  measuring,  976. 
"      efflux  of,  800. 
heaviness  of,  160. 
height  of  in- communicating 

tubes,  723.  761. 
hydraulic  pressure  of,  806. 
hydrostatic  pressure  of,  722. 
inch,  988. 
jets  of,  188. 
meters,  1(^0. 
running,  955. 
stream  of,  801,  821. 
surface  of,  718, 765,  767. 
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Water,  waves  of,  1084. 
Waves,  1002. 

crest  and  trough  oC  1085. 
height  of,  length  oC  1069. 
of  water,  1064. 
Web,  478.  479. 
Wedge,  277,  829, 496. 
Wdght,  abeolute.  156, 159. 16L 

unit  of.  157. 
Weir,  overfiall,  notch,  811,  83a.  SU 

849  914. 
Wheel  and  axle,  305, 667. 5B5. 
Work  done  by  a  force,  medmua)  c^ 

feet.  168, 187. 209 
*'    friction,  313,  m 

heat.  936. 
«    inertia,  171, 577. 
unit  of,  169. 
Working  load.  88a 
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Ximenes*  experiments  on  fadxsL,  Zli 
"        water  vane,  1001. 


Zone,  593. 


SCIENTIFIC  BOOKS 


PUBLISHED  BY 


D.  Van  Nosteand. 


23  Murray  Street  &  27  Warren  Street, 


NEW    YORK. 


Weisbach's  Mechanics. 

Fourth  Edition.    Revised. 

8to.    Cloth.    $10.00. 

A  MANUAL  OP  THEORETICAL  MECHANICS.  By 
Julius  Weisbach,  Ph.D.  Translated  from  the  fourth  aug- 
mented and  improred  German  edition^  with  an  introduction 
to  the  Calculus,  by  Eckley  B.  Coxb,  A.M.,  Mining 
Engineer.     1,100  pages,  and  902  wood-cut  illusti-ations. 

Abbtract  of  Contents. — ^Introduotion  to  the  Calculus — The  General 
Principles  of  Mechanics — ^Fhoronomics,  or  the  Purely  Mathematical  Theory 
of  Motion — ^Mechanics,  or  the  Qeneral  Physical  Theory  of  Motion  —  Statics  of 
Rigid  Bodies— The  Application  of  Statics  to  Elasticity  and  Strength — Dynam. 
ics  of  Bigid  Bodies  ~  Statics  of  Fluids— Dynamics  of  Fluids — The  Theory 
of  Oscillation,  etc. 

^*  The  present  edition  is  an  entirely  new  work,  greatly  extended  and  very 
much  improved.  It  forms  a  text-book  which  must  find  its  way  into  the  hands, 
not  only  of  every  student,  but  of  every  engineer  who  desires  to  refresh  his  mem- 
ory or  acquire  clear  ideas  on  doubtful  points.*' — Manufacturer  and  Builder. 

**  We  hope  the  day  is  not  far  distant  when  a  thorough  course  of  study  and 
education  as  such  shall  be  demanded  of  the  practising  engineer,  and  with  this 
view  we  are  glad  to  welcome  this  translation  to  our  tongue  and  shores  of  one 
of  the  most  able  of  the  educators  of  Europe.** — T?ie  TeehnohgiiL 
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Francis'  Lowell  Hydraiilics. 

Third  Edition. 

•    4to.    Cloth.    $15.00." 

LOWELL  HYDRAULIC  EXPERIMENTS  —  being  a  Sela- 
tion  from  Experiments  on  Hydraulic  Motors,  on  the  Flow  \A 
Water  over  Weirs,  and  in  Open  Canals  of  Uniform  Rectaiigdar 
Section,  made  at  Lowell,  Mass.  By  J.  B.  Feajtcis,  GiTil  Engmeer. 
Third  edition,  revised  and  enlarged,  including  many  New  Ex- 
periments on  Gauging  Water  in  Open  Canals,  and  on  the  Plow 
through  Submerged  Orifices  and  Diverging  Tubes.  Widi  23 
copperplates,  beautifully  engraved,  and  about  100  new  pages  of 
text 

The  work  is  divided  into  parts.  Pabt  L,  on  hydraulic  motoo,  indnds* 
ninety-two  experiments  on  am  improved  Foomeyron  Turbine  Water-Wbeel 
of  about  two  hundred  horse-power,  with  rules  and  tables  for  the  oooBtnictiaa 
of  similar  motors;  thirteen  experiments  on  a  model  of  a  oentEe-veat  vita^ 
wheel  of  the  most  simple  design,  and  thirty-nine  experiments  on  a  oeatre-TeBt 
water-wheel  of  about  two  hundred  and  thirty  horse-power. 

Part  II.  includes  serenty-four  experiments  made  for  the  poipoae  of  deter- 
mining  the  form  of  the  formula  for  computing  the  flow  of  water  ovefweir?: 
nine  experiments  on  the  effect  of  back-water  on  the  flow  over  weiis;  eigbtj' 
eight  experiments  made  for  the  purpose  of  determining  the  formula  for  coo- 
puting  the  flow  over  weirs  of  regular  or  standard  forms,  with  Bevcnl  tsbki 
of  comparisons  of  the  new  formula  with  the  results  obtained  by  former  expen- 
menters;  Ave  experiments  on  the  flow  over  a  dam  in  which  the  crest  was  of  the 
same  form  as  that  built  by  the  Essex  Company  across  the  Herrimack  BiTerftt 
Lawrence,  Massachusetts;  twenty-one  experiments  on  the  effect  of  obsernjig 
the  depths  of  water  on  a  weir  at  different  distances  from  the  weir;  an  extea- 
sive  series  of  experiments  made  for  tho  purpose  of  determining  niie»  £v 
gauging  streams  of  water  in  open  canals,  with  tables  for  facilitating  the  nae; 
and  one  hundred  and  one  experiments  on  the  discharge  of  water  throng  ^ 
merged  orifices  and  diverging  tubes,  the  whole  being  fully  illustnled  br 
twenty-three  double  plates  engraved  on  copper. 

In  1855  the  proprietors  of  the  Locks  and  Canals  on  ICerximaok  Binr  ota- 
sented  to  the  publication  of  the  first  edition  of  this  work,  which  ooataixied  \ 
selection  of  the  most  important  hydraulic  experiments  made  at  Lowell  up  to 
that  time.  In  this  edition  the  principal  hydraulic  experiments  made  thsre. 
subsequent  to  1855,  have  be^u  added,  including  the  important  series  sbor? 
mentioned,  for  determining  rules  for  tho  gauging  tho  flow  of  water  in  opa 
canals,  and  the  interesting  scries  on  the  flow  through  a  submeiged  Yentsh^E 
tube,  in  which  a  larger  flow  was  obtained  than  any  we  find  recorded. 


D.   VAN  NO  STRAND. 


Williamson's  Meteorological  Tables. 

4to.    Flexible  CIoiIl    |2.50. 

PRACTICAL  TABLES  IN  METEOBOLOQ Y  AND  HYPSO- 
METRY,  in  connection  with  the  use  of  the  Bai'ometer.  By  Col. 
R  %  Williamson^  TJ.  S.  A. 


Merrill's  Iron  Truss  Bridges. 

Third  Edition. 

4to.     Cloth.     $5.00. 

IRON  TRUSS  BRIDGES  FOR  RAILROADS.  The  Method  of 
Calculating  Strains  in  Trusses,  with  a  careful  comparison  of  the 
most  prominent  Trusses,  in  reference  to  economy  in  combination, 
etc.,  etc.  By  Brevet  Colonel  Williait  E.  Merrill,  U.S.A., 
Major  Corps  of  Engineers.  Nine  lithographed  plates  of  illustra- 
tions. 

'*  The  work  before  us  is  an  attempt  to  give  a  basis  for  sound  reform  in  this 
feature  of  railroad  engineering,  by  throwing  *  additional  light  upon  the 
method  of  calcuUting  the  maxima  strains  that  can  como  upon  any  port  of  a 
bridge  truss,  and  upon  the  manner  of  proportioning  each  part,  so  that  it  shall 
be  as  strong  relatively  to  its  own  strains  as  any  other  part,  and  so  that  tho 
entire  bridge  may  bo  strong  enough  to  sustain  several  times  as  great  strains 
as  the  greatest  that  can  come  upon  it  in  actual  use.'  " — Scientific  American. 

"  The  author  has  presented  his  views  in  a  clair  and  intelligent  manner,  and 
the  ingenuity  displayed  in  coloring  tho  figures  so  as  to  present  certain  facts 
to  the  eye  forms  no  inappreciable  port  of  the  merits  of  the  work.  Tho  reduc- 
tion of  the  *  formulae  for  obtaining  the  strength,  volume,  and  weight  of  a  cast- 
iron  pillar  under  a  strain  of  compression,'  will  bo  very  acceptable  to  those  who 
have  occasion  hereafter  to  make  investigations  involving  these  conditions.  As 
a  whole,  the  work  has  been  well  done." — Railroad  Gazette,  Chicago, 


Allan's  Theory  of  Arches. 

18mo.    Boards.    60  cts. 

THEORY  OP  ARCHES.     By  Prof.  W.  Allan,  formerly  of 
Washington  and  Lee  University.     Ilhisfcrated. 

"  This  little  volome  is  an  amplification  and  explanation  of  Prof.  Ranldne's 
chapters  on  this  subject.'* 
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Shreve  on  Bridges  and  B00&. 

870,  87  wood-cat  illustrations.   Cloth.    $5.00. 

A   TREATISE   ON   THE  STRENGTH   OF   BRIDGES  AND 

ROOFS — comprising  the  determination  of  Algebraic  formulBs 
for  Strains  in  Horizontal,  Inclined  or  Rafter,  Triangular, 'Bov- 
string,  Lenticular  and  other  Trusses,  from  fixed  and  moTxng 
loads,  With  practical  applications  and  examplef&,  for  the  use  of 
Students  and  Engineers.  By  Saxuel  H.  Shrbte,  A.M.y  Gfil 
Engineer. 

*0n  the  whole,  Mr.  Shreve  has  produced  a  book  which  ie  the  nmplci^ 
clearest,  and  at  the  same  time,  the  most  sjstematic  and  with  the  best  math- 
ematical ri-asoniiig  of  any  work  upon  the  same  subject  in  the  language.'*— 
Railroad  Guzede. 

"  From  the  unusually  clear  languagoin  which  Mr.  Shreve  has  given  erm 
statemeut,  tlio  student  will  have  but  iiimself  to  blame  if  he  does  not  become 
thorougli  master  of  the  awhject  "—Londoii  Mining  Journal. 

"  Mr.  Shreve  has  produced  a  work  that  must  always  take  high  rank  is  & 
text-b(X)k,  ♦  •  ♦  and  no  Bridge  Engineer  should  be  without  it,  $9  a 
valuable  work  of  reference,  and  oue  that  will  frequently  assist  him  oat  of 
difficulties." — Franklin  I/uiituie  Journal, 


The  Kansas  City  Bridge. 

4to.    Cloth.    16.00 

WITH  AN  ACCOUNT  OF  THE  REGIMEN  OF  THE  MIS- 
SOUEI  ItlYER,  and  a  description  of  the  Methods  used  for 
Founding  in  that  River.  By  0.  Ghakuts,  Chief  Engineer,  and 
Georob  Mosisoir,  Assistant  Engineer.  Illustrated  with  i^ 
lithographic  views  and  twelve  plates  of  plans. 

Illustrations, 


Views.— View  of  the  Kansas  City 
Bridge,  August  2,  1869.  Lowering 
Caisson  No.  1  into  position.  Caisson 
for  Pier  No.  4  brought  into  position. 
View  of  Foundation  Works,  Pier  No. 
4.     Pier  No.  1. 

Plates. — T.  Map  showing  location 
of  Bridge.  II.  Water  Record— Cross 
Section  of  River — ^Profile  of  Crossing 
— Pontoon  Protection.  ITT.  Water 
Deadener — Caisson    No.   3 — ^Founda 


tion  Works,  Pier  No.  3.  IV.  Itmiar 
tion  Works,  Pier  No.  4  V.  Founds- 
tion  Works,  Pier  Na  4  VI.  Guam 
No.  5— Sheet  Piling  at  Pier  Na  6- 
Details  of  I>redge»>-Pile  Shoe— Betas 
Box.  VIL  Masonry — ^Draw  Protee- 
tion — ^False  Works  between  Vien  3 
and   4      VIII.    Floating  Derricb. 

IX.  General  Elevation — 176  feet  tpan. 

X.  248feets^n.  XL  PlansofDnv. 
XIL  Strain  Diagrams^ 
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Clarke's   Qmncy  Bridge, 

4to.    Cloth.    $7.50. 

DESCRIPTION  OF  THE  IRON  RAILWAY  Bridge  across  the 
Mississippi  River  at  Quincy,  Illinois.  By  Thomas  Cuktis  Cl.\.bk£, 
Chief  Engineer.  Illustrated  with  twenty-one  lithographed 
plans. 


Barba  on  the  Use  of  Steel. 

12mo.    Ulustrated.    Cloth.    In  Press. 

THE  USE  OF  STEEL  IN  CONSTRUCTION.  Method  of 
Working,  Applying,  and  Testing  Plates  and  Bars.  By  J. 
Barba,  Chief  Naval  Constructor.  Translated  from  the 
French,  with  a  Preface,  by  A.  L.  Holley,  P.B, 


Whipple  on  Bridge  Building. 

8yo,  Illustrated.     Cloth.     $4.00. 

AN  ELEMENTARY  AND  PRACTICAL  TREATISE  ON 
BRIDGE  BUILDING.  An  enlarged  and  improved  edition  of 
the  Author's  original  work.  By  S.  Whipple,  C.  E.,  Inventor  of 
the  Whipple  Bridges,  «&c.  Second  Edition. 

The  design  has  been  to  develop  from  Fundamental  Principles  a  system  easy 
of  comprehension,  and  such  as  to  enable  the  attentive  reader  and  student  to 
judg^  understandingly  for  himself,  as  to  the  relative  merits  of  different  plans 
and  combinations,  and  to  adopt  for  use  such  as  may  be  most  suitable  for  the 
cases  he  may  have  to  deal  with. 

It  Lb  hoped  the  work  may  prove  an  appropriate  Text^Book  upon  the  subject 
treated  of,  for  the  Engineering  Student,  and  a  useful  manual  for  the  Practio- 
-  lag  Engineer  and  Bridge  Builder. 
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Stoney  on  Strains. 

Ne^v  and  Reviaeti  Edition^  tvUh  numerate  iUu9iratUm», 

Koyal  8vo,  664  pp.    Cloth,    $12.50.    ' 

THE  THEORY  OF  STRAINS  IN  GIRDERS  and  Similar  Stnus 
tures,  with  Observations  on  the  Application  of  Theory  to  Practice, 
and  Tables  of  Strength  and  other  Properties  of  Materials.  Br 
BiNBOK  B.  Stonet,  B.  a. 


Roebling's  Bridges. 

linporial  folio.     Cloth.     $25.00. 

LONG  AND  SHORT  SPAN  RAILWAY  BRIDGES.  Bj  Joo 
A.  RoEBLiNo,  C.  E.  Illustrated  with  large  copperplate  eognr- 
ings  of  plans  and  views. 

List  of  Plates 

1.  Parabolic  Trass  Hallway  Bridge.  2,  3,  4,  5,  6.  Dotaik  of  Ftoaboik 
Truss,  with  centre  span  500  feet  in  the  clear.  7.  Plan  and  View  of  a  Bridge 
over  the  Mississippi  Kiver,  at  St.  Louis,  for  railway  and  comnum  traveL  8, 9, 
10,  11,  12.  Details  and  View  of  St.  Louis  Bridge.  13.  lUilroad  Bridge  om 
the  Ohio. 


Diedrichs'  Theory  of  Strains. 

8vo.    Cloth.    $5.00. 

A  Compendium  for  the  Calculation  and  Construction  of  Bridges. 
Roofs,  and  Cranes,  with  the  Application  of  Trigonometrical 
Notes.  Containing  the  most  comprehensive  information  in  re- 
gard to  the  Resulting  Strains  for  a  peimanent  Load,  as  also  for 
a  combined  (Permanent  and  Rolling)  Load.  In  two  tectioDs 
adapted,  to  the  requirements  of  the  present  time.  By  Joh5  Dii»- 
Bicus.     Illustrated  by  numerous  plates  and  diagrams. 

"  The. want  of  a  compact,  universal  and  popular  treatise  on  the  Goostrur* 
tion  of  Roofs  and  Bridges — especially  one  treating  of  the  influence  of  a  ram- 
ble load — and  the  unsatis&ctory  essays  of  different  authors  on  the  sabJ9ci, 
induced  me  to  prepare  ihis  work.'* 


D.  VAIf  NOSTBAND. 


Jacob  on  Retaining  "Walls. 

18mo.    Boards.  oOcts. 

PRACTICAL  DESIGNING  OP  RETAINING  WALLS. 
Arthub  Jacob,  A.  B. 


By 


Oampin  on  Iron  Roofs* 

Large  Svo.    Cloth.    $2.00. 

ON  THE  CONSTRUCTION  OF  IRON  ROOFS.  A  Theoretical 
and  Practical  Treatise.  By  Feancis  Campin.  With  wood-cuts 
and  plates  of  Roofs  lately  executed. 

'*  The  mathematicftl  formulas  are  of  an  elementary  kind,  and  the  process 
admits  of  an  easy  extension  so  as  to  embrace  the  prominent  yarieties  of  iron 
truss  bridges.  The  treatise,  though  of  a  practical  scientific  character,  may  be 
easily  mastered  by  any  one  familiar  with  elementary  mechanics  and  plane 
trigonometry." 

HoUey's  Railway  Practice. 

1  Tol.  folio.    Cloth.    $12.00. 

AMERICAN  AND  EUROPEAN  RAILWAY  PRACTICE,   in 

the  Economical  Generation  of  Steam,  including  the  materials 
and  construction  of  Coal-burning  Boilers,  Combustion,  the  Varia- 
ble Blast,  Vaporization,  Circulation,  Super-heating,  Supplying 
and  Heating  Feed-water,  &c.,  and  the  adaptation  of  Wood  and 
Coke-buming  Engines  to  Coal-burning ;  and  in  Permanent  Way, 
including  Road-bed,  Sleepers,  Rails,  Joint  Fastenings,  Street 
Railways,  &c.,  &c.  By  Alexander  L.  Holley,  B.  P.  With  77 
lithographed  plates. 

"  This  is  an  elaborate  treatise  by  one  of  our  ablest  civil  engineers,  on  the  con- 
struction and  use  of  locomotives,  with  a  few  chapters  on  the  building  of  Rail- 
roads. >  *  *  All  these  subjects  are  treated  by  the  author,  who  is  a 
first-class  railroad  engineer,  in  both  an  intelligent  and  intelligible  manner.  The 
facts  and  ideas  are  well  arranged,  and  presented  in  a  dear  and  simple  style, 
accompanied  by  beautiful  engravings,  and  we  presume  the  work  will  be  regard- 
ed as  indispensable  by  all  who  are  interested  in  a  knowledge  of  the  construc- 
tion of  railroads  and  rolling  stock,  or  the  working  of  locomotives." — Sdentifie 
Amerteaiu 
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Henricrs  Skeleton  Stractures. 

8vo.    Cloth.    $1.5a 

SKELETON  STRUCTURES,  especially  in  their  ApplicatioE  to 
the  building  of  Steel  and  Iron  Bridges.  By  OL.ius  Hjcr^ia 
With  folding  plates  and  diagrams. 

B7  presenting  these  general  examinations  on  Skeleton  Stmctiina»  witk 
partioular  application  for  Suspended  Bridges,  to  Engineers,  I  Tentore  to  ex* 
press  the  hope  that  they  will  receive  these  theoretical  results  with  some  confi- 
dence, even  although  an  opportunity  is  wanting  to  oompaxe  them  with  pnc& 
cal  results.  0.  U. 


Useful  Information  for  Railway  Men 

Pocket  form.    Koroooo,  gilt,  $3.00. 

Compiled  by  W.  Q.  Hamilton,  Engineer.     Sixth    edition,  renriaed 
and  enlarged.     570  pages. 

"  It  embodies  many  raluable  formube  and  redpes  usefnl  lor  railvsy  oeE, 
and,  indeed,  for  almost  every  class  of  persons  in  the  world.  The  '  infonni- 
tion '  comprises  some  valuable  formulae  and  rules  for  the  constructioa  oi 
boilers  and  engines,  masonry,  properties  of  steel  and  iron,  and  the  strengtb 
of  materials  generally." — Railroad  GcuteUe,  Chicago, 


The  Mechanic's  Friend. 

12ino.  Cloth.  800  Illostrations.  $1.50. 
THE  MECHANIC'S  FRIEND  :  A  Collection  of  Receipts  and 
Practical  Suggestions,  Relating  to  Aquaria  —  Broiwing— 
Cements  —  Drawing  —  Dyes  —  Electricity —  Gilding— Gl«a- 
Working — Glues — Horology — Lacquers — Locomotives— Mag- 
netism —  Metal-  Working  —  Modelling  —  Photography  — Pyro- 
techny  —  Railways  —  Solders  —  Steam-Engine — Telegraphf- 
Taxidermy — Varnishes  —  Waterproofing  —  and  Miscellaneoos 
Tools,  Instruments,  Machines,  and  Processes  connected  iriti 
the  Chemical  and  Mechanical  Ai*ts.  By  Wiluah  E  Axox, 
M.R.S.L. 
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Kirkwood  on  Filtration. 

4to.    aoth.    ^15.00. 

EEPOET  ON  THE  FILTEATION  OF  EIVER  WATEBS,  for 

•the  Supply  of  Cities,  as  practised  in  Europe,  made  to  the  Board 
of  Water  Commissioners  of  the  City  of  St  Louis.  By  James  P. 
KiaKwooi).     Illustrated  by  30  double-plate  engravings. 

CoNTEiNTS. — ^Report  on  Filtration — ^London  Works,  Grcneral — Chelsea 
Water  Works  and  Filters — ^Lambeth  Water  Works  and  Filters — Southwark 
and  Vauxhall  Water  Works  and  Filters — Grand  Junction  Water  Works  and 
Filters— West  Middlesex  Water  Works  and  Filters— New  River  Water 
Works  and  Filters — East  London  Water  Works  and  Filters — Leicester  Water 
Works  and  Filters— York  Water  Works  and  Filters— Liverpool  Water  Works 
and  Filters— Edinburgh  Water  Works  and  Filters— Dublin  Water  Works 
and  Filters — Perth  Water  Works  and  Filtering  Gallery — ^Berlin  Water 
Works  and  Filters — Hamburg  Water  Works  and  Reservoirs — ^Altona  Water 
Works  and  Filters — Tours  Water  Works  and  Filtering  Canal — Angers  Water 
Works  and  Filtering  Galleries — Nantes  Water  Works  and  Filters — Lyons 
Water  Works  and  Filtering  Galleries — Toulouse  Water  Works  and  Filtering 
Gtdleries — Marseilles  Water  Works  and  Filters — Gknoa  Water  Works  and 
Filtering  Galleries — Leghorn  Water  Works  and  Cisterns— Wakefield  Water 
Works  and  Filters — Appendix. 


Tunner  on  Roll-Taming. 

1  vol.  8vo.  and  1  voL  plates.    $10.00. 

A  TREATISE  ON  ROLL-TURNING  FOR  THE  MANUFAC- 
TURE OF  IRON.  By  Peter  Tunxer.  Translated  and  adapted. 
By  JoHx  B.  PE^iRSE,  of  the  Pennsylvania  Steel  Works.  With 
numerous  wood-cuts,  8vo.,  together  with  a  folio  atlas  of  10  litho- 
graphed plates  of  Rolls,  Measurements,  &c. 

"  We  commend  this  book  as  a  clear,  elaborate,  and  practical  treatise  upon 
the  department  of  iron  manufacturing  operations  to  which  H  is  devoted. 
The  writer  states  in  his  prefieu^,  that  for  twenty-five  years  he  has  felt  the 
necessity  of  such  a  work,  and  has  evidently  brought  to  its  preparation  the 
fruits  of  experience,  a  painstaking  regard  for  accuracy  of  statement,  and  a 
desire  to  furnish  information  in  a  style. readily  understood.  The  book  should 
be  in  the  hands  of  every  one  interested,  either  in  the  general  practice  of 
mechanical  engineering,  or  the  special  branch  of  manufacturing  operations  to 
which  the  work  relates.*' — American  Artisan. 
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Jacob  on  Storage  Keservoirs. 

ISmo.    Board&    60  cts. 

THE  DESIGNING  AND  CONSTRUCTION  OF  STORAGE 
RESERVOIRS.  By  Arthur  Jacob,  B.  A.  With  tables  and 
wood-cuts  icpresentiDg  sections,  etc 


Hewson  on  Embankments. 

8^0.    Cloth.    12.00. 

PEINCIPLES  AND  PRACTICE  OF  EMBANKING  LANDS 
from  Kiver  Eloods,  as  applied  to  the  Levees  of  the  Mississippi. 
By  William  Hewson,  Civil  Engineer. 

*'  This  is  a  valuable  treatise  on  the  principles  and  practice  of  embanldc^ 
lands  from  river  floods,  x^  applied  to  the  Levees  of  the  Minissippi,  by  a  Highlj 
intelligent  and  experienced  engineer.  The  author  says  it  is  a  fiiBt  attempt 
to  reduce  to  order  and  to  rule  the  design,  execution,  and  measiirement  of  tke 
Levees  of  the  MississippL  It  is  a  most  useful  and  needed  oontributioa  to 
scientific  literature. — PJUlade^phia  EterUng  Jourrud, 


Gniner  on  Steel. 

8vo.  Cloth.    $3.50. 

THE  MANUFACTURE  OF  STEEL.  By  M.  L.  Ohitkeb,  trans- 
lated from  the  French.  By  Lenox  Smith,  A.  M.,  E.  M.,  with  an 
appendix  on  the  Bessemer  Process  in  the  United  States,  by  the 
translator.     Illustrated  by  lithographed  drawings  and  wood-cuts. 

"  The  purpose  of  the  work  is  to  present  a  careful,  elaborate,  and  at  the 
same  time  practical  examination  into  the  physical  properties  of  steel,  as  well 
as  a  description  of  the  new  prooesses  and  mechanical  appliances  for  its  mannfar- 
ture.  The  information  which  it  contains,  gathered  from  many  tmstworthT 
sources,  will  be  found  of  much  value  to  the  American  steel  manu&ctora', 
who  may  thus  acquaint  himself  with  the  results  of  careful  and  elaborate  ex* 
periments  in  other  countries,  and  better  prepare  himself  for  succesaf  ol  com- 
petition in  this  important  industry  with  foreign  makers.  The  fact  that  this 
volume  is  from  the  pen  of  one  of  the  ablest  metallurgists  of  the  present  daj, 
cannot  fail,  wo  think,  to  secure  for  it  a  &vorable  consideration. — Irot^  Age. 
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Baiierman  on  Iron. 

13mo.  Cloth.    $2.00. 

TREATISE  ON  THE  METALLURGY  OF  IRON.  Contain- 
ing outlines  of  the  History  of  Iron  Manufacture,  methods  of 
Assay,  and  analysis  of  Iron  Ores,  processes  of  manufacture  of 
Iron  and  Steel,  etc.,  etc.  By  H.  Bauebma^k.  First  American 
edition.  Revised  and  enlarged,  with  an  appendix  on  the  Martin 
Process  for  making  Steel,  from  the  report  of  Abram  S.  Hewitt. 
Illustrated  with  numerous  wood  engravings.* 

"  This  is  an  important  addition  to  tho  stock  of  technical*  works  puhlished  in 
this  country.  It  embodies  the  latest  facts,  discoveries^  and  processes  con- 
nected  with  the  manufacture  of  iron  and  steel,  and  should  he  in  tho  hands  of 
every  person  interested  in  the  suhject,  as  well  as  in  all  technical  and  scientific 
libraries.'' — Seieniific  Ameriean. 


Link  and  Valve  Motions,  by  W.  S. 

Auchincloss. 

Sixth  Edition.    8vo.  Cloth.     $3.00. 

APPLICATION  OF  THE  SLIDE  VALVE  and  Link  Motion  to 
Stationary,  Portable,  Locomotive  and  Marine  Engines,  with  new 
and  simple  methods  for  proportioning  the  parts.  By  Wiluam 
S.  AvcniNCLoss,  Civil  and  Mechanical  Engineer.  Designed  as 
a  hand-book  for  Mechanical  Engineers,  Master  Mechanics, 
Draughtsmen  and  Students  of  Steam  Engineering.  All  dimen- 
sions of  the  valve  are  found  with  the  greatest  ease  by  means  of 
a  Printed  Scale,  and  proportions  of  the  link  determined  loitkout 
the  assistance  of  a  model.  Illustrated  by  87  wood-cuts  and  21 
lithographic  plates,  together  with  a  copperplate  engraving  of  the 
Travel  Scale. 

All  the  matters  we  have  mentioned  axe  treated  with  a  clearness  and  ahsenoo 
of  unnecessary  yerhiago  which  renders  the  work  a  peculiarly  valuahle  one. 
The  Travel  Scale  only  requires  to  ho  known  to  ho  approciatod.  Hr.  A.  writes 
so  ahly  on  his  suhject,  we  wish  he  had  written  more.  London  Enr 
gineering, 

m 

We  have  never  opened  a  work  relating  to  steam  which  seemed  to  ua  hotter 
calculated  to  give  an  intelligent  mind  a  clear  understanding  of  the  depart- 
ment it  discusses. — Scientific  American, 
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Slide  Valve  by  Eccentrics,  by  Prof. 

O.  W.  MacOord. 

4ta    Blnstnted.    Cloth,    HOO. 

A  PRACTICAL  TEEATISE  ON  THE  SLIDE  VALVE  BY 
ECCENTRICS,  examining  by  methods,  the  action  of  the  Eccen- 
tric upon  the  Slide  Valve,  and  explaining  the  practical  prooe$- 
ses  of  laying  out  the  movements,  adapting  the  Talve  for  its 
various  duties  in  the  steam-engine.  For  the  use  of  Engineers, 
Draughtsmen,  Machinists,  and  Students  of  valve  motions  in 
general.  By  0.  TV.  MacCokd,  A.  M.,  Professor  of  M< 
Drawing,  Stevens'  Institute  of  Technology,  Hoboken,  N  J. 


Stillman's  Steam-Engine  Indicator. 

12mo.  Cloth.    $1.00. 

THE  STEAM-ENGINE  INDICATOR,  and  the  Improved  Mano- 
meter  Steam  and  Vacuimi  Gauges ;  their  utility  and  applicatum 
By  Paul  Stilucan.     New  edition. 


Bacon's  Steam-Engine  Indicator. 

12mo.  Cloth.    $1.00.    Mor.    $1.50. 

A  TREATISE  ON  THE  RICHARDS  STEAM-ENGINE  IN- 
DICATOR,  with  directions  for  its  use.  Bv  Charles  T.  Poktss. 
Revised,  with  notes  and  large  additions  as  developed  by  Amer- 
ican Practice,  with  an  Ap{)endix  containing  useful  formulae  and 
rules  for  Engineers.  By  F.  W.  Bacon,  M.  E.,  Member  of  the 
American  Society  of  Civil  Engineers.     Illustrated.  Second  Edition 

.  In  this  work,  Mr.  Porter's  book  has  been  taken  as  the  basis,  but  Mr.  Baaaa 
has  adapted  it  to  American  Practice^  and  has  conferred  a  great  boon  on 
American  Engineers. — Artiian. 


Steam  Boiler  Explosions. 

18mo.    Boards.    50  cts. 

STEAM  BOILER  EXPLOSIONS.    By  Zerah  Colburn. 

"  It  is  fall  of  practical  information,  and  serves  to  show  in  a  most  marfad 
manner  how  very  little  one's  knowledge  upon  the  subject  has  advanced  dnrmg 
the  past  ten  years."— JV.  Y.  Times, 
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Gillmore's  Limes  and  Cements. 

Fifth  Edition.    Revised  and  Enlarged* 

8vo.    Cloth.     $4.00. 

PEACTIOAL  TEEATISE  ON  LIMES,  HYDRAULIC  CE- 
MENTS^ AND  MORTARS.  Papers  on  Practical  Engineering, 
TJ.  S.  Engineer  Department,  No.  9,  containing  Reports  of 
numerous  experiments  conducted  in  New  York  City,  during  the 
years  1858  to  1861,  inclusive.  By  Q.  A,  Gillmore,  Lt.-Col. 
U.  S.  Corps  of  Engineers,  Brevet  Major-General  U.  S.  Army. 
With  numerous  illustrations. 

*'  This  -work  contains  a  record  of  certain  experiments  and  researches  made 
under  the  authority  of  the  Engineer  Bureau  of  the  War  Department  from 
1858  to  1861,  upon  the  various  hydraulic  cements  of  the  XJnited  States,  and 
the  materials  for  their  manufacture.  The  experiments  were  carefully  made, 
and  are  well  reported  and  compiled. ' — Journal  Franklin  Institute. 


Gillmore's  Ooignet  Beton. 

8to.    Cloth.    $2.50. 

COIGNET  BETON  AND  OTHER  ARTIFICIAL  STONE.  By 
Q.  A.  Gillmore,  Lt.-Col.  U.  S  Corps  of  Engineers,  Brevet 
Major-Genoml  U.  S.  Army.     9  Plates,  Views,  etc. 

This  work  describes  with  considerable  minuteness  of  detail  tho  seTeral  kinds 
of  artificial  stone  in  most  general  use  in  Europe  and  now  beginning  to  be 
introduced  in  the  United  States,  discusses  their  properties,  relative  merits, 

and  cost,  and  describes  tho  m.aterials  of  which  they  are  composed 

The  subject  is  one  of  special  and  growing  interest,  and  wo  commend  tho  work, 
embodying  as  it  does  the  matured  opinions  of  an  experienced  engineer  and 
expert. 

Gillmore  on  Roads. 

12mo.  Cloth.    In  Press. 

A  PRACTICAL  TREATISE  ON  THE  CONSTRUCTION 
OF  ROADS,  STREETS,  AND  PAVEMENTS.  By  Q.  A. 
Gillmore,  Lfc.-Col.  TJ.  S.  Corps  of  Engineers,  Brevet  Major- 
General  U.  S.  Army. 
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Williamson  on  the  Barometer. 

4:to.    Cloth.    tlo.OO. 

ON  THE  USE  OF  THE  BAROMETER  ON  SURVEYS  AM) 
RECONNAISSANCES.  Part  I.  Meteorology  in  its  Connec- 
tion with  Hypsometry,  Part  H^  Barometric  Hypeometry.  Bt 
R.  S.  "WiLLiAMSox,  Byt.  Lieut-Col.  U.  S.  A.,  Major  Corps  of 
Engineers.  With  Illustrative  Tables  and  Engrayings.  P^ 
No.  15,  Professional  Papers,  Corps  of  Engineers. 

"  San  Frawcmco,  Cai-,  JRj6.  27, 1857. 
Gten.  A.  A  HUHPHBETSy  Chief  of  Engizieers,  U.  S.  Army : 
<'  Gekehal, — ^I  have  the  honor  to  submit  to  you,  in  the  following  pages,  the 
results  of  my  inyestigations  in  meteorology  and  hypeometryy  made  vith  tk 
view  of  ascertaining  how  far  the  barometer  can  be  used  as  a  reliable  isitnr 
ment  for  determining  altitudes  on  extended  lines  of  survey  and  recooBta- 
sances.    These  investigations  hare  occupied  the  leisure  permitted  me  from  ny 
professional  duties  during  the  last  ten  years,  and  I  hope  the  results -wiUljr 
deemed  of  sufficient  value  to  have  a  place  assigned  them  among  the  pnmted 
professioaal  papers  of  the  United  States  Corps  of  Engineers. 
"  Very  respectfully,  your  obedient  servant, 

«  R.  S.  WILLIAMSON, 
Bvt.  Lt-CoL  U.  S.  A,  Major  Corps  of  U.  S.  Enginficn." 


« 


« 


Von  Ootta's  Ore  Deposits. 

8vo.    Cloth.    $4.00. 
TREATISE  ON  ORE  DEPOSITS.     By  Bkbshabd  Toy  Coni, 

Professor  of  Geology  in  the  Royal  School  of  Mines,  Freidbc^. 

Saxony.     Translated    from    the    second    German    edidoD,  bj 

Eredesick  Pbihe,   Jr.,   Mining  Engineer,  and  revised  by  the 

author,  with  numerous  illustrations. 
"  Prof.  Von  Cotta  of  the  Freiberg  School  of  Mines,  is  the  author  of  tiie 
best  modem  treatise  on  ore  deposits,  and  we  axe  heartily  glad  that  tbis  ad- 
mirable work  has  been  translated  and  published  in  this  country.  The  tnas- 
lator,  Mr.  Frederick  Prime,  Jr.,  a  graduate  of  Freiberg,  has  had  in  hifl  v^*^ 
the  great  advantage  of  a  revision  by  the  author  himaftlf,  who  declares  in  > 
prefatory  note  that  this  may  be  considered  as  a  new  edition  (the  thiid)  of  bii 
own  book. 

*'  It  is  a  timely  and  welcome  contribution  to  the  literature  of  mining  n 
this  country,  and  we  are  grateful  to  the  translator  for  his  enterprise  and  goaf 
judgment  in  undertaking  its  preparation ;  while  wo  reoognize  with  oqiial  ccff- 
diality  the  liberality  of  the  author  in  g^ranting  both  permission  snd  aw^' 
vsifn^'^'—S^BXfradt  frcm  JUview  in  Engiruming  andHming  JsumaJL 
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Plattner's  Blow-Pipe  Analysis. 

Second  edition.    Berised.    8Vo.    Clotii.    |7.&0. 

PLATTNER^S  MANUAL  OF  QUALITATIVE  AND  QUAN- 
TITATIVE  ANALYSIS  WITH  THE  BLOW-PIPE.  Prom 
the  last  German  edition  Revised  and  enlarged.  By  Prof.  Tn. 
RicHTEit,  of  the  Royal  Saxon  Mining  Academy.  Translated  by 
Prof.  n.  B.  Cornwall,  Assistant  in  the  Columbia  School  of 
Mines,  New  York ;  assisted  by  Johk  H.  Caswell.  Illustrated 
with  eighty-seven  wood-cuts  and  one  Lithographic  Plate.  560 
pages. 

*'  Plattner's  celebrated  work  has  long  been  recognized  ea  the  only  complete 
book  on  Blow-Pipe  Analysis.  The  fourth  Grerman  edition,  edited  by  Prof. 
Kichter,  fuUy  sustains  the  reputation  which  the  earlier  editions  acquired  dur- 
ing ilio  lifetime  of  the  author,  and  it  is  a  source  of  g^at  satisfaction  to  us  to 
know  that  Prof.  Kichter  has  co-operated  with  the  translator  in  issuing  the 
American  edition  of  the  work,  which  is  in  fact  a  fifth  edition  of  the  original 
work,  being  far  more  complete  than  the  last  German  edition." — S'dUman^s 
JournaX, 

There  is  nothing  so  complete  to  be  found  in  the  English  language.  Platt- 
ner*8  book  is  not  a  mere  pocket  edition  ;  it  is  intended  as  a  comprehensive  guide 
to  aU  that  is  at  present  known  on  the  blow-pipe,  and  as  such  is  really  indis- 
pensable to  teachers  and  advanced  pupils. 

"  Mr.  Comwairs  edition  is  something  more  than  a  translation,  as  it  contains 
many  corrections,  emendations  and  additions  not  to  be  found  in  the  original. 
It  is  a  decided  improvement  on  the  work  in  its  German  6x&B»,^*-Journdl  of 
AppUed  Chemistry,   ' 


,  Egleston's  Mineralogy. 

8vo.    niuatrated  with  84  Lithographic  Plates.     Cloth.    $4.50. 

LECTUEES   ON  DESCRIPTIVE   MINERALOGY,    DeUvered 
at  the  School  of  Mines,  Columbia  College.     Bt  Pkofessob  T. 

EOLESTOK. 

These  lectures  are  what  their  title  indicates,  the  lectures  on  Mineralogy 
delivered  at  the  School  of  Hines  of  Columbia  College.  They  have  been 
printed  for  the  students,  in  order  that  more  time  might  be  given  to  the  vari- 
ous methods  of  examining  and  determining  minerals.  The  second  part  has 
only  been  printed.  The  first  part,  comprising  crystallography  and  physical 
mineralogy,  will  be  printed  at  some  future  time. 


Pynchoii's  Chemical  Physics. 

New  Edition,    Revised  and  Enlarged, 

Crown  8yo.    Cloth.    $3.00. 

INTEODUCTION  TO  CHEMICAL  PHYSICS,  Designed  for  the 
Use  of  Academies,  Colleges,  and  High.  Schools.  Hlustrated  in*Ji 
numerous  engravings,  and  containing  copious  experiments  vitli 
directions  for  preparing  them.  By  Thohas  Huggles  PrxcHoy, 
M.  A.,  Professor  of  Chemistry  and  the  Natural  Sciences,  TiinitT 
College,  Hartford. 

Hitherto,  no  -work  suitable  for  general  use,  treating  of  all  these  sabjecti 
within  the  limits  of  a  singlo  voluzno,  could  be  found ;  conaequsntlj  the  attfi* 
tion  they  have  received  has  not  been  at  all  proportionate  to  their  iznportaace. 
It  is  believed  that  a  book  containing  so  much  valuable  information  witliiB  to 
small  a  compass,  cannot  fail  to  meet  with  a  ready  sale  among  all  intelligent 
persons,  while  Professional  men,  Physicians,  Hedical  Students,  Photograpii- 
ers,  Telegraphers,  Engineers,  and  Artisans  generally,  will  find  it  speciaDj 
vsduable,  if  not  nearly  indispensable,  as  a  book  of  reference. 

''  We  strongly  recommend  this  able  treatise  to  our  readers  as  the  first 
work  ever  published  on  the  subject  frse  from  perplexing  t/yhTiinalitifa.  b 
>  style  it  is  x)nre,  in  description  graphic,  and  its  typographical  appeazsnce  a 
artistic.    It  is  altogether  a  most  excellent  work." — EeleeUc  Medical  JwrwsL 

**•  It  treats  fully  of  Photography,  Telegraphy,  Steam  Engines,  and  tke 
various  applications  of  Electricity.  In  short,  it  is  a  cazefnlly  prepmd 
volume,  abreast  with  the  latest  scientiflo  discoveries  and  inventionSi''— ^fl^ 
f^d  CourarU. 

Plympton's  Blow-Pipe  Analysis. 

12mo.    Cloth.    $160. 

THE  BLOW-PIPE  :  A  Guide  to  Its  Use  in  the  Determination 
of  Salts  and  Minerals.  Compiled  from  varions  sources,  by 
George  W.  Plymptok,  C.E.,  A.M.,  Professor  of  Phjacal 
Science  in  the  Polytechnic  Institute,  Brooklyn,  N.  Y. 


*'  This  manual  probably  has  no  superior  in  the  English  language  as  a  text- 
book for  beginners,  or  as  a  guide  to  the  student  working  without  a  teacber. 
To  the  latter  many  iUustrations  of  the  utensils  and  apparatus  required  ia 
using  the  blow-pipe,  as  weU  as  the  fully  iUustrated  description  of  tiie  Uov- 
pipe  flame,  wiU  be  especially  serviceable.*'— iVinff  York  Teadter. 
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lire's  Dictionary. 


Sia^h  Edition. 

London,  1872. 

8  Tols.    8yo.    Half  Bussia.    $82.60. 

DICTIONARY  OP  AETS,  MANUFACTURES,  AND  MINES. 
By  Andbew  Uee,  M.D.  Sixth  edition.  Edited  by  Robekt  Huut, 
F.R.S.,  greatly  enlarged  and  rewritten. 


Gases  in  Coal  Mines 


IBxno.    Boards.    50  cts. 


A  PRACTICAL  TREATISE  ON  THE  GASES  MET  WITH 
IN  COAL  MINES.    By  tho  late  J.  J.  Atkij^^son,  Govern-. 
ment  Inspector  of  Mines  for  the  County  of  Durham,  England. 


Watt's  Dictionary  of  Chemistry. 

Supplementary  Volume. 

8yo.    Cloth.    $9.00. 

This  Yolumo  brings  the  Record  of  Chemical  Discovery  down  to  the  end  of 
the  year  1869,  including  also  sereral  additions  to,  and  corrections  of,  former 
results  which  have  appeared  in  1870  and  1871. 

*^*  Complete  Sets  of  the  Work,  Kew  and  Beyised  edition,  including  above 
supplement.    6  vols.    8vo.    Cloth.     $62.00. 


Rammelsberg's  Chemical  Analysis. 

8vo.     Cloth.    $2^. 

GUIDE  TO  A  COURSE  OP  aUANTITATIVE  CHEMICAL 
ANALYSIS,  ESPECIALLY  OF  MINERALS  AND  FUR- 
NACE PRODUCTS.  Illustrated  by  Examples.  By  C.  F. 
Raichelsbebq.     Translated  by  J.  Towles,  M.D. 

This  work  has  been  translated,  and  is  now  published  expressly  for  those 
students  in  chemistry  whose  time  and  other  studies  in  ooUeges  do  not  permit 
them  to  enter  upon  the  more  elaborate  and  expensive  treatises  of  Fresenius 
and  others.  It  is  the  condensed  labor  of  a  master  in  chemistry  and  of  a  prac- 
tical analyst 


Eliot  and  Storer's  Qualitative 
Chemical  Analysis, 

New  Edition,  Mevised* 

12]no.    niastrated.    ClotlL     91.50. 

A  COMPENDIOUS  MANUAL  OF  QUALITATIVE  CHEMI- 
CAL ANALYSIS.  By  Chaiiles  W.  Euot  and  Fraxk  IL  Stoiel 
Be  vised  with  the  Cooperation  of  the  Authors,  by  Whuaji  Rif- 
L£T  Nichols,  Professor  of  Chemistry  in  the  Massachusetts  Insti- 
tute of  Technology. 

"  This  Manual  has  great  merits  as  a  practical  introductioii  to  the  taaa 
and  the  art  of  which  it  treats.  It  contains  enough  of  the  theory  and  fotAx 
of  qualitative  analysis,  "  in  the  wet  way/'  to  bring  out  all  the  jeaaatdng  ia- 
Tolved  in  the  science,  and  to  present  clearly  to  the  student  the  most  appzorc^I 
methods  of  the  art.  It  is  specially  adapted  for  exercises  and  expeoiDeBts  ia 
the  laboratory ;  and  yet  its  classifications  and  manner  of  treatment  are  x 
systematic  and  logical  throughouti  as  to  adapt  it  in  a  high  degree  to  tkt 
higher  class  of  students  generally  .who  desire  an  accurate  knowledge  of  tk 
practical  methods  of  arriving  at  scientific  facts.** — Lu^ieran  Observer. 

"  We  wish  every  academical  class  in  the  land  could  have  the  benefifc  of  t^ 
fifty  exercises  of  two  hours  each  necessary  to  master  this  book.  ChesiiitiT 
would  cease  to  be  a  mere  matter  of  memory,  and  become  a  pleasant  exps:- 
mental  and  intellectual  recreation.  We  heartily  commend  this  Utile  VQlvae 
to  the  notice  of  those  teachers  who  believe  in  using  the  soienccs  as  metas  cf 
mental  discipline." — CoUege  CouranL 


Craig's  Decimal  System. 

Square  S2mo.    Limp.    50o. 

WEIGHTS  AND  MEASUEES.  An  Account  of  the  Decanal 
System,  with  Tables  of  Conversion  for  Commercial  and  Scientific 
Uses.     By  B.  P.  Craio,  M.  D. 

''  The  most  lucid,  accurate,  and  useful  of  all  the  hand-books  on  ihii  sabject 
that  wo  have  yet  seen.  It  gives  forty-seven  tables  of  comparison  between  tb 
English  and  French  denominations  of  length,  area,  capacity,  weight,  and  the 
Centigrade  and  Fahrenheit  thermometers,  with  clear  instractions  hoir  to  iL«r 
them ;  and  to  this  practical  portion,  which  helps  to  make  the  trBDsitkn  u 
easy  as  possible,  is  prefixed  a  scientific  explanation  of  the  errors  in  tiM  wg^ 
system,  and  how  they  may  be  corrected  in  the  laboratory.** — Ststiun, 
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Nugent  on  Optics. 

12mo.     Cloth.    $2.00 

TREATISE  ON  OPTICS ;  or,  Light  and  Sight,  theoretically  and 
practically  treated  ;  with  the  application  to  Fine  Art  and  Indus- 
trial Pursuits.  By  E.  Nugent.  With  one  hundred  and  three 
illustrations. 


u 


This  hook  is  of  a  practical  rather  than  a  theoretical  kind,  and  is  de- 
signed to  afford  accurate  and  complete  information  to  all  interested  in  appli- 
cations of  the  science.'* — Bound  Table, 


Barnard's  Metric  System. 

8vo.    Brown  cloth.    $3.00. 

THE  METRIC  SYSTEM  OF  WEIGHTS  AND  MEASURES. 
An  Address  delivered  boforo  the  Convocation  of  the  University  of 
the  State  of  New  York,  at  Albany,  August,  1871.  By  Eredekick 
A.  P.  Baknaiid,  President  of  Columbia  College,  New  York  City. 
Second  edition  from  the  Revised  edition  printed  for  the  Trustees 
of  Columbia  College.     Tinted  paper. 

"  It  is  the  best  summary  of  the  arguments  in  favor  of  the  metric  weights 
and  measures  with  which  we  arc  acquainted,  not  only  because  it  contains  in 
small  space  the  leading  facts  of  the  case,  but  because  it  puts  the  advocacy  of 
that  system  on  the  only  tenable  grounds,  namely,  the  great  convenience  of  a 
decimal  notation  of  weight  and  measure  as  well  as  money,  the  value  of  inter- 
national uniformity  in  the  matter,  and  the 'fact  that  this  metric  system  is 
adopted  and  in  general  use  by  the  majority  of  civilized  nations.'* — llie  Nation, 


Butler  on  Ventilation, 

18mo.    Boards.    50  cts. 

VENTILATION    OP   BUILDINGS.      By    W.    F.    Butler. 
Illustrated. 

"  As  death  by  insensible  suffocation  is  one  of  the  prominent  causes  which 
swell  our  bills  of  mortality,  we  commend  this  book  to  the  attention  of  philan- 
thropists as  well  as  to  architects.''— Boston  Globe, 
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Harrison's  Mechanic's  Tool-Book. 

12mo.     Cloth.    $1.50. 

MECHANIC'S  TOOL  BOOK,  with  practical  rales  and  suggestiaas, 
for  the  use  of  Machinists,  Iron  Workers,  and  others.  Bj  W.  B. 
Haerison,  Associate  Editor  of  the  '^  American  Artisan."  lUastra* 
ted  with  44  engravings. 

"  This  work  is  specially  adapted  to  meet  the  wants  of  Ifiichiiiists  and  wink- 
ers in  iron  generally.  It  is  made  np  of  the  work-day  experienoe  of  an  intelli- 
gent and  ingfenions  mechanic,  who  had  the  &culty  of  adapting  tools  to 
purposes.  The  practicability  of  his  plans  and  suggestions  are  made 
oven  to  tho  unpractised  eye  by  a  series  of  well-executed  wood  engraTinga*'* — 
Philadelphia  Inquirer. 

Pope's  Modern  Practice  of  the  Elec- 
tric Telegraph. 

Ninth  Edition.    8vo.    Cloth     $2.00, 

A  Hand-book  for  Electricians  and  Operators.      By  Yumsm  L.  Pofil 
Seventh  edition.     Bevised  and  enlarged,  and  fully  illustrated. 

Kxtract  from  Letter  of  Prof.  Morte. 

*'  I  have  had  time  only  cursorily  to  examine  its  contents,  but  this  exanuaa- 
tion  has  resulted  in  great  gratification,  especially  at  the  fairness  and  unpre- 
judiced tone  of  your  whole  work. 

*'  Your  illustrated  diagrams  are  admirable  and  beautifully  executed. 

"  I  think  all  your  instructions  in  the  use  of  the  telegraph  apparatus  judi- 
cious and  correct,  and  I  most  cordially  wish  you  success." 

Extract  from  Letter  of  Prof.  Q,  W.  Hau^h,  of  the  Dudley  Observaiory, 

"  There  is  no  other  work  of  this  kind  in  the  Rngliah  language  that  oob- 
tains  in  so  small  a  compass  so  much  practical  information  in  the  applieatifm 
of  gfalvanic  electricity  to  telegraphy.  It  should  be  in  the  hands  of  ererr  cue 
interested  in  telegraphy,  or  the  use  of  Batteries  for  other  purposes.'* 


Morse's  Telegraphic  Apparatus. 

Illustrated.    8vo.    Cloth.     |2.00. 

EXAMINATION  OF  THE  TELEGEAPHIC  APPABATUS 
AND  THE  PROCESSES  IN  TELEGAPHY.  By  Sakuei  F. 
B.  MoBSE,  LL.D.,  United  States  Commissioner  Paris  UniTBCsal 
Exposition,  1867. 


D.  VAN  NOSTRAND. 


21 


Sabine's  History  of  the  Telegraph. 

12ino.  Cloth.    $1.25. 

HISTORY  AND  PROGRESS  OF  THE  ELECTRIC  TELE- 
GRAPH, with  Descriptions  of  some  of  the  Apparatus.  By 
RoB£&T.S\BiyEy  C.  E.     Second  edition,  with  additions. 

Ck>NTENT8. — L  Early  Observations  of  Electrical  Phenomena.  II.  Tele- 
graphs by  Frictional  Electricity.  III.  Telegraphs  by  Voltaic  Electricity. 
TV.  Telegpraphs  by  Electro-Magnetism  and  Magneto-Electricity.  V.  Tele- 
graphs now  in  use.  VI.  Orerhead  Lines.  VH.  Submarine  Telegraph  Lines, 
yin.  Undergronnd  Telegraphs.    IX.  Atmospheric  Electricity. 


Raskins'   Galvanometer. 

Pocket  form,    niastzated.    Korooootnclu.    f2.00L 

THE  GALVANOMETER,  AND  ITS  USES;  a  Manual  for 
Electricians  and  Students.    By  0.  H.  Haskiks. 

"  We  hope  this  excellent  little  work  will  meet  with  the  sale  Its  merits 
entitle  it  to.  To  eyery  telegrapher  who  owns,  or  nses  a  Galvanometer,  or 
ever  expects  to,  it  will  be  quite  indispensable."— 2^  TeUgraph0r» 


Oulley's  Hand-Book  of  Telegraphy. 

8vo.    aoth.    95.00. 

A  Hand-book  op  practical  telegraphy.    By 

R.  S.  CuLL£Y^  Engineer  to  the  Electric  and  International 
Telegraph  Company.    Fifth  edition,  rerised  and  enlarged. 


Foster's  Submarine  Blasting. 

'    4to.    Cloth.    $3.50.  , 

SUBMARINE  BLASTING  in  Boston  Harbor,  Massachusetts- 
Removal  of  Tower  and  Corwin  Rocks.  By  John  G.  Fosteb, 
Lieutenant-Colonel  of  Engineers,  and  Brevet  Major- General,  U. 
S.  Army.     Illustrated  with  seven  plates. 

List  op  Plates. — 1.  Sketch  of  the  Narrows,  Boston  Harbor.  2. 
Townsend's  Submarine  Drilling  Machine,  and  Working  Vessel  attending. 
3.  Submarine  Drilling  Machine  employed.  4  Details  of  Drilling  Machine 
employed.  5.  Cartridges  and  Tamping  used.  6.  Fuses  and  Insulated  Wires 
used.     7.  Portable  Friction  Battery  used. 
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Barnes'  Submarine  Warfexe. 

8to.     Cloth.    $5.00. 

SUBMARINE  WARFARE,  DEFENSIVE  AND  OFFENSIVE. 

Comprising  a  full  and  oomplote  History  of  tho  Invention  of  tli6 
Torpedo,  its  employment  in  War  and  results  of  its  use.  Iv 
Bcriptions  of  the  rarious  forms  of  Torpedoes,  Submarine  Batteries 
and  Torpedo  Boats  actually  used  in  War.  Methods  of  Ignition 
by  Mocliinery,  Contact  Fuzes,  and  Electricity,  and  a  full  aoeitim: 
of  experiments  made  to  determine  the  Explosive  Force  of  Gun- 
powder under  Water.  Also  a  discussion  of  the  Offensive  T(wj»ti*' 
system,  its  effect  upon  Iron-Clad  Ship  systems,  and  influence  upo 
Future  Naval  Wars.  By  Lieut. -Commander  Jonx  S.  Bautes. 
U.  S.  N.     With  twenty  lithographic  plates  and  many  wood-cuU 

'*  A  book  important  to  military  men,  and  especially  so  to  engineens  end  t> 
tillerists.  It  consists  of  an  examination  of  the  various  offcnaivo  and  defcasirc 
engines  that  have  been  contrived  for  submarine  hostilities,  including^  a  dirn>- 
sion  of  tho  torpedo  system,  itu  effecta  upon  iron-clad  ship-syi»tcms,  acd  it« 
probable  influence  upon  future  naval  wars.  Plates  of  a  valuable  ch^rxiif 
accompany  the  treatise,  which  affords  a  useful  history  of  the  momentoas  »ab- 
ject  it  discusses.  A  great  deal  of  useful  inlormatioii  is  oolleofcd  in  its  page. 
Qspecially  concerning  the  inventions  of  ScnOLii  and  Vebdu,  and  of  Jo.nls' 
and  Hunt's  batteries,  as  well  as  of  other  similar  machines,  and  tho  asc  ia 
submarine  operations  of  gun-cotton  and  nitro-glyoerine." — N,  T.  Times. 


Randairs  Quartz  Operator's  Hand- 

Book. 

]2mo.    aoth.     $2.00. 

QUAETZ  OPERATOR'S   HAND-BOOK.     By  P.  M.  Bisdall. 
New  edition,  revised  and  enlarged.     Fully  illustrated. 

Tho  object  of  this  work  has  been  to  present  a  clear  and  oomprehenairc  ex* 
position  of  mineral  veins,  and  tho  means  and  modes  chiefly  employed  for  the 
mining  and  working  of  their  ores — ^more  especially  those  oontaining  gold  ^ai 
silver. 


1).   VAN'  N08TRAND. 


23 


McOuUoch's  Theory  of  Heat. 

8vo.  Cloth.    In  Press. 

AN  ELEMENTAllY  TREATISE  ON  THE  MECHANI- 
CAL THEORY  OF  HEAT,  AND  ITS  APPLICATION 
TO   AIR  AND  STEAM  ENGINES.    By  Prof.  R   S.  Mc 

CULLOCH. 


Benet's  Ohronosoope* 

Becoml  Edition* 

Blustratod.    4to.    Cloth.    $3.00. 

ELECTRO-BALLISTIC  MACHINES,  and  the  Schultz  Chrono- 
scope.  By  Ijieutenant-Colonel  S.  V.  Benet,  Captain  of  Ordnance, 
U.  S.  Army. 

Contents. — 1.  Ballistic  Pendulum.  2.  Gun  Pendulum.  3.  Use  of  Elec- 
tricity. 4.  Navez*  Machine.  5.  Yignotti's Machine,  with  Plates.  6.  Benton's 
Electro-Ballistic  Pendulum,  with  Plates.  7.  Lout's  Tro-Pendulum  Machine 
8.  Schultz^s  Chrcnoscope,  with  two  Plates. 


Michaelis'  Ohronograpli. 

4to.    Illustrated.     Cloth.    $3.00. 

THE  LE  BOULENQlfi  CHRONOGRAPH.  With  three  litho- 
graphed folding  plates  of  illustrations.  By  Brevet  Captain  0  E. 
MiCHAELis,  First  Lieutenant  Ordnance  Corps,  U.  S.  Arm}-. 

**  The  excellent  monograph  of  Captain  Michaelis  enters  minutely  into  the 
details  of  construction  and  management,  and  gives  tahles  of  the  times  of  flight 
calculated  upon  a  given  fall  of  the  chronometer  for  all  distances.  Captain 
Michaelis  has  done  good  service  in  presenting  this  work  to  his  hrother  ofiicers, 
describing,  as  it  does,  an  instrument  which  bids  fair  to  be  in  constant  use  in 
our  future  ballistic  experiments.'* — Army  and  Navy  Journal, 
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Silversmith's  Hand-Book. 

Fourth  Edition. 

m 

niostratod.    12mo.    Cloth.    $3.00. 

A  PRA.CTICAL  HAND-^OOK  FOR  MINERS,  MetanurgistB, 
and  Assajers,  comprising  the  most  recent  improTeinents  in  the 
disintegration,  amalgamation,  smelting,  and  parting  of  the 
Precious  Ores,  with,  a  Ck)mprehensiye  Digest  of  the  \fining 
Laws.  Greatly  augmented,  revised,  and  corrected.  Bj  Jcurs 
SiLYEBSMiTH.  Fourth  oditiou.  Profusely  illustrated.  1  toL 
12mo.     Cloth.     $3.00. 

One  of  the  most  important  features  of  this  work  is  that  in  whieh  tlM 
metallorgy  of  the  precious  metals  is  treated  of.  In  it  the  author  has  eodeaT- 
ored  to  embody  all  the  processes  for  the  reduction  and  manipulation  of  the 
precious  ores  heretofore  successfully  employed  in  Oermany,  England,  Hezioo, 
and  the  United  States,  together  with  such  as  have  been  more  recently  imrented, 
and  not  yet  f uUy  tested — all  of  which  are  profusely  illustrated  and  easr  of 
comprehension. 


'  Levelling. 


8yo.     Cloth.    $2.50.  « 

A  TREATISE  ON  THE  PRINCIPLES  AND  PRACTICE  OF 
LEVELLING,  showing  its  application  to  purposes  of  Railway 
Engineering  and  the  Construction  offloads,  &c.  By  Fredericx 
W.  SiHKs,  C.  E.  Prom  the  fifth  London  edition,  revised  and 
corrected,  with  the  addition  of  Mr.  Law's  Practical  Examples  ior 
Setting  Out  Railway  Curves.  Illustrated  with  three  lithographic 
plates  and  numerous  wood-cuts. 

"  One  of  the  most  important  text-hooks  for  the  general  surveyor,  and  there 
is  scarcely  a  question  connected  with  levelling  for  which  a  solution  would  be 
sought,  hut  that  would  be  satisfactorily  answered  by  oonsulUng  this  vdnne.'* 
— Mining  Journal 

^*  The  text-book  on  levelling  in  most  of  our  engineering  schools  and  col- 
leges.'*— Engineers. 

*'The  publishers  have  rendered  a  substantial  service  to  the  profosaon, 
especially  to  the  younger  members,  by  bringing  out  the  |«eeeat  editioa  of 
Kr.  Simms*  useful  work." — Engineering, 
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Stuart's   Successful  Engineer. 

ISmo.    Boards.    60  cents. 

HOW  TO  BECOME  A  SUCCESSFUL  ENGINEER:  Being 
Hints  to  Youths  intending  to  adopt  the  Profession.  By 
Bebkabd  Stfabt,  Engineer.    Sixth  Edition. 

''Avalaable  little  book  of  soand,  seDsible- advice  to  yoiinjr  men  who 
wish  to  rise  in  the  most  important  of  the  professions."— iSn^n/f/ic  Ameri4Mn, 


Stuart's  Naval  Dry  Docks. 

Twenty-four  engravings  on  steel. 
Fourth  Editiati. 
4to.    Cloth.    $6.00. 

THE  NAVAL  DRY  DOCKS  OF    THE   UNITED   STATES. 

By  Chables  B.  Stvabt.  Engineer  i^  Chief  of  the  United  States 

Navy. 

List  of  Illustrations. 

Pumping  Engine  and  Pumps — Plan  of  Bry  Dock  and  Pump-Well— Sec- 
tions of  Dry  Dock — ^Engine  House — ^Iron  Floating  Gate — Details  of  Floating 
Qete — Iron  Turning  Gkite — ^Plan  of  Turning  Gate — Culvert  Gkite — ^Filling 
Culvert  Gates — Engine  Bed — ^Plate,  Pumps,  and  Culvert — Fng^e  House 
Boof — Floating  Sectional  Dock — Details  of  Section,  and  Plan  of  Tum-Tables 
— Plan  of  Basin  and  Marine  Railways — Plan  of  Sliding  Frame,  and  Elevation 
of  Puttips — Hydraulic  Cylinder — Plan  of  Gearing  for  Pumps  and  End  Floats 
— Perspective  View  of  Dock,  Basin,  and  Railway — Plan  of  Basin  of  Ports- 
mouth Dry  Dock — ^Floating  Batance  Dock — Elevation  of  Trusses  and  the  Ma- 
chinery—Perspective View  of  Balance  Dry  Dock 


Free  Hand  Drawing. 

Profusely  Illustrated.    18mo.    Boards.    60  cents. 

A  GUIDE  TO  ORNAMENTAL,  Figure,  and  Landscape  Draw- 
ing.    By  an  Art  Student. 

Contents. — ^Materials  employed  in  Drawing,  and  how  to  use  them — On 
Lines  and  how  to  Draw  them — On  Shading — Concerning  lines  and  shading, 
with  applications  of  them  to  simple  elementary  subjects — Sketches  from  Na- 
ture. 
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Minifie's  Geometrical  Drawing- 

ISeu)  Edition,    Enlarged. 

12ma    Cloth.     $2.00. 

GEOMETRICAL  DRAWING.  Abridged  from  the  octavo  edition, 
for  the  use  of  Schools.  Illustrated  with  48  steel  plates.  New 
edition,  enlarged. 

*'  It  is  well  adapted  as  a  text-book  of  drawing  to  be  used  in  our  Ilig'h  Schools 
and  Academies  where  this  useful  branch  of  the  fine  arts  haa  been  hitherto  too 
much  neglected.** — Boiton  Journal, 


Minifie's  Mechanical  Drawing. 

Ninth  Edition, 

Royal  8vo.    Cloth.    |4.00.  '  i 

A  TEXT-BOOK  OF  GEOMETRICAL  DRAWING  for  the  use 
of  Mechanics  and  Schools,  in  which  the  Definitions  and  Rules  of 
Geometry  are  familiarly  explained ;  the  Practical  Problems  are 
arranged,  from  the  most  simple  to  the  more  complex,  and  in  their 
description  technicaUties  are  avoided  as  much  as  possible.  With 
illustrations  for  Drawing  Plans,  Sections,  and  Elevations  of 
Buildings  and  Machinery ;  an  Introduction  to  Isometrical  Draw- 
ing, and  an  Essay  on  Linear  IVrspective  and  Shadows.  Illus- 
trated with  over  200  diagrams  engraved  on  steel.  By  Wm. 
MixiFiE,  Architect.  Eighth  Edition.  With  an  Api>endix  on  the 
Theory  and  Application  of  Colors. 

*'  It  is  the  best  work  on  Drawing  that  wo  have  ever  seen,  and  is  especially  a 
text-book  of  Geometrical  Drawing  fur  the  use  of  Mechanics  and  Schools.  Xo 
young  Mechanic,  such  as  a  Machinist,  Engineer,  Cablnet-Maker,  Millwright, 
or  Carpenter,  should  be  without  it." — ScUntific  Anierican. 

**  One  of  the  most  comprehensive  works  of  the  kind  erer  published,  and  can- 
not but  possess  great  ralue  to  builders.  The  style  is  at  once  elegant  and  sub- 
stantial. * — PennaylcanM  Inquirer. 

"  Whatever  is  said  is  rendered  perfectly  intelligible  by  remarkably  well- 
executed  diagrams  on  steel,  leaving  nothing  for  mere  vague  supposition ;  and 
the  addition  of  an  introduction  to  isometrical  drawing,  linear  perspective,  and 
the  projection  of  shadows,  winding  up  with  a  useful  index  to  technical  terms.** 
— Glasgow  Merhanics'  Journal, 

fi:^*  The  British  Qovemmcnt  has  authorized  the  use  of  this  book  in  their 
schools  of  art  at  Somerset  House,  London,  and  throughout  the  kingdom. 


I 


I 
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Bell  on  Iron  Smelting. 

8vo.    Cloth.    10.03. 

CHEMICAL  PHENOMENA  OF  IRON  SMELTING.  An  ex- 
perimental  and  practical  examination  of  the  circumstances  vhicli 
determine  the  capacity  of  the  Blast  Furnace,  the  Temperature 
of  the  Air,  ojid  the  Proper  Condition  of  the  Materials  to  be 
operated  upon.     By  I.  Lowthian  Bell. 

Battershairs  Legal  Chemistry. 

Illustrated.  12mo.  Cloth.  In  press. 
LEGAL  CHEMISTRY.  A  Guide  to  the  detection  of  Poisons, 
Falsification  of  Writings,  Adulteration  of  Alimentary  and 
Pharmaceutical  Substances ;  Analysis  of  Ashes,  and  Examina- 
tion of  Hair,  Coins,  Fire-Arms,  and  Stains,  as  applied  to 
Chemical  Jurisprudence.  For  the  use  of  Chemists,  Physi- 
cians, Lawyers,  Pharmacists,  and  Experts.  Translated  with 
additions,  including  a  list  of  books  and  memoirs  on  Toxi- 
cology, etc.,  from  the  French  of  A.  Naquet..  By  J.  P.  Bat-' 
TEKSHALL,  Ph.D.,  with  a  Preface  by  C.  F.  Chandleb,  Ph.D., 
M.D.,  LL.D.  

King's  Notes  on  Steam. 

Ninet.eenth  Edition* 

8vo.    Cloth.    $2.00. 

• 

LESSONS  AND  PRACTICAL  NOTES  ON  STEAM,  the  Stoam- 
Engine,  Propellers,  &c.,  &c.,  for  Young  Engineers,  Students,  and 
others.  By  the  late  W.  R.  King,  U.  S.  N.  Revised  by  Chief- 
Engineer  J.  W.  King,  U.  8.  Navy. 

"  This  is  one  of  the  best,  because  eminently  plam  and  practical  treatises  on 
the  Steam  Engine  over  published.  * — Philadelphia  Press. 

This  is  the  thirteenth  edition  of  a  valuable  work  of  the  late  W.  H.  King, 
U.  S.  N.  It  contains  lessons  and  practical  notes  on  Steam  and  the  Steam  En- 
gine, Propellers,  etc.  It  is  calculated  to  be  of  great  use  to  young  marine  en- 
gineers, students,  and  others.  The  text  is  illustrated  and  explained  by  nu- 
merous diagrams  and  representations  of  machinery. —Z>o«tof»  Daily  Adver- 
tiser, 

Text-book  at  the  U.  S.  Naval  Academy,  Annapolis. 
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Burgh's  Modem  Marine  Engineering- 
one  tMck  4to  voi.    Cloth.    $25.00.    Half  moroooo.    $30.00. 

MODERN  MARINE  ENGINEERING,  appHed  to  Paddle  anl 
Screw  Propulsion.  Consisting  of  30  Colored  Plates,  259  Practical 
Wood-cut  Illustrations,  and  403  pagos  of  Descriptivo  Matter,  tlie 
wholo  being  an  exposition  of  the  present  practice  of  the  fblloir- 
ing  firms  :  Messrs.  J.  Penn  &  Sons ;  Messrs.  Maudslaj,  Sons  & 
Field ;  Messrs.  James  Watt  &  Co. ;  Messrs.  J.  &  G.  Rennie ; 
Messrs.  R.  Napier  &  Sons  ;  Messrs.  J.  &  W.  Dudgeon ;  Messrs. 
Ravenhill  &  Hodgson;  Messrs.  Humphreys  &  Tenant;  Mr. 
J.  T.  Spencer,  and  Messrs.  Forrester  &  Co.  By  N.  P.  Bceco, 
Engineer. 


Pbu^cifal  CoNTEiTTS. — General  Arrangements  of  Engmea,  11  exinpks 
— General  Arrangement  of  Boilers,  14  examples  —  Greneral  Arrangement  of 
Superkeaters,  11  examples-^-Details  of  'Oscillating  Paddle  Engines,  34  ex- 
amples— Condensers  for  Screw  Engines,  both  Injection  and  Surface,  20  ex- 
amples— ^Details  of  Screw  Engines,  20  examples — Cylinders  and  Details  cf 
Screw  Engines,  21  examples — Slide  Valves  and  Details,  7  examples— ^«ie 
Valve,  Link  Motion,  7  examples — Expansion  Valves  and  Gear,  10  exan- 
pies — ^Details  in  General,  30  examples— Screw  Propeller  and  Fittings,  13  ex- 
amples -  Engine  and  Boiler  Fittings,  28  examples  -  In  relation  to  the  Princi- 
ples of  the  Marine  Engine  and  Boiler,  33  examples. 

Notices  of  the  Press, 
"Every  conceivable  detail  of  the  Marine  Eng^e,  under  all  its  Tanom 

r 

forms,  is  profusely,  and  we  must  add,  admirably  illustrated  by  a  multitude 
of  engravings,  selected  from  tho  best  and  most  modern  practice  of  the  first 
Marino  Engineers  of  the  day.  Tho  chapter  on  Condensers  is  peculiarly  valu- 
able. In  one  word,  there  is  no  other  work  in  existtnce  which  wiUboar  & 
moment*s  comparison  with  it  as  an  exponent  of  the  skill,  talent  and  practical 
experience  to  which  is  due  the  splendid  reputation  enjoyed  by  many  British 
Marine  Engineers."— J^w^w^er. 

"  This  very  comprehensive  work,  which  was  issued  in  Monthly  parts,  has 
just  been  completed.  It  contains  large  and  full  drawings  and  oopions  de- 
scriptions of  most  of  the  best  examples  of  Modem  Marine  Engines,  and  it  is 
a  complete  theoretical  and  practical  treatise  on  the  subject  of  Manne  Engi- 
neering."—^9/^r^»  ArtUan, 

This  is  the  only  edition  of  tho  above  work  with  the  beamtifolly  cohrfd 
plates,  and  it  is  out  of  print  in  Eqgland. 
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Bourne's  Treatise  on  the  Steam  En- 
gine, 

Ninth  Edition. 

Illustrated.  4to.  Clotli.  $15.00. 
TREATISE  ON  THE  STEAM  ENGINE  in  its  various  appUca- 
tions  to  Mines,  Mills,  Steam  Navigation,  Railways,  and  Agricul- 
ture, with  the  theoretical  investigations  respecting  the  Motive 
Power  of  Heat  and  the  proper  Proportions  of  Steam  Engines. 
Elaborate  Tables  of  the  right  dimensions  of  every  part,  and 
Practical  Instructions  for  the  Manufacture  and  Management  of 
every  species  of  Engine  in  actual  use.  By  Jobut  Boubxj;,  being 
the  ninth  edition  of  "  A  Treatise  on  the  Steam  Engine,"  by 
the  "  Artisan  Club."  Illustrated  by  thirty-eight  plates  and  five 
hundred  and  forty-six  wood-cuts. 

As  Mr.  Boume*8  work  has  tho  g^reat  merit  of  avoiding  unsound  and  imma- 
turo  views,  it  may  safely  bo  consulted  by  all  who  arc  really  desirous  of  ac- 
quirinjj  trustworthy  information  on  tho  subject  of  which  it  treats.  During 
tho  twenty-two  years  which  liavo  elapsed  from  the  issue  -of  tho  first  edition, 
the  improvements  introduced  in  tho  construction  of  tho  steam  engine  have 
been  both  numerous  and  important,  and  of  theso  Mr.  Bourne  has  taken  earc 
to  point  out  tho  moro  prominent,  and  to  furnish  tho  reader  with  such  infor- 
mation as  shall  enable  him  readily  to  judge  of  their  relative  value.  This  edi- 
tion h^s  been  thoroughly  modernized,  and  mado  to  accord  with  tho  opinions 
and  practice  of  the  more  successful  engineers  of  tlio  present  day.  All  that 
the  book  professes  to  give  is  g^ven  with  ability  and  evident  care.  The  scien- 
tific principles  which  are  x>ermanent  are  admirably  explained,  and  referenco 
u  mado  to  many  of  the  moro  valuable  of  tho  recently  introduced  engines.  '  To 
express  an  opinion  of  the  value  and  utility  of  such  a  work  aa  TJie  Artisan 
(Jlrth^H  TrMilse  on  t/ie  Steam  Engine^  which  has  passed  through  eight  editions 
already,  would  be  superfluous ;  but  it  may  be  safely  stated  that  the  work  is 
worthy  the  attentive  study  of  all  cither  engaged  in  tho  manufacture  of  steam 
engines  or  interested  in  economizing  tho  use  of  steam. — Mining  .Journal. 


Isherwood's  Engineering  Precedents. 

Two  Vols,  in  One.    8vo.     Cloth.     $2.50. 

ENGINEERINQ  PRECEDENTg  FOR  STEAM  MACHINERY. 
Arranged  in  tho  most  practical  and  useful  manner  for  Engineers. 
By  B.  F.  IsHERWooD,  Civil  Engineer,  U.  S.  Navy.  With  illus- 
trations. 
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Ward's  Steam  for  the  Million. 

New  and  Revised  Edition* 

8vo.  Cloth.    $1.00. 

STEAM  FOR  THE  MILLION.     A  Popular  Treatise  on  Steam 

and  its  Application  to  the  Useful  Arts,  especiallj  to  Naviga- 
tion. By  J.  H.  Wabd,  Commander  U.  S.  Navy.  New  and  it- 
vised  edition. 

A  most  excellent  work  for  the  young  engineer  and  general  reader.  Many 
facts  relating  to  the  management  of  the  boiler  and  engine  are  set  forth  with  a 
simplicity  of  language  and  perfection  of  detail  that  bring  the  subject  haac 
to  the  reader. — American  Engineer, 


"Walker's  Screw  Propulsion. 

8vo.    Cloth.    75  cents. 

NOTES  ON  SCREW  TROPULSION,  its  Rise  and  History.     By 
Capt.  W.  n.  Walker,  U.  S.  Navy. 

Commander  Walker's  book  contains  an  immense  amount  of  concise  prMrti- 
cal  data,  and  every  item  of  information  recorded  fully  proves  that  the  various 
points  bearing  upon  it  have  been  well  considered  previously  to  expressing  aa 
opinion. — Jjondan  Mining  Journal. 


Page's  Earth's  Crust. 

18mo.     Cloth.     75  cents. 

* 

THE  EA]&TH'S  CRUST :    a   Handy  Outline  of  Geology.     By 
David  Page. 

"  Such  a  work  as  this  was  much  wanted — a  work  giving  in  dear  and  intel- 
ligible outline  the  leading  facts  of  the  science,  without  amplification  or  irk- 
some details.  It  is  admirable  in  arrangement,  and  clear  and  easy,  and,  at  the 
samo  time,  forcible  in  stylo.  It  will  lead,  we  hope,  to  the  introduction  oi 
Geology  into  many  schools  that  have  neither  time  nor  room  for  the  study  f*i 
large  treatises." — T?ie  Iluseum. 
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Rogers'  Geology  of  Pennsylvania. 

3  Vols.  4to,  with  Portfolio  of  Maps.    Cloth.    fdO.OO. 

THE  GEOLOGY  OF  PENNSYLVANIA.  A  Government  Sur- 
vey. With  a  general  view  of  the  Geology  of  the  United  States, 
Essays  on  the  Coal  Formation  and  its  Fossils,  and  a  description 
of  the  Coal  Fields  of  North  America  and  Groat  Britain.  By 
Henry  Dahwin  Eogers,  Late  State  Geologist  of  Pennsylvania. 
Splendidly  illustrated  with  Plates  and  Engravings  in  the  Text. 

It  certainly  should  be  in  every  publio  library  «,Qroaghont  tho  country,  and 
likewise  in  the  possession  of  all  students  of  Geology.  After  the  final  sale  of 
these  copies,  tho  work  will,  of  course,  become  more  valuable. 

The  work  for  the  last  five  years  has  been  entirely  out  of  tho  market,  but  a 
few  copies  that  remiEiined  in  the  hands  of  Prof.  Kogcrs,  in  Scotland,  at  the 
time  of  his  death,  are  now  offered  to  the  public,  at  a  price  which  is  even 
below  what  it  was  originally  sold  for  when  first  published. 


Elliot's  European  Light-Houses. 

51  Engravings  and  21  Wood-cuts.    8vo.    Cloth.     $5.00. 

EUIlOPEAISr  LIGHT-HOUSE  SYSTEMS.  Being  a  Kcporfc  of 
a  Tour  of  Inspection  made  in  1873.  By  Major  George  II. 
Elliot,  Corps  of  Engineers,  IJ.S.A.,  member  and  Engineer 
Secretary  of  the  Light-house  Board. 


Sweet's  Report  on  OoaL 

8vo.    Cloth.    $3.00. 

SPECIAL  EErORT  ON  COAL ;  showing  its  Distribution,  Olaflsi- 
fication,  and  Cost  delivered  over  different  routes  to  various  points 
in  the  State  of  New  York,  and  the  principal  cities  on  the  Atlantic 
Coast     By  S.  H.  Sweet.     With  maps. 


Oolbnm's  Gas  Works  of  London 

12mo.     Boards.     60  cents. 

GAS  WORKS  OF  LONDON.    By  Zerah  Colbuen. 
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The  Useful  Metals  and  their  Alloys; 
Scoffren,  Truran,  and  others. 

Fifth  Edition. 

8to.    Half  calf.    $3.75. 

THE  USEFUL  METALS  AND  THELR  ALLOYS,  inclading 
MINING  VENTILATION,  MINING  JURISPRUDENCE 
AND  METALLURGIC  CHEMISTRY  employed  in  the  oonrer- 
sion  of  IRON,  COPPER,  TIN,  ZINC,  ANTIMONY,  AND 
LEAD  ORES,  with  their  applications  to  THE  INDUSTRLiL 
ARTS.  By  John  Scx)FFRKy,  William  Truran,  William  Cut, 
Robert  Oxland,  Wiluajc  Fairbairn,  W.  C.  Attkix,  and  Wo- 
LiAJc  VosE  Pickett. 


Collins'  Useful  Alloys. 

ISmo.     Flexible.     75  cents. 

THE  PRIVATE  BOOK  OF  USEFUL  ALLOYS  and  Memo- 
randa for  Goldsmiths,  Jewellers,  etc.     By  James  E.  Coluks 

This  little  book  is  compiled  from  notes  made  by  the  Author  from  the 
papers  of  one  of  the  largest  and  most  eminent  Man afac taring  Goldsmiths  and 
Jewellers  in  this  country,  and  as  the  firm  is  now  no  longer  in  extstfflice,  sad  tite 
Author  is  at  present  engaged  in  some  other  undertaking,  he  now  offen  to  the 
public  the  benefit  of  his  experienoe,  and  in  so  doing  he  begs  to  state  thst  tli 
the  alloys,  etc.,  given  in  these  pages  may  be  confidently  relied  on  ss  bong 
thoroughly  practicable. 

The  Memoranda  and  Receipts  throughout  this  book  are  also  compiled 
from  practice,  and  will  no  doubt  be  found  usefnl  to  the  practical  jeweOer. 
^Shirley,  July,  1871. 

Joynson  s  Metals  Used  in  OonstniotioiL 

12mo.    Cloth.    75  cents. 

THE  METALS  USED  IN  CONSTRUCTION:  Iron,  Steel, 
Bessemer  Metal,  etc.,  etc.  By  Francis  Herbert  Jotkso5.  Il- 
lustrated. 

"In  the  interests  of  practical  science,  we  are  bound  to  notice  this  vtffl^' 
and  to  those  who  wish  further  information,  we  should  say,  buy  it;  tnd  tbe 
outlay,  we  honestly  believe,  will  be  considered  well  spent.'* — Saatif^ 
BevtetD, 


y 
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Prescbtt's  Proximate  Organic 

Analysis- 

12mo.  Cloth.  11.75. 
OUTLINES  OP  PROXIMATE  ORGANIC  ANALYSIS 
for  tho  Identification,  Separation,  and  Quantitative  Deter- 
mination of  the  more  commonly  occurring  Organic  Com- 
pounds. By  Albert  B.  Prescott,  Professor  of  Organic 
and  Applied  Chemistry  in  the  University  of  Michigan. 


Prescott's  Alcoholic  Liquors. 

12mo.     Cloth.    $1.50. 

CHEMICAL  EXAMINATION  OF  ALCOHOLIC  LI- 
QUORS. A  Manual  of  the  Constituents  of  the  Distilled 
Spirits  and  Fermented  Liquors  of  Commerce,  and  their 
Qualitative  and  Quantitative  Determinations.  By  Albert 
B.  Prescott,  Professor  of  Organic  and  Applied  Chemistry 
in  tho  University  of  Michigan. 


Greene's  Bridge  Trusses. 

8vo.    Illustrated.    Cloth.    $2.00. 

GRAPHICAL  METHOD  FOR  THE  ANALYSIS  OF 
BRIDGE  TRUSSES,  extended  to  Continuous  Girders 
and  Draw  Spans.  By  Charles  E.  Greene,  A.M.,  Pro- 
fessor of  Civil  Engineering,  University  of  Michigan.  Illus- 
trated by  three  folding  plates. 


Butler's  Projectiles  and  Rifled 

Cannon. 

4to.  86  Plates.  Cloth.  $7.50. 
PROJECTILES  AND  RIFLED  CANNON.  A  Critical 
Discussion  of  the  Principal  Systems  of  Rifling  and  Projec- 
tiles, with  Practical  Suggestions  for  their  Improvement,  as 
embraced  in  a  Report  to  the  Chief  of  Ordnance,  U.S.A.  By 
Capt.  John  S.  Butler,  Ordnance  Corps,  U.S.A. 


Peirce^s  Analytic  Mechanics. 

4to.    Cloth.    $10.00. 

SYSTEM  OF  ANALYTIC  MECHANICS.  By  Bexjamlv 
Peiece,  Perkins  Professor  of  Astronomy  and  Mathematics  m 
Harvard  IJniversityy  and  Consulting  Astronomer  of  tin 
American  Epbemeiis  and  Nautical  Almanac. 


*'  I  have  re-examined  the  memoirs  of  the  great  geometers,  and  hare  stnvca 
to  consolidate  their  latest  researches  and  their  most  exalted  forms  of  thoogit 
into  a  consistent  and  uniform  treatise.  If  I  have  hereby  suooeeded  in  ope- 
ing  to  the  students  of  my  country  a  readier  access  to  these  cfaoioe  jevds  J 
intellect ;  if  their  brilliancy  is  not  impaired  in  this  attempt  to  reset  them ;  H 
in  their  own  constellation,  they  illustrate  each  other,  and  coaeentnae 
a  stronger  light  upon  the  names  of  their  disooTerors ,  and,  still  more,  if  asr 
gem  which  I  may  have  presumed  to  add  is  not  whoUy  lustreless  in  the  eoUec- 
tion,  I  shall  feel  that  my  work  has  not  been  in  yain," r^JSxtretci  frmn  thi  Pre- 
face, 

Burt's  Key  to  Solar  Compass. 

Second  Edition. 

Pocket  Book  Form.    Tuck.    $3.60. 

KEY  TO  THE  SOLAE  COMPASS,  and  Surveyor's  Companion; 
comprising  all  the  Boles  necessary  for  use  in  the  field;  also, 
Description  of  the  Linear  Surveys  and  Public  Land  System  of 
the  United  States,  Notes  on  the  Barometer,  Suggestions  for  an 
outfit  for  a  Survey  of  four  months,  etc.,  etc.,  etc  By  W.  A. 
BuET,  U.  S.  Deputy  Surveyor.     Second  edition. 


Ohauvenet's  Lunar  Distances. 

8to.    Cloth.    $2.00. 

NEW  METHOD  OF  CORRECTING  LUNAR  DISTANCiS, 
and  Improved  Method  of  Finding  the  Error  and  Rate  of  a  Chro- 
nometer, by  equal  altitudes.  By  Wm.  CnAinrijfET,  LL.D.,  Chan- 
cellor of  Washington  University  of  St  Louis. 
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Jeffers'  Nautical  Surveying. 

Illustrated  with  9  Copperplates  and  31  Wood-out  Illustrations.    8vow 

Clotk     $5.00. 

NAUTICAL  SURVEYING.     By  William  N.  Jeffees,  Captain 
U.  S.  Navy. 

Many  books  have  been  written  on  eaoh  of  the  subjects  treated  of  in  the 
sixteen  chapters  of  this  work;  and,  to  obtain  a  complete  knowledge  of 
g^eodetic  surveying  requires  a  profound  study  of  the  wJiole  range  of  mathe- 
matical and  physical  sciences ;  but  a  year  of  preparation  should  render  any 
intelligent  officer  competent  to  conduct  a  nautical  survey. 

Contents. — Chapter  L  Formulte  and  Constanta  Useful  in  Surveying 
II.  Dbtinotive  Character  of  Surveys.  IIL  Hydrographic  Surveying  under 
Sail ;  or,  Running  Survey.  IV.  Hydrographic  Surveying  of  Boats ;  or,  Har- 
bor Survey.  V.  Tides — Definition  of  Tidal  Phenomena — Tidal  Observations. 
VI.  Measurement  of  Bases — Appropriate  and  Direct.  VII.  Measurement  of 
the  Angles  of  Triangles — Azimuths — ^Astronomical  Bearings.  VIII.  Correc- 
tions to  be  Applied  to  the  Observed  Angles.  IX.  Levelling — Diiference  of 
liovel.  X.  Computation  of  the  Sides  of  the  Triangulation — ^The  Three-point 
Problem.  XI.  Determination  of  the  Geodetic  Latitudes,  Longitudes,  and 
Azimuths,  of  Points  qf  a  Triangulation.  XII.  Summary  of  Subjects  treated 
of  in  preceding  Chapters — ^Examples  of  Computation  by  various  Formulae. 
XIII.  Projection  of  Charts  and  Plans.  XIV.  Astronomical  Determination  of 
Latitude  and  Longitude.  XV.  Magnetic  Observations.  XVI.  Deep  Sea 
Soundings.  XVII.  Tables  for  Ascertaining  Distances  at  Sea,  and  a  full 
Index. 

,        List  of  Plates. 

Plate  I.  Diagram  Illustrative  of  the  Triangulation.  II.  Specimen  Page 
of  Field  Book.  III.  Kunning  Survey  of  f.  Coast.  IV.  Example  of  a  Running 
Survey  from  Belcher.  V.  Flying  Survey  of  an  Island.  VI.  Survey  of  a 
Shoal.  VIL  Boat  Survey  of  a  River.  VIIL  Three-Point  Problem.  IX. 
Triangulation. 


I 


Ooflan's  Navigation. 

Fifth  Edition, 

12mo.    Cloth.    $3.50. 

NAVIGATION  AND  NAUTICAL  ASTRONOMY.  Prepared 
for  the  use  of  the  U.  S.  Naval  Academy.  By  J.  H.  0.  Coffin, 
Prof,  of  Astronomy,  Navigation  and  Surveying,  with  52  wood- 
cut illustrations. 
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Clark's  Theoretical  Navigation. 

8to.    Cloth.    $3.00. 

THEORETICAL  NAVIGATION  AND  NAUTICAL  ASTEON- 
OMY.  By  Lewis  Claek,  Lieui-Commander,  U.  S.  Navy.  Il- 
lustrated with  41  Wood-cuts,  including  the  Vernier. 

Prepared  for  Uae  at  the  U.  S.  Naval  Academy. 


The  Plane  Table. 

Illustrated.    8vo.    Cloth.    $3.00. 

ITS  USES  IN  TOPOGRAPHICAL  SUR^TSYING.     From  the 
Papers  of  the  U.  S.  Coast  Survey. 

This  work  gives  a  description  of  the  Plane  Table  employed  at  the  U.  S. 
Coast  Survey  Office»  and  the  manner  of  using  it. 


Pook  on  Shipbuilding. 

8vo.    Cloth.    $5.00. 

METHOD  OF  COMPARING  THE  LINES  AND  DRAUGHT- 
ING VESSELS  PROPELLED  BY  SAIL  OR  STEAM,  in- 
eluding  a  Chapter  on  Laying  off  on  the  Mould-LofI  Floor.  By 
SAJcmL  M.  PooK,  Naval  Constructor.  1  vol.,  Svo.  With  illos- 
trations.    Cloth.    $5.00. 


Brunnow's  Spherical  Astronomy. 

Svo.     Cloth.    $6.50. 

SPHERICAL  ASTRONOMY.    By  F.  Brustnow,  Ph.  Dr.   Txans- 
lated  by  the  Author  from  the  Second  German  edition. 
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Van  Buren's  Formulas. 

8vo.    Cloth.    $2.00. 

INVESTIGATIONS  OF  FORMULAS,  for  the  Strength  of  the 
Iron  Parts  of  Steam  Machinery.  By  J.  D.  Van  Buuen,  Jr.,  0.  E. 
Illustrated. 

This  is  an  analytical  discussion  of  the  formulie  employed  by  mechanical 
engineers  in  determining  the  rupturing  or  crippling  pressure  in  the  different 
parts  of  a  machine.  The  formulae  are  foimdcd  upon  the  principle,  that  the 
different  parts  of  a  machine  should  be  equally  strong,  and  are  developed  in 
reference  to  the  ultimate  strength  of  the  material  in  order  to  leave  the  choica 
of  a  factor  of  safety  to  the  judgment  of  the  designer.  —SiUitnan's  Journal, 


Joynson  on  Machine  Gearing. 

8vo.     Cloth.    $2.00. 

THE  MECHANIC'S  AND  STUDENT'S  GUIDE  in  the  Design- 
ing and  Construction  of  General  Machine  Gearing,  as  Eccentrics, 
Screws,  Toothed  \Vheels,  etc.,  and  the  Drawing  of  Rectilineal 
and  Curved  Surfaces  ;  with  Practical  Kules  and  Details.  Edited 
by  Francis  Hgrbeht  Joynsox.  Illustrated  with  18  folded 
plates. 

"  The  aim  of  this  work  is  to  bo  a  gpiide  to  mechanics  in  the  designing  and 
eonstruction  of  general  machine^gearing.  This  design  it  well  fulfils,  being 
plainly  and  sensibly  written,  and  profusely  illustrated.'' — Sunday  Times. 


Barnard's  Report,  Paris  Exposition, 

1867. 

Illustrated.    8vo.    Cloth.    $5.00. 

KEPORT  ON  MACHINERY  AND  PROCESSES  ON  THE 
INDUSTRIAL  ARTS  AND  APPARATUS  OF  THE  EXACT 
SCIENCES.  By  F.  A.  P.  Baenard,  LL.D.— Paris  Universal 
Exposition,  1867. 

**  We  have  in  this  volume  the  results  of  Dr.  Barnard's  study  of  the  Paris 
Exposition  of  ^^67,  in  the  form  of  an  ofiicial  Report  of  the  Government.  It 
is  the  most  exhaustive  treatise  u])on  modem  inventions  that  has  appeared 
since  the  Universal  Exhibition  of  1851,  and  we  doubt  if  anything  equal  to  it 
has  appeared  this  ciQDiMry'^ —Journal  Applied  Cliemistry. 
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Engineering  Facts  and  Figures. 

18mo.     Cloth.    $2.50  per  Volamo. 

AN  ANNUAL  EEGISTER  OF  PROGRESS  IN  MBCHAXI- 
GAL  ENGINEERING  AND  CONSTRUCTION,  for  tiie  Ymr 
1863-G4-65-66-67-68.     Fully  illustrated.     6  volumes. 

Each  volume  sold  sepaiately. 


Beckwith's  Pottery. 

8to.    Paper.    60  ocnta. 

OBSERVATIONS  ON  THE  MATERIALS  and  Manufacture  (/ 
Terra-Cotta,  Stono-Ware,  Fire-Brick,  Porcelain  and  Encaustic 
Tiles,  with  Remarks  on  the  Products  exhibited  at  the  I^ndon 
International  Exhibition,  1871.  By  AaxinjR  Bbckwith,  CiTil 
Engineer. 

"  Everything  is  noticed  in  this  book  which  oomes  imder  the  head  of  Pot- 
tery, from  fine  porcelain  to  ordinary  brick,  and  aside  from  the  interest  whki 
all  take  in  such  manufactures,  the  work  will  be  of  considerBble  Tihe  to 
followers  of  the  ceramic  art" — Koening  Mail, 


Dodd's  Dictionary  of  Manufactures,  etc. 

12nio.    Cloth.    $3.00. 

t 

DICTIONARY  OF  MANUFACTURES,   MINING,  MACHLN 
ERY,  AND  THE  INDUSTRIAL  ARTS.     By  Geoboe  D<tDD. 

This  work,  a  small  book  on  a  great  subject,  treats,  in  alphsbctical  a^ 
rangcment,  of  those  numerous  matters  which  come  generally  within  the  range 
of  manufactures  and  the  productive  arts.  Tho  raw  materials — nnimal,  regf 
table,  and  mineral — whence  the  manufactured  products  are  derived,  are  *°*^ 
cinctly  noticed  in  connection  with  the  processes  which  they  undergo,  but  not 
as  subjects  of  natural  history.  The  operations  of  the  Mine  and  the  WSl  t2u> 
Foundry  and  the  Forge,  tho  Factory  and  the  "Workshop,  ^iro  passed  under  re- 
view. Tho  principal  machines  and  engines,  tools  and  apparatus,  conccraeJ  w 
manufacturing  processes,  arc  briefly  described.  .  The  scale  on  which  our  chief 
branches  of  national  industry  are  conducted,  in  regard  to  values  and  qnantiti^ 
is  indicated  in  various  ways. 
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I      Stuart's  Civil  and  Military  Engineer- 
'i  ing  of  America. 

J  8vo.     Illustrated.     Cloth.    $5.00. 

THE  CIVIL  AND  MILITAEY  ENGINEERS  OF  AMERICA. 
By  General  Charles  B.  Stuakt,  Author  of  "Naval 'Dry  Docks 
of  the  United  States,"  etc.,  etc.  Embellished  with  nine  finely 
executed  portraits  on  steel  of  eminent  engineers,  and  illustrated 
by  engravings  of  some  of  the  most  important  and  original  works 
constructed  in  America. 

Containing  sketches  of  the  Life  and  "Works  of  Major  Andrew  Ellicott, 
James  Geddes  (with  Portrait',  Benjamin  Wright  (with  Portrait),  Canvass 
White  (with  Portrait),  David  Stanhope  Bates,  Nathan  S.  Roberts,  Gridley 
Bryant  (with  Portrait),  GcneralJoseph  G.  Swift,  Jesse  L.  Williams  (with 
Portrait;,  Colonel  William  McKce,  Samuel  H.  Kneass,  Captain  John  Childe 
.with  Portrait',  Frederick  Harbach,  Major  David  Bates  Douglas  ^with  Por- 
trait), Jonathan  Knight,  Benjamin  H.  Latrobo  (with  Portrait),  Colonel  Char- 
les Ellct,  Jr.  vwith  Portrait),  Sazhucl  Forrer,  William  Stnart  Watson,  John 
A.  Boebling. 


Alexander's  Dictionary  of  Weights 

and  Measures. 

8vo.    Caoth.    $3.50. 

UNIVERSAL  DICTIONAEY  OF  WEIGHTS  AND  MEAS- 
URES, Ancient  and  Modem,  reduced  to  the  standards  of  the 
United  States  of  America.  By  J.  H.  Alexaxdkr.  New  edition. 
1vol. 

"  As  a  standard  work  of  reference,  this  book  should  bo  in  every  library ;  it 
is  one  which  we  have  long  wanted,  and  it  will  save  much  trouble  and  re- 
search.*'— Scientific  American, 


Blake's  Ceramic  Art. 

8vo.    Cloth.     $2.00. 

A  REPORT  ON  POTTERY,  PORCELAIN,  TILES,  TERRA- 
COTTA, AND  BRICK.  By  William  P.  Blake,  United 
States  Commissioner  Internal  Exhibition  at  Vienna,  1873. 
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Saeltzer's  Acoustics. 

12mo.     Cloth.     $2.00. 

TREATISE    ON   ACOUSTICS  in   Connection   with   TentilatioiL 

I 

With  a  new  theory  based  on  an  important  diaoovery,  of  facilitate    I 
ing  clear  and  inteUigible  sound  in  any  building.     By  Alcxaxvul     ' 

Saeltzee.  • 

"  A  practical  and  very  sound  treatise  on  a  subject  of  great  importance  ts 
architects,  and  one  to  which  there  has  hitherto  heen  entirly  too  little  atte&tic« 
paid.  The  author's  theory  is,  that,  by  bestowing  proper  caro  upon  the  point 
of  Acoustics,  the  requisite  ventilation  will  be  obtained,  and  «i«e  faflru. — 
Brooklyn  Union. 


Myer's  Manual  of  Signals. 

yew  Edition.    Enlarged. 

I2mo.    48  Plates  full  Roan.    ^.00. 

MANUAL  OF  SIGNALS,  for  the  Use  of  Signal  Officers  in  the 
Field,  and  for  Military  and  Naval  Students,  Militaiy  Schools, 
etc.  A  new  edition,  enlarged  and  illustrated.  By  Brig.-Gen. 
Albert  J.  Myeu,  Chief  Signal  Officer  of  the  Army,  Colonel  of 
the  Signal  Corps  during  the  War  of  the  Hebellion. 


Larrabee's  Secret  Letter  ajid 
Telegraph  Code. 

l8mo.     Cloth.     (11.00. 

CIPHEE  AND  SECEET  LETTEE  AND  TELEGEAPHIC 
CODE,  with  Hogg's  Improvements.  The  most  perfect  secret 
Code  ever  invented  or  discovered.  Impossible  to  read  without 
the  Key.  Invaluable  for  Secret,  Military,  Naval,  and  Diplo- 
matic Service,  as  well  as  for  Brokers,  Bankers,  and  Merchants. 
By  C.  S.  Larbabee,  the  original  inventor  of  the  scheme. 
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Rice  &  Johnson's  Differential  Func- 
tions, 

12mo.     Clotlu 

ON  A  NEW  METHOD  OP  OBTAINING  THE  DIFFER- 
ENTIALS OF  FUNCTIONS,  with  especial  reference  to  the 
Newtonian  Conception  of  fiates  or  Velocities.  By  J.  Minot 
EicE,  Prof,  of  Mathematics  in  the  U.  8.  Navy,  and  W.  Wool 
SET  Johnson,  Prof,  of  Mathematics  in  St.  John's  College, 
Annapolis. 

Pickert  and  Metcairs  Art  of  Graining. 

1  vol.     4to.     Cloth.     $10.00. 

THE  ART  OF  GRAENINQ.  How  Acquired  and  How  Produced, 
with  description  of  colors  and  their  application.  By  Charles 
Pickert  and  Abraham  Metcalf.  Beautifully  illustrated  with  42 
tinted  i)lates  of  the  various  woods  used  in  interior  finishing. 
Tinted  paper. 

Tho  fluthoTS  present  here  the  result  of  long^  experience  in  the  practice  of 
this  decorative  art,  and  feel  confident  that  they  herehy  offer  to  their  brother 
artisans  a  reliable  guide  to  improyement  in  the  practice  of  graining. 


Porter's  Steam-Engine  Indicator. 

Third  Edition.    Revised  and  Enlarged.    8vo.    Illustrated.    Cloth.    $3.50. 

A  TREATISE  ON  THE  RICHAEDS  STEAM-ENGINE 
INDICATOR,  and  the  Development  and  Application  of  Force 
in  the  Steam-Engme.    By  Charles  T.  Porter, 


One  Law  in  Nature. 

12mo.    Cloth.    $1.50. 

ONE  LAW  IN  NATURE.  By  Capt.  H.  M.  LIzelle,  U.  S.  A. 
A  New  Corpuscular  Theory,  comprehending  Unity  of  Force, 
Identity  of  Matter,  and  its  Multiple  Atom  Constitution,  applied 
to  the  Physical  Affections  or  Modes  of  Energy. 
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Ernst's   Manual  of  Military  En- 
gineering. 

193  Wood  Cats  and  8  Lithographed  Plates.    12mo.    dotlu    $5.00. 

A  MANUAL  OF  PKACTIOAL  MILITABY  ENGDfEER. 
ING.  Prepared  for  the  use  of  tl^e  Cadets  of  the  U.  S.  Milituy 
Academy^  and  for  Engineer  Troops.  By  Capt.  O.  H.  Eekst, 
Corps  of  Engineers,  Instructor  in  Practical  Military  Engi- 
neering, IT.  S.  Military  Academy. 


OliTircli's   Metallurgical   Journey. 

24  IllastrationB.    8yo.    Qoth.    $2.0a 

NOTES     OP    A     METALLURGICAL     JOUHNEY    IN 
EUROPE.    By  Johk  A.  Church,  Engineer  of  Mines. 


Blake's   Precious   Metals. 

8vo.    Cloth.    |2.00. 

REPORT  UPON  THE  PRECIOUS  METALS:  Being  Statist!, 
cal  Notices  of  the  principal  Gold  and  Silyer  producing  regions 
of  the  World.  Represented  at  the  Paris  Unirersal  Exposi- 
tion. By  William  P.  Blake,  Commissioner  from  the  State 
of  California. 


Olevenger's  Surveying. 

niostrated  Pocket  Form.    Morocco  Gilt    $2.50. 

A  TREATISE  ON  THE  METHOD   OP  GOVERNMENT 

SURVEYING,  as  prescribed  by  the  United  States  Congress, 
and  Commissioner  of  the  General  Land  OfSce.  With  com- 
plete Mathematical,  Astronomical  and  Practical  Instnictions, 
for  the  use  of  the  United  States  Sarveyors  in  the  Field,  and 
Students  who  contemplate  engaging  in  the  business  of  Public 
Land  Surveying.  By  S.  R.  Clevenger,  U.  S.  Deputy  Sur- 
veyor. 

^  The  reputation  of  the  author  as  a  Burveyor  guarantees  an  exhaustiT* 
treatise  on  this  subject." — Dakota  BegiiUr. 

**  Snrveyora  have  long  needed  a  text-book  of  this  description.— ITk^  Frm. 
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Bow  on  Bracing. 

15G  Illustrations  on  Stone.     8vo.     Cloth.    $1.50. 

A  TREATISE  ON  BRACING,  with  its  application  to  Bridges 
and  other  Structures  of  Woo'd  or  Iron.  By  Robert  IIenuy 
Bow,  C.  E. 


Howard's  Earthwork  Mensuration. 

8vo.    Illustrated.    Clotli.     $1.50. 

EARTHWORK  MENSURATION  ON  THE  BASIS  OF 
THE  PRISMOIDAL  FORMULA.  Containing  simple  and 
labor-saving  method  of  obtaining  Prismoidal  Contents  direct- 
ly from  End  Areas.  Illustrated  by  Examples,  and  accom- 
panied by  Plain  Rules  for  practical  uses.  By  Conway  R. 
Howard,  Civil  Engineer,  Richmond,  Va. 


'*  Major  Howard  has  g^ven  in  this  book  a  simple,  yet  perfectly  accurate 
method  of  ascertaining  the  solid  contents  of  any  prismoid.  The  calculation 
from  ond  areas  is  corrected  by  tables  weU  arranged  and  few  in  number ;  and  he 
has  aU  the  accuracy  of  the  prismoidal  f  ormulsa  with  scarcely  more  trouble  than 
in  averaging  end  areas. 

H.  D.  WHITCOMB, 

Ch^fSnginur  Cheaaptate  and  Ohio  R.  S. 

E.  T.  D.  MYERS, 

Chief  Engineer  Richmond,  Fredericktburg^  and  Potomac  S.  ^." 


Mowbray's  Tri-Nitro-Grlycerine. 

8to.    Clotli.    niustrated.    fS.OO. 

TRI-NITRO-GLYCERINE,  as  applied  iu  the  Iloosac  Tunnel, 
and  to  Submarine  Blasting,  Torpedoes,  Quarrying,  etc.  Being 
the  result  of  six  years'  observation  and  practice  during  tlic 
manufacture  of  five  hundred  thousand  pounds  of  this  explo- 
sive, Mica  Blasting  Powder,  Dynamites ;  with  an  account  of 
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the  Tarions  Systems  of  Blasting  by  Electricity,  Priming  Com- 
pounds, Explosives,  etc.,  etc  By  George  M.  Mowbray, 
Operative  Chemist,  with  thirteen  illustrations,  tables,  and 
appendix.     Third  Edition.    Ke-written, 


Wanklyn's  Milk  Analysis. 

12mo.    Cloth.    $1.00. 

MILK  ANALYSIS.  A  Practical  Treatise  on  the  Examination 
of  Milk,  and  its  Derivatives,  Cream,  Butter  and  Cheese,  By 
J.  Alfred  Wanklyn",  M.  R.  C.  S. 


Toner's  Dictionary  of  Elevations. 

8vo.    Paper,  $3.00.    Qoth,  $3.75. 

DICTIONARY  OF  ELEVATIONS  AND  CLIMATIC  REG- 
ISTER OF  THE  UNITED  STATES.  Cont^iiuing,  in  addi- 
lion  to  Elevations,  the  Latitude,  Mean  Annual  Tempemture, 
and  the  total  Annual  Rain  Fall  of  many  localities;  with  a 
brief  Introduction  on  the  Orographic  and  Physical  Pecnliari- 
ties  of  Nortli  America.    By  J.  M.  Toner,  M.  D. 


Adams.    Sewers  and  Drains. 

( J/i  Press.) 

SEWERS  AND  DRAINS  FOR  POPULOUS  DISTRICTS. 
Embracing  Rules  and  Formulas  for  the  dimensions  and  con- 
struction of  works  of  Sanitary  Engineers.  By  Julius  W. 
Adams,  Chief  Engineer  of  the  Board  of  City  Works,  Brooklyn. 


_j 


i>.  VAISr  NOSTRAND. 


45 


SILVER  MINING  REGIONS  OF  COLORADO,  with  gome 
account  of  the  different  Processes  now  being  introduced  for 
working  tUe  Gold  Ores  of  that  Territory.  By  J.  P.  Whujjtet. 
12mo.     Paper.     25  cents. 


COLORADO:  SCHEDULE  OF  ORES  contributed  by  sundry 
persons  to  the  Paris  Universal  Exposition  of  1867,  with  some 
information  about  the  Region  and  its  Resources.  By  J.  P. 
Whitney,  Commissioner  from  the  Territory.  8vo.  Paper,  with 
Maps.     25  cents. 


THE  SILVER  DISTRICTS  OF  NEVADA.  With  Map.  8vo. 
Paper.     35  cents. 

iVRIZONA :  ITS  RESOURCES  AND  PROSPECTS.  By  Hon. 
R.  C.  McCouMicK,  Secretary  of  the  Territory.  With  Map.  8vo. 
Paper.     25  cents. 


MONTANA  AS  IT  IS.  Being  a  general  description  of  its  Re- 
sources, both  Mineral  and  Agricultural;  including  a  complete 
description  of  the  face  of  the  country,  its  climate,  etc.  Illustrated 
with  a  Map  of  the  Territory,  showing  the  different  Roads  and 
the  location  of  the  different  Mining  Districts.  To  which  is 
appended  a  complete  Dictionaiy  of  The  Snake  Language,  and 
also  of  the  famous  Chinnook  Jargon,  with  numerous  critical  and 
explanatory  Notes.     By  Gkantille  Stuabt.   8vo.  Paper.  $2.00. 


RAILWAY  GAUGES.  A  Review  of  the  Theory  of  Narrow 
Gauges  as  applied  to  Main  Trunk  Lines  of  Railway.  By  Silas 
Seymour,  Genl.  Consulting  Engineer.     8vo.     Paper.     50  cents. 


REPORT  made  to  the  President  and  Executive  Board  of  the 
Texas  Pacific  Railroad.  By  Gen.  G.  P.  Buell,  Chief  Engineer. 
8vo.     Paper.     75  cents. 
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Van  Nostrand's   Science   Series. 

It  is  the  Intentitfi  of  the  Publiflher  of  this  Series  to  Sssne  them  at  inter- 
Tals  of  abont  a  month.  They  will  be  pat  up  in  a  nnif onn»  neat  and  attrae- 
tive  form,  18mo,  fancj  boards.  The  sabjects  will  be  of  an  eminentlj 
scientific  character,  and  embrace  as  wide  a  range  of  topics  as  possible,  all 
of  the  highest  character.  ■ 

Ptioe,  60  Cents  Baoh. 
1. 

CHIMNEYS  FOB  FTJBNACES,  FmE-PLACES^  AND 
STEAM  BOILEBS.    By  B.  Abhbtbokg,  G.  £. 

0. 

STEAM  BOILER  EXPLOSIONS.    By  Zebah  Colbubk. 

8. 

PRACTICAL  DESIGNING  OP  RETAININQ  WALLS 
By  Abthub  Jacob,  A.  B.    With  Illustrations. 

PROPORTIONS  OP  PINS  USED  IN  BRIDGES.  By 
Ghables  E.  Bekdeb,  G.E.    With  Ulastrations. 

o.. 
VENTILATION  OP  BUILDINGS.    ByW.F.BuxLBB.  With 

Illustrations. 

e. 

ON  THE  DESIGNING  AND  CONSTRUCTION  OP  STOR- 
AGE  RESERVOIRS.  By  Abthub  Jacob.  With  Illustra- 
tions. 

SURCHARGED  AND  DIFFERENT  FORMS  OF  RETAIN. 
ING  WALLS.    By  James  S.  Tate,  0.  E. 

8. 

A  TREATISE  ON  THE  COMPOUND  ENGINE.  By  Jobqt 
Tubnbull.    With  Illustrations. 

^^  8. 

FUEL.  By  C.  Wiluak  Sisxens,  to  which  is  appended  the  valae 
of  ARTIFICIAL  FUELS  AS  COMPARED  WITH  COAL. 
By  John  Wokmald,  C.  E. 

lO. 

COMPOUND  ENGINES.     Translated  from  the  French  of 
A.  Mallet.     Illustrated. 
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11. 
THEORY    OF    ARCHES.     By  Prof.  W.  Allan,   of  the 
Washington  and  Lee  College.     Ilkistrated. 

12. 
A  PRACTICAL  THEORY  OP  VOUSSOIR  ARCHES.    By 
William  Cain,  C.E.    Illustrated. 

IS. 
A    PRACTICAL   TREATISE    ON    THE    GASES    MET 
WITH  IN  COAL-MINES.    By  the  late  J.  J.  Atkinson, 
Government  Inspector  of  Mines  for  the  Connty  of  Durham* 

England. 

14. 
PRICTION  OF  AIR  IN  MINES.      By  J.   J.  Atkinson, 
author  of  *' A  Practical  Treatise  on  the  Gases  met  with  in 
Coal-Mines." 

18. 
SKEW  ARCHES.    By  Prof.  E.  W.  Hyde,  C.E.    Illustrated 
with  numerous  engravings  and  three  folded  plates. 

16. 
A  GRAPHIC  METHOD  FOR  SOLVING  CERTAIN  AL- 
GEBRAIC  EQUATIONS.       By  Prof.  Geobge  L.  Vose. 
With  illustrations. 

17. 
WATER  AND  WATER  SUPPLY.    By  Prof,  W.  H.  Con- 
field,  M.A.,  of  the  University  College,  London. 

18. 
SEWERAGE  AND  SEWAGE  UTILIZATION.      By  Prof. 
W.  H.  CoRFiELD,  M.A.,  of  the  UniMprsity  College,  London. 

19. 
STRENGTH     OF     BEAMS     UNDER    TRANSVERSE 
LOADS.      By  Prof .  W.  Allan,   author  of   '*  Theory  of 
Arches."    With  illustrations. 


THE  UNIVERSITY  SEEES, 


I.-ON  THE  PHYSICAL  BASIS  OF  LIFE. 

.By  Prof.  T.  H.  HuxLEY,  L.  L  D.,  F.  R.  S.     With  an  introduction  by  a  Professor  in  Yale  CoOegc   ir  . 
pp.  36.     Paper  covers.     Price  25  cents.  ^ 

II  -THE  CORRELATION  OF  VITAL  &  PHYSICAL  FORCES 

By  Prof.  George  F.  Barker,  M.  D.,  of  Yale  College.  A  lecture  delivered  before  the  American  Irs- 
N.  Y.     Pp.  36.     Paper  covers.     Price  25  cents. 

III.-AS  REGARDS  PROTOPLASM. 

In  relation  to  Prof.  Huxley's  Physical  Basis  of  Life.     By  J.  HUTCHISON  Stirung.  F.R-CjS.  ?:  ■ 
Paper  covers.     Price  25  cents. 

IV.-ON.THE  HYPOTHESIS  OF  EVOLUTION. 

Physical  and  Metaphysical.     By  Prof.  EDWARD  D.  COPE,  i2mo.,  72  pp.     Paper  covers.    Prxc  15  --. 

V.-SCIENTIFIC  ADDRESSES: 

I.  On  the  Methods  and  Tendencies  of  Physical  Investigation.  2.  On  Haze  and  Dust.  3.  On  the  ^ 
tific  Use  of  the  Imagination.  By  PROF.  JOHN  Tyndall,  F.R.S.  i2mo.,  74  pp.  Paper  corcn.  . 
25  cents.     Cloth  covers,  50  centsi, 

No.  VI.-NATURAL  SELECTION  AS  APPLIED  TO  MAN. 

By  Alfred  Russel  Wallace.    This  pamphlet  treats  (i)  of  the  Development  of  Human  Rarc^ 
the  law  of  selection ;  (2)  the  limits  of  Natural  Selection  as  applied  to  man.     54  pp.    Paper  covers. 

25  cents.  ', 

No.  YII.— SPECTRUM  ANALTSIS, 

Three  lectures  by  Profs.  Roscoe,  Huggins,  and  Lockyer.  They  were  delivered  as  popular  lecture  ~> 
coming  from  the  first  men  of  science  in  England,  they  will  be  fotmd  intensely  interesting  to  every  on:  -h 
at  the  same  time  instructive.     Finely  illustrated.    88  pp.     Paper  covets.     Price  25  cents.  | 

No.  VIII.-THE  SUN. 

A  sketch  of  the  present  State  of  scientific  opinion  as  regards  this  body,  with  an  account  of  the  most  r:.'j 
discoveries  and  methods  of  observation.  A  lecture  deUvered  before  the  Yale  Scientific  Qnb.  Jan.  24.  ir| 
By  Prof.  C.  A.  Young,  Ph.  D.,  of  Dartmouth  College.    58  pp.     Paper  covers.     Price  25  cent&  | 

No.  IX. -THE  EARTH  A  GREAT  MAGNET. 

By  A.  M.  Mayer,  Ph.D.,  of  Stevens  Institute.  A  most  profoundly  interesting  lecture  on  the  subj*-^  I 
magnetism.     Prof.  Mayer  is  second  only  to  Faraday  on  this  subject    7a  pp.     Paper  Covers  25  ^^\ 

Cloth  covers  50  cents. 

# 

No.  X.-MYSTERIES  OF  THE  VOICE  AND  EAR. 

By  Prof.  O.  N.  Rood,  Columbia  College,  New  York.  One  of  the  most  interesting  lectures  on  soucd  ri 
delivered.  Original  discoveries,  brilliant  experiments.  Beautifully  illustrated.  38  pp.  Paper  <x«-^ 
Price  25  cents. 

The  above  are  also  put  tip  in  two  volumes;  first  series  oontaiziing  Na's  1  to 5 f-j 
and  the  second  series  containing  Ko.'s  6  to  10  inc.,  handsomely  bound  in  cloth  ooresi 
$1.50  each. 
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D.  van  NOSTRAND,  Publisher,     I 

23  ICurray  &  27  Warren  Sts. 
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